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(Paper dedicated to Professor Philippe G. Ciarlet)

Abstract The authors deal with nonlinear elliptic and parabolic systems that are the
Bellman like systems associated to stochastic differential games with mean field dependent
dynamics. The key novelty of the paper is that they allow heavily mean field dependent
dynamics. This in particular leads to a system of PDE’s with critical growth, for which
it is rare to have an existence and/or regularity result. In the paper, they introduce a
structural assumptions that cover many cases in stochastic differential games with mean
field dependent dynamics for which they are able to establish the existence of a weak
solution. In addition, the authors present here a completely new method for obtaining the
maximum/minimum principles for systems with critical growths, which is a starting point
for further existence and also qualitative analysis.

Keywords Stochastic games, Bellman equation, Mean field equation, Nonlinear
elliptic equations, Weak solution, Maximum principle
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1 Introduction

In recent literature, mainly scalar Bellman equations which are coupled with a Fokker-
Planck equation are studied and we refer to starting paper [9] or to a survey [6], see also [7].
These equations model a Nash game with a large number of players behaving similarly, so that
the decision can be approximate by a single decision make (a representative agent). So we have
a scalar Bellman equation. The present paper considers a model suggested by Bensoussan,
accompanied by co-authors (see [3]), where the decision of finite number of N players of large
population of Nash-game-players are approximated by N representative agents. So the Bellman
system is a system of backward parabolic equations coupled with a forward mean field equation.

In principle, the dependence of the coefficients on the data in the nonlinearities of the e-

quation may be a functional one. But in order to have the first insight in the difficulties and
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in order to simplify the presentation, we confine to a point-wise dependence of Hamiltonians
with respect to the mean field variable here. Generally, obtaining the existence of solution of
the Bellman mean field dependent system with growth with respect to the mean field variable
in nonlinearities is the critical subject. Without additional assumptions only a poor growth
behaviour is permitted. For the case of scalar Bellman equations, for obtaining the global solv-
ability, [10-11] gave a quite exhaustive analysis of the growth conditions for the Hamiltonians
concerning the dependence on Vu (u is a generalized value function) and the mean field m,
which appears in the pay off functional.

In comparison, in the present paper, we restrict ourselves to Hamiltonians which grow
quadratically with respect to Vu, which is from the point of view of PDE analysis the most
interesting case. In a related paper [1], a mean field dependence of the pay off functional is
assumed, but no such a dependence of m in the dynamics of the system is considered. Also in
[1], the growth properties of the data with respect to m, were crucial to obtain global solvability
of the problem.

In this paper we go much beyond the scalar theory and the theory developed in [1] and
obtain the existence result for much broader class of problems. As a key tool for the existence
of a solution we use the method of sub and super solution used in the context of Bellman

systems in [2].

2 Derivation of the System

In this paper we study a system of partial differential equations which arises as a necessary

condition of a Nash-Point-problem for Vlasov-McKean-functionals

Ji(v):ATAm(v)fi(-,v,m(v))dxdt+/ ubm(T, ) du, (2.1)

Q

where (0,7) is a given time interval,  C R?is a cube (0,1)? and Q := (0,T) x Q is a space-time

cylinder. The function v := (v!,--- o) with N € N is the vector of the control functions, i.e.,

vl Q - RM

is the control of the i-th player, where¢ =1,--- ;N and M € Nis given. For everyi=1,--- | N
the function
fi:QxRMN xR SR

is the so-called pay off function of the i-th player. Finally, the function
m:Q —R

is the so-called mean field variable. This means that for a given v, it is a weak nonnegative

solution of the following parabolic equation (“mean field equation”):

orm — Am + div(mg(-,v,m)) =0 (2.2)
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that is supposed to be satisfied in the space-time cylinder @, fulfills spatially periodic boundary

conditions (with respect to the unit cube Q) and is completed by the initial data
m(0) =mo >0 in Q. (2.3)

Here
g:QxRVM xR - R?

is a given mapping and we postpone the discussion about its structure to the end of the section.
For a bounded v, under natural assumptions on the mapping g, the problem (2.2)—(2.3) has
a unique solution

m € L>=(0,T; L>(Q)) N L0, T; WX2(Q)) n Wh2(0, T; (WL2(Q)"), (2.4)

per per

which allows us to define (2.1). Since the mean field variable depends on the choice of v, we
will frequently also write m = m(v), which should not be understood as an algebraic relation,
whenever the couple (m,v) solves (2.2).

In (2.4) we use the standard notation for Bochner, Sobolev and Lebesgue spaces, and the
subscript “per” indicates the periodicity with respect to 2 and this notation will be kept
through the whole paper. In what follows, we also omit writing the dependence of function
on (t,z) explicitly to shorten all formulae, i.e., we use the following abbreviation f(m,v) for
ft,x,m(t,x),v(t,x)) or for £(-,m,v) in what follows, where f := (f!,---, fN).

Having the mean field variable m and the control function v, we can define a “pre-version”
of the so-called Bellman system for a further function u = (u',---,u") : @ — R via the
backward parabolic system

— 0w — Au = f(v,m)+mf,,(v,m),
Vulg(v,m) + mg,,(v,m)] =: L(m,v, Vu), (2:3)
which is supposed to be satisfied in @, equipped with the Q-periodic boundary conditions and

completed by the initial condition
u(T)=wur in Q.

We call this system the “pre-Bellman equation” since v has not been replaced by a feed back

formula
v(t,z) = w(t,z, Vu(t,z), m(t, x)) (2.6)

yet and we introduce the meaning of (2.6) in the next subsection. Moreover, L = (L', .-, LY)
are the so-called modified Lagrangians®.

It is evident, that (2.2) and (2.5) do not form a closed problem and one needs to connect
v with m and Vu via some relationship. It will be shown in the next subsection that the
necessary condition for classical Nash—Point problem may serve as such constraint. In addition

1We use here the word modified since they differ from standard Lagrangians in Bellman systems, which is
however here caused by the fact that f and g depend on m.
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assuming further certain qualitative properties of f, we will be able to give a good meaning
to the feed back formula (2.6) and thus to avoid the presence of the control variable v in the
analysis. The main goal of the paper is to introduce certain structural assumptions on f and
g such that they describe very general mean field dependent Bellman system on one hand, and
for which we can establish the existence of a weak solution on the other hand.

2.1 Derivation of the full system

Finally, we need to close the problem (2.2) and (2.5) by an algebraic condition which is
necessary condition for the Nash-point of functionals J’s. The classical Nash-point problem
reads: For given ur, find v € L>(0,T; L>=(; RMYN)) such that

J'L(,v) S Ji(vla' Vi1, 2, Vg1, 0 7UN) (27)

for all z € L>(0, T; L*>°(Q; RM)) and corresponding m’s, the solutions? to (2.2) with v replaced
by

z = (Ula"' s Vi—152, Vg1, """ 7UN)'

The classical version treats the case where f? and g do not depend on m. In that case,
the problem (2.7) is purely analytical (meaning stochastic free) formulation of a stochastic
differential game driven by the dynamics

e = g(t,z,v).
In recent years, interest came up to study cases with m-dependence of the pay-off f and/or the
dynamics g. From PDE’s point of view, this leads to new interesting version of the Bellman
system.

Although, it is not known whether the problem (2.1) admits a Nash-point, we derive in
what follows certain necessary conditions that must be fulfilled by the hypothetical Nash-point,
which finally allow us to connect the pre-Bellman system (2.5) with the mean field equation
(2.2) via the feed back formula (2.6) or its “equivalent”.

Under natural assumptions on the data (see Subsection 2.2) and, say, v € L>(0,T; L (£;
RNM)) it is easy to see that the Gateaux derivatives of the J? and of m(v) exist. For

i—1 N—i

with arbitrary smooth Q-periodic function z : Q — RM, we obtain that

; d
M= Em(v + sz) -
with i = 1,---, N satisfies
M — AM' = — div(M'g(v,m) + mg,:(v,m) - z + mM'g,,(v,m)) inQ (2.8)

and is completed by the initial condition

M 0,z) =0 a.e. in Q.

2We may define this also for other LP(L?) spaces once the uniqueness of m(v) is guaranteed.
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Here, we use the subscript to abbreviate the notion of partial derivative, i.e., g,(v,m) =
Ovg(v,m) and g,,(v,m) := Op,g(v, m). Furthermore, assuming that v is the Nash-equilibrium,
we have for all i = 1,---, N that

0= %Ji('v + 52%)

:/(m (v,m) -z + MU (v,m) +mM L (v,m))dzdt
Q

s=0

+ / MYT)u'(T) dz (2.9)
Q
for arbitrary smooth Q-periodic function z. Notice that here m := m(v), i.e., m solves (2.2)
with v. To evaluate the terms not involving explicitly z, we use the equations (2.5) and (2.8).
First, multiplying (2.8) by u’, integrating over ) and using integration by parts (note that
M?(0) = 0), we deduce
/MZ(T)ul(T) dx—|—/ VM*- Vuidxdt—/ MOy’ dzdt
Q Q Q
= / (Mig(v,m) +mg,:(v,m) -z +mMg,,(v,m)) - Vu'dzdt. (2.10)
Q
Next, multiplying the i-th equation in (2.5) by M?, we observe
- / Opu M'dadt + / Vu' - VM dadt
Q Q
= [ M wm) (v, m) ot
Q
+ / M (g(v,m) +mg,,(v,m)) - Vu'dxdt. (2.11)
Q
Finally, subtracting (2.11) from (2.10), we obtain the following identity:
/Mi(T)ui(T) dr = _/ MY(f'(v,m) +mf’ (v,m))dzdt
Q Q
+/ mg,i(v,m) - zdzdt. (2.12)
Q
Thus, using this relation in the necessary condition (2.9), we see that

/ fii(v,m) -z + (Vu' ® 2) - g,i (v, m)dzdt = 0
Q

for all ¢ = 1,--- N and all smooth Q-periodic z’s. This consequently leads to the necessary
compatibility condition

L(v,m) + Vu' - g,i(v,m) =0 inQ. (2.13)

Thus, now we have a closed system of equations. Namely, (2.2), (2.5) and (2.13) forms a
well-defined problem for which we want to establish our analytical result. Indeed, the first one
will deal just with (2.2), (2.5) and (2.13) and leads to the uniform a priori estimate for (m, v, u).
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However, to obtain also the existence result, we shall require that for a given (m, Vu), we can
find a unique v solving (2.13). For such a solution we define the feed back formula (2.6) as

w(m,Vu) :=v
and replacing v in (2.5) by the feed back formula, we obtain
-0 — Au = H(Vu,m) := L(m,w(m, Vu), Vu). (2.14)
Similarly, we replace v in the mean field equation (2.2) and obtain the backward-forward system

Oym — Am = — div(mg(w(m, Vu), m)),

(2.15)
—Oyu — Au = H(Vu,m),

which does not contain a control function v. Nevertheless, this system is equivalent to (2.2)
and (2.5) provided that v is defined such that it satisfies (2.13). The second result of the paper
will be therefore established for (2.15), provided that the feed back formula w is well defined.

2.2 Structural assumptions on f and g

We keep the notation from the introduction here. Through the whole text, we assume

that all partial derivatives f,, g,, f,, and g,, with respect to v and m, respectively, exist

m
and together with f and g are Carathéodory mappings, i.e., are measurable with respect to
(t,x) for all (v,m) and for almost all (¢,2) they are continuous with respect to (v,m). This
assumption will not be mentioned explicitly in what follows but we rather assume it implicitly
in all statements. In what follows we also assume that K and C; are positive constants and
the same for constants r, s > 0 which will be used to denote certain powers. Furthermore, we
will frequently use C' to denote a generic constant that may change from line to line but will
depend only on data. In case, it will depend on some important quantity, and it will be clearly
denoted in the text.

First, we state the assumptions for f : Q@ x R¥M x R — RY. We assume that f and f,

satisfy the following growth conditions:

£ (m,v)| + mlf,, (m,v)] < K(m" + 1vf* + Km**,

|fo(m,v)| < K(m" + 1)|v| + Km® (2.16)

for all v and all m > 0. In addition, we assume the following one sided estimate for f*: There
exists a € [0, 1) such that for all i = 1,--- | N there holds

fi(m,v) +mfl (m,v) < K(1+ fi(m,v) + |v|*T + m?°) (2.17)

and also one sided sum coerciveness, i.e., we assume

N
Z fi(m,v) +mfi (m,v) > Co(m” 4 1)|v|? — K(m?° +1). (2.18)
i=1

Concerning the structural assumptions on f we just assume that

For all 4 the function f* is convex with respect to v*. (2.19)
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We also prescribe the behaviour of f at 0, i.e., for alli=1,--- | N, we assume that
FHm, )iy < K(1+m2 4 [p]o+1) (2.20)
and finally the coerciveness of fi,i, i.e., we assume that
Co(m” + D)|v'|* < fli(m,v) - v' + K(1 +m?% + |v|*T1). (2.21)

Next, we focus on the assumptions on g. The standard ones are related to the growth
estimates, which will be supposed to be given by

mlg,, (m.v)| +lg(m. v)| < K((m* + o] +m* + 1),

(2.22)
g, (m,v)| < K(m®+1).

The forthcoming structural assumptions on g and also on f,, are in fact the key restrictions
of the paper. First, to simplify the further analysis, we shall assume that?

Z by (m) A7 (v + bo(m), (2.23)

where by does not depend on (¢, ). The matrices A7 : Q — R4*M are given functions of (¢, z),
e., (A7) == Al withi=1,--- ,dand k= 1,--- , M and the meaning of A7v7 is

(ATvd); Z Ajkvkl

Hence, as it is assumed we have a d-dimensional vector function g = (g1, - , ga). The inhomo-
geneities by : R — R? and b; : R — R are given. Concerning the assumptions on functions b;
and by, we require that

|b1(m)| < K(m®+1), |bo(m)] < K(m* +1) (2.24)

and for matrices A7 we assume that

49| < K. (2.25)

Furthermore, one of the essentially required properties of A7 is that they have the same range,
i.e., we assume that for all 4,5 = 1,--- , N, almost all (t,2) and all z € RV there holds

|zAT(t,x)| < Cy|zA%(t, 2)|. (2.26)

For derivatives of by, we need that
|mOmbo(m)| < Km(m 4 1)1, (2.27)
|m2Ommbo(m)| < Km?(m +1)% 2, '

Finally, for the derivative of b; with respect to m, we introduce a certain “smallness assump-
tion”: There exists § € [0, 1) such that for all b € Ry and all v € RVM there holds

b1 (m

3The linearity of g with respect to v is in fact not a necessary assumption. A more delicate here is just
behaviour of g with respect to m.

[mOpm b1 (m)| - i al i i 250
clmiﬂ Y 1 fiel <D (Fi(mv) + MmO fi(m,v)) + K(1L+m*0).  (2.28)
i=1 =1
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Although the above assumption seems to be complicated, it naturally appears in the first
a priori estimate of the problem. In the next subsection, we shall show that in many cases,
the assumption (2.28) still allows very general behaviour of all quantities with respect to m,
namely, the case when one can dominate the function g in certain sense. In addition, since
(2.28) may seem to be complicated, we can replace it by

. Co
[mOpb1(m)] < ylbi(m)| with v < 2(C2 + N2y’ (2.29)
since then (2.28) follows easily from the previous assumptions.
Please, observe here that if g is given by (2.23), then (2.13) reduces to
foi(v,m) + by (m) Z Oz, u'Al; =0 in Q, (2.30)

k=1

which must be valid for alli=1,--- N and all j =1, --- , M.

The above assumptions are sufficient for establishing formal a priori estimates. However,
for getting also the existence of a weak solution, we need to give a well meaning to the feed
back formula, or in other words, we need to guarantee the unique solvability of (2.30) for given
m and Vu. There can be introduced many assumptions that would lead to such a goal but we

follow here the most standard one, which is the monotone operator approach. For a given m,
we define the mapping 7 : RNM — RNM Ly

T(v) = (% Lw,m), - aaviNfN(v,m))

and assume that it is continuous with respect to (m,v) and measurable with respect to (¢, x)
and the strictly monotone, i.e., for all v # v,

(T'(v) = T(v)) - (v—"2) > 0. (2.31)
Then using also the assumption (2.21), we see that it satisfies
TWw) v
v

and from the standard monotone operator theory, we can conclude the existence of a unique v

— 00 as |v| — oo, (2.32)

solving (2.30) and also consequently, we obtain that the feed back law (2.6) is well defined.
2.3 Prototypical example
Our prototype example is the following. For f, we assume a structure
fim,v) == (m+1)"'* + B v + K(1 + m?°), (2.33)
where B'’s are arbitrary bounded measurable matrices. Next, for b; we consider
bi(m) := (m+1)%, (2.34)

and for by and matrices A*, we just require (2.25)-(2.27). With such a choice, all assumptions
(2.16)—(2.27) and also (2.31) are satisfied and we shall just to show what is the meaning of
(2.28). A very direct computation leads to the necessary condition

y
<
sm < 2N(1+(r+1)m),



Bellman Systems with Mean Field Dependent Dynamics 469
which is surely satisfied whenever

-
—. 2.35
5 < 5N ( )

2.4 Statement of main results

The main result of the paper is twofold. First, we give the uniform a priori estimate
result which holds for all sufficiently smooth solutions provided that parameters satisfy the
assumptions stated above.

Theorem 2.1 Let g and f satisfy (2.16)—(2.28). Then any sufficiently regular solution
(m,v,u) to (2.2), (2.5) and (2.13) salisfies the following estimate:

sup (Jm(t)]+ [u(®)ll) + [ [Vl + (m+ 1) 2V dods
Q

te(0,T)
+ /Q W20 4 (m 1) (m” + 1)[o[2dzdt < C([lur oo, [Imolls), (2.36)
where
oi=r—2s+1 (2.37)
provided that
0 < min { o(d+2) i(zsf(é:jj c_r jlu)I)+(d T2)’ ;Zﬁdi i)d} ! (2.:38)

and
r > 2s. (2.39)

Next, we state the second main theorem of the paper, which is the existence result.

Theorem 2.2 Let g and f satisfy (2.16)—~(2.28) and (2.31). Assume that (2.38)—(2.39) is
fulfilled. Then for arbitrary wp € L° and nonnegative mg € L7(Q) with o fulfilling (2.37)
there exists a weak solution satisfying the estimate (2.36) and fulfilling or almost all t € (0,T),

(Orm, @) + / Vm - Vo —mg(v,m) - Ve =0, (2.40)
Q
— (Oru, 2) —|—/ Vu-Vzdz
Q

= / (flo,m)+mf, (v,m)) -z dx+ / Vulg(v,m) + mg,,(v,m)] - z dz, (2.41)
Q Q

and completed by the relationship between v and (m, Vu),

Fui (vym) + by (m Zawk“ in Q. (2.42)

To illustrate the power of the result, we just consider our prototypical example. First in
case that sy = 0, we see that the only restriction is

2Ns < r.
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In the opposite extreme case, i.e., if
r=s=20,

then

1
S 3d+r2)

3 Algebraic Estimates for Lagrangians and Hamiltonians

In this section, we derive basic algebraic inequalities that are satisfied for Lagrangians and
consequently also for Hamiltonians provided that f and g satisfy the assumption introduced
in Subsection 2.2, namely the assumptions (2.16)—(2.28). The key observation is that under
these assumptions, the Lagrangians satisfy the lower sum coerciveness and the proper upper
estimates. It will be also evident from the estimates below why we require 2s < r in main
results of the paper.

Lemma 3.1 Let f and g satisfy (2.16)—(2.28). Then there exists a constant C' > 0 and an
g € (O, ﬁ) such that for almost all (t,x), all (m,v,Vu) fulfilling (2.13) and alli=1,--- ,N
there hold:

(i) Sum coerciveness

N N
ZLi(m,v,Vu) > (mr—|—1)|v|2—0(m250—|—1)—C‘V2ui

=1 i=1

2(1+ m> 1). (3.1)

Co
2 m”+1

(i1) Upper bound

N
Li(m,v,Vu) — go Z LI (m,v, Vu)

=1
N
; NE m2s +1
< Zs0 ‘ b — 7 ‘ — ). .
<C(l+m )+Ov(u sozi_ju) (1+mr+1) (3.2)
(iii) Global bound
ILi(m, v, Vu)| < 0(1 +m2 4+ (14 m")|wl? + |Vu|2(1 ik 1)) (3.3)
T - m’ +1

Proof We start with the proof of (3.1). Using the definition of L in (2.5) we get the
identity

N

N N
S Li(m,0,Vu) = S (F (v, m) +mf, (0.m) + 3 Val - (g(v,m) + mg,, (v,m)).
=1

i=1 i=1
Hence, using (2.18) for the first part and (2.22) for the second part, we observe that

N N
3" Li(m.v, V) = Co(m” + 1)jo]® — K(m*® +1) - K‘V S ul

i=1 i=1

((m® + D] +m™ +1)

>

1\3|Q

2 m2s +1
(1+ )

N
0 r 2 2s i
(m" + 1)|v]? — C(m °+1)—C"VZ§_1:U e
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where for the second estimate we used the Young inequality. This finishes the proof of (3.1).
Next, we look for (3.2). Using the definition of Lagrangians, we directly obtain for arbitrary
e > 0 the following identity:

N

1:= Li(m,v, Vu) — E(Z Li(m, v, Vu))

=1

uMz

= fi(m,v) +mf (m,v —5( (m,v) +mfi (m, v))

(u —&:Zuj)~ (m,v) + mg,,(m,v)).

Next, using (2.17)—(2.18), (2.22) and the Young inequality, we have
I <C(1+m?° 4 |o|*™) + Kfi(m,v) — eCo(m” + 1)|v|?
—I—K‘V(ul —EZUZ)
i=1

< C(e)(1 4+ m*°) + K f(m,v) —

(14 m* + (m® +1)[v])

eC
To(mr +1)[v|?

reto (i o e 3

It remains to estimate the term with f*. We use the convexity of f? with respect to v* and the

(3.4)

assumption (2.20). Then to evaluate f!, we also use the constraint (2.13), which however in
our case reduces to (2.30) due to the structural assumptions (2.23). Doing so, we get

Kfi(mvv) < Kfz(m 'v)|v7'—0 +Kf11ﬂ(m 'U) 'Ui

< C(1+m?° + o) — Cby(m ZZBZEku iV j

k=1j=1
N
= C(1 +m? + |v|**1) — Cby (m ZZ&%(U —sZuf) k3]
k=1 1
d N N ) "
—eChi(m) Y D> > duu Ajyv.

k=1 j=1 £=1
Then we estimate terms involving A*Vu’ with the help of (2.24), (2.26) and (2.30) as follows

N
K fi(m,v) < C(1 +m?° + |[v|*™) + C(m* + 1)‘V(ui - EZ’LLZ)‘|’I)|
=1

N
+eC|v'| Z |Vt A%)|by (m)]

(=1

N
< O(1+m2 4 ot + C(m? + 1)‘V(ui - azuf)‘ym
(=1
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+ eC!|| £ (m,)]. (3.5)
Finally, we focus on estimate of v*. It follows from (2.21), (2.24), (2.26) and (2.30) that

Co(m” + DV'* < fls v + K(1+m™ +[v]'+?)
= —by(m)Vu'A" - v" + K(1 4+ m?® + |v|'T)

= by (m)V (' —EZ far

N
—ebi(m ZVueAl o'+ K (14+m?° 4 |v['t?)
=1

N
C(m® + 1)‘V(ui —8Zu£)‘|vi|

+ eC|vt||by (m |Z|Vquf|+K(1+m280+|v|1+“)
(=1

m25—|—1 2 m' 41 5
= T+1‘V(“_8Z )’ +Co—5— V']

+ eClo|| £, (m,v)| + K (1 +m*® + o),

where for the last inequality, we used the Young inequality and the structural constraint (2.30).
Hence absorbing the corresponding term to the left-hand side, using (2.16) and the Young
inequality, we get

o 0 < Do (=)

+eC(m” + 1) v + 0(1 +m2% 4 |v|' ), (3.6)

Next, using the Young inequality in (3.5), we find

i 2s mZS"’l - ¢
Kf'(m,v) <C(g)(1+m*°)+C 2o 1) ‘V(u —EZU)‘

+ Caz(mr + 1)|v|2 + aC|vl||f (m,v)|

<O rmPy Lo g o
< C(e)(1 4+ m=°) + 2o 1) ‘ (u —aZu)‘
s fylm )

+052(mr+1)|v|2+6%(m + 1)’ |2+C'5 1

(3.7)
Finally, we substitute (3.6) into (3.7) to estimate term with v* and with the help of the assump-
tion (2.16), we obtain

N

K fi(m,v) < C(a)(l Fm2 4 T:;S:ll ‘V(ui - EZue) ’2) yetmm + DPE (3.8)
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Consequently, (3.8) combined with (3.4) directly implies

m2S
1< CE)+m2) — L(e = ced)mr + 1)l + C(e) +1‘V(u —EZ ) (3.9)

2 m" 4+ 1

Thus, if we choose € =: g¢ € (O, %) such that
3
o —Cei >0,

which is always possible and the maximal value of such £y depends only on the generic constant
C, we obtain the desired estimate (3.2).
The estimate (3.3) is then a simple combination of (3.1)—(3.2). The proof is finished.

4 Uniform a Priori Estimates—Proof of Theorem 2.1

This section is devoted to the estimates for solution (m,u,v) of (2.2), (2.5) and (2.13) that
depend only on data of the problem provided that the assumptions (2.16)—(2.28) are satisfied.
Here, we proceed rather formally, considering that the solution is sufficiently regular. The
justification of such a procedure then will be provided in the proof of the existence result, i.e.,
in the proof of Theorem 2.2.

4.1 Estimates for m

We start with estimates for m. First, if mg > 0 almost everywhere in €2, then the standard
minimum principle for parabolic equations implies that (sufficiently smooth) solution satisfies
m > 0 almost everywhere in @ as well. Next, setting ¢ := 1 in (2.40), we get with the help of
nonnegativity of m that

d

—|Im(¢)||1 = 0.

lm(@):
Consequently, we have

sup [[m(t)[|x < [[moll:1 < C. (4.1)
te(0,T

Next, in order to obtain estimates on (u,v) we need to improve the information about m
since the Lagrangians (or Hamiltonians) depend heavily on m. Our goal is to prove the starting
point inequality

E:= sup [m(t)+ 12 +/ (m + 1)° 72| Vm/|*dadt
te(0,T) Q

< C/Q(m + 1?0t dzdt + Cllul|]~ (o) (1 + /Q(m + 1)25"_"+2dxdt), (4.2)
where the constant C' depends only on data given by assumptions on f and g.
Proof of (4.2) We first set ¢ := (m + 1)°~! in (2.40), where o is given by (2.37), i.e
c:=r+1—2s>1.

With such a choice of ¢, we get the identity

S Im® + 103+ (0= 1) [ (mo+ 172 9mf do
Q
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=(oc—1) /Q m(m +1)7"%g(m,v) - Vm dx

M
=(oc—1) /Q m(m + 1)7"2by(m) ZAjvj -Vm dx

j=1
+ (o — 1)/ m(m +1)7"2by(m) - Vi du,
Q
where the second equality follows from the structural assumption on g (see (2.23)). Clearly,

the second term on the right-hand side vanishes due to the integration by parts and spatially
periodic boundary conditions. For the first integral we use the Young inequality to conclude

1d —1
L +1g+ @ )/W+W”WWHx
g dt 2 Q
(c—1) Moo
ST/mQ(m—Fl)"_Qbf(m)‘ZAij‘ dx.
Q =

Thus, using the bounds for b; and A7, namely (2.24)—(2.25), we obtain after integration over
(0,7)

sup Hm(t)—|—1Hg+/(m—|—1)"_2|Vm|2dxdt
te(0,T) Q

< Clo, ||m0||q,9)(1+/Qm(m+1)25+0-1|v|2dxdt). (4.3)

Next, we set o := u’ in (2.40) and z := m in the i-th equation in (2.41), integrate the result
with respect to time and use integration by parts to obtain the following two identities:

m(T)u (T) — m(0)u*(0) dz — / moyu'dadt
Q Q
+ / Vm - Vu' —mg(v,m) - Vu'dzdt =0 (4.4)
Q

and

— / dyulmdzdt + / Vu' - Vmdzdt
Q Q
— [ 7 w,m) -y (0,m))dnd
Q
+/ mVu' - g(v,m) +m?g,,(v,m) - Vu'dzdt. (4.5)
Q
Subtracting (4.4) from (4.5) we arrive at identity
/ m(f (v, m) +mf (v, m))dzdt
Q
_ / m(TYW(T) — m(0)u (0) da — / m2g, (v,m) - Vi
Q Q

< Cllullpe(g) — / m?g,, (v, m) - Vu'dzdt, (4.6)
Q
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where for the last inequality we used the Holder inequality and the uniform bound (4.1). Next,
we evaluate the last integral. Using the structural assumption (2.23) and the growth assump-
tions (2.24)—(2.27), we see that

—/ m?2g,,(v,m) - Vu'dadt
Q
- / m28mb0(m)-Vuld:z:dt—Z / m20b1 (m) A% - Vuldzdt
Q
:/ 'O (M*Opbo(m)) - Vmdadt
Q
N
—Z/ m20mb1 (m) A% - Vu'dzdt
i=17/Q
g/ Kl|ulm(m + 1)~ |Vm|dedt
Q

N 1
+/ m2|amb1(m)||v|(z|vuiAj|2)2dxdt
Q j=1

=: 11 + IQ.

To estimate Iy we use (2.26) and the constraint (2.30) to get

12<cl/ m |8 b1 mOmbr(m)] |(Z|b1 )Vl Al )%dxdt

_ mlﬁmbl m)|
_Cl\/N/Qwam

For the term I; we use the Young and the Holder inequalities to obtain for arbitrary € > 0,

v|dzdt.

I S6/(m—|—1)"_2|Vm|2dxdt+C(E)Hu||2Lm(Q)/(m+1)280_“+2dxdt.
Q Q

Finally, substituting these estimates into (4.6), summing the result over i = 1,--- , N and using
(2.28), we obtain

N
/ > m(f (v, m) + mfl,(v,m))dadt
Q=1
< Ns/(m+1)"—2|Vm|2da:dt
Q
CENulfinigy (1+ [ (m+ 120~ 2dudt)
Q

dadt

20mbi(M)] | S |
+OVN / M OmbL L 8
< Ns/(m+1)"_2|Vm|2da:dt
Q

+C(e) |l (1 + /Q(m + 1)2S°_U+2dxdt)
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/(5Zm (v,m) +mfi (v,m)) + K(1+m?*)dxdt. (4.7)

Consequently, since § < 1 we can absorb the last term by the left-hand side. Therefore, we can
use the sum coerciveness, i.e., the assumption (2.18), to deduce that

/ m(m” + 1) o2dadt < Clul (@) + CE) |1l g, / (m - 1250~ 2 gt
Q Q
+ c/ (m + 1)20 dadt + Cs/ (m+1)°72|Vm|?dedt.  (4.8)
Q Q
Finally, using the estimate (4.8) in (4.3), we see that (recalling (2.37))
sup |lm(¢) + 1(|7 + / (m 4+ 1)°72|Vm|?dadt
te(0,T) Q
< 0(1 +/ m(m” + 1)|v|2dxdt)
Q

< C/ (m + 1)20% 4 e(m +1)7 2| Vm|*dedt
Q

@)l g (1 + /Q (m+ 1202 dadr).

Thus, setting £ > 0 sufficiently small, we obtain the desired inequality (4.2).

Our next goal is to improve the information coming from (4.2) such that the estimate on E
depends only on w and not on m. It means that we want to show that

2(o(d+2)—d)

E < 0(1 + S a(d+2) d—((250— o+1)+<d+2)>) (4.9)
provided that
2
250 +2s <1+ m, (410)
1
So+25<’l‘+m (4.11)

The estimate (4.9) will be shown by a certain interpolation of (4.1)—(4.2).

Proof of (4.9) First, we recall the following parabolic interpolation inequality:

T 24z roa
[ hlimar < [ juld jul, o
0 d 0
d+2

T
<o sw o+ [ Ivugar) T (4.12)

te(0,7)
Next, we apply (4.12) onto the function u := (m + 1)% with o given by (2.37) to get

2(d+2)

T
o(d+2) +2) o
Lm0 awar = [ o+ 08

d+2
d

T
<c( sw @+ DEE+ [ 19+ 3B ar)

te(0,T)
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d+2
<o suw ||(m(t)+1)|\g+/(m+1)°'-2|vm|2dxdt)
te(0,T) Q
= CE"T. (4.13)

Finally, we also use the a priori estimate (4.1) and the interpolation inequality

g—1 o(d+2) g—1 o(d+2)

1- — o o(dr2—d
Fllg < - Il @ 727 ||a?d;2§d“> ‘
which is valid for all 1 < ¢ < @, to obtain
(m + 1)7dadt < [m+ 1|77 TP gy 1)
m + 1)7dzdt < [|m + HLl(Q) lm+ 1| s
Q L™ a7 (Q)
o(4+2) Tt
gc(/(m+1) 7 dadt)
Q
(a-1)(d+2)
< Eo@n-d (4.14)

where for the last inequality we used (4.13).
Next, we use (4.14) to handle the right-hand side of (4.2). Assuming that

o(d+2)

250 +1< =——, (4.15)

we get from (4.14),

s 1
/ (m + 1)?0 dedt < CE7#5=1 < 0(1 + ZE) (4.16)
Q
provided that
280(d + 2)

Ul 4.17
odr2)—d (417)

which by using of (2.37) can be shown to be equivalent to (4.10). Notice that (4.17) directly
implies the validity of (4.15). Hence, we can absorb the first term on the right-hand side of
(4.2) to get

E< 0(1 + 3o (1 + /Q(m + 1)250_”+2dxdt)). (4.18)

In case that
250 —0+2<1&2(so+5) <, (4.19)

we can use (4.1) to conclude (4.9) directly. If (4.19) is not true, we again use (4.14) to get from
(4.18)

(289 —o+1)(d+2)

E<C A [lul[feig B @7 ),

which after using the Young inequality leads to (4.9), provided that
(2s0 — o +1)(d+2)
o(d+2)—d

Note that (4.20) is a stronger assumption that (4.19) and it can be shown by using (2.37) that
(4.20) is equivalent to (4.11). Hence the proof of (4.9) is complete.

<1. (4.20)
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4.2 Estimates for u

This subsection is devoted to the uniform estimates on w, which will still depend on m. To
be more precise, we want to show that for arbitrary p > d 4 2 we have the estimate

lull (@) < C+ CP)Im**|IZs(q)- (4.21)

Proof of (4.21) We start with the estimates for below for the quantity

It is not difficult to observe from (2.5), (3.1) and the fact that 2s < r, that w satisfies almost
everywhere in @,

N
—Opw — Aw = ZLi(v, m, Vu) > —C(|Vw|* +m?% +1). (4.22)
i=1

Next, let us consider w; a solution to
—Opwy — Awy = —Cm?% (4.23)

completed by zero initial condition, i.e., wy(T) = 0. Then by a standard parabolic estimate,
we obtain that

[willzoe (@) + Vwillz=(g) < C@)Im** || Lr(q) (4.24)
whenever p > d + 2. Then subtracting (4.23) from (4.22), we obtain
—0(w —wy) — A(w —wy) > —C(|Vw* +1) > —C|V(w — wy)|* = C(1 + ||Vwy ||2,).  (4.25)
Hence from the theory for subsolutions to parabolic equation (see [8]), we obtain
w —wy > =C(T) max{[|w(T) oo, (1 + | Vi (o))}

which together with (4.24) and the assumption that w(7") € L> leads to the final estimate from
below

w > —C = C(p)|m**[|70q) (4.26)

which is valid for arbitrary p > d + 2.
Next, we focus on estimates from above. Keeping the notation for w, we can derive from
(2.5) that

N
—0;(u" — gw) — A(u' — gow) = L (m, v, Vu) — & ZLj(m,v, Vu).

j=1
Hence, using (3.2), we get

— 0 (u' — gow) — A(u’ — gow)
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m25—|—1
<C(1 Zs0 C(l
(1+m=) + to

< C(14m?P) + O|V(u' — gow)|?, (4.27)

)V~ eqw)l?

where the second inequality follows from the assumption 2s < r. Thus, we can repeat step by
step the procedure for w and using the fact that w(T") € L*°(Q2), we obtain

u' — cow < C + C(p)||m250|\%p(Q). (4.28)

Finally, we derive the uniform bound (4.21). First, summing (4.28) over i = 1,--- , N, we
have

(1 — Neg)w < CN + C(p)N||m2SO||2LP(Q)-

Since £ < %, we can combine this estimate with (4.26) to get

] < €+ C) M 2,0 (4.29)
Consequently, it follows from (4.28) that
u' < C+C(p)|m*>* H%P(Q)' (4.30)

Finally to obtain also estimate from below for u®, we use (4.29)—(4.30) and get

. . (4.29)— (4.30)
u' :w—Zu] > O+C(p)||m2so||2Lp(Q)v

which together with (4.30) implies the desired estimate (4.21). Hence the proof is complete.

4.3 Uniform L°° bounds

This subsection is devoted to the uniform bound for w, which directly implies the part of
uniform estimates stated in (2.36). Here, we combine (4.14), (4.9) and (4.21) to obtain the final
bound. We go back to (4.21) and estimate the right-hand side. Although we need to choose
p > d+ 2, we formally provide all computation for p = d + 2 and in the final restriction on the
size of so (or o) we just use the strict inequality sign. Hence, we need to estimate the term on
the right-hand side of (4.21), i.e., the integral

2

[m2%0|2,, = (/QmQS"(d+2)dxdt) o (4.31)

If 2s9(d +2) < 1 then the integral on the right-hand side of (4.21) is bounded due to (4.1) and
therefore we immediately get

lullze@) < Cllluollso, lImolloo)- (4.32)

Hence, in what follows, we assume the opposite case. Assuming that

o(d+2)

2s59(d+2) < 7

e r+1>2dsg+ 2s, (4.33)
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we can use (4.14) with ¢ := 2s¢(d + 2) and we deduce
3 (250(d+2)—1)
(/ (m + 1)25°(d+2)dxdt) < CFE B (4.34)
Q
and it follows from (4.21) that

(250 (d+2)—1)4 2

[ullp=@) < C(A+ E™ e@-7 7). (4.35)

Inserting this estimate into the right-hand side of (4.9), we also deduce

4(250(d+2)—1) 4

”u”LOO(Q) < C(l + HuHz(i?;))fd—(zsofaﬂn(du) ) (4.36)

Hence, in case

4(2s0(d +2) — 1)

<1, 4.37
o(d+2)—d—(2sg—0+1)(d+2) (437)

we can absorb the right-hand side by left-hand side to obtain
1wl (@) < CUlu(T) oo, [Imolloo), (4.38)

which implies a part of (2.36). Notice that (4.37) is a stronger assumption than (4.20) and
therefore all needed assumptions, i.e., the assumptions (4.17) and (4.37), are already encoded
in (2.38). Furthermore, using (4.2) and (4.9), we obtain also the bound for m and Vm stated
in (2.36). Finally, from (4.8), we deduce the bound for term with m(m” + 1)|v|? in (2.36).

4.4 Uniform estimates for Vu

This subsection is devoted to the last remaining part of (2.36), i.e., the part of the estimate
with Vu. Keeping the notation from the previous sections, we start with estimates for Vw.
Using (3.1) and the fact that 2s < r we have

—0w — Aw > (m" + D)|v> — C(|Vw|* + m*° +1). (4.39)

Next, we multiply (4.39) by e=2¢% > 0, integrate over @ and use integration by parts to obtain
/ (m” +1)|v|?e 29 4 2Ce ™29 | Vw|2dzdt
Q
1
<56 / e ™2 1 CO(|Vw|* +m?* 4 1)e 2" dxdt. (4.40)
Q

Thus, we see that we can absorb the term with Vw by the left-hand side and due to the L™
bound for u (see (4.38)), and L**°(4*2) hound for m (see (4.34)), we deduce from (4.40) that

/ (m” + D|of2 + [Vwdedt < C(l|urlle, [molls). (4.41)
Q

Notice that the first in (4.41) together with (4.8) leads to the estimate (2.36) for term involving
|v]?.
Next, we use the inequality (4.27), i.e.,

—0(u' — gow) — A(u' — gow) < O(1 +m?°) + C|V(u' — gow)|?, (4.42)
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which we multiply by 20 (' —20w) 4nd integrate over ). Repeating step by step the procedure
(4.40)—(4.41) and using uniform bounds on w and m, we get

[ 19t = cou)Pdadt < C(Jur|o ) (4.43)
Q
Finally, combining (4.41) and (4.43), we have for all i =1,--- | N,

/|vui|2dxdtg2/ V(' — eow)|? + 2| V|2 dedt
Q Q
< C(llurlloos Imollo),

which finishes the proof of (2.36).

5 Existence of Solution—Proof of Theorem 2.2

This section is devoted to the proof of the existence of a solution to (2.2), (2.5) and (2.30).
Notice that due to the assumption (2.31)—(2.32), we know that (2.32) is equivalent to

v =w(m,Vu)

with a Carathéodory mapping w. Therefore we can omit (2.30) and replace v by w(m, Vu) in
(2.2) and (2.5) and solve the problem only for unknowns (m,w). In fact, this is also the way
how one can get the existence of a solution to an approximative problem. Nevertheless, for the
sake of simplicity and to simplify the notation, we keep writing v in what follows.

Second, we do not provide the complete and rigorous proof here. We rather emphasize those
steps that are different from the known procedure for Bellman systems. To be more specific,
we provide here the proof of weak sequential stability, which is the key property of the system
of equations we have in mind. It means that we shall consider a sequence of (m”,u", v") of
smooth solutions to (2.2), (2.5) and (2.30) (which is however equivalent to (2.15), once the
mapping w is well defined) corresponding sequence of initial data

ulp — up  strongly in LT(Q;RY),
ul —* up weakly® in L=(Q;RY), (5.1)

mg — mg  stongly in L7()
with nonnegative mg. Our goal is to show that
(m",u",v") = (m,u,v), (5.2)

strongly in L1 (Q) x LY(0, T; WE2(Q; RY)) x LY(Q; RVM), where the triple (m, u, v) solves again
(2.2), (2.5) and (2.30) with initial data (uz, mg). Indeed such a result suggests that the rigorous

existence proof is doable. Indeed, approximating Hamiltonians H by a sequence of bounded

oo
n=1

functions {H™}2° ; and similarly g by a sequence of bounded {g"} one may consider that
for a such approximative system it is classical to obtain the existence of solution (m”™, u™, v™)
and the only remaining part of the proof is then the weak sequential stability. For details, how

one can approximate Hamiltonians properly, we refer to [2].



482 A. Bensoussan, M. Buliéek and J. Frehse

5.1 Uniform a priori estimates

In this part we just use the result of Theorem 2.1, which holds for sufficiently smooth
solutions. Indeed, we may assume that

s (" Ol + " O) + | [V 5 0" 4 1) 29 P
Q

te(0,T
+ / ((m™)™ 1+ 1)Jo" > + (m™)?0 2 dzdt
Q
< C(llutllo, Imglle) < € (5.3)

such that (m™, u",v") satisfies for all p € C§°(—o0; T; W12(Q)),

per
/ —m" O + Vm™ -V —m"g(v",m") - Vedzdt = / mg(0) dz, (5.4)
Q Q
for all p € C5°(0; 00; WH(Q)),
/ u" 0 + Vu' - Vodzdt — / up(T) doe = / L(m",v", Vu")pdadt (5.5)
Q Q Q
and almost everywhere in @,
flo@™m™) 4 by (m™) Y Oy (u")' Af; =0 in Q (5.6)
’ k=1
with g given as

N
g(v™,m" :Z )7 + bo(m™) (5.7)

and L(m™, v™, u") given as

L(m", o™, Vu") = f(v",m") +m" f,,(v",m")
+ Vu"[g(v™,m") + m"g,,»(v",m")]. (5.8)

Next, we focus on the estimate for the time derivatives. First, using (3.3) and uniform
bounds (2.36), we see that

l/|LOMH#HVu”dedt§CI (5.9)
Q
Consequently, we can deduce from (5.5) and also from (5.3) that for some ¢ > d,

T
A|@MW$®MW&§O. (5.10)

Similarly, using (2.22) and (5.3), we see that for some ¢ € (1, c0),

T
/|@m|uwyaga (5.11)
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5.2 Limit n — oo

Having (5.3), (5.1) and (5.10)—(5.11) and using the Aubin-Lions lemma, we can find subse-
quences that we do not relabel, such that for some ¢ > d,

u" —u weakly in L*(0,7; W2 (Q; RY)), (5.12)
u” =" u weakly™ in LOO(Q;RN), (5.13)
u" —u strongly in Ll(Q; RN) (5.14)
du” —* dyu weakly™ in M(0, T; (Wl (4 RY))*), (5.15)
m" —m weakly in L*(0,T; W,:2(2)), (5.16)
m" —=m strongly in L'(Q), (5.17)
m" = m Q) (5.18)
om™ — dym weakly in L7(0, T; (Wh(2)*), (5.19)
L(m™,v",Vu"™) =* L weakly” in M(Q), (5.20)

where M(K) denotes the space of Radon measures on K. Having (5.12)—(5.20), we can use the
theory for parabolic equations with L' or measure right-hand side (see [4-5]) to conclude that

Vu" - Vu ae. in Q. (5.21)

Consequently, since the operator T in (2.31)—(2.32) is strictly monotone, it follows from (5.17)
and (5.21) that

v" = v ae inQ, (5.22)
which in particular also implies (note that L and g are Carathéodory)

L(m",v",Vu") — L(m,v,Vu) a.e. in Q, (5.23)
g(v™,m") — g(v,m) a.e. in Q. (5.24)

Thus, the convergence results (5.12)—(5.24) allow us to let n — oo in (5.4)—(5.7) to obtain that
(m, v, u) solves (2.40), (2.41) and

/ (udrp + Vu - Vp)dzdt — / ure(T) de = / Lpdadt (5.25)
Q Q Q

for all ¢ € C5°(0, 0o; W°(Q)). Thus, to finish the proof of Theorem 2.2, we need to show that
L= L(m,v,Vu) ae. inQ. (5.26)

Indeed, having (5.26), we can read from the equation that the time derivative of u is better,
i.e., that

w € L0, T; (WLI(Q; RV))*)

per

for some ¢ > d and integrating by parts with respect to the time variable ¢ in (5.25), we find
that (2.41) holds true.
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5.3 Identification of L and the proof of (5.26)

This last part is devoted to the proof of (5.26). We follow the procedure developed in [2]
with the necessary changes due to the presence of the mean field variable m. We also proceed
here slightly formally and refer the interested reader to [2], where the very similar procedure is
made rigorously. Defining

N
w" = Z(u”)l,
i=1

it follows from (5.5) that in the sense of distributions we have
N
—Ow" — Aw™ =Y L(m",v", Vu"). (5.27)
i=1

Next, we multiply (5.27) by
—2Cw"

and obtain

N
1 n 1 n n n
%Bte_ch + %Ae_ch = ;_1 L(m", v", Vu™)e 2%" 4 2Ce2°%" |Vu" 2. (5.28)

Consequently, multiplying the resulting identity by arbitrary nonnegative ¢ € VVO1 ’1(0,T :
L(Q)NWL2(2)) and integrating the result over @, we get by using integration by parts that

per
1 n n
— — [ e 2990 4+ Ve 2" . Vpdadt
20 Jg
N
= / ) Z L(m™, o™, Vu™)e 2% 4 2Ce™2C%" V" 2. (5.29)

i=1
Next, we let n — oo. Thanks to (5.12)—(5.14), it is easy to deduce that

lim [ e 2% 9,0 + Ve 20"" . Vopdadt = / e 209, + Ve 26 . Vdadt. (5.30)
Next, using (3.1), we get that

N
ZL(m", v, Ve 20" £ 20e 20" (Vw2 > —C((m™)?* +1).

=1

Consequently, we see that the right-hand side of (5.29) is bounded from below by a strongly
convergent function, so using the point-wise convergence result (5.23) and the Fatou lemma,
we get

N
lim inf cp( Z L(m™,v", Vu")e 2Cv" 4 20e2Cw" |7y |2)

n—oo
Q i=1

N
z/ @(ZL(m,v,Vu)e_ch+20e_20w|Vw|2). (5.31)
Q iz
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Hence, combining (5.30)-(5.31), we see that for all nonnegative ¢ € W, (0,T : L>®() N
W12(Q)) there holds

per
1 —2Cw —2Cw
2c J, e O + Ve Vdazdt
N
> / <p( Z L(m,v,Vu)e 2% + 2Ce_20w|Vw|2). (5.32)
@ =1
Finally, taking ¢ := ¢2¢“y with arbitrary ¢ € W' (0,7; L=(Q) N W2(Q)), we deduce that?
N
/ WA + Vo - pdadt > / w(z L(m, v, Vu))wdxdt, (5.33)
Q @ =1
which implies that in the sense of distributions
N
—0w — Aw > L(m, v, Vu). (5.34)
i=1

Similarly, we deduce the opposite type inequalities. It follows from (5.5) that for all i =
1,---, N,

— O ((uh)™ — gow™) — A((u")™ — gow™)

N
= L'(m",v",Vu") — &g Z L' (m™, o™, Vu™). (5.35)
i=1

Denoting 2™ := (u*)" — gow™ and multiplying (5.35) by e2*" we get

1 202" 1 202"
ok 205
= 0 (L (", 0", Vat) = g0 Y Li(m", 0", V) = 27 V2R (5.36)
=1

Hence, using (3.2), we see that the right-hand side is bounded by an convergent sequence and
therefore we can proceed similarly as before by using the Fatou lemma to obtain

N
—0(u' — gow) — A(u' — ggw) < L'(m, v, Vu) — g0 Y _ L'(m, v, Vu). (5.37)

i=1

Thus summing with respect to i = 1,--- , N and dividing by (1 — &y) we see that

N
—Oyw — Aw < Z L' (m,v, Vu),
i=1
which combined with (5.34) gives
N .
—0w — Aw =Y L'(m,v, Vu). (5.38)
i=1

4In fact we must mollify the test function with respect to the time variable and then to pas to the limit.
Since such a procedure was explained in details in [2], we do not provide the complete proof here.
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Consequently also we obtain from (5.37) that

—du’ — Au' < L'(m, v, Vu). (5.39)

Finally using (5.38)—(5.39), we get

ot — Aut = —9w — Aw + Z(&tuj + Aud)
i

WE

LI (m,v,Vu) — Z LI (m,v, Vu)

j=1 i
= L'(m, v, V).
Hence, (5.39) implies that
—owu’ — Au' = L' (m,v, Vu) (5.40)

and (2.41) follows. This completes the proof of Theorem 2.2.
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