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Nonlinear Korn Inequalities on a Hypersurface*
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Abstract The authors establish several estimates showing that the distance in W7,
1 < p < o0, between two immersions from a domain of R™ into R™™* is bounded by the
distance in L? between two matrix fields defined in terms of the first two fundamental forms
associated with each immersion. These estimates generalize previous estimates obtained
by the authors and P. G. Ciarlet and weaken the assumptions on the fundamental forms
at the expense of replacing them by two different matrix fields.
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1 Introduction

The notation and terminology used in this paper is described in the next section.

In a recent article [6], the authors and P. G. Ciarlet established (in particular) the following
nonlinear Korn inequalities on a surface in R?: Let 1 < p < oo, let w C R? be a domain, and
let 6 € C*(w;R?) be an immersion such that the vector field az(8) := (810 A 020)/|010 A 90|
is also of class C! over w. Then, for each € > 0, there exists a constant C. such that

inf  {|lro - Ollwir(w) + llas(ro 5) —a3(0)|lwirw)}

relsomy (R3)

< CAl(@ap) = (@ap)llLrw) + [1(0ap) = (bap)llrw)}
and

16— Ollwirw) + as(8) — a3 (0)[|w1.r ()
< CAl0 = O|lLr(w) + las(0) — a3(0) || e ()

+ (@ap) = (@ap)llLew) + [1(bas) = (bap)llLrw)}

for all immersions 8 € WP (w; R3) such that as(6) € W2P(w; R3) and

~ - 1 ~ _ 1
[Ra()l 2 &, [@as®))| < < and  [@as(y)) ' << ace yew,
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where aq5(y), gag(y) and Ry (y), respectively, denote the covariant components of the first
fundamental form, the covariant components of the second fundamental form, and the principal

radii of curvature, of the surface 6(w) at the point 8(y). They also showed that, if in addition
0y, =0y, and a3(0)], = as(8)|,
on some relatively open subset 7o # () of the boundary of w, then

||6 —Olwir() + ||a3(§) —a3(0)|lwir ()

< Ceno{ll(@ap) = (aap)llLrw) + (bap) = (bas)llLe )}

for some constant C. ., (depending on & and -y, in particular).

The objective of this paper is to generalize the above inequalities to hypersurfaces (subman-
ifolds of co-dimension 1 in R"** n > 2) and to weaken the assumptions on the immersion 5,
in particular by eliminating the restrictions in terms of the parameter € on its principal radii
of curvature and first fundamental form. This will be done at the expense of replacing in the
right-hand side of the above inequalities the matrix field (@) by the matrix field (daz)2 and
the matrix field (bag) by (Gas) ™2 (bag)-

More specifically, we establish the following nonlinear Korn inequalities on a hypersurface
in R"*1 (cf. Theorems 3.1-3.2 and 4.1-4.2): Let 1 < p < oo, let w C R™ be a domain, and
let @ € Cl(w;R"*!) be an immersion whose unit normal vector field a,11(8) := (010 A --- A
0,0)/1010 A - -+ A 0,,0] is of class C! over w. Then there exists a constant C such that

inf ){||7“ 00 = 0llwro(w) + ani1(r00) = @ni1(0) iy}

relsomy (R +1

< O{ll(@ap)? — (a0)* o) + 1(@ap) % (bag) — (aas) ™ (bap)llLrw)

and

16 = Bllwro(w) + [@ns1(0) = @nt1(6)lwrr ()
~ ~ i~ 1 1
< C{l10 = OllLrw) + lan+1(0) — @ant1(0)r(w) + [1(@as)? — (aap)? [|Lr(w)

e 1

+ [|(@ap) "2 (bas) — (aap) ™2 (bag) o)}

for all immersions 8 € WP (w; R") such that a,41(0) € WP (w; R 1),

Furthermore, if in addition
01y, =0ly, and  ant1(0)|y, = ant1(0)[4,
on some relatively open subset 7o # () of the boundary of w, then

16 — Ollwr(w) + lans1(6) — ant1(0)|lwre(w)
< Cro {11(@ap)? — (008) % o) + 1(@ap) ™% (bag) — (Gas) " (bag)llLow) }

for some (other) constant C., (depending in particular on ~p).
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Finally, we also show that, if @ and 7y are such that 6(vy) is not contained in any affine
subspace of dimension < (n — 1) of R**!1, then the assumption an+1(§)|V0 = an+1(0)|y, above
can be dropped and the last inequality still holds, possibly with a different constant C., .

It is worth noticing that some of the results established in this paper, like Lemma 3.3,
Theorem 3.2, Lemma 4.1, and Lemma 4.3, generalize to immersions 6 : w C R? — R"t!
previous results due to Ciarlet and Mardare [8], like Lemma 3, Theorem 2, and Lemma 4

in ibid., about immersions ® : Q C R"™ — R™. To see this, it suffices to particularize the

8) and to notice that

immersions considered in this paper to immersions of the form 6 := <0

in this case
an1(0)=(00 --- 01)" € R,

so that
bop(0) =0 inw.

Some of the results of this paper were announced in [13].

2 Preliminaries

In this article, all vector spaces are over R. Scalars and scalar functions are denoted by
normal letters, while vectors, matrices, vector fields and matrix fields are denoted by boldface
letters.

For each positive integers k and [, the notations M**, M! = M"! A!| S!, SL | and O,
respectively, designate the space of real matrices with [ rows and k columns, the space of all
real square matrices of order [, the space of all antisymmetric matrices of order [, the space of
all symmetric matrices of order [, the set of all positive-definite symmetric matrices of order [,
and the set of all real proper orthogonal matrices of order .

The identity matrix in M is denoted I.

The Euclidean norm of a vector v = (v;) € R! and the Frobenius norm of a matrix F =
(Fij) € MP>* are denoted by

o= (X h)* and #1= (S RE)
i=1 =1 j=1

=

Note that the above norms are invariant under rotations, in the sense that
|Rv| = |v| and |RF|=|F| forall Rec Q.
The notation Isom, (R') designates the set of all proper isometries of R , i.e.,
Isom; (R :=={r:R' - R r(z) =a+ Raforallz € R', a e R', RO, }.

A domain U in R" is a bounded, connected, open subset of R™ with a Lipschitz-continuous
boundary, the set U being locally on the same side of its boundary (see, e.g., [2] or [14]).
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Let U be an open subset of R* and let 1 < p < co. Given a smooth enough vector field
v=(v;): U — R welet Vov(z) € M** denote the gradient matrix of the vector v at each
point x = (z;) € U, i.e., 5

Vi
Vo) = (5, (),
where ¢ denotes the row index.

The usual Lebesgue and Sobolev spaces are respectively denoted by LP(U) and W1?(U).

The space of vector fields v = (v;) : U — R! with components v; € LP(U) is denoted by
LP(U;R") and the corresponding norm is defined by

lvllLe @y == (/Ulv(x)lpdx);.

The space of vector fields v = (v;) : U — R! with components v; € W1P(U) is denoted by
WLP(U;RY) and the corresponding norm is defined by

1

ollwsow = [ (0@l + Vo))"

The space of matrix fields F = (Fj;) : U — M"™* with components F;; € LP(U) is denoted
by LP(U;M"*) and the corresponding norm is defined by

|F ey = (/UIF(:C)V)dx)%.

The notation C!(U;R!) designates the space of all vector fields v € C*(U;R!) that, together
with their gradients Vv € C(U; M***), possess continuous extensions to the closure U of U. If
U is a domain, one can show, by using Whitney’s extension theorem (cf. [15]), that any vector
field v € C1(U;R™) possesses an extension to the space C!(R™;R™) (cf. [7]).

In all that follows, n designates an integer > 2, Latin indices and exponents range in the set
{1,2,--+ ,n+ 1} save when they are used for indexing sequences, Greek indices and exponents
range in the set {1,2,---,n}, and the summation convention for repeated indices or exponents
is used in conjunction with these rules.

Given an open subset w of R™, we let 9, := 9/0y,, where (y,) denotes a generic point in w.
A mapping 6 € C(w,R"1) is an immersion if the vectors 9,0(y) are linearly independent at
each point y € W. A mapping @ € WHP(w;R*1), p > 1, is an immersion if the vectors 9,0(y)
are linearly independent at almost all point y € w.

Given an open subset  of R"™! we let 0; := 9/0z;, where (z;) denotes a generic point in
Q. A mapping © € C'(Q;R"*H1) is an immersion if the vectors 9;0(z) are linearly independent
at each point x € €.

The notation [vivs - - - v,,] designates the matrix whose i-th column vector is v;, 4 = 1,2, -,

i

n. Given a matrix A, its component at i-th row and a-th column is denoted (A)’,

. Likewise,
given a vector v, its i-th component is denoted (v)?.

Given any n vectors v, = (’Ué)?!ll e R a=1,2,---,n, the exterior product

w:=v N Nvy
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is the vector w = (wz)fjll € R""! whose components are defined by

w; == (Cof V'),

where V' is a (n+1) x (n+1) square matrix whose last n column vectors are vy, - -+ , v, (in this
order) and Cof V' designates the cofactor matrix of V' (Cof V' := (det V)V T if the matrix V'
is invertible).

We conclude this section by enunciating two lemmas about the geometry of hypersurfaces
in R n > 2, which are straightforward generalizations of similar lemmas given in [5] in
the particular case n = 2 and p = 2. These lemmas show that some classical definitions
and properties pertaining to hypersurfaces in R"*! still hold under less stringent regularity
assumptions than the usual ones (these definitions and properties are traditionally given and
established under the assumptions that the immersions denoted € in Lemmas 2.1-2.2 below
belong to the space C?(w; R"*1)).

Note that the functions aqg, a“?, bag, b7 appearing in these lemmas, respectively, denote
the covariant and contravariant components of the first fundamental form and the covariant and
mixed components of the second fundamental form. For such classical notions of the differential
geometry of hypersurfaces, see [1, 3-4, 11-12].

The notations (aag), (a®?), (b2), and (g;;) respectively designate matrices in M™ and M"*!
with components aqg, a®? b8, and gij, the index or exponent denoted here «, or i, designating

» Yoy

the row index.

Lemma 2.1 Let w be a domain in R™ and let @ € C*(w; R" 1) be an immersion such that
any1 € CH(w; R, where

arNas \N---Na
Apy1 = L 2 . and a, :=0,0.
lar Aag A -+ A ay|

Then the functions
(aB = Qg -ag, bog:=—04a,11-ag and b7 = aﬁ"bag,
where (a®?) := (aaps) ™1, belong to the space C°(@). Besides,
bas = bsa.

Lemma 2.2 Let 1 < p < o0, let w be a domain in R™ and let there be given an immersion

0 € WHP(w; R" 1) such that anq1 € WHP(w; R L), where
aiNas \---Nay

= d :28 0
lar Aag A -+ A ay| and Qo o

an+l

Then the functions

aB = Qo -ag and bag = —0aGni1 - ag

belong to the space L% (w). Besides,

baﬁ = bga a.e. in w.
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Furthermore, define the mapping © : w x R — R by
Oy, Tpt1) == 0(y) + Tnr1an+1(y) for almost all (y, xp+1) € w x R.

Then © € WHP(wx] — 6,0 ; R* 1Y) for any § > 0.

3 Nonlinear Korn Inequalities on a Hypersurface Without
Boundary Conditions

In this section, we establish two nonlinear Korn inequalities on a hypersurface “without
boundary conditions” (cf. Theorems 3.1 and 3.2); by “without boundary conditions”, we mean
that the values of the two immersions 6 : @ — R"! and 6 : @ — R"*! on the boundary of w
are arbitrary.

The point of departure of the proofs of these nonlinear Korn inequalities on a hypersurface
is the following generalization, established in [8, Lemma 2], of a geometric rigidity lemma, due
to Friesecke, James and Miiller [10] for p = 2, and later extended to p > 1 by Conti [9] (in
[9-10], the mapping © was the identity mapping).

For notational brevity, we shall drop the explicit dependence on the exponent p in the
various constants found in the nonlinear Korn inequalities appearing below, as well as in their

proofs.

Lemma 3.1 Let 1 < p < oo, let Q be a domain in R™, and let ® € C'(Q;R™) be an
immersion. Then there exists a constant C1(©) such that, for all Oc WLP(Q; R"™),

A V8 — RVO||us o) cl(e)H i, VO — RV®|‘

p(Q

We now generalize the above geometric rigidity lemma to hypersurfaces 0(w) in R™+!,
instead of open subsets §2 of R™. The definition of the vector field a,+1(60) is given in Lemmas
2.1-2.2.

Lemma 3.2 Let w be a domain in R", let O € C(w;R""1) be an immersion such that
i1 = ani1(0) € CHw; R™™Y) and let 1 < p < oo. Then there exists a constant Co(6) such
that

N 18f (IV6 = RVO||Lo(w) + | Vani1 — RVaniilliow) + [@ns1 — Ransil|zo(w))
€

< 02(0)” n 1nf (|V0 RVO| + |Van+1 RVan+1| + |6n+1 — Ran+1|)||Lp(w)
€0

+
for all immersions @ € WP (w; R™1Y) such that @ni1 = Gpi1(0) € WP (w; R,

Proof Given a mapping 6 that satisfies all the assumptions of Lemma 3.2, define the
mapping © € C1(w x R;R"*1) by

Oy, Tni1) :=0(y) + Tpr1an11(y) for all (y,z,41) €W X R.
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Likewise, given any mapping 0 that satisfies the assumptions of Lemma 3.2, define the
mapping © : w x R — R+ by
Oy, Tni1) i= 0(y) + Tpi1@ny1(y)  for all (y, zni1) € w X R.
Since 0 : w — R™*! is an immersion of class C!, there exists € = (@) > 0 such that the

restriction, still denoted ® for convenience, of the mapping ©® to the closure of set
Q=0Q(0) :=wx| —¢,¢],

is an immersion of class C!. Since the restriction, still denoted © for convenience, of the mapping
© to the set © belongs to the space WP (€2; R"*1) by Lemma 2.2, all the assumptions of Lemma
3.1 are satisfied. Hence there exists a constant ¢;(6) such that

meV@—RVGanngw mf|Vé—RV®W
Re0} ! ReO’

Lr(Q)

for any mapping 0 satisfying the assumptions of Lemma 3.2.

In what follows, our purpose is to find estimates of both the left-hand side and the right-hand
side of the above inequality in terms of VO and V.

In order to find a lower bound of the left-hand side of the above inequality in terms of
L?(w)-norms of V0 and VO, we proceed as in the proof of Theorem 4.2 in Ciarlet, Malin, and
Mardare [6]; we deduce in this fashion that there exists a constant c3(0) such that

Rég§+1 [VO — RVO|Lr(q)

> cp(0)er  inf (|VO — RVO|Lo
Re0 !
+€llVani1 — RVanii|liew) + |@ns1 — Raniil|Le(w)),

where e = £(0) is the constant defined above.
The next step is to find an upper bound of the LP(2)-norm of the

inf |VO - RVO|.
ReO’

To this end, we first deduce that

/Q(Reiggﬂwé—}zveopdx:/ﬂ( inf Zi]aié—Rai@P) de

n+1
ReO™

(NS

:/ {/ inf (1028~ ROu0) + 1 (Outinss — ROaan:1)?

—c ReO} !
5
~ 2
+ [@nt1 — Ran1] ) dxn+1}dy

</{ inf / (Y1068~ B2,0) + 211 (Doiinsr — ROuair)|?

ReO} T ¢

D
+ |6n+1 — Ran+1|2) 2d$n+1}dy.
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To estimate the integrand appearing in the right-hand side, we note that, given any vectors
v; ER™™ i=1,--- ,n+1, we have

(Dmﬁ) (n+1)% 12 o, P, ifp>2
i
(by Jensen’s inequality applied to the convex function ¢ € [0,00) — tZ € R, where £> 1) and
P
(D) <X lwibr, if0<p<2
i i

(by applying recursively the inequality (a + t)% < a? 4+t for all @ > 0 and t > 0, where
0<f< 1). Combining these inequalities with the previous one, we next deduce that

/( inf |Vé—RV®|)pdx
Q \“Reo}t!

gc?,/{ inf / (Z| (920 — RO.0) + Tns1 (Oansr — Rnanii)|?

Reot!

+ |6n+1 — Ran+1|p)dxn+1}dy,

where ¢5 = max(1, (n +1)271). To further estimate the integrand appearing in the right-hand
side, we note that, given any vectors u, € R"*! and v, € R"*!, a=1,--- ,n, and any 23 € R,
we have

[ta + 2300l < (Jua| + |2s]lval)? < 277 (Jual” + Jos||vel?), ifp>1

(again by Jensen’s inequality). Using this inequality to estimate the right-hand side of the
previous one, we finally deduce that

/( inf |V@—RV®|)pdx
Q \Reo}t!

~ p+
< 03/ inf (QPEZ |00 — RO,0|F + 2F 6+
. p

w Reont!

1
1 Z |ao¢an+l - Raaan+l|p
[e3
+ 25|6n+1 — Ran+1|p)dy.
Hence there exists a constant ¢4(0) such that

H inf VO — RV®|H

Re0} ! Lr()

< 04(0)8%

inf (VO — RVO| + £|Vans1 — RVani1| + [Gnsr — Ran+1|)}
ReOt!

Lo (w)
Consequently, the announced inequality follows with

¢1(0)c4(0) max(1, )
c2(0) min(1,e)

C2(0) =

We are now in a position to establish our first nonlinear Korn inequality on a hypersurface
without boundary conditions.
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Theorem 3.1 Let w be a domain in R"™, let @ € C'(w;R"*) be an immersion such that
ant1 = ap11(0) € CHw;R™) and let 1 < p < co. Then there exists a constant C5(0) such
that

n igﬁﬂ(HVé —RVO||rw) + [[Vant1 — RVantilLew) + [[@nt1 — Ranti|lLr(w))
€Oy

< C3(0)([|(@ap)? — (aas)? ) + 1@ap) "% (bap) = (@ap) % (bap)llLr(w))

for all immersions 8 € WP (w; R™1Y) that satisfy Gni1 = i1 (8) € WP (w; R,

Proof The proof consists in finding an upper bound of the right-hand side of the inequality
of Lemma 3.2 featuring the fundamental forms of 6 and 0 instead of Vo, Va1, V0 and
Va, 1. So, we begin by expressing each term |V§—RVO|, IVa,1—RV a1, |[ani1—Ran, 1]

in terms of (aag), (bag), (@as), (bas)-
Let @ and 6 satisfy the assumptions of the theorem. Then

F:=[V0 a,1]eC@M™) and F:=[VO an41]€ LP(w; M),

which in turn imply that

Qo 0 ~T~ Qo 0
FTle(Oﬁ) 1]@00(@8’;“) andFTF:[( 2

The matrix polar decomposition theorem shows that
F=QU inw and f’:éﬁ a.e. in w,

where

N[

U:=(F'F) (@;S™F)  and Q:=FU '€ 'm0,

ec’
€ LP(w;S™H)  and Q= FU ' ¢ L (w; Q7).

U= (f‘Tﬁ’)

[N

Hence
~ ~ ~~ ~ =T
|IVO — RVO|? + |ans1 — Ra,1)> =|F — RF*> = |QU — RQU|* = |U - Q RQU/*.
Next, combining the Weingarten equations

Va,i1 = —(V0)S, where §:= (b2) = (aas) " (bap),

Vani1 = —(V0)S, where §:= (b7) = (dug) ' (bas)

with the relations

[N

Vo=Q [ (aa(,;a’)

] and Vézéjl (5a§)2 ]
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(deduced from the above expressions of F, U, F and ﬁ) implies that

~ 1 1
~ aap)? | ~ anB)?
Va1 — RVan| = |Q (@as) S - RQ (@0)* | g
0 0
~ 1 1
AnB)? | ~ ~ anB)?
_ || @) |5 0" RO (2ap)® | of
0 0
Then we infer from the above relations that
inf (|VO— RVO| + |Vau,, — RVanii|+ |[@ni1 — Rangi|)
Re0} !
<V3 inf (]VO—RVOP +|ans1 — Ransi|’ + |[Vans — RVan|?)?
ReOt!
~ 1 1 2 %
~ o~ ang)? | ~ ~ Aag)?
—V3 wf (|U-Q RQUPS+ (Gos) S-0'RQ (@as)* 1 g}
Re0} ! 0 0

Consequently, we get

[N

inf (|VO — RVO|+|Va,1 — RVan 1|+ |@ni1 — Rani1))
o 3 Qo 3
(@ap)? | 5 | (ap)

ReO” !
2
0 0 )

< V3(|(@ap)? — (@ap)?| + [(@as) "2 (bap) — (aas) 2 (bag)))-

<\/§<|17—U|2+ S

Then the announced inequality is obtained with C3(8) = v/3 C5(8) by using the above inequality
in the right-hand side of the inequality of Lemma 3.2.

In the remaining of this section, we establish our second nonlinear Korn inequality on a
hypersurface without boundary conditions. It shows that the infimum in the left-hand side of
the nonlinear Korn inequality of Theorem 3.1 can be dropped if a weaker norm of (5 —0) and
(@n+1 — any1) is added to its right-hand side.

The key for proving such a nonlinear Korn inequality is the following lemma.

Lemma 3.3 Let w be a domain in R™, let 1 < p < oo, let @ € WHP(w; R 1) and let
U Cc M"t be any non-empty set. Then there exists a constant C4(0) such that, for all 0c
WhP(w; R,

10 = llwir) < C1(O)(8 = O]l e + inf VO~ RVOus) ).

Proof Assume on the contrary that, for each k € N*, there exists a vector field 0, €
WP (w; R™*1) such that

10k = llws ) > k(18k = Ol oy + inf V8 ~ VO] ).

Let 1
M= [10s —Ollwrn)  and g = (85 —6).



Nonlinear Korn Inequalities on a Hypersurface 523
Then, for each k > 1,
Mk > 0, ”ukHWLP(w) =1,

1 ~ 1
by + inf H— 0, — RVO H iy
llukllz ( )+11%Iétu ” (VO — RVO) ) < -

Since the space WP (w; R"M1) (1 < p < o0) is reflexive and its inclusion in LP(w; R"*1) is
compact, it follows that there exists a subsequence (1) of (k) such that, as { — oo,

w—w in LP(w;R™) and Vu, — Vu  in LP(w;MOTDx),

Then the above inequality implies that « = 0 in w and that there exists a sequence (R;) C U
such that, as [ — oo,

1
Vu+—(I - R)VO -0 in LP(w;MM+)xm),
m

The above relation combined with the weak convergence Vu; — 0 in LP(w;M®+)xn)
implies that

1
Fi:=—(I-R)VO—0 in LP(w;MM+1)xn)
m

Since the sequence (F;) belongs to a subspace of LP(w;M™+1X") of finite dimension, namely
{FVO; F c M"'},
it follows that
F; =0 in LP(w;MM+)xm),

Hence
Vu; — 0 in LP(w;MM+)xm),

Since in addition u; — 0 in LP(w; R™*1), it follows that
w — 0 in WHP(w;R™)  as [ — oo.
This contradicts that ||w||y1.(,,) = 1 for all [ > 1. Therefore, the announced inequality holds.

We are now in a position to establish our second nonlinear Korn inequality on a hypersurface

without boundary conditions.

Theorem 3.2 Let w be a domain in R™, let @ € C(w;R"*1) be an immersion such that
Ani1 = any1(0) € CHW; R, and let 1 < p < oo. Then there exists a constant C5(0) such
that

16 = Ollwrrw) + |Bns1 — Gnsillwio)
< Ca(0)(10 = O o) + [[dns1 — @nia o)
+ 11@ap)* = (38)* o) + 1(@ap) ™% (bas) = (005)"* (bas) o)
for all immersions @ € WP (w; R"Y) that satisfy @ni1 = ani1(0) € WP (w; R,

Proof The proof is an immediate consequence of Theorem 3.1 combined with the inequality

of Lemma 3.3 with U = Q™" (applied twice, to estimate both = Ollwrr and [@ni1 —

Ant1flwrew)-
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4 Nonlinear Korn Inequality on a Hypersurface with Boundary
Conditions

In this section, we establish a nonlinear Korn inequality on a hypersurface for mappings
subjected to specific boundary conditions (cf. Theorems 4.1-4.2 below). We consider two types
of boundary conditions, one corresponding to the case where the hypersurface is kept fixed on
a portion of its boundary, and one corresponding to the case where both the hypersurface and
its positively-oriented unit normal vector field are kept fixed on a portion of the boundary of
the hypersurface.

We begin by showing that it is possible to drop the term Hé — 0| Lr(w) in the right-hand
side of the inequality of Lemma 3.3 by imposing a boundary condition on a portion ~yy of dw.
Note however the stronger assumptions of Lemma 4.1 compared with those of Lemma 3.3: The

extra regularity for @ and the particular choice U = @T‘l.

Lemma 4.1 Letw be a domain in R™, let 1 < p < oo, let @ € CH(w; R"*Y) be an immersion,
and let vo be a relatively open subset of dw such that O(y) is not contained in any affine subspace
of R"*1 of dimension < (n —1). Then there exists a constant Cg(Yo,0) such that

16 — Ollwr ) < Cs(70,6) inf IV0 — RVO||o(.)
ReOY

T
for all @ € WLP(w; R that satisfies 0 =0 on .
Proof Assume on the contrary that for all k € N*, there exists ) € WP (w; R

satisfying 0: =6 on o such that

10k — Ollwir @y > kRelggﬂ VO — RVO|Lr (.-
It follows that ||} — Ollw.r(.) > 0 and there exists Ry € O such that 16x — Ollwr(w) >
k| Vi — R V0|10
Let )
Nk ‘= ||0k — 0||W1,p(w) and U = n—k(ek — 9)

Then, for all k € N*,

1 1
lurllwrr) =1 and - > HVuk oI Rk)VH‘

Le(w)

Consequently, there exist u € WP (w; R™*1) and a subsequence (1) of (k) such that, as | — oo,

||UlHW1,p(w) =1, uw;—wu in Lp(w;IR""'l)7

1
Vu; —Vu and Vu;+ 77_(1 — RZ)VO 0 in LP(W;M(n-l-l)Xn).
l

As in the proof of Lemma 3.3, the last two convergences together imply that

Vu; — Vu and l(I — R)VO - —Vu in LP(w;MM+)xm),
Y
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Since then u; — w in WP (w; R" 1), we deduce that [Jullyy1p() = 1.
We now prove that w = 0, which will end the proof since it contradicts that |[ul[y1.s(,) = 1.
Let n € [0,00] and let R € Q""" be such that, for some subsequence (m) of (1),

Mm —n and R, >R as m — oo.

We distinguish three cases: n =00, 0 <1 < oo and n = 0.

First, if n = oo, then nim(I ~ R,,)VO — 0 in LP(w;M™+D)x") " Hence —Vu = 0 in
LP(w; M("+1)x7)  But 4 = 0 on 7o since u; = 0 on v and w; — w in WP (w; R* 1), Therefore
u=0.

Second, if 0 < 7 < oo, then %(I —~ R)VO = —Vu in LP(w;M™+1)>x") Hence there exists
a € R""! such that w = a + %(R — 1)6 in WP (w; R™1). Since 8 = 0 on 7, for all k € N*,
and since u; = %(51 —0) — w in WHP(w;R*1)) we have that w = 0 on 7. Therefore
a+ %(R — I)0 =0 on y. Consequently,

na+(R—1)0(y)=0 forall y €.

This means that the isometry » : R*™1 — R"*1 pr(2) := na + Rx for all x € R*"! satisfies
r(x) = x for all * € 6(p). Since the set of all fixed points of an isometry of R**! is either R"*1
(if the isometry is the identity mapping) or an affine subspace of R"*! of dimension < (n — 1)
(otherwise), the assumption on 6(7o) of Lemma 4.1 implies that r(z) = x for all z € R*+1.
Therefore, na = 0 and R = I. Since n > 0, this next implies that u = 0.
Finally, assume that 7 = 0. Then the convergence
1

(I-R,,)VO — —Vu
TIhm

in LP(w; M™+TD*") implies that each component of the matrix (I — R)V vanishes almost
everywhere in w. Hence the matrix (I — R)V(y) coincides with the zero matrix M TDx™ for

almost all y € w. This means that
Rv=wv forall veS:={0(y), - ,0,.0(y); ycw\N}

for some negligible subset N of w. Since the set S contains (at least) n linearly independent
vectors (recall that € is an immersion by assumption), one has R = I.
Furthermore, there exists a subsequence of (%(I — Rm)VO)m, still indexed by m for

simplicity, that converges almost everywhere in w. Since 0 is an immersion, there exist n linearly

independent vectors vy, va, - , v, (for example, 310(y),- - ,0,0(y) at some point y € w) such
that, for all « € {1,--- ,n}, as m — oo,
1 : n+1 n+1
—({I - R,)vy > w, inR for some w, € R"™".
Nm
It follows that, for each v € F :=span {vy,--- ,v,},

1
—(I — R,,)v converges in R""!,

TIm
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Hence, given any orthonormal basis {e1, - ,e,} in E, for all a € {1,2,--- ,n},
1 : n+1
—(I — R,,)e, converges in R" 7.

Tim

In order to prove that the sequence n%(l — R,,) converges in M"*! it suffices to prove
that the sequence %(I — R,,)ent1, where e,11 € E* is the unique unit vector such that

{e1, -+ ,eni1} is a positive basis in R"T1 converges in R"*1. Let

"= Rne; € R"™ forall i€ {1,2,---,n+1}.

K2

Then, for all a € {1,2,---,n}, there exists f, € R"*! such that

—(eq —r™) — f, in R™L
T,

Since R,, € O™, one has ™, = r7 Ar5 A--- A7 Consequently,

1

n_(I_Rm)en—Q—l

m

1
=—(eng1—rnp)=—(€E@ A ANepg =7 A AT

m m

1 1
=—(er—r")NesA--Ne,+—r"Alea—r)NesN---Ney,

m m

1
+...+—’r71n/\-"/\’l":ln_1(en_r?)'
m

Therefore, since r))} = R,e — Ie, = e, as m — oo, we have
1

p (I -—Ry)ent1 — f1ANeaN---Ne,+er ANfaNesA--Ne,+---+e A New_1 A S,
m

The above convergences show that there exists a matrix A € M™*! such that, on the one

hand,

1
n—(I—Rm)—>A as m — oo.

On the other hand, the relation RﬁRm = I implies that, for all m,

1 1 1 T
R, |—(I - Rp)| = —(R}, - 1) = [ —(I - Ry)
Letting m — oo in the above equality (recall that R,, — I as m — oo) we get IT A = —AT,

which means that A is antisymmetric.
To summarize, we proved that, if 7, — 7 = 0 as m — oo, then, even if it means extracting
a subsequence,
1
T
1
T

(I —R,,)VO - —Vu in LP(w; MOV as m — oo,

(I-R,)—A cA™ asm— .
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Hence —Vu = AV almost everywhere in w, which in turn implies that there exists a €
R"*! such that
u(y) =a — AO(y) for almost all y € w.

Besides, the trace of u on vy vanishes (since u; — u in WP (w; R 1) as | — oo and u; =
%(51 — 0) vanishes on 7). Therefore the infinitesimal isometry g : R* Tt — R py(z) =
a — Ax for all z € R™*! vanishes on the set 6(vp). In other words,

0(v) C Kerp := {x e R"™!; Az = a}.

Then the assumption on 6(y) of Lemma 4.1 implies that w = 0, since the set Ker p is either
R"*! (if @ = 0 and A = 0) or an affine subspace of R"*! of dimension < (n — 1) (otherwise).
To prove the last assertion, one notices on the one hand that either Ker u = () or Ker p = zg +
Ker A, where xq is a particular solution of Az = a; but on the other hand Ker A@Im A = R"*1,
so dim(Ker A) = (n + 1) — Im A, and dim(Im A) is either 0 (if A = 0) or dim(Im A) > 2 if
A#£0.

In order to prove our first nonlinear Korn inequality of this section (cf. Theorem 4.1 below),
where a,11 and a1 do not necessarily coincide on 7, we need to supplement the estimate of
16 — 0||w1.r () provided by Lemma 4.1 by an estimate of ||@n1 — @ny1llwir(,). This is the

object of the following lemma.
Lemma 4.2 Let w,p,0 and o satisfy the assumptions of Lemma 4.1. Assume in addition

that an 1 = a,41(0) belongs to C1(w; R™*L). Then there exists a constant Cr (7o, 0) such that

16 = Ollwrr () + [@ns1 — Gnrtlwrnge)
< Cr(70,0) inf (|[VO— RV,
ReO}t!

+ Hvan-i-l - Rvan+1||lLP(W) + ”an+1 - Ran-HHLP(W))
Jor all immersions @ € WP (w; R"1Y) that satisfy @ni1 = @ny1(0) € WHP(w; R™) and 6 = 0
on Y.

~k
Proof Assume that this assertion is false. Then for all k € N*, there exist & € W1P(w; R"H1)
~k ~k
and Ry, € O such that Efﬂrl =an1(0) € WHP(w;R"™1) 8 =0 on 7o and
~k ok
160" = Ollwrrw) + @n11 — @antallwrr)

~k -~ ~
> k(|VO — RiVO|Low) + I Van,, — RiVaniillie) + |@n 1 — Re@niillLrw))-

Let
~k K
Hi = H0 - BHWl‘p(w) + ||an+l - an+1||W1*P(w)7
~ 1 ~k . 1 ~k
=—(0 —0), = — (41 — Cnt1)-
&k n ( ), M n ( +1 +1)

Then ||Ek|\W1,p(w) + Mk lwrr () = 1 for all k € N* and, by using the same arguments as in the
proof of Lemma 4.1, there exists a subsequence ({) of (k) such that, for some & € WP (w; R"1),
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n € WHP(w; R™ 1),y € [0,00] and R € O,

&€ and H -7 in WHPwR™,

1 -
—(I—R)VO — —VE in LP(w;MHDxn)
2
1 ~
M_(I —R)a,;1 — —n in LP(w; R,
l

On the other hand, Lemma 4.1 shows that, for some constant Cg(7o,8), H51 = 0lwire) <
Cs (70, H)HVAél — R; V0| (), which in turn implies that

~ |
&l < Col0.0)|[VE + - (T~ R)V|

Lr(w)

Hence ||El||W1,p(w) — 0 as [ — 00, so that € = 0. Therefore, as | — oo,
1
—(I-R)VO -0 in LP(w;MO+TDxm)
122

Since 6 is an immersion, the above relation implies (as in the proof of Lemma 4.1) that, as

[ — o0,
1
—(I-R)) =0 in M"*
122

Therefore, n = — llim (i([ — Rj)an41) = 0. Hence
—00

0= ll€llwrr) + I0llwrrw) = ll_i}glo(HSzHWw(w) +lmllwirw)) =1,

a contradiction.

We are now in a position to establish our first nonlinear Korn inequality on a hypersurface
with boundary conditions: It is similar to the one established in Theorem 3.2, but without the

terms ||6 — O|lzr(wy and [|@ni1 — @ny1l/Lr) in its right-hand side.

Theorem 4.1 Let w be a domain in R", let 1 < p < oo, let @ € CHw;R" L) be an
immersion such that any1 = an.1(0) € CH(@;R"™1), and let vy be a relatively open subset of
Ow such that 6(vo) is not contained in any affine subspace of R"*1 of dimension < (n — 1).

Then there exists a constant Cs(v,0) such that

10 = Ollwirw) + lant1 — antillwiew

~ 41 1 1 1
< Cs(70,0)([(@ap)? — (aap)? llLew) + 1(@as) ™ (bap) — (@ap) ™ (bas)llLr(w))
Jor all immersions @ € WP (w; R"1Y) that satisfy Gni1 = ny1(0) € WEP(w; R™) and 6 = 0
on vo-
Proof This inequality is an immediate consequence of Theorem 3.1 and Lemma 4.2.

In the remaining of this section, we show that the Korn inequality on a hypersurface of
Theorem 4.1 holds different set of assumptions. Specifically, it shows that the assumption



Nonlinear Korn Inequalities on a Hypersurface 529

on 0(vo) can be dropped provided the mappings 0 satisfy the additional boundary condition
Qny1 = Qpy1 ON Y.

To do so, we first need to prove the next lemma, which removes the restriction on 7 imposed
in Lemma 4.2 at the expense of adding boundary conditions for the normal vector fields a1

and @p41 to the hypersurfaces 8(w) and 6(w).

Lemma 4.3 Let w be a domain in R™, let 1 < p < oo, let v9 be any non-empty relatively
open subset of Ow and let @ € CH(w; R"M1) be an immersion that satisfies any1 = @ni1(0) €
CH(w;R™1Y). Then there exists a constant Co(vo,0) such that

16 = Bllwro () + l@nt1 = @ntr lwrew)
<Co(70,0) inf (|V0 ~ RVO]ur

n+1
eon

+IVant1 — RVanii1|rw) + |@n+1 — Rantalloew))

for all immersions 8 € WP (w; R™1Y) that satisfy @ny1 = @ns1(0) € WHP(w; R*H1), 0 = 0 on

Y0, and Gpi1 = Api1 ON Yo-
~k
Proof Assume that such a constant does not exist. Then for all £ € N*, there exists 8 €
~ ~k ~k ~
WP (w; R satisfying aﬁ_H =a,;11(0 ) € WHP(w; R 1), @ = 6 on 7o and aﬁ_H =anyi1

on 7, such that

~k k
10 —Ollwrrw) + @ni1 — @ns1llwirw)

. ~k ~ ~
>k lgﬁﬂ(HV@ ~ RVO|ur(w) + | Van s — RVan i |luow) + @1 — Rania||Low)):
<Oy

Let
~k —k
e =10 = Ollwrvw) + a1 — antillwiew)-

The previous inequality shows that, for each k € N*| y, > 0 and there exists Ry, € (O):L_le such
that

1 1
— (@~ Reans)| | V(@ - Ri0)))|
HMI@( +l ¥ +1) LP(w) Nk( F ) Lr(w)
1 1
V(- (@hss — Reanin))| =
+ H i (an+1 ra +1) L? (w) < k
Let . )
~ ~k ~ ~
£ = E 6 —6) and 7, := (afz+1 Ani1)
Clearly,

1€ llwr @) + Tkllwrr@y =1 for all ke N,

Since the space WP(w;R""1) is reflexive (recall that 1 < p < oo) and its inclusion in
LP(w; R"1) is compact, the above inequality implies that there exist E,ﬁ € Whp(w; R,
€ [0,00], R € O and a subsequence (1) of (k) such that, as [ — oo,

&€ and m 7 in LP(w;R™1),
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VE —~VE and Vg, — VR in LP(w; MHDxm),
w—p inR and R, — R in M"TL

Since in addition, as k — oo,

S~ 1 _ 1
Vé+—I—Ry)VO -0 and V@, + —(I — Ry)Van — 0 in LP(w;MOFIxmy)
Mk Mk

the sequences (V&) and (V#,) converge strongly in LP(w; M"+DXn) (cf. the proof of Lemma
3.3). Hence

§—& and 77 in WHP(w; R,
1 ~

—(I - R)Vay41 — —-Vn in Lp(w;M(”-H)Xn)’
2

1 ~

—(I - R)VO — —V¢ in LP(w; M+ xm),
2

n + i(l —~R)a,;1 —0 in LP(w;R™).
In what follows, we will show that the last two convergences imply that
€=0 and §=0 ae in w,
which will yield a contradiction with

I€lwirw) + [Mllwrrw) = lli}go(HElHWm(w) +lmllwirw) = 1.

To this end, we distinguish three cases: p =00, 0 < u < 0o, = 0.
First, assume that g = co. Then i(I — R;) — 0 in M"*! which combined with the last
two convergences above implies that

VE:O and =0 a.e in w.
Since in addition E = 0 on 7y, E also vanishes a.e. in w.

Second, assume that 0 < pu < oo. Then the convergences

1 < _ 1
M—(I—RI)VO — —VE in LP(w;MO+HD)X) and nl+M—(I—Rl)an+1 — 0 in LP(w;R™H)
1 l

imply that

1 7 1 7i
;(I ~R)VO=-VE¢ and ;(I - R)ani1 =-n.

Hence there exists a € R*t! such that

Ey)=a-+ l(R —1)6(y) for almost all y € w,
I

_ 1
n(y) = —(R—TI)a,41(y) for almost all y € w.
I
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Since E =0 on v and 7 = 0 on 7, the above relations imply that there exists y. € 7o such
that

1 1
a+ ;(R—I)Ta(y*) =0 and ;(R—I)anﬂ(y*):o,
where 74 (yx), « = 1,2,--- ,;n — 1, denote a (n — 1)-tuple of linearly independent vectors in

R”*! that are orthogonal to @, 1 1(vx).

More specifically, since w is a domain in R™, dw is locally the graph of a Lipschitz function.
In particular, there exist 1 < j < n and a Lipschitz function ¢; : U — R, where U is an open
set of R"™1 and an open ball V in R”, such that

Vv ={y=w - ,un) €R" y; =0;(¥'); ¥ :== (1, -, ¥j—1,Yj41, - Yn) €U}

It is well-known that 1; is differentiable at almost all points ' € U. Define the mapping
1 : U — R™ by letting
Y1

') =1 ) for all y' € U.

Yn
Let y, denote any point where 1; is differentiable and let y, := % (y.). Then the (n — 1) vectors
Oa¥(yl), a € {1,--- ;n}\ {j} are well defined, and they are linearly independent.

Since )
a+-—(R-—1)0(y(y")) =0 forall y €U,
W

we have in particular that

1 .
E(R—I)aa(eo’l/))(y;):(), aE{l,---,n}\{j},
1 .
& ;(R— DVO(y.)0at(y.) =0, ae{l,-- ,n}\{j},
= l(R—I)Ta(y*) =0, a=1,2,---,n—1,
1
where
T1(ye) = VO(y ) (y), -+, Tim1(ys) == VO(y:)0-19(yl),
Ti(y) = VO )0 (yi), s Ta-1(ys) = VO(y.)0np(y).
Note that the vectors 71 (y«), -+ , Tn—1(y«) are linearly independent since 6 is an immersion
at Y, so the vectors 910(y.), - ,0,0(y.) are linearly independent. Indeed, since

[T1(y+) - Tno1(ye)] = VO@)[019(ys) - - - 0190 (Ye) 05410 (yl) - - - Ontp(yl)],

the rank of the matrix in the left-hand side is (n — 1).
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Note also that the vectors 7,(ys) are orthogonal to a,+1(y.) since

and 9360 (ys) - @ny1(y.) =0 for all B € {1,--- ,n} by the definition of @41 (y«).
So we just proved that

Rv=v forall veFE:=span{m1(ys), - s Tn-1Ys); Gnt1(y«)}

Since dimFE = n and R € @T‘l, it follows that R = I, because, if {ej, - ,e,+1} is an
orthogonal basis in R"*! such that E = span{e;,---,e,} and det [e;---e,1] > 0, then, for
ala=1,---,n

Y
R = R'e, = R"(Re,) = =0
€n+1 - €q = Enyt1 - €q = €n41 - ( ea) = €nt1 - €q =V,

so that Re,11LE. Therefore, either Re,11 = €541, or Re,11 = —€,41. But, Rejpy1 = —enq
implies that
—1l=det [e1-- e, (—ept1)] =det (Rler---ent1]) =1,

a contradiction. Consequently, R = I and so

Ey)=a and n(y)=0 ae ycw.

Besides, E: 0 on 7y, so that a = 0.

Third, assume that g = 0. We then infer from the convergence
1 ~
—(I—R)VO - —VE in LP(w;MTDX")  ag [ — oo,
H

which implies in particular that

1 -
/(—)p|(I—Rl)V9|pdy—>/ |VEPdy  as [ — oo,

i

that the limit R = llim R, satisfies R = I. Indeed, if on the contrary R # I, then
—00
I(I - R)VO(y)| > [(I - R)VO(y)| — |[R, — R[[VO(y)| for all I.

Furthermore, let y* € w and let ¢ := |(I — R)VO(y*)|. Then € > 0 (since rank VO(y*) = n
and dim Ker(I — R) < n —1). Since 8 € C*(w;R"™!) and R — R as | — oo, there exists
6 > 0 and Iy € N* such that

(I - R)VO(y)| > - and |R; — R||VO(y)| <

DO ™
= ™

for all y € B(y*,0) and all [ > ly. Therefore, for all [ > I,

/w (%W - Rl)V@')pdy g /B(y*j) (il(f - Rl)vm)pdy g /B<y*,é> (;l Z) w
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which implies that [ |VE|de = +00, a contradiction.

Next, using that the column vector fields of V@ € C%(w; R"*1) are linearly independent
at each point of @, we deduce (as in the proof of Lemma 3.3) from the convergence i(I -
R)VO — —VE in LP(w;M™+Dxn) that there exists an antisymmetric matrix A € AT

and a subsequence (m) of (1) such that

1
— (I -R,)—~ A in M"™ as m — oco.
Lo

Hence
—VE: AVEO a.e. in w,

which in turn implies that there exists @ € R"*! such that
£(y) =a— AVO(y) for almost all y € w.
Besides, since
n= lim 7,, = lim L(Rm —Day1 = —Aa,y;  in LP(w; R,

we have

n(y) = —Aa,+1(y) for almost all y € w.

Therefore, using that E =0 on v9 and 7 = 0 on g, the same argument as that used in the

case 0 < pu < oo shows that there exists y. € vy such that
—A1,(yx) =0 and —Aa,+1(y«)=0

for some vectors T,(y«) € R"™1 a=1,2,--- n— 1, that are linearly independent and orthog-

onal to @, 1(y«). Thus the antisymmetric matrix A € A"*! satisfies
Av=0 forall veF,

where E denotes the subspace of dimension n of R"*! spanned by the vectors 71(ys), -,
To—1(Y«), @ni1(ys). Hence A = 0. To see this, let w € E+, w # 0. Then R"* = £ @ (Rw)
and

Aw - v=w-ATw=—-w-Av=0 forall v e E,

Aw - w=w - ATw=—-w - Aw=0.
Hence, Av = 0 for all v € R™*!, which means that A = 0.

Finally, since E(y) =a—AVO(y) = a for almost all y € w and since E = 0 on 7y, the vector
a vanishes. Therefore,

EzO and n=-Aan,+1 =0 a.e in w.

We are now in a position to establish our second nonlinear Korn inequality on a hypersurface

with boundary conditions.
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Theorem 4.2 Let w be a domain in R™, let 1 < p < oo, let vy be any non-empty relatively
open subset of Ow, and let @ € C*(w;R"Y) be an immersion such that ani1 = an41(0) €
CH(w;R™Y). Then there exists a constant Cio(Yo,80) such that

16 = Bllwrr () + [@ns1 — @nsllwrrw)

< C10(70,0)(1(@ap)? — (aas) o) + 1(@as) "% (bap) — (aas) % (bap)llLo(w)

for all immersions 8 € WP (w; R"*1) that satisfy Gns1 = it (0) € WIP(w:; R*T1), 6 = 6 on

Yo and Qp4+1 = Qpt1 ON Y-

Proof It suffices to estimate the left-hand side in Theorem 3.1 by applying Lemma 4.3.
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