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The Estimates of All Homogeneous Expansions for a
Subclass of € Quasi-convex Mappings in
Several Complex Variables*
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Abstract The authors obtain the estimates of all homogeneous expansions for a subclass
of £ quasi-convex mappings on the unit ball in complex Banach spaces. Moreover, the
estimates of all homogeneous expansions for the above generalized mappings on the unit
polydisk in C™ are also obtained. Especially, the above estimates are only sharp for a
subclass of starlike mappings, quasi-convex mappings and quasi-convex mappings of type
A. The results are the generalization of many known results.
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1 Introduction

It is well known that biholomorphic starlike mappings and biholomorphic convex mappings
are two extreme significant families of mappings in the geometric function theory of several
complex variables. So the family of e starlike mappings which were originally introduced by
Gong and Liu [2] is a meaningful family of mappings in several complex variables in that it is
a family of mappings between the family of biholomorphic starlike mappings and the family of
biholomorphic convex mappings. After that Liu and Zhu [5] extended the above family of ¢
starlike mappings to a new family of mappings which is called £ quasi-convex mappings, and
e € [0, 1] is widened to ¢ € [—1, 1]. However, there are only a few results for ¢ starlike mappings
and € quasi-convex mappings, for instance, the generalized Roper-Suffridge extension operator
preserved ¢ starlikeness on some Reinhardt domains in C" for € [0, 1] (see [2-3]) and & quasi-
convexity on some domains in complex Banach spaces € € [—1,1] (see [5]), and the estimates
of m-th (m = k+ 1,k +2,--- ,2k) homogeneous expansions for ¢ starlike mappings f (z =0

is a zero of order k + 1 of f(z) — z) on the unit polydisk in C™ and ¢ quasi-convex mappings
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f (2 =01s a zero of order k + 1 of f(z) — z) on the unit ball in complex Banach spaces were
established respectively (see [5, 7]).

We denote by X the complex Banach space with the norm || - ||. Let X* denote the dual
space of X, let B be the open unit ball in X, and let U be the Euclidean open unit disk in
C. Also, we denote by U™ the open unit polydisk in C™, and let N* be the set of all positive
integers. Let OU™ denote the boundary of U™, (9U)™ be the distinguished boundary of U™.
Let the symbol ' stand for transpose. For each x € X\{0}, we define

T(x) ={To € X*: [Tufl = 1, Tu(z) = [l[|}-

Let H(B) be the set of all holomorphic mappings from B into X. It is shown that if
f € H(B), then

oo

Fly) = 32 D" @)y — )",

n=0
for all y in some neighborhood of © € B, where D" f(z) is the nth-Fréchet derivative of f at x,
and for n > 1,
D" f(z)((y —)") =D"f(z)(y — =, ,y — ).

A holomorphic mapping f : B — X is called to be biholomorphic if the inverse f~! exists
and is holomorphic on the open set f(B). We say that a mapping f € H(B) is a locally
biholomorphic mapping if the Fréchet derivative D f(x) has a bounded inverse for each x € B.
If f: B — X is a holomorphic mapping, then we say that f is normalized if f(0) = 0 and
Df(0) =1, where I stands for the identity operator from X into X.

A normalized biholomorphic mapping f : B — X is called to be a starlike mapping if f(B)
is a starlike domain with respect to the origin.

Now we recall some definitions as follows.

Definition 1.1 (see [3]) Let f: B — X be a locally biholomorphic mapping with 0 € f(B).
f is said to be an € starlike mapping on B if there exists a positive number e, 0 < e < 1, such

that f(B) is starlike with respect to every point in ef(B).

We denote by S*(B) the set of all e starlike mappings on B.

Definition 1.2 (see [5]) Lete € [-1,1], and f : B — X be a normalized locally biholomor-
phic mappings. If

Re{T:[(Df(2) ™" (f(z) —ef(€x)]} 20, z€B, (€T,

then f is said to be an £ quasi-convex mapping on B.

Let Q-(B) be the set of all ¢ quasi-convex mappings on B.



The Estimates of All Homogeneous Expansions for a Subclass 623

It is obviously known that
SH(B) & Q=(B), S:(U)=Q:(U), e€l0,1]
from Definitions 1.1-1.2.

Definition 1.3 (see [9]) Suppose that f : B — X is a normalized locally biholomorphic

mapping, and denote

) % _a+tp
D) = T D) (Faw) — F B a=5

If
ReGy(a,8) 20, wedB, a,f€U,

then f is said to be a quasi-convex mapping of type A on B.

We denote by Qa(B) the set of all quasi-convex mappings of type A on B.

Definition 1.4 (see [9]) Suppose that f : B — X is a normalized locally biholomorphic
mapping. If

Re {T.[(Df(z)) " (f(z) — f(¢x))]} 20, z€B, (€U,

then f is said to be a quasi-convex mapping on B.

Let Q(B) be the set of all quasi-convex mappings on B.

Definitions 1.3 and 1.4 are actually the same definitions in one complex variable, and
Qa(B) = Q(B) (sce [9]).

In this paper, we shall establish the estimates of all homogeneous expansions for a subclass
of € quasi-convex mappings on the unit ball in complex Banach spaces. Furthermore, we shall
also obtain the estimates of all homogeneous expansions for the above generalized mappings
on the unit polydisk in C”. In particular, the above estimates are only sharp for a subclass of
starlike mappings, quasi-convex mappings and quasi-convex mappings of type A. It is shown
that a weak version of the Bieberbach conjecture in several complex variables (see [1]) will be

proved as a corollary, and our results generalize many known results.

2 Estimates of All Homogeneous Expansions for a Subclass of € Quasi-
convex Mappings on the Unit Ball in Complex Banach Spaces

In order to establish the desired theorems in this section, it is necessary to give the lemmas

as follows.
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Lemma 2.1 Suppose ¢ € [-1,1]. If f,g : B = C € H(B), f(0) = ¢g(0) = 1, and
(1 +e)(f(z) + Df(z)x) = (f(x) +f(=x))g(x), then

(14 3)Df(0)x = (14 ¢)Dg(0)z,
((m—1)A+e)+ A+ (=1)™)e)D" 1 f(0)(=™"1)

(m—1)!
- Qb o) | DO D (- ooy
+---+Dg(0)x L (_1)m—(22]377;)—|2f(0)(xm—2) x€B, m=3,4,---.

Proof In view of the hypothesis of Lemma 2.1, we have

3D2f(0)(z? mD™ 1 £(0)(z™ !
DO | DO )
= (1+e+0-)Df(O) + ( +5)D22'f(0>($2) L
(14 (=)™ te)D™ 1 f(0) (=™ )
+ =T )
D90 . D" lg(0)@@™) +)

-(1+Dg(0)a:+ o+ T

(1+ a)(l +2Df(0)z +

A simple calculation shows that

3D?£(0)(?) mD™ 1 f(0) (™)
T_'—.'._'_ (m_l)! +...)
=1+4+e+(1-¢)Df(0)x + (1+¢)Dg(0)x + (1+ E)D;f(O)(xQ) +Dg(0)z - (1 —e)Df(0)x
(1+¢)D%g(0)(=?) s L (VI C )
* 3] e (m—1)!
(1+ (=1)""%e)D™ 2 f(0) (=™ 2)
(m —2)!

1+ s)(l +2Df(0)z +

+ Dg(0)x

D"24(0)(=™2)
(m—2)!

(1+¢)D™1g(0)(x™ 1)
(1 —e)Df(0)z + —— (m_gl)! .

Compare the homogeneous expansions of the two sides in the above equality. We derived the

desired result. This completes the proof.

Lemma 2.2 Suppose € € (— %, 1]. Then

1—¢
2(1+6)—|—2(1—5)(1—|— (2_1)(1+6)+(1+(_1)2)6)+...
l
_ 1—¢
21+ (—1)! 15)g(1+ (k—l)(1+€)+(1+(—1)k)s)

l
=((1l+e)+ 1+ (-1 Me+1-2]] (1 +
k=2

1—=¢
(k=11 +e)+ 1+ (=1)k)e

) (2.1)

forl=2,3,---.
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Proof It is easily known that (k—1)(14¢)+(1+(—1)*)e > Ofore € (—3,1] and k =2,3,---.

When [ = 2, a simple calculation shows that the left-hand side of (2.1) is 2(1Jﬁ_)§2+6), and the

right-hand side of (2.1) is also W Hence (2.1) holds for [ = 2. Assume that (2.1) holds

for [ = s, namely
1—¢
AT AT

2(1+€)+2(1—5)(1+

- 1—¢
+2(1+(-1) 6),}:[2(1+(k—l)(1+€)+(1+(_1)k)5)

S

s+1 1-¢
= (s(1+¢&)+ 1+ (-1)°F )5+1_5)g(1+ (k—l)(1+a)+(1+(—1)’“)8)'

When [ = s + 1, it is shown that
1—¢
)
-1 +e)+ 1+ (-1)%)e

2(1+8)+2(1—5)(1+

s— - l-¢c
+201+ (-1 o) [ (1 + (k—D(1+e)+ 1+ (—1)k)5)

k=2
s+1
S 1_6
+2(1+(—1) 6)}1} (1 T E-D0ro+ 0+ (—1)’“)8)
s+1 - —
= (s(1+2) + (14 (~1)** >8+1‘5)kr_[2(” (k—l)(1+6)+(1+(_1)k)5)
s+1
S 1_8
+2(1+(—1) 6)}32 (1 T E- D0 o+ 0+ (—1)’“)8)
s+1

1-¢
=((s+D)(1+e)+ 1+ (-1)e+1-¢ 1+
((s+1)(1+€) + (1+ (-1)**2) >k]_12( CESV (e s ey
by a direct computation. Hence (2.1) holds for I = s + 1. This completes the proof.

Theorem 2.1 Lete € (—1,1], f: B— Ce€ H(B), F(z) =af(x) € Q-(B). Then

D™ £(0)(z™)|| _ 14 -

I N <TI (1 m, B

m! kl:IQ( * (k—l)(l—i—a)—}—(1+(_1)k)8)||17” S m 3

Proof Let W(z) = ﬁ(DF(QC))_l (F(x)—eF(—xz)). A straightforward computation shows
that

1 w(f(x) +ef(=2))

1+8(DF(1:))_ (F(z) —eF(—x)) = 0592 +Df(a)a)’ xr € B.
Since F(z) = xf(x) € Q<(B), it is shown that
(1+¢e)(f(z) + Df(x)z) _ ]l .
Rt = Re(Tw(W(x))) >0, zeB)\{0} (2.2)
from Definition 1.2. Consider
_ (A +e)(f(x) + Df(@)a)
g(x) = F@) +ef (o) , € B. (2.3)
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Then g: B— C € H(B), g(0) = f(0) =1, and (1+¢)(f(z) +Df(x)z) = (f(x) +ef(—x))g(z).

We now prove that

DO ™)
(m —1)!

1—¢
S H (1+ D(1+e)+ (14 (=1)k)e

Mal™t, zeB m=23  (24)

by the induction method. When m = 2, we deduce that

DI 202 = (14 L )zl
T 1+ 3¢ 2-1)(1+e)+ (1+(-1)*e ’

from Lemma 2.1 and [8, Lemma 2.2]. This implies that (2.4) holds for m = 2.
Assume that (2.4) holds for m = 3,4, --- 1. That is,

D" () ™)
(m—1)!

reB

1—¢

<1l (1 O (S e (—1)k)g)||“7|‘m_l’

k=2

reB, m=3,4,---,l.

When m =1+ 1, by [8, Lemma 2.2] and (2.4), we obtain

(1A +e) + (1 + (=) )e)D'f(0)(=")]
l!
_ |(1+2)D'g(0)(=")  Dtg(0)(=""")

(1-e)Df(0)x

il (=1
1+ (=1 te)D L f(0) (=)
+ -+ Dg(0)z = |
1—e¢
<2(1+ )l +2(1 - s)(l taonara s o)
1
1—e¢
o 2(1 4 H ( (1+a)+(1+(—1)k)5)||$”l
!
1—e¢
=(I1+e)+ A+ (- e +1— kH2( (1+g)+(1+(—1)k)g)”x”l'
This implies that
DFOE)] 1T e
I <k1:[2(1+ (k—1)(1+a)+(1+(—1)k)5)||x”l’ veb.
Hence we see that (2.4) holds for m =1+ 1.
On the other hand, it is shown that
D7 F(O0)@=™) = sz—lf(O)(xm—l) reB, m=23,--- (2.5)

m! (m—1)!
if F(x) = af(z). Consequently from (2.4)—(2.5), it follows the result as desired. This completes

the proof.
Taking € = 0 in Theorem 2.1, we get the following corollary immediately.
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Corollary 2.1 Let f: B— Ce H(B), F(z) =xf(x) € S*(B). Then

D™F(0)(«™
|| ()(‘T )HémeHm, x€B7m:273’...7
m!
and the above estimates are sharp.
Letting € = 1 in Theorem 2.1, we also obtain the following corollary directly.

Corollary 2.2 Let f: B— C e H(B), F(z) =xzf(x) € Q(B) (or Qa(B)). Then

[D™FO) )|

- <|lz||™, zeB, m=2,3,---,

and the above estimates are sharp.
Remark 2.1 Corollary 2.1 is the same as the case k = 1 of [8, Theorem 2.1].
Corollary 2.3 Lete €[0,1], f: B— Ce H(B), F(z) =xzf(z) € Q-(B). Then

/12 + 3£ l=Il)

X
(1 — [T+t ’

]

Fa)|< ———
1F ()]l RS

» [IDF(z)z] <

and the above estimates are sharp for e =0 and € = 1.

Proof It is apparent to see that

D" O™

b

(1+ =gl

m) \k:2
okt k—2e
- Ig CENE DA
T (k + (k — 2))
k=2

= m—Diaggmt el ze B, m=2.3,

from Theorem 2.1. We also know that

F(x)zx—f—im, DF(x)xzx—i—iw xr € B.

b
m m!
m=2

In view of the triangle inequality of the norm, it follows the result as desired. This completes

the proof.
Remark 2.2 When X = C, B = U, Corollary 2.3 reduces to [6, Theorem 4.1].

Corollary 2.4 Lete € [0,1], f: B— C e H(B), F(z) = xf(z) € Q-(B), where B is the
unit ball of a complex Hilbert space X. Then

€N + 2l

IDE(z)¢] < Pt
(1= flafly===+!

reB, £€X,

and the above estimates are sharp for e =0 and € = 1.
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Proof It is shown that

D™EF(0)(z™ ! D™ EF(0)(z™
sup || ( )(i'f ’6) | = sup L')(I')H
lel=ll€|=1 m! ol ml

(see [4]). Making use of triangle inequalities with respect to the norm in complex Banach spaces,

it follows the result as desired. It is not difficult to verify that

x

and
Foe) = 7 € Q(B) (0rQu(B),
where ||e|]| = 1. Tt yields that
2(¢, e)x
DF;(x)¢ = = (ic,e))Q + a _<€<x’>e>)3, r€DB, fcX
and
DFy(a)§ = —— fx’@ 1 fg;ii»w r€B, £€X

by a simple calculation. Put . =re, { = Re (0 <r <1, R > 0). Then

R(1+7) R
R [DF2 ()¢ = TR

IDEy ()¢ =

Therefore, it is shown that the estimate of Corollary 2.4 is sharp for e = 0 and ¢ = 1. This

completes the proof.

3 Sharp Estimates of All Homogeneous Expansions for a Subclass of e
Quasi-convex Mappings on the Unit Polydisk in C™

Let each m; be a non-negative integer, N = my; +mgy + --- +m, € N*, and m; = 0 imply
that the corresponding components in Z and F(Z) are omitted. Let U™ (resp. UY) denote
the unit polydisk of C"™ (I =1,2,---,n) (resp. CV).

Theorem 3.1 Let ¢ € (—$,1], fi : U™ — C € HU™), | = 1,2,---,n, F(Z) =
(Z1[1(Z1), Zofo(Za), -+, Znfn(Zy)) € QE(UN). Then

[D™E0)(Z™)]]
m!
m 1_
S H (1 * (k=11 +¢) +€(1 + (—1)k)8) Iz|™, 2 e U, m=23,--. (3-1)

k=2
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Proof Let F(Z) = (F1(Z1), Fa(Z3), -+ , Fn(Zy,))'. According to the hypothesis of Theorem
3.1, forany ¢ €U, Z = (21,24, ,Z,) € UN, it yields that
(DF(2))"H(F(2) — eF((Z))
= ((DFA(21)) H(Fi(Z1) = eFi(C2h)), (DF(Z2)) 71
(Fo(Z2) = eF2(CZ2)), - - (DFW(Z0)) ™ (Fu(Zn) — eFu(CZ0)))'
by a simple computation. Note that
(DF(2)) 1 (F(2) = eF((Z))
= (07 B (DFl(Zl))_l(Fl(Zl) - EFl(Czl))v T 70)I7
if Z=(0,---,72,---,0) e¢UN, 1=1,2,--- ,n. We set
W(Z) = (W17W27"' JWTL)I = (Wlla"' 7W1m17W217"' 7W2m27"' 7Wn17"' 7ann)/
= (DF(2))"(F(Z) - eF((Z)).
Then it yields that
FeQ:UN)e FeQiU™), 1=12,-,n

from Definition 1.2. Taking into account the facts |[D™F(0)(Z™)| = max {{ID™EF(0)(Z]™)||}
and || Z]| = Jmax {l1Zi]|}, here || Zi||m, (resp. ||Z]||n) is written as || Z;]| (resp. || Z]|) for simplicity,
it is shown that (3.1) holds. This completes the proof.

Setting € = 0 in Theorem 3.1, we get the following corollary readily.

Corollary 3.1 Let f: U™ — Ce HU™), 1 =1,2,--- ,n, F(2) = (Z1/1(Z1), Z2 f2(Z3),
' 7Zn.fn(Zn))/ S S*(UN) Then
D™F(0)(Z™
L?()H <m||Z|™, 2eUN, m=2,3,---.
m!
Taking € = 1 in Theorem 3.1, we also obtain the following corollary immediately.

Corollary 3.2 Let f : U™ — Ce HU™), 1 =1,2,--- ,n, F(Z) = (Z1/1(Z1), Z2 f2(Z3),
S Znfa(Z0)) € QUN) (or Qa(UN)). Then
D™F(0)(Zz™
m!
Similar to that in the proof of Corollary 2.3, it is not difficult to conclude the following

corollary (the details of the proof are omitted here).
Corollary 3.3 Lete €[0,1], f; : U™ - Ce H{U™), | =1,2,---,n, F(Z) = (Z1f1(Z1),
Z2f2(Z2)7 T aann(Zn))/ € QE(UN) Then

zZ Z|(1+ =z
L yprz)z) < PO =1ED
-1z (- 1z

and the above estimates are sharp for e =0 and € = 1.

IF(Z)|l < eu”,
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Theorem 3.2 Suppose ¢ € (— 3,1], and F(z) = (Fi(2), F2(2), -+, Fo(2)) € H(U™).

If Re% >0, ¢ € U z e U™\ {0}, where j satisfies the condition |z;| = ||z| =
gfngnﬂml}, then

1:[( 1+E)—|—(1+(_1)k)6)”2” , z€eU" m=2,3, )

Proof Fix z € U™\ {0}, and set 29 = 1Zr. Let

z
m(© = rew), ccv (32
j
where j satisfies the condition |z;| = ||z|| = max {]z1]}. Tt yields that
h;(£)¢ DF;(§20)&z0

@) —ehy (&)~ FyEa) - eh ey’ €U UMD

by a direct calculation. Therefore it is shown that

h;(§)§ ):Re( (DFj(gzo)gzo

Re(m Fj(€z0) — 6Fj(<§z0)) >0, (€U, £cU\{0}

from the condition Rew]g)liji% >0, (€U, € U™\ {0}. That is, h; € SZ(U).

On the other hand, it is readily shown that

€+ Z ame™ = € + 120 ”Z” 3 L)()fm

m=2 m=2
from (3.2). Comparing the coefficients of the two sides in the above equality, it yields that

|2l D™ F;(0)(=5")

=Qm, Mm=2,3,---.
Zj m!

Consequently by Theorem 2.1 (the case of X = C, B = U), we have

D™ F;( ks 1—¢ .
H( D(1+e) + (1+(—1)k)s)’ %0 € OU™.

When zp € (OU)™, we have

|D’”Fl

" 1—¢
1;[(1+ k1 (1+s)+(1+(—1)k)s)’ t=12-n.

Also noticing that D™ F;(0)(z™) is a holomorphic function on U, in view of the maximum

modulus theorem of holomorphic functions on the unit polydisk, we conclude that

D E(0) (2] | 1
%gg(u(k—l)(1+a)+5(1+(—1)k)g)’ 2 €0U" I=1,2--,n
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This implies that

1—¢

ID™F(0)(2™)] _ 17
<]I (1 T ES DO+ 0+ (=)

m! =

)HZ”ma ZeU"vl:LZa"'an-
k=2

Therefore it follows that

ID"FOE] T

m! =

1—¢
(1+ *k D+t (Dh)e

)||z|\m7 ze U™
k=2

This completes the proof.

Putting € = 0 in Theorem 3.2, we obtain the following corollary directly.

Corollary 3.4 Suppose F(z) = (F1(2), Fa(z),- -+ , F(2)) € H{U™). IfReng_'((zz))z >0, z €

U™\ {0}, where j satisfies the condition |z;| = ||z|| = max {|z1|}, then
[D™FO)(=™)l

g <mllz|™, zeU", m=2,3,---.

Letting € = 1 in Theorem 3.2, we also get the following corollary easily.

Corollary 3.5 Suppose F(z) = (Fi(z), Fa(2), -, Fu(2)) € H{U™). If ReFJ_(]z)Fii% >

0, CeU, zeU"\ {0}, where j satisfies the condition |z;| = ||z|| = max {]z1|}, then
xRN

D™ EO) ")

il <|z|™ zeU™, m=2,3,---.

With the analogous arguments as in the proof of Corollary 2.3, it is easy to deduce the

following corollary (the details of the proof are omitted here).

Corollary 3.6 Suppose that ¢ € [0,1], F(z) = (Fi(z), Fa(2), -, Fn(2)) € HU™). If
Rewlj)fiji% >0, ¢ € U z e U™\ {0}, where j satisfies the condition |z;| = |z| =

ax {|z[}, then

X

]

211+ 132121
S 1 FIR T e 12
(1 —[lz[)) ™

(1—[|z])=rt

[FACIIIES

» IIDF()=] <

and the above estimates are sharp for e =0 and € = 1.

Remark 3.1 We readily see that Theorem 2.1 is the special case of Theorem 3.2 when
X =C" B =U", and Theorem 3.1 is the special case of Theorem 3.2 for my =n, m; =0, [ =

2’...’7101'77”:17 l:1’27...’naswell.

Remark 3.2 For the estimates of all homogeneous expansions for a subclass of ¢ quasi-
convex mappings, € € ( — %, 1] is a sufficient condition in Theorems 2.1, 3.1-3.2. We do not
know the corresponding results for the case ¢ € [ -1, —%] nowadays. However, concerning the

growth theorem and the upper bounds of the distortion theorem for a subclass of £ quasi-convex
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mappings, € € [0, 1] seems to be a necessary condition in Corollaries 2.3-2.4, 3.3 and 3.6. This

implies that the condition of growth theorem and the upper bounds of the distortion theorem

for a subclass of € quasi-convex mappings is stronger than the condition of the estimates of all

homogeneous expansions for a subclass of € quasi-convex mappings.

Acknowledgement The authors would like to thank the referees for their useful comments.
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