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Nonlinear Maps Preserving the Jordan Triple *-Product
on Factor von Neumann Algebras*

Changjing LI! Quanyuan CHEN? Ting WANG?

Abstract Let A and B be two factor von Neumann algebras. For A, B € A, define
by [A, B]« = AB — BA™ the skew Lie product of A and B. In this article, it is proved
that a bijective map ® : A — B satisfies ®([[4, B]«,Cl+) = [[®(A), P(B)]+, ®(C)]« for
all A,B,C € A if and only if ® is a linear *-isomorphism, or a conjugate linear x-
isomorphism, or the negative of a linear *-isomorphism, or the negative of a conjugate
linear x-isomorphism.

Keywords Jordan triple x-product, Isomorphism, von Neumann algebras
2000 MR Subject Classification 47B48, 46110

1 Introduction

Let A be a x-algebra and n be a non-zero scalar. For A, B € A, define the Jordan n-x-product
of A and B by A{,B = AB + nBA*. The Jordan (—1)-*-product, which is customarily called
the skew Lie product, was extensively studied because it naturally arises in the problem of
representing quadratic functionals with sesquilinear functionals (see [9-11]) and in the problem
of characterizing ideals (see [2, 8]). We often write the Jordan (—1)-#-product by [A, B]., that
is [4, B]. = AB — BA*. A not necessarily linear map ® between x-algebras A and B is said to
preserve the Jordan n-s-product if ®(A$,B) = ®(A)$, P(B) for all A, B € A. Recently, many
authors have started to pay more attention to the maps preserving the Jordan n-*-product
between x-algebras (see [1, 3, 6-7]). In [3], Dai and Lu proved that if ® is a bijective map
preserving the Jordan n-kx-product between two von Neumann algebras, one of which has no
central abelian projections, then ® is a linear *-isomorphism if 7 is not real and ® is a sum of
a linear *-isomorphism and a conjugate linear #-isomorphism if 7 is real.

Recently, Huo et al. [5] studied a more general problem. They considered the Jordan triple n-
s-product of three elements A, B and C' in a *-algebra A defined by A{, B, C = (A$,B)$,C
(we should be aware that {,, is not necessarily associative). A map ® between *-algebras A and
B is said to preserve the Jordan triple n-*-product if ®(A$,BO,C) = O(A)$,P(B)O,2(0)
for all A, B,C € A. Clearly a map between x-algebras preserving the Jordan n-x-product also
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preserves the Jordan triple n-*-product. However, the map ® : C — C, ®(a+8i) = —4(a+331)
is a bijection which preserves the Jordan triple (—1)-*-product and Jordan triple 1-x-product,
but it does not preserve the Jordan (—1)-#-product or Jordan 1l-x-product. So, the class of
those maps preserving the Jordan triple n-x-product is, in principle wider than the class of
maps preserving the Jordan n-*-product.

In [5], let n # —1 be a non-zero complex number, and let ® be a bijection between two von
Neumann algebras, one of which has no central abelian projections, satisfying ®(I) = I and
preserving the Jordan triple n-*-product. Huo et al. showed that ® is a linear *-isomorphism if
7 is not real and @ is the sum of a linear *-isomorphism and a conjugate linear *-isomorphism
if n is real. On the one hand, Huo et al. did not consider the case n = —1. However, the Jordan
(triple) (—1)-#-product is the most meaningful and important in Jordan (triple) n-*-products.
On the other hand, it is easy to see that a map ® preserving the Jordan triple n-*-product does
not need to satisfy ®(I) = I. Indeed, let ®(A) = — A for all A € A. Then ® preserves the Jordan
triple n-#-product but ®(I) = —I. Because of the above two reasons, in this paper, we will
discuss maps preserving the Jordan triple (—1)-*-product without the assumption ®(I) = 1.
We mainly prove that a bijective map ® between two factor von Neumann algebras preserves
the Jordan triple (—1)-*-product if and only if ® is a linear *-isomorphism, or a conjugate linear
x-isomorphism, or the negative of a linear *-isomorphism, or the negative of a conjugate linear
*-isomorphism.

As usual, R and C denote respectively the real field and complex field. Throughout, algebras
and spaces are over C. A von Neumann algebra A is a weakly closed, self-adjoint algebra of
operators on a Hilbert space H containing the identity operator I. A is a factor von Neumann
algebra means that its center contains only the scalar operators. It is clear that if A is a factor
von Neumann algebra, then A is prime, that is, for A, B € A if AAB = {0}, then A = 0 or
B=0.

2 The Main Result and Its Proof

To complete the proof of main theorem, we need two lemmas.

Lemma 2.1 Let A be an arbitrary factor von Neumann algebra with the identity operator
I and A€ A. If AB = BA* for all B € A, then A € RI.

Proof In fact, take B = I, then A = A*. So AB = BA for all B € A, which implies A
belongs to the center of A. Note that A is a factor, it follows that A € RI.

Lemma 2.2 (see [4, Problem 230]) Let A be a Banach algebra with the identity I. If
A, B e A and )\ € C are such that [A, Bl = M\, where [A, B] = AB — BA, then A\ = 0.

The main result in this paper is as follows.

Theorem 2.1 Let A and B be two factor von Neumann algebras. Then a bijective map
& : A — B satisfies D([[A, Bl«, Cls) = [[®(A), P(B)]«, ®(C)]« for all A, B,C € A if and only if
D is a linear x-isomorphism, or a conjugate linear x-isomorphism, or the negative of a linear
x-isomorphism, or the negative of a conjugate linear x-isomorphism.

Proof Clearly, we only need to prove the necessity. First we give a key technique. Suppose
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that Ay, As,---, A, and T are in A such that &(T) — é ®(A;). Then for all S1, 5 € A, we
have

O([[S1, 2]+, TTs) = [[®(S1), R(S2)]+, ®(T)] = _1121‘1’([[51732]*7141']*)7 (2.1)

O([[S1, Tx, Sa]«) = [[®(S1), D(T))«, D(S2)] = i@([[sl,Ai]*,Sg]*) (2.2)
and .

([[T', S1, S2ls) = [[®(T), D(S1)], D(S2)]s = iznlcb([[Ai, Sl S2]).- (2.3)

In the following, we will complete the proof of Theorem 2.1 by proving several claims.

Claim 1 ®(0) =0.

Since @ is surjective, there exists A € A such that ®(A4) = 0. Then we obtain ®(0) =
(I)([[Ov A]*? A]*) = [[(I)(O), (I)(A)]*v (I)(A)]* =0.

Claim 2 ®(RI) = RI, ®(CI) = CI and P preserves self-adjoint elements in both directions.

Let A € R be arbitrary. Since @ is surjective, there exists B € A such that ®(B) = I. By
Claim 1, we have that

0= ®([[A, A, B].)

= [[(I)(/\I), (I)(A)]*,I]*

=PA)P(A) — P(A)DN)* — P(A)*" DA + P(A)P(A)*
holds true for all A € A. That is,

DA (P(A) + P(A)*) = (P(A) + P(A)")P(A)*
holds true for all A € A. So
O(A)B = BO(\I)*

holds true for all B = B* € B. Since for every B € B, B = By +iBs with By = B+TB* and

By = B_QiB* , it follows that

®(A)B = B®(\I)*

holds true for all B € B. It follows from Lemma 2.1 that ®(AI) € RI. Note that ®~! has the
same properties as ®. Similarly, if ®(A) € RI, then A € RI. Therefore, ®(RI) = RI.

Let A= A* € A. Since ®(RI) = RI, there exists A € R such that ®(AI) = I. Then

0= @([[4, M]«, M]s) = [[2(A), I+, I].
=2P(A) —20(A)".

Hence ®(A) = ®(A)*. Similarly, if ®(A) = ®(A)*, then A = A* € A. Therefore ¢ preserves
self-adjoint elements in both directions.

Let A € C be arbitrary. For every A = A* € A, we obtain that

0= (][4, M]]+, C]s)
= [[@(A), 2(AD)]., 2(C)].
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holds true for all C' € A. It follows from Lemma 2.1 that

[D(A), ®(A])]. € RI.
Since A = A*, we have ®(A) = ®(A)*. Hence

[®(A), ®(A])] € RI.
It follows from Lemma 2.2 that

[®(A), ®(A])] =0,
and then

BO (M) = ®(\)B
for all B = B* € B. Thus for every B € B, since B = By + iBs with B; = B+TB* and
By = 858 we get

O(AI)B = B®(\I)
holds true for all B € B. Hence ®(AI) € CI. Similarly, if ®(A) € CI, then A € CI. Therefore,
®(CI)=ClI.

Claim 3 ®(11) = +11, ®(3i) = +4il, ®(i4) = i®(A) (VA € A) or (i4) = —iP(A) (VA €

A), where i is the imaginary unit.

By Claim 2, we have
1 1
@(--I): I, cb(-]): I
2') — ¢ 1) =F

and 1 1
<I>( - 511) = (11 + 7)1, @(511) = (w1 + wi),
where «, 3,7, w,v1,w; € R and afyw # 0. It follows from 0 = [[ — %iI, —%iIL, —%IL that

0= H@( - %11),@( - %i[)L,(I)( - %I)} = [[(2 + W, (11 + 1)), @], = daymil.

So 1 = 0. Similarly, by the equality 0 = [[%i], %i]} o
Now we get

31],, we get that wy = 0.

<I>( _ %I) — ol @(%I) — 8l q>( _ %i[) — i, @(%1[) = wil.

It follows from —3il = [[ — $il,—31] ,—31], that
in:Q(—%iI) —%il),@(—%l)}*,q>(—%l)}* — 4aPAil. (2.4)

Il
—
[
A
~ /

Also the equality $iI = [[ — 3il,—3I] ,

Wil = @(%i[) - H@( _ %1[),@( _ %I)}@(%I)} — daBril, (2.5)

%I} o —%i]} , implies

st=o(31) = [o(- ) o~ )2~ = e o

I } , implies

SIS

the equality 7 = [[ — i, —
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and —314 = [[ — 4iI, —lI]*, %if]* ensures that

ot o~ 31) - [o( - 3 (- 31)] 2 (3], - s

Now (2.4)—(2.7) ensures that

For every A € A, it follows from iA = [[ — %i[, —%IL, AL that

B(iA) = H@( - %1[),@( - %I)L,@(A)] = 4a7i®(4),

637

(2.8)

(2.9)

which together with (2.8) implies that ®(14) = i®(A) (VA € A) or ®(i4d) = —i®(A) (VA € A).
Choose an arbitrary nontrivial projection P, € A, and write P, = I — P;. Denote A;; =

2 2
P,AP;, i,j=1,2,then A= > A;;. For every A € A, we may write A= ) A;;. In all that

i,j=1 i,j=1

follows, when we write A;;, it indicates that A;; € A;;. The following Claims 4-9 are devoted

to the additivity of ®.
Claim 4 For every Ay, € Aj1 and Bas € Ags, we have

®(A11 + Ba) = ©(A11) + O(Ba2).

2

Since @ is surjective, we may find an element 7' = ) T;; € A such that
ij=1

O(T) = @(A11) + P(Ba2).
Since [[iP1, I]«, A2z]« = 0, it follows from (2.1) and Claim 1 that
O([[iPr, 1]+, T]w) = ([[iPr, []; Aurls)-
By the injectivity of ®, we obtain that

2(P\T+TPy) = [[iPy1, I)«, T« = [iP1, ]+, A11]« = 4iA11,

and then we get Th1 = A11, T12 = 151 = 0. Similarly, 155 = Bao, proving the claim.

Claim 5 For every Ao € Aj2, Bay € Az, we have

®(A12 + Bo1) = ©(A12) + O(Bar).

2
Choose T'= )" T;; € A such that

O(T) = @(A12) + ®(Bar).

Since
[i(P2 — P1),I]s, Ar2]s = [[i(P2 — P1),I]«, Ba1]« = 0,

it follows from (2.1) that
O([[i(P — 1), 1]+, T]«) = 0.
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From this, we get [[i(P> — P1),I]«, T]. = 0. So Ty = T2 = 0.
Since [[A12, Pi]«, I].« = 0, it follows from (2.3) that

([T, Pr]«, I]«) = @([[B21, Pis, I]+).
By the injectivity of ®, we obtain that
2(T'P — PT") =[[T, Pi]«,I]« = [[Ba1, Pi]«, I]« = 2(Ba1 — B3).

Hence Th; = Ba;. Similarly, 715 = Ajs, proving the claim.
Claim 6 For every All S All, Bis € .A12, Uy € A217 Dy € AQQ, we have

®(A11 + Bia + C21) = ®(A11) + ®(Bi2) + 2(Ca1)

and
®(Bi2 + Co1 + Day) = ®(Bi2) + ®(Co1) + ®(Da2).

2
Let T'= ) Tj; € A be such that
ig=1
®(T) = ©(A11) + 2(Bi2) + 2(C21).
It follows from (2.1) and Claim 5 that

D(2(PT + TPy))

[[iP2, 1]+, T]s)

[iPs, 1]+, Av1]s) + @([[iP%, 1]+, Bi2]s) + ©([[iR2, I]«, Ca1]+)
2iB12) + ®(2iC41)

2(Bua + Cay))-

d
P
d
P

(
(
(
(
(

Thus BT + TP, = Biy + Cy1, which implies Ty = 0, Ti2 = Byo, 151 = Cs1. Now we get
T =1Ti1 + Bia + Coy.
Since
[i(P> = Pr), I]«, Bio]s = [[i((P2 — P1), I]«, O]« = 0,

it follows from (2.1) that
O([[i(Py — P1), 1]+, T)s) = ®([[{(P2 — P1), 1]+, A1),

from which we get T11 = All- Consequently, (I)(All + 312 + 021) = (I)(All) + (I)(Bu) + @(021).
Similarly, we can get that ‘I)(Bu + 021 + DQQ) = (I)(Blg) + @(021) + (I)(DQQ).
Claim 7 For every All S All, Bis € .A12, Uy € A217 Dy € AQQ, we have

®(A11 + Biz + Co1 + Daz) = O(A11) + @(Bi2) + (Ca1) + 2(Da2).

2
Let T= ) T;; € A be such that

4,j=1

B(T) = (A1) + B(Biz) + B(Cor) + B(Day).
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It follows from (2.1) and Claim 6 that

O(20P, T + 2TP,) = ®([[iP1, I]«, T).)
= O([[iP1, I]«, A11]+) + @([[iP1, I]«, Bi2]+)
+ O([[iPr1, I]+, Ca1]«) + ®([[iP1, I]«, Da22]+)
= O(4iAy1) + ®(2iB12) + ®(2iCy)
= ®(4iA;; + 2iByg + 2iCy1).

Thus
P\T+ TP, =2A11 + Bia + Coy,

it follows that Th1 = Ay1, T2 = B2, 151 = Cy1. Similarly, we can get
D(2iPyT 4 2iTP2) = ®(4iDas + 2iB1o + 2iCay).

From this, we get Too = Dos, proving the claim.
Claim 8 For every Aji, Bjr € Aji, 1 <j #k <2, we have

(I)(Ajk + Bjk) = ‘I)(Ajk) + ‘I)(Bjk).

Since )
1 . . * . *
[[517 P; + Ajk} K P, + Bjk} . = 1(Ajk + Bjk) + 1(Ajk) + I(BjkAjk),

we get from Claim 7 that

CI>(1( ik Bji)) + ®(4j;,) + 2((Bjx Ajy))

(P + Aji) ] , (P +Bjk)L
; () + 04| 00+ 3B
%I),cb } k)] + H¢(%I),<I>(Pj)}*,@(3jk)}
[o(3) oa0] s+ [(31) 3e00] 35

2
q’(lng) + @ (A]k + AG)) + @((BjrAjy))
+ @(idjx) + @(147,) + ©((BjxAjy)),

*

*

which implies ®(i(A;jx + Bjx)) = ®(iBji)+ ®(iA;x). By Claim 3, we obtain that ®(A;x + Bji) =
(I)(Ajk) + ‘I)(Bjk).
Claim 9 For every A;; € A;; and Bj; € Aj;, 1 <j <2, we have

®(Ajj + Bjj) = ®(Aj;) + ®(Bjj;).

2
Let T'= ) T;; € A be such that

4,j=1

O(T) = ©(4y5) + 2(By;)-
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For 1 < j # k <2, it follows from (2.1) that
O([[iPr, 1]+, T)) = ®([[iPk, 1]+, Ajjl«) + ([[iP%; Lal+, Bjs]+) = 0.

Hence P,T + TP, = 0, which implies T} = Ty; = T = 0. Now we get T' = Tj;.
For every Cji, € Aji, j # k, it follows from (2.2) and Claim 8 that

®(21T;;C;1) = @

[iP}, Tj;)x, Cjkls)

[iP;, Ajjle, Cjls) + @([[AP), By« Cjuls)
214;;Cjx) + ®(2iB;;Cji)

21(4;;Cjr + Bj; Cjr))-

P
=
=
Hence

(T35 — Ajj — Bj;)Cir =0
for all Cji € Aji. By the primeness of A, we get that T}; = A;; + B;;, proving the claim.
Claim 10 @ is x-additive.
The additivity of ® is an immediate consequence of Claims 7-9. For every A € A, A =
Ay +iA,, where A = AJFQA* and Ay = A_QiA* are self-adjoint elements. By Claims 2-3 , if for

every A€ A, ®(14) =iP(A), then

Similarly, if ®(14) = —i®(A) (VA € A), we also have ®(A*) = P(A)*.
By Claims 3 and 10, we get that ®(I) = I or ®(I) = —I. In the rest of this section, we deal
with these two cases respectively.
Case 1 If ®(I) = I, then ® is either a linear *-isomorphism or a conjugate linear *-
isomorphism.
If ®(I) = I, by (2.8)-(2.9) and Claim 10, then a = —%, =3, v = —w, ®(il) = 2wil and
D(1A) = —27i®(A) for all A € A. For all A, B € A, we can obtain that
—47i®(AB + BA*) = 29(i(AB + BA™)) = ®(2i(AB + BA"))
= ®([[if, Al., Bl.) = [[(i]), ®(A)]+, ®(B)]«
= 4wi(®(A)P(B) + ®(B)P(A)").
From this, we get
O(AB+ BA*) = ®(A)D(B) + ®(B)P(A)". (2.10)
For all A, B € A, it follows from Claim 3 that
O(AB — BA*) = ®((14)(—iB) + (—iB)(iA)")
= ®(1A)B(—iB) + O(—iB)B(1A)*
= —®(iA)D(iB) — B(iB)D(iA)*
= ®(A)®(B) — ®(B)P(A)*. (2.11)
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Summing (2.10) with (2.11), we get that ®(AB) = ®(A)P(B).
For every rational number ¢, we have ®(¢/) = ¢I. Indeed, since ¢ is a rational number,
there exist two integers r and s such that ¢ = %. Since ®(I) = I and @ is additive, we get that

B(ql) = cb(ff) - rcb(ll) = "o(1) = qI.
s s s
Let A be a positive element in A. Then A = B? for some self-adjoint element B € A. It
follows from Claim 11 that ®(A) = ®(B)2. By Claim 2, we get that ®(B) is self-adjoint. So
®(A) is positive. This shows that ® preserves positive elements.
Let A € R. Choose sequence {ay} and {b,} of rational numbers such that a,, < A <b, for

all n and lim a, = lim b, = \. It follows from
n— o0 n— 00

apd <M <b,1

that
anlp < ®(NI) < b,I.

Taking the limit, we get that ®(Al4) = Ag. Hence for all A € A,
D(AA) = P((AN)A) = (A P(A) = A\D(A).

Hence @ is real linear. Therefore, if ®(14) = i®(A) (VA € A), then ® is a linear *-isomorphism.
If ®(iA) = —i®(A) (VA € A), then ® is a conjugate linear x-isomorphism.

Case 2 If §(I) = —I, then @ is either the negative of a linear #-isomorphism or the negative
of a conjugate linear *-isomorphism.

Consider that the map ¥ : A — B defined by ¥(A) = —®(A) for all A € A. Tt is easy to
see that U satisfies U([[A, Bl., Cl) = [[V(A), U(B)]«, ¥(C)]« for all A, B,C € Aand ¥(I) = 1.
Then the arguments for Case 1 ensure that ¥ is either a linear x-isomorphism or a conjugate
linear *-isomorphism. So ® is either the negative of a linear *-isomorphism or the negative of
a conjugate linear x-isomorphism.

Combining Cases 1-2, the proof of Theorem 2.1 is finished.
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