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Abstract The authors consider the critical exponent problem for the variable coefficients
wave equation with a space dependent potential and source term. For sufficiently small data
with compact support, if the power of nonlinearity is larger than the expected exponent, it
is proved that there exists a global solution. Furthermore, the precise decay estimates for
the energy, L? and LP*! norms of solutions are also established. In addition, the blow-up
of the solutions is proved for arbitrary initial data with compact support when the power
of nonlinearity is less than some constant.
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1 Introduction

We consider the following Cauchy problem for the semilinear wave equation with variable

coefficients:

uge — div(b(z)Vu) + a(z)uy = [ulPtu, = € R™, t >0, (1.1)
u(0,2) = eup(z), u(0,2)=cur(z), zeR™, (1.2)

where € > 0, the coefficients a(z) € C°(R™), b(z) € C1(R™) are positive functions which will be
specified later and the initial data ug € H*(R™), u; € L?*(R™) have compact support

uo(z) =ui(x) =0 for |z] > R,
where the exponent p of nonlinearity satisfies
2
1<p<n—+2 forn>3, 1<p<oo forn=12.
n—

Such a system is generally accepted as models for travelling waves in a nonhomogeneous gas
with damping changing with the position. The unknown u denotes the displacement, the
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coeflicient b called the bulk modulus, accounts for changes of the temperature depending on
the location, while a is referred as the friction coefficient or potential (see [5]). This problem
has been studied intensively for the homogenous medium, but the result are scarce for the
variable coefficient case. In [11] there is the authors find decay estimates for wave equations
with variable coefficient, however, no nonlinearity is present. In addition, [1], looked at an
equation with nonlinear internal damping but for bounded domains. To our knowledge, the
results of this paper are the first to be obtained for semilinear wave equations which exhibit
space dependent hyperbolic operators and space dependent potential on the entire space R".

Our aim is to determine the critical exponent p., which is a number defined by the following
property:

If p. < p, all the small data solutions of (1.1)—(1.2) are global; if 1 < p < p,., the time-local
solution cannot be extended time-globally for some data. What is more, it is expected that
the critical exponent agrees with that of only the hyperbolic operators and constant coefficient
case.

It is of interest to compare the semilinear wave equations (1.1)—(1.2) for different coefficients.

When a(z) = 0 namely the damping term is missing and b(z) = 1, that is

g — Au = |ulP"ru, z€R", t>0, (1.3)
u(0,z) = eup(x), u(0,2) =ecui(x), xeR", (1.4)

for small data with compact support, there exists a critical exponent p,,(n) such that the
solutions of (1.3)—(1.4) are global if p > p,(n), and the solutions of (1.3)—(1.4) blow up if
1 < p < pw(n). Actually, the critical exponent p,(n) is the positive root of the quadratic
equation (n — 1)p? — (n+1)p —2 = 0 for n > 2 (pw(1) = 00). For the details, one can see
Takamura and Wakasa [15]. This is the famous Strauss conjecture and the proof was completed
by the effort of many mathematicians (see [3, 4, 8-9, 12-14, 16, 22]).

There are many results for the semilinear damped wave equation. Todorova and Yordanov
[17-18] studied the constant coefficients case of (1.1)—(1.2), that is

U — Au+ug = [ulP"u, x €R", >0, (1.5)
u(0,z) = cup(x), w(0,2) =cui(z), =x€R™ (1.6)

They developed a weighted energy method and determined that the critical exponent is p.(n) =
1+ 2; more precisely, they proved small data global existence in the case p > p.(n) and blow-up
for all solutions of (1.5)—(1.6) with positive on average data in the case 1 < p < p.(n). Later on
Zhang [21] showed that the critical case p = p.(n) belongs to the blow-up region. We mention
that Todorova and Yordanov [17-18] assumed that data have compact support and essentially
used this property. However, Ikehata and Tanizawa [6] extended the global existence in [17-18]
to certain non-compactly supported initial data. We remarked that the critical exponent p.(n)
of (1.5)—(1.6) is the same as the famous Fujita’s critical exponent (see [2]) for the heat equation
uy — Au = uP.

On the other hand, Tkehata, Todorova and Yordanov [7] solved the critical exponent problem
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for the wave equation (1.1)—(1.2) when b(z) =1,

uge — Au+ a(x)uy = [ulP"ru, x €R", t >0,

w(0,2) = eup(z), u(0,2)=cui(z), zecR™

They determined that the critical exponent is p.(n, ) = 1+ —2— by using a refined multiplier
method, where a(r) € C*(R") is a radially symmetric function satisfying

a(x) ~ap(l+|z))7% |z] = o0

with ap > 0 and « € [0,1). They derived the global existence of the sufficiently small data
for p > p.(n, ), also obtained precise decay estimates for the energy, L? and LP*! norms of
solutions. Moreover, they proved that the solutions blow up for 1 < p < p.(n,«) by applying
the method of Zhang [21]. Recently, Nishihara [10] considered the semilinear wave equation

with time-dependent damping
e — Au A+ a(t)uy = |ulP~ u,

where a(t) = ag(1 +¢)7%, B € (—1,1). He proved that the critical exponent is p.(n) = 1 + 2.
Wakasugi [20] considered the Cauchy problem for the semilinear wave equation with space-time

dependent damping
ugt — Au+ a(@)b(t)uy = [uP"ru, x€R™ >0,

where a(z) = ao(1 + |2]?)~ %, b(t) = (1 +t)7?, with ag > 0, a, 8 >0, a + 8 < 1, and proved
that the expected exponent is given by

pc:1+

n—a

which is the critical exponent for the semilinear wave equations with space dependent poten-
tial. This shows that, roughly speaking, time-dependent coefficient of damping term does not
influence the critical exponent. This is also why we consider wave equation with only space
dependent potential.

The main innovation in this paper is that we find the exponent p.,(n,a, 8) such that for
sufficiently small data and p.,(n, o, 8) < p, the solutions of (1.1)—(1.2) are global. In addition,
we also determine the exponent ps(n, «, 5) such that 1 < p < pa(n,«, 8), where pa(n,a, 8) <
Per(n, @, ), the solution of problem (1.1)—(1.2) does not exist globally for some data. However,
when pa(n, o, ) < p < per(n, a, B), the solution of (1.1)—(1.2) exists globally or not, we have
no result. In the future paper, we aim to study it.

For the potential a(x) and the bulk modulus b(z), we assume that

ao

0 < “
(1 + [z))> —

"= Tl

and

bo(1 + |z)? < b(x) < bu(1+[a])?, (1.8)
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where ag, a1, by, by > 0 are constants, and « and 8 belong to the following range of exponents
0<a<l, 0<p<2, 20+p<2, (1.9)

the exponent of focusing nonlinearity is given explicitly by

4(2 — 9 _
petmsan ) = =1 ) = 2L

+1. (1.10)

In the case of variable coefficient wave equation we observe some new phenomena. The decay
rates pinpoint the interaction between the coefficients ¢ and b. It is worthwhile to mention that
the energy decay rate goes to infinity (see Corollary 1.3) when 8 — 27 and o — 0T. This
shows that the range of the exponent 8 in (1.9) is natural. On the other hand, in the case of
B — 0%, a — 17, the energy of global solutions decays polynomially like {™" as t — oo (see
Corollary 1.3).

Before stating the main results, we need some preparations concerning the space dependent
on factors a(x) and b(z).

Hypothesis A (see [11]) Under the above assumptions (1.7) and (1.8), there exists a

subsolution A(x) which satisfies
div(b(z)VA(z)) = a(z), = eR", (1.11)

and has the following properties:

(al) A(z) >0 for all z, (1.12)
(a2) A(z) = O(|z[>*~>F) for large |z], (1.13)
a(x)A(z)

(a3) p:=liminf

minf A (1.14)

Here we announce our main results for the existence of the global solutions for sufficiently
small data.
Let us denote X1(0,7) := C([0,T); H'(R™)) N C*([0,T); L*(R™)).

Theorem 1.1 Let p.-(n,a, B) be defined in (1.10), a(x), b(x) satisfy (1.7), (1.8) respectively
and the exponents «, (8 belong to (1.9). If per(n, o, B) < p < Z—J_rg forn >3 and p.r(n,a,B) <
p < oo forn = 1,2. Then there exists a number g > 0 such that for any 0 < € < €, the
problems (1.1)~(1.2) has a solution u € X1(0,00) satisfying

A(z) o —
/ e(l‘_‘s) t qux S Ct270476+6 M’

[ e Ve < o8t

A(z)
/ U= [y ptide < Cpetial

for large t > 1, where

pim P 1)(4n4_(24f — f%_ =Dy,
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and § > 0 is an arbitrarily small number.

Remark 1.1 In the case of constant coefficients a(z) = 1, b(z) = 1, we have a = 0, § = 0.
Thus per(n, @, 8) becomes the Fujita’s critical exponent 1 4+ % Furthermore, in the case of
constant bulk modulus b(x) = 1, namely, 8 = 0, then the exponent agrees with that of only the

space dependent coefficient case in the literature [7].

Proposition 1.1 (see [11]) Let a(x), b(z) satisfy (1.7), (1.8) respectively.
(i) (1.11) admits a solution A(x) such that

(A1) Ag(1+|z|)* P < A(x) < Ay (1 + |z])?727 7,
(A2) u>0,

where Ay and Ay are positive constants.

(i) In the special case,
a(x) ~ azlz|~%, b(x) ~balz|?  for large x (1.15)

with ag > 0, by > 0, (1.11) has a solution with the following properties:

as
ba(n — )2 —a—f)

TS a p

(43)  A(z) ~

|x|2—a—6’

(A4) p

Combining the above proposition with Theorem 1.1, we can give more explicit weighted

estimates.

Corollary 1.1 Under the assumptions in Theorem 1.1, the following estimates hold:

2—a—p
/ eAg(,u_(s)\m\ . U2d$§ Ct72*2*5+5_“,
n

z|2—a—8
/ oAon=0) = 2 | gy d < ot

w28 _ o
/ eAo(n—9) 7 |u|p+1dx§0t p+Ho—p—1

for large t > 1, where p is defined as Theorem 1.1.

Corollary 1.2 Assume that a(x), b(z) satisfy the condition (1.15). Then for every § > 0,
the solution of (1.1)—(1.2) satisfies

a2 —2[z2727F —2
/ oFF(Bmampre) P oq 0P
n

n—o 1

ay o 72‘1‘270476
/ os 2ot ST (2 L g 2)dr < Off Bt

a —2]a?277F -
/ o2 (2a—pro) Pt uPHlde < Crrem et
n

for large t > 1, where p is defined as Theorem 1.1.
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Corollary 1.3 Assume that a(x), b(z) satisfy the condition (1.15). Then for every § > 0,
the solution of (1.1)—(1.2) satisfies

n—2«
/ widr < o 2-a—p

n

/ (U2 + b Vul?)dz < OO~ 2%,

/ lufPtlde < Ct P02 a"s !

for large t > 1, where p is defined as Theorem 1.1.

Another important consequence of main conclusions is that the energy estimate under con-

sideration, restricted to {x : A(z) > t'**} with x > 0, decays exponentially.

Corollary 1.4 Under the assumptions in Theorem 1.1, for arbitrary fived k > 0 and every
0 > 0, the solution of (1.1)—(1.2) satisfies

/ (u? + b|Vu|*)dz < Ce—(u=0)t"
A(z)>titr

for large t > 1, where A(x) and p are given by Hypothesis A.

Thus, the local energy in {x : A(x) > t}**} decays exponentially fast as ¢ — co. This obser-
vation confirms that for small data the global solutions of (1.1)—(1.2) have parabolic asymptotic

profiles.
The blow up result in the case when 1 < p < pa(n,a, ) := 2=8 4 1 is as follows.

n—o«

Theorem 1.2 Let a(x) and b(x) satisfy (1.7) and (1.8) respectively, and let the exponents
«, B belong to

0<a<l 0<B<2 2a+8<2, a+p3>1.

When 1 < p < pa(n,«, 8), if the initial data (ug,ur) satisfy

/n(a(x)uo + uyp)dx > 0,

then the solution of problem (1.1)—(1.2) does not exist globally for any e > 0.

Remark 1.2 In the case of constant a(z) = 1, b(z) = 1, we obtain « = 0, 8 = 0. Then the
exponent p2(n,0,0) =1 +% becomes the Fujita’s critical exponent. In addition, when b(x) = 1,
namely, 5 = 0, the exponent ps(n,«,0) = 1+ % coincides with the blow up result in the

literature [7].

Remark 1.3 When pa(n,«, 3) < p < per(n, , B), it is expected that the solution of (1.1)—
(1.2) either exists globally or blows up in the finite time. However, we have no result. In the
future paper, we aim to study it.
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2 Small Data Global Solutions

We first state a proposition about the support of the solutions for the wave equation with

variable coefficients. Fortunately, the argument has presented in [11].

Proposition 2.1 (Finite Speed of Propagation) Assume that b(x) satisfies (1.8). If ug, uy
are supported inside the ball |x| < R, then u(x,t) = 0 when
2—3 2
lz| > Ry :==[(14+ R)= +tVb]=7.
Moreover, one has that the radius Ry for a general b(x) satisfies the following estimates:

Ry~ R+ Ct2".

Proposition 2.2 (see [19]) Define v := 22_—0‘6, then v € [0,1] and

g(t) := inf{a(z): z € supp u(-, 1)}, (2.1)
G(t) = sup{A(x): z € supp u(-,1t)}. (2.2)
Then
g(t) > got™ ", t>T, (2.3)
Gt) < Got* ™™, t>T, (2.4)

where go and Gy are positive constants.

To show the global existence of solutions of problem (1.1)—(1.2) for sufficiently small data,
we rely on a modification of technique developed by Todorova and Yordanov [17-18]. Indeed,
for the solution u(z,t) of problem (1.1)-(1.2) we set v = uw™!, where w is an approximate
solution of linear part of (1.1)—(1.2) and can be defined by

w(t, ) = t_me_““#,
where the parameters m := p— 2§, my := p— 06 and A(z) is determined in Hypothesis A, where
§ € (0, $) is a small number.
We also set

wy (t, ) = %(g + Ut(j))_lw(t,x),

where
o(2) = (1 — ) Alx).
We consider the semilinear wave equation of the form
ugy — div(b(z)Vu) + a(x)us = |uP~u, (2.5)

where the coefficients a(z) € C°(R"™), b(x) € CH(R™).
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Our goal is to derive a weighted energy identity for . Let v = w™'u and substitute u = wv

into (2.5), we have
v — bV — (Vb + 2bw ™' Vw) Vo + (2w wy 4 a)vy + Q(t, z)v = wP ™ u?, (2.6)
where
Q(t,z) = w H(wy — div(bVw) + awy).

Multiplying both sides of (2.6) by wv + wyv; and integrating over R™, we have the equality

%E(vt, Vu,v) + F(v, Vo) + G(v) = H(t) + %(]ﬁ /Rn wlw”_1|v|p+1dx), (2.7)

where the weighted energy
E(v, Vo, v) = % /n [w1 (v 4 b|VV[?) + 2w + (Qui + wy + aw)v?]da (2.8)

and
F(v, Vo) = %/Rn (=01 + 2(a + 2w wy )wy — 2w)vide
—I—/R b(Vw, — 2wyw™ ' Vw)v, Vodz + L . b(—0sw + 2w)|Vu|*dz, (2.9)
Gv) = %/Rn [Qu — (Qw )¢|v*de, (2.10)
H(t)= /n {w” - lﬁ(wlwp_l)t lo[PHda. (2.11)
K(t,)

Different conditions are needed for the damping weights wy, w to ensure that F(vy, Vo) +
G(v) > 0, and hence the weighted energy E(v;, Vv, v) is bounded.

Lemma 2.1 Let a(x) and b(x) satisfy conditions (1.7) and (1.8). There exists a large
number tg > 0 such that for t >ty the following conditions hold:

(i) Q@=>0,Q: <0,

(il) —0yw1 +w > 0,

(iii) (—0ww1 + 2(a + 2w wy)wy — 2w)(—Gywy + 2w) > b(Vw, — 2w w™Vw)?.

If u is a solution of (1.1)~(1.2), where t € (to, T1,), we have

1 t
E(v, Vu,v)(t) < E(vg, Vo, v)(to) + — wiwP ™ HoPTde + [ H(s)ds. (2.12)
p R"™ to

(0 (11)

Proof The proof of conditions (i)—(iii) is similar to [19], so we omit it. Notice that conditions

(i) and (ii) imply

Qu — 0, (Qu1) = Q(w — dywy) — Qrwy > 0,
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hence G(v) > 0. Condition (iii) and —0yw; + 2w > 0, which follows from (ii), guarantee that
the quadratic form F'(v;, Vv) > 0. Therefore, after integrating (2.7) over [to, t], we can obtain
the final inequality, where ty <t < T),.

We need estimates (I) and (IT) in the right side of (2.12). Now we introduce a new function:

W (t) :2/ wy (t, ) (v} +b|VU|2)da:—|—/ a(x)w(t, z)v?(t, r)dz.
For (I) in the right side of (2.12), we have the following crucial estimate.
Lemma 2.2 Let a(x) and b(z) satisfy conditions (1.7)—(1.8). If p > per(n, o, B), then there
exists a number p > 0, which depends on p,n,«, 3 and § such that
/ (1 + @)wlwﬂ’—lw’“dx <CUPWE) =, t € [to, Tm), (2.13)

where

_ (p=1){n—da—fn) —42-P)
= 2—a—5) —(p—1)d.

Proof Using definitions of w(t,x) and w; (¢, ), we have

3/6 -1
ww? o = 384 ) Tt < crurop

4\t 12
and
-1
Ugs—x) wyw? o = %t@(tﬁ + @) w? [Pt < CtuP ot

We add the above two estimates and integrate it over R™, then get

/ (1 + —a(tx))wlwp_1|v|p+1dx < ot~ m=1 / o [P+ da. (2.14)
By setting
o(x) 2p
t = — = —
vt 2) o+ p+1’

we can rewrite (2.14) in the form
/ (1 + @)wlw”_lwwﬂdx < C't_(pm_l)||e_m/’(t")v||gﬂ. (2.15)

To estimate the weighted norm ||e="(*:)y]|,; 1, we use the Gagliardo-Nirenberg inequality

A e I A Gt b (2:16)

A) (B)

where
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We estimate the first term (A) in the right side of inequality (2.16), beginning with following
decomposition

_ _e@ _p=De@) o
e M (tx) = e ¢t MtMeT @iDt t ZTma=B{ZTma=py?

_(p=Do(x)

= t"w(t, )v?(t, x)(e” GrDt {Ta=B )tTma=B, (2.17)

Furthermore, there exists a constant C' > 0, such that for any x > 0, it is true that

xz—g—a < Oez(ppﬁl)7 0<a<, e <1.
2—a—-p3
Thus,
_-Do@) __a o so(z)\"=a=p
e Dt T ZTa=F < { ZTa-p T)
= o{2) T = (u = ) T Ae)
< Ca(z),

this inequality combined with (2.17) implies

le=v|2 < Ot””rﬁ/ a(x)w(t, 2)v?(t, z)dz. (2.18)

n

To estimate the second term (B) in the right of inequality (2.16), notice that

|V (e="0)|? = n?e 21 | V| 20? — 2ne 210V Vu 4 e 21| Vo 2 .

(B1) (B2) (B3)

Integrating (B2) by parts
277/ e My VoVipdr = 77/ (e= 21 \)Voida
R" R™

- / P (e AG — e 2 V) da

2772/ e‘2mpy2|vw|2dx—n/ v2e 2 Aqpdr,
R" R"
combining (B1)—(B3) and integrating over R™, we obtain
/ |V (e™™v)|2ds = / e 21| V|2 dx +/ e 721 (nAY — |V )vda
R" R" R~

Sr]/ e_2”¢(Aw)v2dx+/ e 2| Vo|2dx . (2.19)
n R’n

(B4) (B5)

To estimate the first term (B4) in the right side of inequality (2.19), we use

Aip(t,z) = Z%Aa(x) _ B A () < BT

2t — 2apt a(x) '

So, (B4) of inequality (2.19) will be

n

/ e_QW(Az/J)dexSCt_l/ a(z)e” My d.
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Since the exponential term satisfies

o2 ) — o~ TEST — o= T pmmem TR < (T (t, 1), (2.20)

(B4) is estimated as follows

n/n e 2 (AY)vida < Ctm_l/ a(x)w(t, z)v*(t, z)dz. (2.21)

n

To proceed, we estimate the second term (B5) in the right side of inequality (2.19). From the
definition of w; and (2.20), we see that

(p—1)o(z) m4 _(p—Do(=)
e 2 (te) — gy (¢, x)eT GiDE = 5 (— + Ulg) )wl (t,x)e”  @Fie
= %tm_lwl(t,ai) [( ) (p<p1+)f>(tm)}
C
b =t o (1 + |z) ws (t, )

<t 1b( Jwi (¢, x),

where 0 < 3 < 2,C >0, 2+ (6+2)e " (k > 0) is bounded above. Then the final estimate of
(B5) is

/ e 2| Vu|2dr < Ctm_l/ wi (t, 2)b(x)|Vo|*dz. (2.22)

Therefore, by using (2.18) and (2.21)—(2.22), we rewrite inequality (2.16) as

O(p+1)

||e_"w(t")v||§ﬂSC(tm’Lﬁ/ a(x)w(tvx)Ude) 2

n

(1-0)(p+1)
X (tm_l/ a(x)w(t,x)v2dx+tm_l/ wl(t,x)b(x)|VU|2dx)
n RTL

9(p+1)

(A=0)(p+1)
2

S C(tm+2—g—ﬂ W( )) (tm_1W(t))
This inequality together with (2.15) gives

1

/ (1 + @)wlw”_”ﬂp“dx < Ct_pW(t)%

where
pz:%(p—l)(erl) 5o fﬁp;19
(p—1)(4n — 4o — Bn) — 4(2 — B)
= 2 —a_p) — (p—1)0.

Finally, from the assumption p..(n,a,5) < p we find that p > 0, which implies the desired
estimate.

Now using the result of Lemma 2.2, we are able to estimate the second term (IT) to the right
side of (2.12).
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Lemma 2.3 Under the assumptions in Lemma 2.2, we have
t t
/ H(s)ds < C/ S_l_pW(s)pTﬂds, t € [to, Tim) (2.23)
to to

with some constant C' > 0, where p > 0 is the constant determined in Lemma 2.2.

Proof It follows from the definitions of wy and w that

1 _ 1 w  Opwy wy
K(t,z) = wP — —— (wywP 1), = —— Pl[ e — 2 (p— 1)t
(t,z) :=w p+1(w1w )t L (p+1) -~ =1y
It is easy to see that
w_ m, oo w 28 0<x>)
wo ot 27w 3\t 2 )]
moreover,
Opwn :(6 20’2&:))(6+ (x))—1+ﬂ.
w1 t t w
Hence, we obtain
4/6 o(x) p (o(x) m
K=o 104 22) 2 ()
(t2) = w2 (7 + p+1\ 2 ¢
1 (§ a(a:))—l(ﬁ+20(x))]
pril\t g2 23
_474/6  o(x) pm
<ww !5 (5+5) )
R A oay Iy
_ - do(x)
(s 2) 2
wyw + 1 + 3t
-1 -1 o(z)
SCt U}]_’U}p (1+T),
which implies
K(t,z) =wP — ;(wlw”_l) < Ot~ twywP™? (1 + ﬂ)
) p+1 t = n .
Integrating over [to,t], one has
/H ds-// (wlwp_l)t}|v|p+ldxds
SO/ S_l/ 1+%)wl(s,x)wp_l(s,J:)|v(s,x)|p+1da:ds. (2.24)
to n

Thus, by using Lemma 2.2 and (2.24), we derive the estimate in Lemma 2.3.

From Lemmas 2.2-2.3 and the weighted energy inequality (2.12), we get the following esti-

mate

1 1
E(ve, Vo, v)(t) = 5/ wy (v + b|Vo|?)dz + 5/ [2wviv + (Quy + wy + aw)v?]da
n Rn

t
< E(vi, Vv, v)(to) + CW (1) + c/ s~1P T (5) 5 ds. (2.25)
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Using w; > 0 and @ > 0, which follows from Lemma 2.1(iii), we obtain Qw; > 0. Since

4 (wv?) = ww? 4 2wovy, we can rewrite (2.25) as follows

1 1 1d
5 /n wy (v + b|Vo|?)dz + 3 /n awv?dr + 3 e wvidz

t
< E(v, Vo, v)(to) + CW(t)% + C/ s_l_”W(s)%ds. (2.26)
to

We need one more preparation.

Lemma 2.4 Let v € [0,1], ¢g > 0, Ey > 0 be given real numbers, and let f € C([to,Tm))

be a monotone increasing function. If a function h € C*([to, Trn)) satisfies the inequality
R'(t) + cot™Vh(t) < Eo + f(t),

then the following estimate holds
h(t) < h(to) + C(Eo + f(1)t

with some constant C > 0.

Proof The proof is similar to [7], so we omit it.

Let

M(t) :== max W (s). (2.27)

0<s<t

Note that the function ¢ — M (t) is monotone increasing. Under these preparations one can

prove the following lemma.
Lemma 2.5 Let vy € [0,1], then the following bound holds

t
[ witds < [ witdaly, + CO[Blon Voo + MO + [ 5w (s s

to

fort € [to, Tr,) with large to > 0.

Proof Since a(z) > g(t) > got~7 as it was presented in Proposition 2.2, it follows from
(2.26) that

d t
got_'V/ wv?dx + E/ wv?dz < 2E(vg, Vu,v)(to) + C’M(lﬁ)pTH + C’/ S_l_pW(s)pTﬂds.
n Rn tO
Note that the function
t
Fs CM()5 4+ c/ s () ds
to

is monotone increasing. We can apply Lemma 2.4 with

h(t) = / wv?dz, FEo = 2E(v, Vo,v)(to), co = go,

t
ft) = C’M(zﬁ)pTH + C/ S_l_pW(s)pTHds
to
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and obtain the desired estimate.

Denote by

1 1
B (t) == 5/11@ |ut|2dx+§/R b(x)|Vul*dz,

where u € X;[0,T;,) is the weak solutions of (1.1)—(1.2). We are in need of the following

lemmas.

Lemma 2.6 For each t € [0,T,), it is true that

/ w(t, 22t z)dz < Cr(t)[Vul?,
E(v, Vv, v)(t) < Cr(t)Eu(?),
with some t-dependent constant Cr(t) satisfying t_l}]_(rnoo Cr(t) = +o0.
Proof The proof is omitted since it elementary follows from the fact that v = w™ u,

w = t—Mem A , the compact support of the data and the Poincaré inequality.

The standard energy inequality associated with the problem (1.1)—(1.2) is

1 +1
Eu(t) < Eu(0) + mllﬂ(t, Mpt1- (2.28)

Lemma 2.7 Let tg > 0 be the time defined in Lemmas 2.1-2.6, then there exists T €
(to, Trm), which depends on € > 0, such that for all t € [0,T]

Ey(t) < 2E,(0) < (Jua]® + b1 (1 + R)?[[Vuo?)e?
lim T = +oco.

e—0t

Proof With a simple modification for [7], the lemma can be easily proved, so we omit it

here.

3 Global Existence

In this section, we are going to prove the main theorem and corollaries. However, we need

to state several lemmas in order to find the decay estimates for the energy, L? and LP*! norms.

Lemma 3.1 Assume that the a(x) and b(x) satisfy (1.7)<(1.8), and v = 2% € [0,1], if
the weights w and w satisfy conditions (1)—(iii) and
(iv) w(t,z) < Cit7Twy(t, ),
(V) Jw(t,x)] < Cit™w(t, x),
then

/ wy (v + b|Vo?)de < Ce?,
]Rn

/ awv?der < Ce?
R’n
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for all t > tg.

Proof For the proof of conditions (iv)—(v) (see [19]), Lemma 2.7 shows that we can consider
the case tg < T < Ty,,. Using the inequality (2.25), since Qw; > 0, we have

/ wy (v + b|Vo|?)dx + / (2wvv + wv? + awv?®)dx
R™ R®

t
< 2E(vy, Vo, v)(to) + C’W(t)% +C S_l_pW(s)%ds. (3.1)

to
For any € € (0,1), since

|2wvsv| < et wo? + e T Ywo?,

then

2uvpv > —et"*wvt2 — e MY,

Hence, (3.1) becomes

/ wy (v + b|Vol?)dz — et'y/ woidz — e_lt_'Y/ wv?dz —|—/ (wy + aw)vda
t

< 2E(vy, Vv,0)(te) + CW ()2 +C [ s PW(s)"* ds.

to

That is,

/ (w1 — et w) (v + b|Vo|?)dz + / (wy + aw — e Y w)v?da

n

t
< 2E(vg, Vo, v)(to) + C’W(t)% +C S_l_pl/[/(s)%ds7

to

conditions (iv) and (v) yield

n n

(1—601)/ wl(vt2+b|Vv|2)dx+/

t
< 2B (v, Vo,0)(to) + CW ()5 +C | s717PW(s)"F ds.

to

awv?dz — (Cy + e_l)t_'V/ wo*dz

Having this together with Lemma 2.5, we obtain

(1- eCl)/ wy (v + b|Vo|?)dx +/ awv*dz

n

t
< CE(v, Vo, v)(to) + C’t"’/ wv?da|i—s, + C’M(t)% + C/ S_l_pW(s)%ds,
to

n

where C' > 0 is a constant independent of €. By taking e > 0 sufficiently small, one has

/ wy (v? +b|VU|2)dx—|—/ awv?dz

n

t
< CE(vt, Vo,v)(to) + Ct_'y/ wv?da|i—s, + C’M(t)% + C’/ s_l_pW(s)%ds
to
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for all t € [to,T),). From this inequality and Lemma 2.6, we obtain the final estimate of W (t)

R 2t
W (t) < Ci, Eulto) + CM(1)"5 + ’507( max W(s)) ©, € [to, T)

0<s<t

Applying Lemma 2.7, we have

p+1

M(t) < Cpe® + CM(t) =, telto,T))

for sufficiently small &, then continuous non-decreasing function M (¢) must remain bounded.
Indeed, if C2PT+1(C,5062)1%1 < 1, then M (t) can never equal 2C;,e%. If it does, we would

have
20,62 < Cye2 + C(2C4,e2) ",

that is

which is false. Therefore
M(t) < 2C,e%,  t € [to, Trm). (3.2)
This implies that T}, = oo, in other words, we have global solutions.
Lemma 3.2 Let a(z) and b(x) satisfy (1.7)—(1.8), assume that the weights w and wy satisfy
conditions (1)—(v) together with
(vi)  wiw 3 (w? + b|Vw|?) < Ca(x),
where C is a constant. Then, the solution u of (1.1)—(1.2) satisfies
/ a(z)w tulde < O?,
/ wiw ™ (uf + b|Vul?)dz < Ce?,

for all t > tg.

Proof For the proof of condition (vi), see [19]. To prove the first estimate, we use the
second estimate of Lemma 3.1 with v = w™'u. It is left to prove.

We have the second estimate

2

vf = (—wPwpu + w u)® > 2

1 _ _
—wu? = 3w tw?u?
2 t t
and

|VU|2 =|- wuVw + w_lvu|2 > 11)_2|VU|2 - 3w_4|Vw|2u2.

DN | =

These equalities imply

1
§w1w_2(uf +0|Vaul?) < wi(vf + b|Vv|?) + 3wiw™* (w? + b|Vw|*)u?.
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Integrating this inequality over R™ and using (vi), Lemma 3.1, we obtain
1

5/ wiw ™2 (u? + b|Vul?)dz < / wy (v + 0|V )de +C | wla(z)u?de < Ce2.

Here we are in a position to proof the main theorem and corollaries.

Proof of Theorem 1.1 Using the first estimate of Lemma 3.2, we have the following
weighted estimates

/ a(z)er=%) A u2de < Cet?m, (3.3)
Further by using the bounds for A(z), namely,
Ay (14 [z))*7 7P < A(z) < As(1 + |22 2P, for z € R",

together with (1.7) we get the estimate

a(w) > CA(r) w57 = ot (AL 7

where C' > 0 and t > ¢y is sufficiently large. Substituting this lower bound for a(z) into

inequality (3.3), we have the decay estimate for the L?-norm of solution
/ =2 24y < Og2tramp T2k,

To prove the decay estimate for the energy of solution u, we use the second estimate of Lemma
3.2,

/ wyw 2 (u? 4 b|Vul?)dr < Ce?,

which is equivalent to

x 1 A -1
/ eln=0)2 (; + t(;)) (u? 4 b|Vu|?)dz < Ce2t20~ 1,

To simplify the estimate, we notice that

(% + At(f ))_1 —t(1+ @)_1 > Cyte=0 4 (3.4)

with some Cy > 0 depending on §. Hence,

/ o(n=20) 45 (u? 4 b|Vu|?)dz < Ce*?0—+=1,

Finally, we can show the decay estimate for the LP*! norm of the solution w. From Lemma 2.2
and (3.2), we find that

/ wywP [P de < Ce?t7.
]Rn
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Applying v = w™'u and the weights w, w;, one obtains

Using (3.4) again, we have

/ e(p,—26)A(tZ) |u|p+1dx < Ca2t_p+25_“_l.
These yield the estimates in Theorem 1.1 with a loss of decay é. To obtain the final form we
only replace 26 by 0.

Proof of Corollary 1.1 To obtain the weighted energy estimate, we combine Theorem

1.1 with the lower bound of A(z) from Proposition 1.1, namely,
Ao(1+ [2])?7077 < A(x) < A1+ [a])> 7. (3.5)

We complete the proof by substituting this lower bound of A(x) into the result of Theorem 1.1.

Proof of Corollary 1.2 The result is similar to but more precise than the first corollary.
Using properties (A3) and (A4) in Proposition 1.1, we write the main decay estimates as

n—o A(z) _ _ n—«a
/ el7a 77T o 2dx < OO~ T a7,
n

n—a

n—a A(z)
/ oD (2 4 pVu)de < CrP RS,

n—a _ ¢\ A(z) _ __n—a
/ el7a 7 =0T yptde < Ct P T e
n

where

az

ba(n —a)(2—a—f)

Hence there exists a C > 0, such that

|x|2_°‘_6, |z| = oo.

az

ba(n —a)(2—a—B+9)

Alz)+C > |27 P |z| € R™.

The remain part is a lower bound of A(x) which is similar to (3.5).
Proof of Corollary 1.3 It can be concluded from Corollary 1.2 easily, and so we omit it.

Proof of Corollary 1.4 For the energy estimate in Theorem 1.1, we restrict the integration
to {z : A(x) > t17%} and complete the proof.

4 Blow-up

In this section, we prove the blow-up part of Theorem 1.2. We adopt on the method of test
functions developed by Zhang [21].
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Proof of Theorem 1.2 First we find a non-negative ¢ € C5°(R x R™) such that

1, (t,z) €[-1,1] x B(R),
MO0 6

The function ¢ also satisfies the addition condition
|D?¢(t,2)|* + |Do(t,x)]* < Co(t,x), (t,x) € (RxR"),

where D = (9;, V) and C' > 0 is some constant, see [21] for the existence of such function. Then

the test function ¢p is defined by
t T

or(t.2) =775 7
where T is some large parameter. Let Pr be the subset of R x R", where ¢ = 1 and
Qr = (supp(D*¢r) Usupp(Der)) N ([0, +00) x R™),
that is, Qr is the support of derivatives restricted to ¢ > 0. It is easy to see that
Ppr o> {(t,x) :t <T?> %% and |z| < RT},
Qr C{(t,x):t > TP or|z| > RT}.

),@@e@xW%

(4.1)

Assume that a global solution u exists. To obtain a contradiction, we multiply the equation
(1.1) by ¢k, with ¢ = %. First using integration by part over [0, 400] x R™, it is easy to see
that

/ h [ u(@ko% — bw)adh — V) - V6 — a(@)arop)dads
0 n

= /0 /n [uP~ tugd.dzdt + /Rn (a(z)ug + up)dx. (4.2)

Here we use ¢r(0,2) =1, d¢r(0,2) = 1 and the initial conditions on u to evaluate boundary
integral at ¢t = 0.

Next, we estimate the integral on the left side of (4.2) and compare it with the integrals on
the right side of (4.2). A straightforward calulation yields

|07 6% — b(2) AT — Vb(z) - Vo, — a(x)dr¢|
< O[04 2 (0dr)” + ¢4 (97 0r) + b()¢h > (Vér)” + bla)gf ' Aor
+ Vb(x) - Vored ™ + a(x)ph ' 967
< O[T2C=0=B)gI™5 | P2h() 8! £ T-1Vb(z) - ¢2 2 + T~ Fg ()l ).

By Holder’s inequality, we have
| /ooo / (@76 — b(@)Adh — Vb() - Vo — alw)pd)dadt
SCAM/ [ul (T2~ G% 4 T=2b(a)gh ™! + T~ V() - o2
+ T Pa(a)gh *)dadt

< C(/OOO /QT |u|P¢quxdt)%fTTl(T), (4.3)
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where I(T') = T (T) + 1o(T) + I35(T) + 14(T), L;(T) (i=1,2,3,4) will be given as follows, and we
will estimate I;(T) (i=1,2,3,4) separately.

00 o272 =8
1,(T) < / / IT—2C=0=8) 2 |75 dgdt < CT—22-0—A)7tr / / 1dzdt
0 n 0 |z|<2RT

< o7 2@—a=p)FEr+(2—a=B)+n < C'T—(Q—ﬁ)p—fl+(2—04—ﬁ)+"7 (4.4)

where we use 2(2 — a — ) > 2 — 8 from the assumption 2a + 8 < 2.

272

L(T) < CT %t /

/ (1+ o)) dadt < OT-C-PFE+C—a-Btn (45
0 |2|<2RT

To proceed, we estimate the I3(T") and I4(7T).

P 277770 B-1)p
I(T) < CT~ 7 / / (14 o)) 5 dadt
0 |2|<2RT

- H(2—a8) 5<1 (1-B)p .

) ) p _ 1 )

<o{T At AT g, (Gt ﬁl)p =n,
be

T~ @At +@-a=fin g d=bp <norf>1.
) ) p _ 1 i

Using 2 — o — 8 < 1, which follows from the assumption a + 3 > 1, we obtain
1

p p
~ P Lte-a- S
p_1+( a—fB)< p_1+ p_1<,
thus an upper bound is
I3(T) < CT~ 285t +@ma=f)+n (4.6)
With the same reason of estimating I3(7T), we have
2727 h
L(T) < cT~ =35 / / (1+ |z)" P 1dadt
0 |¢|<2RT
—(2—a=p) b +(2—a=p) ap
T p—1 ) — >n,
p—1
—(2-a-p) P +(2—a—p)
<C p—1 InT, P _ n,
p—1
—(2-p) P +(2—a—p)+n ap
T p—1 , ——<n
p—1
< o7 @B t@-a=f)+n (4.7)

Therefore, by using (4.4)—(4.7), we derive the final estimate of I(T),

I(T) < o7~ @ Agkr+2-a=fin,
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Combing with (4.2)—(4.3) and the assumption of initial data, we have

/ /|u|p¢qudt<0/ / |u|p¢qudt) ~(2=A)+(R-ampn) i (4.8)

where C' is indepent of T'. Finally, we show that the above inequality cannot hold as T" — oc.
If p S pQ(nv a, ﬁ)v then

—(2—ﬁ)+(2—a—ﬁ+n)71<0

and (4.8) shows that

(/OO/ |u|7"dacdt)ple <C.
o Jpr

Letting T' — oo and using (4.1), we conclude that u € LP([0, +00) xR™). Hence (4.1) also implies

that [|ul|zr(@r) — 0 as T' — co. Passing to the limit in (4.8), we obtain [|ul| s ([0, +00)xrr) < 0

for any 1 < p < pa(n, «, 8). Since u is a non-trivial solution, that is impossible.
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