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On Affine Connections Induced on the
(1,1)-Tensor Bundle

Murat ALTUNBAS! Aydin GEZER?

Abstract Let M be an n-dimensional differentiable manifold with an affine connection
without torsion and T (M) its (1, 1)-tensor bundle. In this paper, the authors define a new
affine connection on T{ (M) called the intermediate lift connection, which lies somewhere
between the complete lift connection and horizontal lift connection. Properties of this
intermediate lift connection are studied. Finally, they consider an affine connection induced
from this intermediate lift connection on a cross-section o¢(M) of T{ (M) defined by a
(1, 1)-tensor field £ and present some of its properties.
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1 Introduction

Let M be a differentiable manifold and 71 (M) be its (1, 1)-tensor bundle. Given an affine
connection V on M, T{(M) can be viewed as an almost product manifold. Affine connections
on almost product manifolds have been studied the various aspects by several authors. Walker
[6] presented the conditions for the existence of a torsion-free affine connection with respect to
which the complementary distributions H and V' are relatively parallel and path parallel. Yano
[7] reformulated these conditions in terms of local coordinates with respect to adapted frame.
Davies [1] defined this connection on the tangent bundle of M and showed how certain special
connections lead to some simple expressions for the curvature tensor of the tangent bundle.
Later, Mok [3] considered this connection on the cotangent bundle of M and called it as inter-
mediate lift of the connection V. In this paper, we construct the intermediate lift connection
on T} (M), the construction being the analogue of the connection on the tangent bundle that
was considered by Davies [1]. We have computed the components of the curvature tensors of
the intermediate and horizontal lift connections on T} (M) with respect to adapted frame and
investigate their curvature conditions of semi-symmetry type and Ricci semi-symmetry type.
Finally, we present some properties concerning an affine connection induced from the interme-
diate lift connection on the cross-section o¢(M) of T (M) defined by a (1,1)-tensor field ¢ with
respect to the adapted (B, C)-frame.

We assume in the sequel that the manifolds, functions, tensor fields and connections under
consideration are all of differentiability of class C'*°.
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2 Preliminaries

Throughout, M denotes an n-dimensional C*°-differentiable manifold. Its (1, 1)-tensor bun-
dle is denoted by T{(M) and 7 : T{(M) — M is the projection mapping. Recall that Tj (M)
has a structure of (n + n?)-dimensional differentiable manifold induced from the differentiable
manifold structure of M. Let (U, x7) be a coordinate neighborhood of M, where (z7) is a system
of local coordinates defined in the neighborhood U. Let (t;) be the system of Cartesian coordi-
nates in each (1, 1)-tensor space Tll(P)(M) of M at P with respect to the natural frame {%},
where P is an arbitrary point belonging to U. Then, in 7=(U) of T}}(M), we can introduce the
local coordinates (7~ 1(U), 27, t;-), which are called the induced coordinates. From now on, we
denote the induced coordinates by (z”) = (27,27) = (xj,tj»), j=1,---,n, j=n+1,--- ,nt+n
We also denote the natural frame in 71 (U) by (52) = (5, %) = (3%, %).

IfX =X°¢ 8‘; and A = A;'- 621» ® dad are the local expressions in U of a vector field X and a
(1,1)-tensor field A on M, then the vertical lift ¥ A and the horizontal lift 7 X are given, with

respect to the induced coordinates (z7,%), by

a=(4)-(3)

X = (§§j> = ()g'S(rw'Xi ri tm)> ) (22)

sj m smYj

and

respectively, where l"fj are the coefficients of the torsion-free affine connection V.

Put Xy = 0; = 5;?8;I in (2.1) and AY) = 9; ® da? = 6¥6] 9 ® da" in (2.2). Then we get
in each induced coordinate neighborhood 7#=1(U) of T} (M) a frame field which consists of the
following n + n? linearly independent vector fields:

B =" X(j) = 8; + (=i 5, + 13T5,) 0%,
B; =V AY) = 5k 5] oy
We can write the adapted frame as {E,} = {Ej,EJ_-}. The indices o, 3,7, - = 1,--- ,n + n?

indicate the indices with respect to the adapted frame.
Using (2.1)—(2.2), we obtain

and

with respect to the adapted frame {FE,} (for details, see [4]). By the routine calculations, we
state the lemma below.

Lemma 2.1 The Lie brackets of the adapted frame of T'L(M) satisfy the following identities:

[El7 EJ] = (tZlerS - tilesv)EF?
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(£, Ej] = (5£F71 - 5;)F{T’)EF7
[E7, E5] =0,

where R,;,° denote the components of the curvature tensor of (M, V) (see [4]).

3 T!'(M) as an Almost Product Manifold

The vertical distribution V is given by the fibres and the horizontal distribution H is deter-
mined uniquely by V as complementary distribution to V' on the (1, 1)-tensor bundle Tj (M)
of M. The pair (H, V) defines an almost product structure on T} (M), i.e., T (M) becomes an
almost product manifold.

The (1, 1)-type projection tensors of T (M) onto H and V will again be denoted by H and
V. Also, they satisfy the following conditions:

H?>=H, V?=V, HV=VH=0, H+V =1,

where I is the identity tensor.

When we have an affine connection V on an almost product manifold, we can investigate
some parallelism conditions of the distributions of the almost product manifolds. These condi-
tions are locally presented in [7]. On T} (M), these conditions are in the following forms:

H is path-parallel iff IN“JEZ + IN“Z =0,
H is parallel along V' iff f?z =0,
V is path-parallel iff fjﬂ + f% =0,
V' is parallel along H iff IN“% =0.

In [1], Davies considered two special tensor fields marked by A and B on a tangent bundle
of a manifold M. Now, by following the same method employed by Davies, we shall define the
two special tensor fields on T} (M). For all vector fields X and Y on T1(M), the A-tensor field
is achieved from two configuration tensor fields such that

TiY = HV, (VYY) +VV, £ (HY),
OzY =HV s (VY)+VV 3 (HY),

where V is a torsion-free affine connection on TE(M). With adding these two equations together,
the A-tensor field is defined by

AX,Y)=TzY +03Y.

The B-tensor field is coming out with using the A-tensor field as 2B(X,Y) = —2[A(X,Y) +
A(Y,X)] + [A(HX,HY) + A(HY ,HX)] + [A(VX,VY) + A(VY,VX)]. The A-tensor and
B-tensor fields are both the (1,2)- type tensor fields on T (M) and locally expressed in the
following forms:

Aly=0, Al =Th aAb=Th Al =q,

Ah =0, Ab =Th ~ Ah =Th A —,
Jv Jv Ju J Ju Jt
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_ 1~ o~ _
h h h h h h
B =0, Bji= - (T} +T), Bly=-T",

h _  Th h _ _Th h _  Th
Bﬁ - Fij’ B}i - Fij’ B}z‘ - F}z"

1 ~ - _
ho_ _Z(Fh 4 Th), BE—
B = —5 (5 + 1), B =0

with respect to the adapted frame {E,}.

4 Lifts of a Torsion-Free Affine Connection to T} (M)

The horizontal lift 'V of any torsion-free connection V on M is defined by
Hyy VB =0, iy, Ay =0,

Hyu VB =Y (VxB), HVux"y =" (VyY)

for any vector fields X and Y and (1, 1)-tensor fields A and B on M. The non-zero components
H Flg of the horizontal lift connection #V are as follows:
Hry =Ty, I =Thel -1 67 (4.1)
with respect to the adapted frame {FE,} (see [2, 4], for (p, ¢)-tensor bundles, see [5]).
The complete lift ©V of any torsion-free connection V on T} (M) is given by

V=V +qR(,X)Y +3R(,Y)X

for vector fields X and Y on M, where R is the curvature tensor field of V and

0
R(,X)Y +7R(,Y)X =
RGO RLY) (Rrjftszz;’ti)

with respect to the adapted frame (see [5]). With the help of (4.1), we find the non-zero
coefficients of the complete lift connection ¢V with respect to the adapted frame as follows:

Ty, =Ty, OTp=Tpisl —T7,.67, Ty = R7t) + Ryj't; (4.2)

1y i rio sty “re

When these components are compared with the conditions in (3.1), it can be seen that V is
path parallel and is parallel along H, and H is parallel along V' but H is not path parallel.

We are going to define the intermediate lift 'V of any torsion-free connection V. To do
this, we need the B-tensor field associated with the complete lift connection V. The non-zero
component of B is only

T 1 s 5\ 4V 1 v V)48
Blj - = §(Rrjl + erj )ts - §(Rslj + stl )tr' (43)

The intermediate lift IV of V is defined by

'v=¢V+B.
Using (4.2)—(4.3), we obtain
T r v v £ j sv T 1 S4v vys
T}, =T, IFz; =T}6l - 1y,07, Ty, = §(szr ty + R lt7), (4.4)

and others being zero, where ! Fgﬁ are the components of the intermediate lift connection V.
From (3.1) and (4.4), we can immediately state the following proposition.
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Proposition 4.1 Let M be a differentiable manifold with torsion-free affine connection V
and TH(M) be its tensor bundle with the intermediate lift connection /. Then, with respect to
Iv;

(i) H is parallel along V',

(i1) V is parallel along H,

(iii) H and V are path-parallel in TL(M).

Since the skew-symmetric part of B of the complete lift connection ¢V is zero, the inter-
mediate lift connection !V is a torsion-free connection. The horizontal lift connection 7V can
be obtained from !V, by using the formula

v ='v-A

In fact, the non-zero component of A-tensor field associated with the complete lift connection
OV is

- 1
= _§(lers o+ Ryt

li-r Ir¥i
But these are the same as (4.1), i.e., IV — A4 = #V. In view of the definition of the intermediate

lift connection !V, we can say that !V is somewhere between the horizontal lift connection #V

The affine connection 'V — A has components as non-zero: f‘lrj =1I7; and r E =TVl — T §v.

and the complete lift connection “V, so it can be named as “intermediate lift”.

We would like to remind Sasaki metric g on T} (M) to show under which conditions the
horizontal, complete lift and intermediate lift connections are metrical with respect to ©¢. For
detailed interpretation of g, see [4]. The Sasaki metric ©g on the (1, 1)-tensor bundle T} (M)
over a Riemannian manifold (M, g) has the components with respect to the adapted frame

{E.} (see [2, 4]):
s (Cou Cag\ _(gi 0 T
( g)ﬂ’Y - <(Sg)jl (Sg)j)i) - < 0 gitgjl> , T =1.

Calculating the covariant derivatives of ®¢ with respect to the horizontal, complete and
intermediate lift connections, we get respectively their non-zero components as follows:

Vp 2957 = (Vpgit) 9" + 9it(Vpg’),
“Vp %gj1 = Vpgji, ‘

(11) Cvp Sgﬂ = _gibR??ptg - gJSRU«PlitZ’
“Vp %951 = =gk R'Gth — 9% Rapjit?,

Yy Y95 = (Vpgit)g + 9it(Vpg?h),
Iy 5941 = Vpgsi,

1 . )
(i) 'V, S5 = §[gilep?“t3 + ¢°° Rpraits],
111
1
v, Sgﬂ = §[thij%atZ + 9% Ryjartd],
IV %951 = (Vpgi) 9" + 91t (Vpg'").

From the equations above, we get the following proposition.
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Proposition 4.2 Let (M, g) be a Riemannian manifold with the torsion-free affine connec-
tion V and (T{(M),° g) be its tensor bundle with Sasaki metric. Then the following conditions
are equivalent:

(i) V is the Levi-Civita connection of g and is locally flat.

(ii) The complete lift connection €V is metrical with respect to °g.

(iii) The intermediate lift connection 'V is metrical with respect to °g.

In this case, NV = IV = 7V and it is the Levi-Civita connection of °g.

An important geometric problem is to find the geodesics on the smooth manifolds with
respect to the affine connections. Let C' be a curve in M expressed locally by " = z"(t). We
define a curve C in T (M) by

{xr =2"(t), (4.5)

" =tu(t),

where t2(t) is a (1, 1)-tensor field along C. The curve C' = 7o C is the projection of the curve
C in T} (M).
The geodesics of any connection V is given by the differential equations
&%t d%t <, do¥ daf

w ~ae T tergrq 7Y (4.6)

with respect to the induced coordinates (2", 2"), where ¢ is the arc length of a curve in T} (M).
We write down the form equivalent to (4.6), namely,

d (00‘) ~, 008

a v LA 4.7
dt \ dt Bt dt 0 (4.7)

with respect to the adapted frame {E,}, where

Hh_dxh
dt— dt’
o oth
dat — dt

along a curve C in TE(M) (see [8]). Taking account of (4.4), then (4.7) reduces to

(a) deT+ , datdal
A U 48
62t? (4.8)
(b) 7 =0.

Thus we have the following result.

Theorem 4.1 Let C be a curve in TE(M) locally expressed by x” = " (t), ™ = t2(t) with
respect to the induced coordinates (x",x") in 7= (U) C TEH(M). The curve C is a geodesic with
respect to the intermediate lift connection TN if the projection C of C is a geodesic in M with

the torsion-free connection V and t¥(t) satisfies the differential equation (b) in (4.8).

The curvature tensor of the intermediate lift connection /V is denoted by ! R:

'R(Eq,Eg)Ey = 'V, 'Vg,Ey— Vi, 'Ve,Ey— Vg, 5By



On Affine Connections Induced on the (1,1)-Tensor Bundle 689

with respect to the adapted frame. Its non-zero components in the adapted frame are found to
be

Ileg = lerj7
1
Ilej = 5[(Vlejr lem]r) + (v R]ls leij) ]
I 1 m Sv v sm (49)
le] = _(ler 5 + len 5r )7
IleZ = mll 6J mljr(S;J

Let X and Y be vector fields of T}1(M). The curvature operator ' R(X,Y) is a differential
operator on Tj (M). Similarly, for vector fields X and Y of M, R(X,Y) is a differential operator
on M. Now, we operate the curvature operator to the curvature tensor ' R. That is, for all
Z,W and U on T} (M), we consider the condition (! R(X,Y) R)(Z, W)U = 0.

The tensor (!R(X,Y ) R)(Z, W)U has components

("R(X, WR)(Z W)U)
= "Ry "Ry — 'R

ozB'yGaE
RTOO' - IRaﬂO R’yTU - IRaBo‘ R'yOT (410)

aﬁT aﬂ’y

with respect to the adapted frame {E,}. Similarly, for all Z, W and U on M,

(R(X,Y)R)(Z,W)U)
=Ry anlmp - R;;

)P ijk

n
ijklm

PRy — Riji" Ry — Rijo Ry ™ (4.11)

ijm

Asis known, if the Riemannian curvature tensor of a Riemannian manifold satisfies the condition
(4.11), then the Riemannian manifold is called a semi-symmetric manifold.
Using (4.9)~(4.10), computing the coefficients of (! R(X,Y ) R)(Z, W)ﬁ)ag»yegs for different
indices, we get
(l) ((IR(X Y)IR)(Z W)U)pamlj "
= Rpaz Ile] IRpaz Ileg IRpa]:n IRkle - IRpafn IREIJ
Ip kI I r Ip kI Ip EIp 7
B Rpal Rmkﬂ Rpal Rm%j o RpaJ Ryngyy = RPGJ R milk
((R(X7 Y)R)(Zﬂ W)U)pamlj T’
(i) ("R, Y)Y RYZW)U) ;"
_ Rpak lej IR EIR IRkIRklj?_IRkIRT’

pak mlj pam paTm

"Ryof "Rely = 'Ryat 'RE — "Ry 'Rel — 'Ry.5 TR_E
= %[((R(X, Y)RN(Z, W)U ) pajin" 67" — (R(X,Y)R)(Z, W)U ) 1" 6],
(i) ((IR()?, V) R)(Z, W)U, 5"
_ paz Ile%+ IRpaZ IleEJ___ IRpalfn IR - IRpal:n IR 7
~ "Ry 'R, [~ TR, ;1 R L~ 'R b Ilek praj IR fz

= (R(X,Y)R)(Z,W)U) parii *2 — (R(X,Y)R)(Z,W)U)
i) ((CRX,Y)R)(Z, W)U ) pgmi; "

pamlj

767,

pamlr
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_ 71 I T I I k I T I E I T
- pak le] sz le] Rpam Rklj - Rpam R

- IRpal Rmk] - IRpal R
(v) all other ("R(X,Y) R)(Z,W)U),4,9,° are zero.

7 I kT Ip kIp 7
mkj Rpaﬂ lek Rpaa Rmz%’

The above conditions give the following theorem.

Theorem 4.2 Let M be a differentiable manifold with torsion-free affine connection V
and TH(M) be its tensor bundle with the intermediate lift connection V. Under the assump-
tion that Ilej = [(VlejT ViR + (ViR — ViR;,,)t] = 0, where R and 'R
are the curvature tensors of the torsion-free affine connection V and the intermediate lift con-
nection 'V, (!R(X,Y) R)(Z, W)ﬁ =0 for all X,Y,Z,W and U on TH(M) if and only if
(R(X,Y)R)(Z, W)U =0 for all X, Y, Z,W and U on M.

m]r)

We obtain the Ricci tensor of /R by using the well known contraction ! Rg, = 'R The

aby
non-zero component of ! Rg., is obtained as

TRij= Ry;.

Now, we operate the curvature operator L R(X,Y) to the Ricci tensor. The tensors (! R(X, ?)fi;:)
(Z,W) and (R(X,Y)Ric)(Z, W) have coefficients

("R(X,Y)Ric)(Z,W))agyo = 'RapS "Reo + 'Rops 'Roe

aBy

and

((R(X,Y)Ric)(Z, W))ijkl R Rpl + R

ijk Rkp?

ijl

respectively. By putting o =m, 3 =1,v = 5,0 = r, it follows that

("R(X,Y)Ric)(Z,W))mijr = 'R, "Ror + RS, "Ry,
= lej RST + ler st
= ((R(X, Y)Ric)(Z, W))mijrs

all the others being zero. Therefore we get the following theorem.

Theorem 4.3 Let M be a differentiable manifold with torsion-free affine connection V and
TE(M) be its tensor bundle with the intermediate lift connection '~V . Then (' R(X, ?)ﬁ?:)(i, W)
=0 for all X,Y,Z and W on T-(M) if and only if (R(X,Y)Ric)(Z,W) = 0 for all X,Y,Z
and W on M.

The curvature tensor of the horizontal lift connection 'V has the following non-zero com-
ponents

H H pr _ v
leg - le]? lej lel57‘ mlr6

Operating the curvature operator R()Z' , 37) to the curvature tensor 7 R, we obtain

(i) ((TRX,Y)TR)(Z,W)U)

r
pamlj
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_ H r H k H r H k H k H r H kE H r
- pak lej + Rpaz lej - Rpam Rklj - Rpam RElj
H k H r H k H r H k H r H kEH r
= TRy TRy — TRy TR = TRy TR — TRy TRz

(RX,Y)R)(Z,W)U) pamitj "
(i) ("RX,V)'R)(Z,W)U),, .
=1 Rpak? HRmz% + HRpa% HleE}' - HRpaw]i HRMEF - HRmen HREI}'?
~ "R, "R T~ "R, ;TR T~ MR MR G- TR EHR T
= (RXLY)R)(Z W)U ) i 67 = (RO Y)RNZ, W)U ) 87
(iii) all other (" R(X,Y)"R)(Z, W)ﬁ)a,@was are zero.
Hence, we have the following result.

Theorem 4.4 Let M be a differentiable manifold with torsion-free affine connection V and
TLH(M) be its tensor bundle with the horizontal lift connection . Then (P R(X,Y)" R)(Z, W)[?
=0 for all X,Y,Z,W and U on TE(M) if and only if (R(X,Y)R)(Z,W)U = 0 for all
XY, ZW and U on M.

5 The Affine Connection Induced on a Cross-Section from the
Intermediate Lift Connection

We shall first find the components of the intermediate lift connection !V with respect to the
natural frame in T} (M). Let ! ffj be components of the intermediate lift connection !V with
respect to the natural frame. The law of transformation of the intermediate lift connection 'V
is as follows:

N OAg
oM’

- A. b A~ h 5h 0
@y ~J_ J — J .
(4e *( 7 A-h> (croorm o)

where

ENES

J 7 J

is the inverse of the matrix

_ oA n 0
(Aaﬂ): “ﬁj “ﬁj :<ksj s 4k 5k5j)
I ity — I3t 0770y
of frames changes 04 = A? aeg. Substituting (4.4) into (5.1), we get the components Ifﬁs in

the natural frame as follows:
T, =Th,

N N LS N

Tl =TJ 08 = T30,
Tt = (00, + 17,09, — 7 T9 )t (5.2)
+ (=0, % + Iy, T8 — T Tt

j ; 1 ) )
B (Fj Ity + Fl;ir‘rjnrt:b) + _(Rm.git{z - Rmstjzt?)v

sa” mr-v 2

all the other 'T'Y;¢ are zero.
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Given a (1,1)-tensor field £ on M, the correspondence x — &, &, being the value of ¢ at
x € M, determines a mapping o¢: M + T} (M), such that Tooe = idys, and the n-dimensional

submanifold o¢(M) of T} (M) is called the cross-section determined by €. The cross-section
o¢(M) is locally expressed by
2k

ak R
{xﬁ & (=),

where ¢! are the components of £, Differentiating (5.3) by 27, we get the components of

(5.3)

n-tangent vector Bj to o¢(M) as follows:

- G- (%)

On the other hand, the fibre is locally expressed by

{:z:k = const.,
h_ 4h
e =tk

t’,g being considered as parameters. Differentiating the above relations by 2 = t;-, we obtain
the components of n?-tangent vectors ij- to the fibre as follows:

(¢5) = (%) = <5§s¢> ' (5:5)

The n + n? local vectors {Bj, C’J—-} define a local family of frames along o¢ (M), which is called
the adapted (B, C)-frame of o¢(M).

We now investigate an affine connection induced from the intermediate lift connection 'V
on the cross-section o¢(M) with respect to the adapted (B, C)-frame. The vector fields C5
given by (5.5) are linearly independent and not tangent to o¢(M). Here, we take the vector
fields C5 as normals to the cross-section o¢(M). The components f?i of the affine connection
V induced on o¢(M) from the intermediate lift connection !V are in the following form:

Il = (9;B; “+ 'TipB,;°B; 5)B" ,, (5.6)
where B" , are defined by
(B"4,C"y) = (B; .0 7
and hence
B" 4= (61,0), C" 4= (-0;El,6160).
Substitution (5.2) into (5.6) gives
Il =r1",

where 1";?1- are components of the torsion-free affine connection V on M.
From (5.6) we have

0;B; * + T4pB; B, B — ThB, A = HEC A, (5.7)
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Putting A = h in (5.7), we obtain
HE =V;Vi&F + %(ij’“fi‘i — Rjin€h).
Denoting by ﬁjBi 4 the left hand side of (5.7), we have
VB * = (Vjvié}]f + %(Rﬁak&? - Rjih“iﬁ))cﬁ 4 (5.8)
which is the Gauss equation for the cross section o¢(M). Hence, we have the following propo-

sition.
Proposition 5.1 Let o¢(M) be a cross-section in T (M) determined by a (1,1)-tensor field
& on M with torsion-free affine connection V. Then, the cross-section o¢(M) is totally geodesic
if and only if the condition
k 1 k¢a a¢k
V;Vi&, + §(Rjia & — Rjin"&,) =0
1s fulfilled.

Operating V, to (5.8), we obtain
. 1
VoViB: 4 =V, (VVieh + 5 (Roia € = Rynd) ) Gy . (5.9)

Using

Vp%sz‘ 4— 6]'%1631' A= EDCB ABk DBj CBz‘ B Rkji hBh 4
and the Ricci identity for (1,1)-type tensor, it follows from (5.9) that
Rpep By, DBj “B, B~ Ry "By *
1 a a a
= 5{[(Vpijk = ViRpia")&h — (VpRjin® — Vi Rpin®)E4
+ (Rjia" Vs = Rjin®Vp&l — Rpia "V &5 + Ryin“V560)]
+ Rrsa F(Vi€h) = Rrsi “(Va&f) = Resn *(Vih) 1O
from which we have the following proposition.

Proposition 5.2 }N%DCB ABk DBj B, B is tangent to the cross-section o¢(M) if and
only if the condition

+ (Rjia"Vpéft — Rjin®Vp€l — Rpia"V ;& + Rpin®V &g )]
+ Rrsa k(vzglii) - Rrsi a(vag}]f) - Rrsh k(vl&]i) =0

1 a a a
5[(Vpijk — Vi Rpia" )&l — (VpRjin® — VjRpin® )&k

1s fulfilled.
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