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Error Analysis on Hérmite Learning with Gradient Data*

Baohuai SHENG! Jianli WANG! Daohong XIANG?

Abstract This paper deals with Hérmite learning which aims at obtaining the target
function from the samples of function values and the gradient values. Error analysis is
conducted for these algorithms by means of approaches from convex analysis in the frame-
work of multi-task vector learning and the improved learning rates are derived.

Keywords Hérmite learning, Gradient learning, Learning rate, Convex analysis,
Multitask learning, Differentiable reproducing kernel Hilbert space
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1 Introduction

We considered Hérmite learning with gradient vectors (see [1-4]) in this paper. It can
produce a smoothness function when the function value samples and gradient data is provided.
Let X be a compact subset of the Euclidean space R? on which the learning or function
approximation is considered. For each x = (a! 22, .- ,xd)T € X, the gradient of function

f: X — R at x is denoted by the vector

= (2. 2

if the partial derivative for each variable exists. It is known (see [2]) that the essence of
Hérmite learning is to obtain the regression function f,(z) = [pydp(y|z) from samples z =
{(zs, )}, with y; = (v, 9:), where {(z;,4?)}™, are drawn independently according to
p(x,y) = p(ylz)px (z) and y; =~ V f(z;).

Let K : X x X — R be a Mercer kernel which is continuous, symmetric and positive semi-
definite, which means that the matrix (K (z;,z;))! j—1 18 positive semi-definite for any finite set
of points {z1,---,2;} C X. The associated reproducing kernel Hilbert space (RKHS) H is
defined (see [5—7]) as the completion of the linear span of the set of the function {K, = K(z, ) :
x € X} with the inner product given by

<Kﬂca Ky>K = K(x,y)

Let L%(u) be the class of all square integrable functions with respect to the mesure y with

the norm )

1l Loy = (/X |f(z)[? du)5 < +o0.
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Define the integral operator Lx as

Lxlfi) = [ fK@ ) dn, fe L)
X
Since K is a positive semi-definite, Lx is a compact positive operator. Let Ax be the

k-th positive eigenvalue of Li(f) and ¢ (z) be the corresponding continuous orthonormal
eigenfunction. Then, by Mercer’s theorem, for all =,y € X, there holds

“+oo
K(r,y) =Y A o(@) duly), @,y € X, (1.1)
k=0

where the convergence is absolute (for each z, y € X) and uniform on X x X. Then we know
(see [8-9])

o= £h020) = {10 = u(onte): 3o 00 <o)
with inner product
N
and ax(f) = [ f(y) or(y) du(y).
When X is a compact set, there is a constant k > 0 such that
£l < Fl e £ € P 12)

Let M > 0 be a given positive real number and Y = [~M, M]?*!. We denote by y € Y as
y=(y°.9) with g = (y',y% - ,y")" and

Fo(@) = (f(@), fo(a),

where

— 0 T
= [ o Aot

and

@ = [ Tl

T
= (/ y dp(ylz), - / y? dp(ylx))
[_M) M]d [_M7 M]d

Let v € [-M, M] and 3; = (y},---,yH)T € [-M, M]? Then, the Hérmite learning
algorithm corresponding to the samples z is (see [1])

m

1 0 2 41 2 2
z L= — ;o i i — V i )\ 5 1.3
fex:=arg min - ;:1((% F@)” + 15 = VF(@o)llze) + A f 5 (1.3)
where A > 0 is the regularization parameter, || - ||ga is the usual norm of the Euclidean space

R



Error Analysis on Hérmite Learning with Gradient Data 707

The representer theorem for scheme (1.3) was provided in [1], which showed that the mini-
mization over the possibly infinite dimensional space H can be achieved in a finite dimensional
subspace generated by {K,(-)} and their partial derivatives. The explicit solution to (1.3) and
an upper bound for the learning rate with the integral operator approach were given in [2].

We notice that the problem of learning multiple tasks with kernel methods has been a
developing topic (see [10-14]). The representer theorem for these frameworks have been given,
but the results of convergence quantitative analysis are relatively few, and very effective methods
for bounding the convergence rates does not appear. An aim of the present paper is to show
that model (1.3) is among the group of the multiple tasks. For this purpose, we rewrite model
(1.3) from the view of vector valued functions.

Let C™M be the class of all the real functions f(z) defined on X with continuous partial
derivatives and C'®)(X) denote Ehe class of all the real functions f(z) defined on X with

o°f

continuous partial derivatives Pradgh fora=1,2,---,d. By K € C(2)(X x X), we mean all

the partial derivatives % that are continuous on X x X. By [15-17] we know that

if the kernels K (x,y) have the form of (1.1) and K(z,y) € C®(X x X), then, H can be
embedded into both CV)(X) and C®)(X), and for any given z € X and all & = 1,2,--- ,d, the
following relations hold:

0K, () 0°K, (")
ox™ < %K’ B(xa)Z € HKv (1 4)
of(x) _ Bl
and
%(ZC) < Kl fll e Ve e X, Va=0,1,2,---,d, (1.6)
where 25 = f(a), k= sup /| 5G|
z,yeX
0<a,8<d
Define
of(x
H?{Z{fa(x): éfx(a): f(x)EHK}, a=1,2,---,d
and

7—L—K>=7{K><H}<><~-~><H§<

(T = S0 fEHK, fu € He, a =12, d).

Then, (1.3) can be rewritten as

—
Fox:=arg min E(F)+ £, (1.7)
F=(fofrr fa)TEHR T

where

&7 = =317 = F @),

7l:(y105y7,177y;i)’r7 7;:1,2,"',771
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and
z EN £
For = (FEN, fEN L ey,

Algorithm (1.7) is neither the same as the usual least square regression (see [18-21]), nor the
current multitask learning model since it uses the penalty || f||7,, not || f |3, . However, it is
really a concrete example of multitask learning models, the study method of its performance can
provide useful reference for the research of other multitask models. This is the first motivation
for writing this paper. On the other hand, such approaches may provide a way of thinking
for dealing with other gradient learning models. The structure of model (1.7) is close to the
usual least square learning models, this fact creates an opportunity of studying the gradient
learning with existing methods, e.g., the convex analysis method (see [20-24]). This is the
second motivation for writing this paper.

We form an improved convex method with the help of Gateaux derivative and the optimality
conditions of convex functions and use it to bound the convergence rates of model (1.7). To
show the main results of the present paper, we restate the notion of covering number.

For a distance space S and a real number 1 > 0. The covering number N'(S,7) is defined
to be the minimal positive integer number [ such that there exists [ disks in S with radius 7
covering S.

We call a compact subset E of a distance space (B, || - ||g) logarithmic complexity exponent
s > 0 if there is a constant ¢, > 0 such that the closed ball of radius R centered at origin, i.e.,

Br={fecE:|fls<R}

satisfies
R S
log N (Br,n) < CS(Z) . Vn>0. (1.8)

We now give the following Theorem 1.1.

Theorem 1.1 Let K(x,y) be a Mercer-like kernel satisfying K (z,y) € C? (X x X), ﬂ
be the solution of (1.7) and C =512 ki (d + 1)>M. If Hy has logarithmic complexity exponent
s > 0 in the uniform continuity norm |- ||c(xy and A < ’j@f X D(?p), A), then, for any 0 < 6 <1
and 0 < § < = with confidence 1 — 6§, we have

e

%
C\/ D(f,, A

N2 m Jm  mgm
where N - N
D(fpv)‘) = _,inf_>(5p( h) - 5p(fp) +A ”hH%-LK)
heHk
and

&(7) = /Z 17 = 7 (@)l dp.

We now give some comments on (1.9).
(1) Let H;X be the Sobolev space consisting of all the functions f € L?(px) with all partial
derivatives belonging to L?(px ), whose norm || f|| s induced by the inner product

(. 9y, = [ (7(0) 9(0) + Vo @)V cg(a) dpx.
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~ —
If p is perfect (see [2]), i.e., f,(z) = Vf,(x), then, f,(x) = (f,(z), Vf,(z)) and
— =
||fz,>\ - fp||L2(px) = ||fZ,>\ - fp”H;X-
(2) By Lemma 2.2 afterward we have

— . - =
D(fp, ) = ﬁmf_)(llfp — 1| Ze () + A N3

EHK

As usual, we assume that there are given constants ¢ > 0 and 0 < 5 < 4 such that D( f ,,\) <
—
eA? if H e is density in L?(px). In this case, if s = 0, then we have by (1.9) that

1 4\2
||fz,>\_fp||?{‘%x :O(m X (].Ogg) +Aﬂ) (110)
Further, if A\=m~% and 0 < 6 < ﬁ, then, we have by (1.10) the following estimate
2 _o(_logs) -0 1.11
1fox = Follty = (erm ) (1.11)

(3) Define a new integral operator
L=Lg: H) —H)_
associated with K and px by
Li(f.0) = [ (K@) F0)+ VK@)V, f0) dox(w), 0 € X, e HL
X

Let L% be defined as
L?{(ch ¢k($)) = e AL 6r(2)

for r > 0. Then, by taking A = 8(d+1) k? log(3) m~", with confidence 1 — §, we have (see [2])

4 ks -r -
1fox = Follzy <8 log (5){M +(d+ 1) |1 K[lEn x LK Follay 3 m™"?, (1.12)
where

1 ¢ >1
it s L
s BT

=11 1

5, 1f0<'l"§§

It is easy to see that (1.11) sharps (1.12).

2 Proofs

To show Theorem 1.1, we need the notation of the Gateaux derivative and some related
lemmas.

Let (H,| - ||%) be a Hilbert space, F(f) : H — RU{Foo} be a real function. We say F is
Gateaux differentiable at f € H, if there is a £ € H such that for any g € H, there holds

tim T 2D ), (2.1)

and write Vy F(f) = ¢ as the Gateaux derivative of F'(f) at f.
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Lemma 2.1 Let F(f): H — RU{Foo} be a function defined on Hilbert space H. Then,
we have following results:
(i) If F(f) is a convex function, then, F(f) attains minimal value at fo if and only if

ViF(fo) = 0.
(i) If F(f) : H — RU{Foo} is a Gateauzx differentiable function, then, F(f) is a convex
on H if and only if for any f,g9 € H we have

Flg+f)=F(f) =g, ViF(f))n (2.2)

Proof We have (i) from Proposition 17.4 of [25] and we have (ii) from Proposition 17.10
and Proposition 17.12 of [25].

_>
Lemma 2.2 f, satisfies the relation

f; = arg min Sp(?) (2.3)
F=(ffro fa)T
and the equation
(1)~ &) = /Z 17p(@) — F (@) dox. (2.4)

Proof Since equality
la + bllzars = lallgass + 2{a, bgass + [|b]|Rars

holds for any a,b € R, we have
&(7) = / 17— Fol2us dp—2 / T~ @), T (@) — Foe))goss dp
+ [T o) = T @l
=& -2 [ ([ @ =T otle). F@) - Fw),,., dox
+ /Z 170@) — T @)2an dox

- -
=&+ [ 1) = T @) dox. (25)
o) () O\T
Let hy = (A", hy™,--- [ hy')" be defined as
. —
h>\ =arg min _(E(h)+A [hl13,0)- (2.6)
h (h hl, eeey hd)TGHK

Then, we have the following Lemma 2.3.

H
Lemma 2.3 Let hy be a solution of (2.6). Then, we have

VHE(TNO = =2 [ (VK T = F (@) do (2.7)
and
VHE(PO = —2 S VKL (). T Tl 28)
i=1

where VEK;(+) = (ag (), OKs() ... , ag;d('))T and 315725') = K.(").

ail)l )
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Proof By the equality
a® = b =(a—b, 2b)gas1 +[la—blEars, a€ R be R (2.9)
we have
&(F + t? &(F)
fim
=tim ([ 17 = (@) + T @)ler do= [ 17 = F @R an)
=2 [ (@@, 7= T @ o
Take go(z) = g(z), fo(z) = f(z). Then, by (1.5) we have
(F@), T - F(@))gas = igk (v* — fila))
- i (5 520),, %G~ )
- (9’:0 85;,5 Lot~ it )))HK
= (g9, (ViK.(), ¥ — ? ) Ra+1) (2.10)

It follows

t—0

(2.7) thus holds. (2.8) can be proved in the same way.

i £2F 7) - &7 _ (9.2 [ V20200.7 = F@drnds),

K

— —
Lemma 2.4 Let hy be a solution of (2.6) and let f, x be a solution of (1.7). Then, we have

Ah@)(-):/v*K LT = b (2))gass dp
Z

and

Z >‘) = % Z V*K17 ’ f;ﬁ(xi)>Rd+l'

Proof Since ﬁ)\ is the solution of (2.6), we have
%
V2 (E(h) + ARlE )5 i
%
= V& M)y iz + A Ve (IR3) 5 2

H
= —2/ (VEKL(), ¥ — ha(2))gatr dp(z,y) + 20 BV ()
z
where we have used the fact that

V3 Uhl3) = Valllkl3,) = 2h.
(2.11) thus holds. (2.12) can be proved in the same way.

(2.11)

(2.12)

=0, (2.13)
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H H
Lemma 2.5 (2.6) has a unique solution hy and (1.7) has a unique solution f, . They
satisfy the following inequalities:

1By < 1 P2 (214)
and
£l < (2.15)
\/—
Proof Let?: (f?fla"' 7fd)T E’H—;gand?: (gv g1, " gd)T E}Tlg Thena by the

equality (2.9) we have

&,(7) - ,(F) = /Z 17 = F@[2us — [T — F@)[2urn)d
. / (T~ T@. 7 — T @)gardp+ / 17 (@) — F(@)|2usndp
A
> 9 / (F@) — T@.7 - T @)gerdp.
A

Since (2.10), we have

<? ? 7 ? Nra+r = (g — f, ( 7 ? ) Ra+1)

Therefore, by (2.7) we have

&) = E(1) = (- 1. =2 [ (VK0 T = F @)ranidn)
= (9 f, V3 E(F))s-

K

—
By (ii) of Lemma 2.1 we know Ep(?) is a convex function on Hg. Since ||f]3,, is a strictly

convex function on Hx and A > 0, we know
_>
Ep(h) + X Rl13,

— —
is strictly convex on_”;’)i x and the optimal solution Ay is unique. By the same way we can show
the uniqueness of f; .
_>
By the definition of hy we have

— — —
MG < Eo(ha) = E5(fo) + AlhallFe, = D(for V-

—
(2.14) then holds. By the definition of f. x we have
1 m
E(Fo) + Mol < E:(T) = -3 [Tl < M2
i=1

(2.15) thus holds.
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Lemma 2.6 Let h_; be defined as (2.6) and let J?; be the solution of (1.7). Then, there
holds

1 - <“||HKS—H/ (VEEL(), T = ha@)pan do

Z (VoK (), —h_/\>(ffi)>Rd+1 B (2.16)
Proof By (2.9), we have
E.(for) — € % i 1T = P — % SO )
=1 =1
> LS ) - B, 27 R
=1
Let £V (2) = &V (2) and ™ = AN, Then, by (1.5) we have
<]?>\>(xi) - 7,\(%) —2(Y - 7,\(%)»11@“
_ 22 (8f 22 () h(;)x(fi)) y (yl@ B h;’\)(xi))
- 2;: (76—, 3?;“ W =),
- e 0 23 )
= (fEN —r, - <szzi<->, (T - K(xi»mdﬂmk.
Therefore,
£ — £ = (1 < b, ~2SNVIR (), (Fi— B @en) . @7
- .
By the definition of fz—; we have
0> (E(For) + ALV ) — (R ) + AR 3,0). (2.18)

Since Hx is a Hilbert space, the parallelogram law shows
1FEM e = 1BV G = (PO =D, 2V e || fEN — B3,
It follows by (2.17)—(2.18) that

0> (£N - 4, _% S VI (), (T - fj(xi))mdﬂ)w

i=1
+ (fEN = B 200 ) X[ FE = BV,
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By (2.11) we have

m

0 > (f(Z’A) - h(A)a _% Z<V;KII()3 (71 - z>)\(:I;i)»]Rd*l =+ 2/\h(A))

=1 Hi

+AFEN = RO,
=2y - A, / (VL (), T~ (@))aes dp
Z

SO, - )
i=1 K

FAFEN — RV, (2.19)
(2.19) gives (2.16).

— —
Lemma 2.7 Let hy be defined as (2.6) and let f, n be the solution of (1.7). Then, there
holds

75 = ForllZag, < 5 AG) B2) (2:20)
where
. — 1 = =T
AE) = || [ (VK. T =B do— o D VK () T =z,
and
BE) = || (V2K T = Tk @hons dp— & S VK (), Ti = Frlesans |,
i=1 x
Proof By (2.9) we have
Eh3) = E,(J-0)
= (M -F% =2 [ (VKT = Fd@hmends), +I0 = Tl (22)

The definitions of iT; yields
% z
0> (E,(2) + 11 MEe) — En(F o) + 1V 0. (2.22)
Further, by (2.21) and the equality
[RVNZ,, = IFEMF, = (BRD) — fEN 2@ |f — p@N)2
we have

0> (h =1, <2 [ (V0. T = FA@nn o)

K
— — 2
EARD) = fEN, g fEN ), g B - fENZ, H M — fm‘

L2(px)

—2(h - /o, — [ (V1K) T - Fd@)sanndp
4
1 « —
o Y AVEER (), T Fea(mlran) o MAY = fEV3,

i=1

— —|2
+Hhx—fz,x‘

(2.23)

L2(px)’
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where we have used (2.12). By Cauchy’s inequality we have
%
A A2 T2
MR = FENR - [1hx = FeallZegon)

<2 = 1V x| [ (VIR T = Fl@)rad

Z<VZK&()7 71 - fT,;(I‘i)%Rd«kl "

1
m K

Above inequality leads to

— =
hx = fu3
| l2gn) 2 B(z).

AR — #(z:2)
L A N Ty ey P

It follows that

7 — Foxll?
AT JzA L2(px)

<2 B(z). 2.24
TR = oM gy, = 2 B) (2.24)

By (2.16) and (2.24) we have (2.20).

Lemma 2.8 (see [19]) Let (H, ||-||) be a Hilbert space and & be a random variable on (Z, p)
with values in H. Assume that [|€||p < M < +oo almost surely. Let {z;}", be independent
samples drawers of p. For any 0 < § < 1, with confidence 1 — 4,

H%iﬁ(%)—E(é)H < M. (2.25)
i=1

H vm

Lemma 2.9 (see [6]) Let F be a family of functions from a probability space Z to R and
d(-,-) be a distance on F. Let U C Z be of full measure and constants H,p > 0 such that

(i) |€(2)| < H for all§ € F and all z € U, and

(i) |L2(&1) — La(&)] < pd(&, &) for all &,& € F and all z € U™, where

L9 = [ ) -3 6.

Then, for all € > 0,

2

Probzezm{ggng({ﬂ < e} >1 —N(]—", 2ip) X 2 exp ( - %) (2.26)

Lemma 2.10 Under the conditions of Theorem 1.1, we have the following two estimates:

(1) For any 0 € (0,1), with confidence 1 — %, we have

%
16 k3 d \/D(fy, A) 4
Alz) < x log —. 2.27
S T 85 (2.21)
(2) For any § € (0,1) and 0 < § < -, with confidence 1 — §, we have

A2 (d+1)2°M /1 1 4
B(z) < —————~ — 4+ ——= ) log —-. 2.28
(2) < AN (\/m + 2+f/m) 85 (2.28)
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Proof of (2.27) Take

H

§(x, 77 ) = <V;K$()7 7 - hA(x»Rd*lv ((.U, 7) e X xY.

Since
0K, (-) O0K(- OK (- )\T 0K, (-
V;Kw():( 3x(§)’ 8x1()’“.’ 83:‘5)) ’ 81:0():Kw()’
we have
d
(V). T~ @ = 3 )t nw)), (2.29)
=0
y (1.5), we have
||€(ZZT, 77 )”3—[;( = (§($, 7? )a f(za 75 ))'HK
d
-2 (T T, ¥ 0 @) @)
d o2
=3 ) i) x 7 - 1O (@)
o0x'Ox)
1,j=0

d
<k Zlyi — h{M (@)

= ki d® H? (i HRM
<R & (M2 + B3 @) ) (2.30)

Furthermore, by (2.14) we have

T3 @) 2ars = Z\ahazl I

%
k2 d D(f), A
<K d AV, < TPV 2, (2.31)

—
Therefore, if \ < W, then
%
k3d D(f,, \)
22 5 )
G T e < 4k (M2 + S22

_ 8kt D(T,, N

< | (2.32)

y (2.32) and (2.25), we have (2.27).
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Proof of (2.28) By the definition of || - ||#,, we have

B sw (o [ (VK07 - Fdehen do

llglle g <1

_—§ZVK% %—EQWW“%’

= sup ‘/
llgllae g <1

—(g,%z< .

i=1

By (2.10), we have

B = sup ‘/Z<7($)7 T = Foa@)paridp - % > (G @), i — 7 oal@)pan].

( )a 71 - .fz—,A>($i)>Rd+l)H ‘

K

(VEKL(), T — foalz WH@%

K

m

i=1

x), 7 - ?z,)\($)>Rd+1.

gl 5 <1
Define
n(w, ) =
Then
(@ P < 7@
By (1.6), we have
17 (@) [|gasr =

and by (2.15), we have

)||Rd+1 X H? - ?Z,A($)||Rd+1.

d 1
(X lo)’
d
- (;‘ ozt )
< (d+ Dk ||gllnx
< (d+1) ki,

17 = Fon@lges < 17 e + 1| 7 or@)llgass

< (d+1)(M + k1] FEV 30,0

Therefore,

e, T < (d+ )1 (14 L)

<

if A < k2.

<@+ )M (1+ ﬂ)

H =

va)

VA
2(d + 1)2k2M
VA

717

(2.33)

(2.34)

(2.35)
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Take
F={n9)eC(2): nz ) <H}
Then,
222‘/ dP—;U(Jﬁi,ﬁ)
stelplﬁ =(n)];
where

£ = [ ne o= S 0w T 2= @)

satisfies the inequality

IL.(m) — Lo(m2)] <2|lm —n2llezy,  m €F, n2 € F.

By Lemma 2.9, we have for any € > 0

Prob.ezn(|£.(n)] <€) =1 —N(Fv Z)Qexp ( B ;n—fi)

4H\ s 2
21—2exp(cs(—) —m)
€

8H?

Take
2

o (o () - 22) =

8H?2 4 8x4%c,HF®
log— — ———— =0.
) m

Then, we have

€2+s _

Notice that there is the famous lemma (see [26]).
Let ¢ >0, ¢ > 0 and u >t > 0. Then the equation

2 — ezt — e =0
has a unique positive zero z*. In addition,

¥ <max{(2¢c)v7 e . (2¢2)% )

/16H2 a1 [16 X 43¢, H?Fs
1 2
d+ 213 / 1Og . 2“/_

By (2.36) and (2.39), we have (2.28).

By (2.37)—(2.38), we have

Lemma 2.11 For any 6 € (0,1), with confidence 1 — §, we have

512 k4 (d+1)* M \/D(f,, N)
N

() < (e )’

—
120 = BAll72(px) <

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)
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Proof By (2.20), we have

A=
71 = Fealliagon < A2) B(2).

Then,
(reams -l < ZHEIRD 1y
m
D{z eZ™m: A(z) < 16 k1 Ci/_"mD/\ fp’ x log — }
n{zez™: B@) < w « (% 2+\/—) « 1og4} (2.41)

By (2.27)—(2.28) and (2.41), we have (2.40).

H
Proof of (1.9) By the definition of hy, (2.3)—(2.4) we have

17— FenllZaoy < 4llx — F-. sz o) +4||fp T2 o
< Allin — FolBiagoey + 40175 = B2y + AlalZe,)
= 4l — FonlBaoey + 4E ) — ECF ) + A 1hal3,)
— 4B s~ FoxlZagpn) +4D(Fy, V). (2.42)

(2.40) and (2.42) give (1.9).
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