?,C;h(g {é?; e, ser B Chinese Annals of
DOT: 10.1007/s11401-018-0095-3 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2018

Stochastic Maximum Principle for Forward-Backward
Regime Switching Jump Diffusion Systems and
Applications to Finance*

Siyu LV! Zhen WU?

Abstract The authors prove a sufficient stochastic maximum principle for the optimal
control of a forward-backward Markov regime switching jump diffusion system and show
its connection to dynamic programming principle. The result is applied to a cash flow
valuation problem with terminal wealth constraint in a financial market. An explicit
optimal strategy is obtained in this example.
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1 Introduction

The stochastic maximum principle is one of the principal approaches in solving optimal con-
trol problems. The key idea of the stochastic maximum principle is to derive a set of necessary
conditions that must be satisfied by any optimal control and these necessary conditions become
sufficient under certain convexity conditions (see [2, 7, 9, 12, 24]). These works can be regard-
ed as the references on the controls of stochastic differential equations (SDEs for short). On
the other hand, since the introduction of nonlinear backward stochastic differential equations
(BSDEs for short, see [11]), the stochastic maximum principles for optimal control problems
derived by BSDEs or forward-backward SDEs (FBSDEs for short) have been studied by many
authors (see [3, 14, 19-22]).

There is a very extensive literature on the stochastic maximum principles for various types
of optimal control problems. For jump diffusion processes, see [6], for Markov regime switching
diffusion processes, see [4], and for Markov regime switching jump diffusion processes, see [23], in
which sufficient maximum principles for SDEs were developed. Stochastic maximum principles
for forward-backward controlled systems with Poisson jumps or Markov chains were studied in
[10] and [17], respectively. In this paper, we prove a sufficient stochastic maximum principle
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for the optimal control of a forward-backward Markov regime switching jump diffusion system.
This work extends the results of [23], which only discussed a forward case.

For another important approach to study forward-backward stochastic optimal control prob-
lems, Peng [13] first obtained the generalized dynamic programming principle and introduced
the generalized Hamilton-Jacobi-Bellman (HJB for short) equation. Shi [16] generalized the
results of [13] by considering the controlled FBSDE with jump. In this paper, we establish the
connection between maximum principle and dynamic programming principle of Peng’s type in
the Markov regime switching jump diffusion context. Relations among the adjoint processes,
generalized Hamiltonian function, and value function are given under certain differentiability
conditions.

Finally, we use the sufficient maximum principle to discuss the cash flow valuation problem
with terminal wealth constraint in a financial model. Using Lagrange multiplier technique, the
problem is converted to an unconstrained optimization problem. We prove that the system for
this unconstrained problem is governed by a controlled FBSDE, which is naturally reduced to
the framework of our paper. And then, the explicit optimal strategy is given with linear state
feedback form by virtue of delicate analysis technique.

The paper is organized as follows. The next section presents system dynamics and the
optimal control problem. In Section 3, we prove the sufficient stochastic maximum principle.
Section 4 establishes the relationship between maximum principle and dynamic programming
principle. We illustrate the use of the maximum principle by solving a cash flow valuation
problem with terminal wealth constraint in Section 5.

2 Problem Formulation

Let (0, F, {Ft}iepo,1), P) be a complete probability space on which defined a standard one-
dimensional Brownian motion, a continuous-time Markov chain, and a Poisson random measure.
The Markov chain «(t) takes values in a finite space S = {a1,a9, - ,ap}, where D € N,
a; € RP, and the j-th component of a; is the Kronecker delta 0i; for each 4,5 =1,2,---, D.

We define the generator A = {A;j}ij=1,2,...,p of the chain, which is also called the rate
matrix, or @-matrix. We also assume that the Markov chain has stationary transition proba-
bilities Py, o, (t) = P(a(t) = o;la(0) = a;), 4,5 = 1,2,---, D. From [5], the chain «a(t) has a
semi-martingale representation a(t) = a/(0) + fot ATa(s)ds 4+ M(t), here M(t) is an RP-valued,
Fi-martingale.

For each 4,j = 1,2,---, D with i # j, let J%(t) be the number of jumps from state a; to
state a;; up to time ¢. By the above semi-martingale representation, we have

Jij(t) = Z <a(5_)7ai><a(5)70‘j>

0<s<t

= Z (a(s—), ai){a(s) — a(S—),Oéj>

0<s<t

:/ (a(s—), a;)(da(s), aj)
0

= /\”‘/0 <a(s—),ai>ds+mij(t),
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where m;; (¢ fo a;)(dM (s), o) is an Fy-martingale. Now, for each fixed j = 1,2,---, D,
let ®;(t) be the number of jumps into state «; up to time ¢. Then
D ..
()= > JU()
i=1 i;éj
D
_ Z N / so)adds+ S my(t)
i=1,i#j i=1,i#j

= Xj(t) + (1),

where we define \;(t) = f: Aij fo —),a;)ds and ®; i(t) = f: m;;(t). For each j =
i=1,i#j i=1,i#j

1,2,---,D, éj (t) is again an Fr-martingale. Then, A(£) = (A1(t), Aa(t), - -+, Ap(t))T and &(t) =

(®1(t), Do(t), -+, ®p(t))T are the compensator and compensated martingale measure related

to the Markov chain, respectively.

We now introduce the Poisson random measure. Denote RT = [0, 00) and B(R™) the Borel
o-field of RT. Let & C R\{0} be a nonempty Borel set and B(E) the Borel o-field generated by
open subset O of £, whose closure O does not contain the point 0. Suppose that N(dt, de) is the
Poisson random measure on (RT x £, B(RT) ® B(£)) with the compensator n(dt, de) = v(de)dt,
where v(de) is the Lévy density of jump size of the random measure N(dt,de) on (€, B(€)). In
what follows, we write the compensated Poisson martingale measure as

N(dt,de) = N(dt,de) — n(dt, de).

We assume that the Brownian motion, the Markov chain, and the Poisson random measure
defined above are independent of each other. This assumption can ensure that the integration
by parts formula (see Lemma 3.1) and the It6’s formula (see Lemma 4.1) hold for the regime
switching jump diffusions. Assume further that the initial market mode «(0) of the Markov
chain is ay,.

The state processes (X (), Y (t), Z(t), Z(t,e), Z(t)) € R* x RP corresponding to the control
process u(t) € U C R are modeled by the following decoupled FBSDE:

AX (£) = b(t, X (), u(t), a(t))dt + o (t, X (), u(t), a(t))dW (£)

+/a(t,X(t),u(t),a(t),e)]\?(dt,de) + (@t X (1), u(t), a(t), dd (),
€ (2.1)

—dY (t) = f(t,0(t), u(t), a(t))dt — Z(t)dW (t) — /5 Z(t,e)N(dt,de) — (Z(t),dd(t)),
X(0) =w, Y(T)=pX(T),

where 1 € R is a given constant and b, o, @, 7, [ are given functions with appropriate dimen-
sions. Here we denote ©(t) = (X (¢),Y (¢), Z(t)) for notational simplicity.
Consider a performance criterion defined as

T
- E[/O U(t,O(1), u(t), a(1)d + (X (T), a(T)) + h(¥(0))], (2.2)

where [, g, h are given functions.
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We say that the control process u(t) is admissible if (2.1) has a unique solution. Write U
for the set of admissible controls. The stochastic control problem is to find an optimal control
u*(t) € U such that J(u*(t)) = (ir)lfu J(u(t)).

u(t)e
Let 6 denote (z,y, z) and R denote the set of all functions r : £ — R. Define the Hamiltonian
H:[0,T]xR*xU xS xRxRxRP— Rby H(t,0,u,;, b, p,0,0,10) = b(t,z,u, ;) +
— D ~
o(t,z,u,ai) + [Tz, u, a5, e)dv(de) + 3 05,z u, o) 1hiNij + f(t,0,u, i) + 1(t, 0, u, ;).
j=1
We also assume that the Hamiltonian H is differentiable with respect to 6.
Now we introduce an FBSDE satisfied by the adjoint processes (¢(t), p(t), 1 (t), ¥ (t, €),1(t))

€ R* x RP (from now on the argument ¢ is suppressed sometimes for simplicity whenever no

confusion arises):

do(t) = [gi (t,0,u,a)d(t) + g—;(t,e,u,a)}dt
+ [%(t, 0, u,a)(t) + %(t, 0, u, 0)|dW (1),
—do(t) = [%(f,X,u,a)go(t) + %(f,X,u,a)z/J(t) + /5 %(f,X,u,a,e)@(t,e)u(de)
~ . (2.3)
+ g—”(t X, u, )" Diag(A(£)d (1) + g(t, 0, u,a)é(t) + %(t, 0,u,a)|dt
/w t,e)N(dt,de) — ((t),dd(t)),
4(0) = gZu«o» P(T) = po(T) + 2L (X(T), o(T),

where Diag(\(t)) represents a diagonal matrix with the elements of A(¢) on the diagonal.

3 Sufficient Stochastic Maximum Principle

Theorem 3.1 Let u* € U with a corresponding solution (X*,Y*,Z*, 7, 2*) of (2.1) and
suppose that there exists a solution (qﬁ*,go*,z/}*,ﬁ*,z/}*) of the corresponding adjoint equation
(2.3), such that for all u € U,

T . R R
E/<X@—XﬂmQW@V+/wamﬁmm+wWFm%u@m%ﬂw<m,
£
E/ *(1))? [gf(t 0%, u )2+%(t,®*,u*,oc)2]dt<oo,
E / o ()2 Z(t)2 + / Z(t,e)?v(de) +2(t)TD1ag(A(t))2(t)]dt < 00,
>
E/ o(t, X, u,a)? —|—/€E(t,X,u,oc,e) v(de)

o(t, X, u, a)TDiag(\(t)) (t, X, u, oc)}dt < 0.

Furthermore, we assume that the following conditions hold (to simply the notations, in what
follows we write H(t,0,u) = H(t,0,u,a(t), " (t), o* (), p* (), 9" (t,e), ¥*(1))) :
Condition 1 For all t € [0,T], H(t,0*(t),u*(t)) = igf(’}H(t,@*(t),u).
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Condition 2 For each fizedt € [0,T), H(t,0) = 1}]felf H(t,0,u) ezists and is a convex function
of 6.

Condition 3 The functions g(x, ;) and h(y) are convex for each «;, i =1,2,---,D.
Then u* is an optimal control and (X*, Y™, Z*,7*, 2*) is the corresponding optimal state pro-
cesses.

To prove this theorem we first need the following lemma on the integration by parts formula,
whose proof is similar to that of Lemma 3.2 in [23], so we omit it.

Lemma 3.1 Suppose that TU)(t), j = 1,2, are processes defined by the following SDEs:
{M@@:NWWHMNWMWQ+AE@@@N@A@+@mmﬂﬁm,
r) =+, j=1,2,
where b9 (t), cU)(t), 79 (t,e) € R and Y (t) € RP, j =1,2. Then
I‘(l)(T)I‘(2) (T)

T T T
:%%@+/I@@a®m+/r®mﬁmm+/0®@WWw
0

0 0

T T
7D (t, e)7 P (¢, e)v(de 7 ()TDia, Al )
+ / /g (t, 5 (1, e)v(de)dt + / (1) Diag(A(£)) (¢)dt

Proof of Theorem 3.1 For any u € U and corresponding state processes (X,Y, Z, Z, 2),
by Condition 3,

J(u(t)) — J(u (1))

> B[00 (D). am)(X (D) - X (1)] + B[ 0 )1 (0) - ¥ (0)
+E/OT[l(t,®,u,a) —1(t, 0%, u", a)]dt. (3.1)
Noting the initial value of ¢*(t) in (2.3), we have
(Y(0) - Y (0) 5 (v (0)
— (Y(0) - Y (0)6"(0). (32)

From (2.1), (2.3) and Lemma 3.1, we obtain that the above is equal to
E[(Y/(T) - Y*(1))¢"(T)]

’ e [0F o o, .
—E/ (Y(t)—Y(t))[a—y(t,(a,u,a)¢()+a—y(t® u* a)]dt

+E/ F(.0,u,0) — (10", u",a)|6" (t)dt

ol

—E/ ﬂ?@@**)¢u+5@@ml®Pt (3.3)
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By the definitions in (2.1) and (2.3) of Y/(T') and ¢*(T'), we have

E[((Y(T) = Y*(T))$"(T)]
dg

= E[(X(T) = X(TNE(T) = 52 (XH(T), (1)) - (3-4)

From (2.1), (2.3) and Lemma 3.1, E[(X(T) — X*(T))*(T)] is equal to

E/ = 220, ) (1) — 921, X 0 ()
8:1: (t X* u* a,e)) (¢ e)v(de) — g—x(t,X*,u*,a)TDiag()\(t))@*(t)
_ %(t O u*, a)d*(t) — ﬁ(t OF, u*, ) |dt

Ox Ox

+§/w@x%@—mmw#mmw@a
OT
+ E/ [o(t, X, u,a) — o(t, X*, u*, a)]yp* (t)dt
0
T
+E/‘/E@X%m@—ﬂmvwﬁmﬂ$mQW@Mt
0 £

T ~
+ E/o [6(t, X, u,a) — &(t, X*,u*, o) " Diag(A(t))* (t)dt. (3.5)
Combining (3.1)—(3.5), we get
(1)) = J(u" ()

> E/ — H(t,07(1),u" (1)) — %—Z[(h@*(t)w*(t))(X(t) - X))

8y 200 .0t 0) (v (1) - Y1) - %—Ij(t@*(t)w*(t))(Z(t) = Z7(t))|dt.

Then we show that the integrand on the right-hand side of the above equation is nonnegative.
By Condition 1, H(t,0*(t),u*(t)) = H(t,©*(t)). Then by Condition 2, H(t,0) is a convex
function of 0 and for all (0,u), H(t,0,u) > H(t,0). Therefore, for all (0, u),

H(t,0,u) — H(t,0%(t),u*(t)) > H(t,0) — H(t,0*(t)). (3.6)
Since 6 — H (t,0) is convex, it follows that by a standard separating hyperplane argument
(see [15]), there exists a sub-gradient &;(t) € R3, j = 1,2,3, for H(t,0) at § = ©%(t), i.c., for
all 0,
0.< H(t,0) — H(t,0"(1) — &u(t) (= — X*(1))
—&(t)(y — Y7 (1) — &s(t)(z — Z7(1)). (3.7)
Define
n(t,0) = H(t,0,u(t)) — H(t, 07(t),u"(t)) — &1 (1) (x — X7 (1))
—&(t)(y — Y7 (1) — &s(t)(z — Z7(1)).
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By (3.6)—(3.7), n(t,0) > 0 for all 6. Moreover, n(t, ©*(t)) = 0. Therefore, 2 S5 (t,0%(t)) = 0.
That is

(G G 50 ) (670, (0) = (€10, &a(0). (1),
Substituting these into (3.7) and from (3.6), we get
0 < H(t,O(t), u(t) — H(t, 07 (t),u"(t)) — %—H(t O (1), u* (1)(X(t) — X*(1))
OH OH

~ 5, HOT WO (E) —¥Y(H) = G- (¢ 07(#), w(#)(Z(1) - Z7(*),

and conclude J(u(t)) — J(u*(t)) > 0, which proves that «*(t) is optimal.

4 Relationship to Dynamic Programming Principle

As in pure diffusion case, the adjoint processes can be expressed in terms of derivatives of
the value function. We first cast our optimal control problem into a Markovian framework and
consider the Markovian (feedback) control, that is, the control u(t) of the form u(t, X (¢), a(t)),
and in order to connect the stochastic maximum principle derived in the previous section
with the dynamic programming principle of Peng’s type (see [13]), we should reduce the cost
functional (2.2) to J(u(t)) = Y(0), corresponding to g(z,«;) = 0, h(y) = y and (¢, 0, u, ;) =0
foralli=1,2,---,D.

Write J(t,x,a;;u) = Y(t), where (¢,x,q;) represent the initial time and initial states,
respectively, i.e., X (t) = x, a(t) = «;. Furthermore, we define V (¢, z, o;) = irellf/l J(t, z, a5 u).

To proceed, we need to use the following Ito’s formula for the Markov regime-switching
jump-diffusion processes, whose proof can be found in [23].

Lemma 4.1 Suppose that we are given an real-valued process X (t) satisfying the following
SDE:

dX (t) = b(t, X, u, a)dt + o(t, X, u, o)dW (t) +/a(t,X,u,a,e)N(dt,de)
&£
+ @ (t, X, u,a),dd(t)),
and a function ¢(t,z,a;) € CH2([0,T] x R) for each o € S. Then
(T, X(T),(T)) — $(0, X(0), (0))
:/ {&b(tX ) + d)(thc)b(tXuoz)—l——ﬁ(thz) (t, X, u,a)?
o Lot D 2 022 T
+/€ [W,X Tt X, u,a,e),a) — d(t, X, a) — %(t,x, a)E(t,X,u,a,e)}y(de)

09

S2(E X, )3 (1, X, u a)}A (t )}dt

_|_Z[ (t, X +0(t, X, u,a), ;) — o(t, X, o0) —
3¢
(9
D

Z (t, X +5;(t, X, u, @), 05) — d(t, X, )]d®; (t).

—(t, X, )o(t, X, u,)dW (t) + /g[d)(t,X +o(t, X, u,a,e), ) — o(t, X, oz)]ﬁ(dt,de)
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In the following, for technical reason, we assume 7 (¢, x, u, o, e) = 7(t, u, oy, e) and o (¢, x, u, ;) =
o(t,u, ;).

In a similar way to [13] and by Lemma 4.1, we obtain that the value function V (¢, x, ;)
satisfies the following HJB equation:

v 0%
,——(t,x,Oéi) a a2

0
0= __v(taxaai)+squ(t7x7 —’U(t,x,Oéi) B
x

ot uelU
Hur = V(Ta Z, ai)a

(t,z, o), u,ai), (4.1)

where the generalized Hamiltonian G associated with v € C12([0,T] x R) for each «; is defined

as
v 0?v
( u(t, z, ), — o —(t,z, ), — 5 — (t, @, a;), u,ocl-)
v 1 0% 5
81:(t x, )btz u, o) — 39 2(t x,q;)o(t, x,u, o)

/ (t,x +7(t,u, s e), ;) — v(t,x, o) — ?(t,x,ai)ﬁ(t,u,ai,e)} v(de)
g X

D
Z [ (t,x+0;(tu,a5),05) —v(t, , ) — %(i,x,ai)ﬁj(t,u,ai)}/\ﬁ
j=1

v
- f(t,il',’l)(t,il’, ai)a %

Now we present a theorem which establishes the relationship between our stochastic maxi-

(t, 2, ;)0 (t, @, u, ), u, ). (4.2)

mum principle and the dynamic programming principle of Peng’s type.

Theorem 4.1 Assume that V(t,z,«;) € CY2([0,T] x R) for each o; € S. Let u* be the
optimal control and (X*,Y™, Z*,7*, 2*) be the corresponding optimal state processes. Then for
all s € [t, T, we have

8‘/ * * * |4 * 2 * *
%(S,X , Q) —G(S,X ,—Vi(s, X ,a),—%(s,X ,Q), — e (s, X", ), u ,a). (4.3)
Furthermore, if V(t,z,a;) € CY3([0,T] x R), we define the following processes:

P*(s) = exp{ /ts {g—i(r,(a*’u*’ a) — %?( @*,u*,oz)ﬂd?“

* 8f ok
+/t &(Ta(—) y U ,O[)dW(T)},
°)%

©*(s) = agéij X", a)¢" (s), . ) )
P*(s) = {8 5 (5, X™ a)a(s, X™,u", o) + %(S,X*,a)a—‘i(s,@*,u*,a)}ﬁ(s),
(5, X" +3(s,ut age) ) = S0 (5, X7 0)] 97 (s),

br
_ {BV ov

(5, X +55(s,u" ), 0p) = S(s, X7 @) @7(s). =12, D,

Then (¢*(s), tp*(s),d)*(s),a*(s,e),i*(s)) are the adjoint processes and satisfy the FBSDE
(2.3).
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Proof From the generalized dynamic programming principle (see [13, Theorem 3.1]), it is

easy to obtain
Vs, X*(s),a(s)) = Y*(s). (4.5)
In fact, because
V(t,z, ) = J(t, x, 053 u*) = Y*(t)
_ B{ / F(r, 07 (), (r ),a(r))dr+E[/sT J0,0" (1), u* (1), ar)dr + pX*(T)| 7] |
_F / F(r, 07 (1), u* (r), a(r)dr + EJ(s, X*(s), a(s); u*(s))
> E/t F(r,©%(r),u*(r), a(r))dr + EV (s, X*(s), a(s))
> V(t,z, o),

where the last inequality is due to the property of backward semigroup introduced by [13],

therefore all the inequalities in the aforementioned become equalities. In particular
EJ(s,X"(s),a(s);u*(s)) = EV (s, X"(s),a(s)).
However, by definition, V (s, X*(s), a(s)) < J(s, X*(s), a(s);u*(s)), thus
Vs, X*(s),a(s)) = J(s, X" (s), as); u™(s)),
which gives (4.5) because of the definition
J(s, X*(s),a(s);u*(s)) = Y*(s).

On the other hand, applying It0’s formula to V (s, X*(s), a(s)) and Y*(s) respectively and

comparing the coefficients, by uniqueness of solutions to (2.1), we obtain the following relations:

- f(sa 9*7 U*a O[)
oV oV 10%V

_ 27 X* e X* X* * - X* X* * 2
s (57 ,OZ) + or (Sa ,Oé)b(S, y U ,OZ) + 2 sz (Sa ,OC)O'(S, y U ,Oé)

ov

e — (5, X", a)7(s,u”, e)}u(de)

+/ [V(S,X* +a(s,u”,a,e),a) = V(s, X", a) —
£

D
~ * * v * -~ *
+ Z [V(S,X* +0j(s,u", ), 05) = V(s, X", ) — %(S,X )5 (s, u ,a)} Aj(s), (4.6)
and
Z*(s) = Z—Z(S,X*,Q)U(S,X*,u*,a),
Z (s,e) =V(s, X* +0(s,u", a,€),a) — V(s, X*, ), (4.7)

Z\;(S) = V(SvX* +8j(87U*7O[)7O[j) —V(S,X*,O[), 1727"' 7D'
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In view of the definition (4.2) of the generalized Hamiltionian G, substituting (4.5) and (4.7)
into (4.6) implies the relation (4.3). Next, by the HIB equation (4.1), we have

% . . . v . 0V . .
O——g(s,X ,a)—i—G(s,X ,—V(s, X ,a),—%(s,X ,Q), — pe (5, X", a),u ,a)
% 0?V

ov
> - s *a).
>~ (s,z,q) —i—G(s,x, Vs, z, ), e (s,z,a), — el (s,z,a),u ,a)

S

Consequently,

o[ v
0= 2-{ - 5-(s.2.0) + Gls,2,~V(s,,0),

oV % .
- S(s,0), ~ S (s, )0t a) |

o (4.8)

Solving for g:—a‘; (s, X*, ) from (4.8) and substituting into the It6’s expansion of %—Z (s, X*, ),

we obtain
dg—‘;(s,X*,a)
:{—Z—Z(s,X*,a)%(s,X*,u*,a) (?;‘2/(5 X, )(s,X*,u*,a)%(s,X*,u*,a)
—%(s,@*,u*,a)—?—i(s,@*,u*, )ZZ(S X" a)
‘;f( 0", u*, )[ZQZ(S X, )(s,X*,u*,a)-i—g—‘;(s,X*,a)g—Z(s,X*,u*,a)}}ds
92V

+ 5 o2 (S X* ) (S,X*,U*,Oé)dW(S)
+/g {ZZ(S X* +5(s,u*,a,e),a) — (ZV(S X+, )}]\Nf(ds,de)
+Z[ (s, X" +0j(s,u™, ), 05) — (Z (s, X™, )}dffj(s).

Finadly7 applying Ito’s formula to %—Z(s, X*, a)¢*(s), we get

(8 X7, )¢ (s)

aVv

ob
(5,0, u* )¢*(s)+%(S,X*,u*,a)%(s,X*,a)qS*(s)

i
i

2
(s X u* a)[gZ(s,X* a)gf(s (CRRTANEE (?9‘2/(8 X" a)o (s,X*,u*,a)}W(s)}ds
2
8V X", af (s O,u",a) + (ZTZ(S,X*,O()O'(S,X*,U*,OZ)} ¢* (s)dW (s)

(s, X*4+7(s,u",a,e),a) — %—Z(S,X*,a)}ﬁ(s)ﬁ(ds,de)

. Z [%@’X* 5y (su0). ) — 2 (s, X7, )] 67 (5)d, (1)

- (4.9)

The first relation in (4.4) is obtained by solving the forward SDE in (2.3) directly. Hence,

from (4.9), we show that (¢* (), ¢v*(t), ¥ (t,¢), o (t)) given by (4.4) solve the adjoint equation
(2.3) (noting that the terminal value %—‘;(T, X*(T),a(T)) = p). The proof is complete.
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5 Applications to Finance

In this section, we use the stochastic maximum principle to solve the cash flow valuation
problem with terminal wealth constraint in a Markov regime-switching jump-diffusion financial
model (see [1] for a similar problem fomulation in a pure diffusion case).

Consider a simple financial market consisting of one risk-free asset and one risky asset. The
risk-free asset’s price So(t) is given by the following stochastic ordinary differential equation
(ODE):

dSo(t) = r(t, a(t))So(t)dt,

where r(t,c;) > 0,7=1,2,---, D, are bounded deterministic functions and can be regarded as
the interest rates in different market modes. The risky asset’s price process S(t) is described
by the following SDE:

ds(t) = S(t){b(t,a(t))dt—i— o(t, a(t))dW () + /5 a(t,a(t),e)ﬁ(dt,de)}.

We suppose that the non-degeneracy condition A(t, ;) = o(t, ;) + [ o(t, a;,e)?v(de) >

e is satisfied for all ¢ € [0,7] and ¢ = 1,2,---,D. Here £ is some positive constant. We
also suppose that all the functions b(t, «;), o(t,«;), o(t, 4, €), i = 1,2,--- | D, are uniformly
bounded.

Assume that a principal has paid an agent amount zy at time 0. The money is invested in
an asset portfolio with total wealth X (¢) managed by the agent under a time interval [0, 7.
At each instant ¢ € [0,77], the principal ought to receive an amount c¢(¢)X (¢) from the agent.
The process ¢(t) can be seen a part of control performed by the agent in order to achieve some
goal on behalf of the principal. It is easy to see that the present value of the cash stream
{c(s)X (s)}e<s<r, discounted to time ¢ with a discount factor exp{ — [’ k(r,a(r))dr}, where

k(t,aq), i =1,2,---, D, are assumed nonnegative, bounded and deterministic, is given by
T "s
Y(t) = E[ / e i “<T>a<r>>drc(s)X(s)ds‘ft}. (5.1)
t

In what follows, we denote wu(t) the amount of the agent’s wealth invested in the risky asset
at time t. We call u(t) a portfolio of the agent and then wu(t) can be seen the other part of

control. One has
dX(t) = [r(t, a(t) X (t) + B(t, a(t))u(t)]|dt + o(t, a(t))u(t)dW (t)
+ / F(t, a(t), e)u(t)N(dt, de), (5:2)
£
X(O) = Zo,
where we set B(t,a;) = b(t, ;) —r(t,aq), i =1,2,---, D.

Definition 5.1 A strategy pair (c(t),u(t)) is said to be admissible if u(t) and c(t)X(t) are

square integrable. The set of all admissible strategies is denoted by A.
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The agent want to come close to the following target at time 7": Find admissible strategy
(¢(t), u(t)) which maximizes the principal’s preference represented by the utility function U of
the cash flow, discounted by his personal discount rate exp{— fot B(s,a;)ds}, i =1,2,---, D,
where ((t, ;) is assumed satisfying the assumptions similar to (¢, «;), while the terminal
wealth X (T") cannot deviate too much from a given level d € R, which in this case is measured by
E[(X(T)—d)?, under the condition that the total amount received by the principal discounted

to time zero is equal to xg. In particular, we formulate this problem as follows.

Definition 5.2 The cash flow valuation problem with terminal wealth constraint is the
following stochastic optimization problem:
T ” 5
( m)inA J(c(t),u(t)) = E{ — / e~ Jo 5(5’0‘(5))d5U(c(t)X(t))dt + §(X(T) — d)Q},
c,u)e 0

T (5.3)
subject to E/ e~ o rlseloNds () X (£)dt = o,
0

where the positive constant  represents the weight. From (5.1), the constraint in the above is
in fact Y(0) = zo.

Using the Lagrange multiplier method, the problem can be reduced to the following uncon-

strained control problem:

i ! = Jo B(s,a(s))d
in J(e(t), ult)) - B| - /O o Jo PalDAy (e(4) X (¢))dt
@) - P+ oy )~ x0)]. 6.4

where 6 is the Lagrange multiplier.

If we introduce an stochastic ODE as follows

dT'(s) = —k(s, a(s))T'(s)ds,
() =1,

or, explicitly, T'(s) = e~ Ji #(na()dr then by a dual technique similar to that in [18], we can
see that Y'(¢) defined by (5.1) is exactly the solution of the following BSDE:

—dY (t) = —[k(t, ()Y (t) — c(t) X ()]dt — Z(£)dW (¢)
- / Z(t,e)N(dt,de) — (Z(t),dD(t)), (5.5)
&
Y (T) =0.

So we can reformulate problem (5.4) as follows, where FBSDE provides a natural setup,

T
Jmin - (elr).u(t) = E[ _ /0 o i BN (o)X (1))t
+g(X(T) —d)?> +0(Y(0) — )|, (5.6)

subject to X (t) and Y (¢) are given by (5.2) and (5.5), respectively.
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Finally, we assume that the principal’s utility function is of HARA (hyperbolic absolute risk
aversion) type. That is, F(z) = %, v € (0,1). We shall solve the above forward-backward
Markov regime switching jump diffusion optimal control problem (5.6) using the sufficient
stochastic maximum principle obtained in Section 3.

In this case, the Hamiltonian defined in Section 2 has the following form:

H = [—k(t, a;)y + cx]p + [r(t, a;)x + B(t, a;)ulp + o(t, a; )urp

— t v
+ / o (t, o, e)uipv(de) — e Jo B(S’O‘i)dsﬂ.
£ v

The adjoint equation (2.3) becomes

{ dé(t) = —r(t, a(t))p(t)dt,
(5.7)
¢(0) =90,
and
—dip(t) = [r(t, a(t))p(t) + c(t)p(t) — e~ Jo ALl Ndec(py1 X (1)~ dt
Hdw (¢ / N(dt,de) — (¥(t),dd(t)), (5.8)

We immediately have

¢(t) — Pe~ fot k(s a(s))ds

Now, let (¢*,u*) be a candidate for an optimal strategy, and let (X*,Y*,Z*,7*,2*) be
the corresponding solution of FBSDE (5.2) and (5.5), (¢*, ¢, @[J*,E*, zz*) be the corresponding
solution of FBSDE (5.7) and (5.8). Thus the value of ¢* which maximizes H is

€1 () = o Ja BN (1)1 ()] 7
—9rTer bo [r(s,0x()) =B (s.ex(sDlds yx () =1, (5.9)

Substituting ¢*(¢) in (5.9) into (5.8), then the backward adjoint equation becomes

—de™(t) = r(t, (b)) (H)dt — ¢ (t)dW (t) — /gﬁ*(tve)ﬁ(dtde) — (" (1),dD(t)),
" (T) = 6(X(T) — d).

(5.10)

To find a solution (¢*(£), ¥*(t), %" (t,€),¥*(t)) to (5.10), we try a process ¢*(t) of the fol-

lowing form:

@ (t) = p(t, o)) X™ (1) + q(t, (1)), (5.11)

where p(t, o;) and ¢(t, ), i = 1,2,--- | D, are deterministic, differential functions which are to
be determined. From (5.10), (p(t, a(t)), q(t, a(t))) must satisfy terminal boundary condition:
p(T, ;) =96, ¢(T, ;) = —dd, for each i =1,2,---, D.
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Applying Ito’s formula (see Lemma 4.1) to the right-hand side of (5.11) leads to

D
ag (1) = { [/t at) + (. a(®)p(t, a(®) + D (bt a5) = plt, a®)A ()] X (1)
=1

D
+(ta(®) + Y lalt ay) = alt, ) (1) + p(t a®) Blt,a(t)u” (1) e
j=1
+(t.a(®)o(t. 0 (WO + [ p(t.a)7(t.a(0). ) (N (e de)
D
+ D 2Mp(t ) = plt a(D) X7 (1) + alt, ay) — gt a(0)]dB, ()

Comparing the coefficients with (5.10), we get

D
= [1/(t a0) + (6, a()p(t, (1) + 30t 5) — plt, )N ()] X (0)

<.
Il
-

D
+q'(ta(t) + Y (alt,az) — a(t, () (1) +p(t, a(t)) B(t, alt))u” (1), (5.12)

On the other hand, since the Hamiltonian H is a linear expression in u, the coefficients of

u should vanish at optimality, i.e.,

B(t, o))" (t) + o (¢, a(t))0" (£) + /5 F(t, alt), )5 (t, e)v(de) = 0. (5.13)
Substituting for ¢*(¢) and ¥ (¢, ¢) from (5.12) into (5.13) and noting (5.11), we obtain
cin _ . q(t, o(t))
W (t) = —A(t, a(t)) 1B(t,a(t))[x (t) + p(t’a(t))]. (5.14)

To obtain the expression of the functions p(¢, a(t)) and q(t, a(t)), we substitute for ¢*(t)
from (5.11) and for u*(¢) from (5.14) into the first relation in (5.12). This leads to a linear
equation in X*(t). Setting the coefficients of X*(¢) equal to zero, we get the following two
systems of ODEs:

D
Pt ;) + [2r(t, ;) — plt i) + Y [p(t, o) — p(t, i) Aij = 0, (5.15)
j=1
and
D
q (t,0p) + [r(t, ;) — q(t,00) + Y [alt, a;) — q(t, i) Aij = 0 (5.16)

j=1
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with the terminal boundary conditions
p(T,a;) =96, q(T,0;)=-6d, i=1,2,---,D,
where
p(t,i) = A(t,a;) ' B(t,a;), i=1,2,---,D.

The existence and uniqueness of solutions to the above two systems of ODEs are evident as
both are linear with uniformly bounded coefficients. In order to get explicit solutions of them,

we consider the following processes
plt, a(t)) = 5E{eJ;T[2T(Sﬁa(5))—p(s,a(5))]ds|}'ta} (5.17)
and
d(t, a(t)) = —ddB{e/ r(salD—plsal)lds| Fay (5.18)

where F* = o{a(s), s € [0,t]} is the augmented natural filtration generated by the Markov
chain.

We want to show that p(¢, a(t)) and q(t, «(t)) defined by (5.17) and (5.18) are exactly the
solutions of (5.15) and (5.16), respectively. We treat p(t, a(t)) firstly. It is helpful to define the

following martingale:
R(t) = E{efoT[27’(5>0‘(5))_p(5’°‘(5))1d5|]—‘t°‘}, (5.19)

By the F*-martingale representation theorem, there exists an F;*-adapted square integrable

process v(t) such that
D ~
0) + > v;(t)d®; (¢). (5.20)

From the definitions of p(t, «(t)) and R(t) in (5.17) and (5.19), we have the following rela-
tionship:
1

St a(t))ed 2ris.ate) —p(s.a(s))lds, (5.21)

Applying the Ito’s formula to p(t, a(t)), we get

R(t) =

D
ap(t,a(t) = {7 (t,a(t) + ,ZW’ aj) = Bt a(®)X (1) fat

+ [B(t, o) — plt, at))]dD; ().

'MU

J:1

We then use Lemma 3.1 to expand the right-hand side of (5.21),

AR(t) = o= {576 a(t)) + [2¢(¢, alt)) - plt, @)t alt)
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D D
£ 320 05) — B (Ot + S5t a5) — it ad)dd; (0} (5:22)
j=1 Jj=1

Comparing the d¢-part in the above equation with the same part of dR(t) given by (5.20),
we find that p(t, a(t)) defined by (5.17) satisfies (5.15). By uniqueness, we conclude that
p(t,a(t)) = p(t,«(t)). Similarly, we can verify that q(¢, «(t)) defined by (5.18) is the unique
solution of (5.16).

To find the optimal Lagrange multiplier 6*, using the technique in [8], we insert (5.9) into

the initial constraint Y (0) = xg, then easily derive
T "
E/ 0+ 557 o Ji NG o) = Blsals)lds gy 4
0

Thus we get the optimal * (recalling the definition of transition probabilities of the Markov

chain)

=4 = b
B [T o5 Jalels.al)=-Blsat)lds 4

v—1
- { 0 } . (5.23)
T 2§ Py ()la(s.0,) =B (s.0,))ds
B e

By the definition of u*(¢) in (5.14), we can see that u*(¢) is linear in X*(¢). It leads to a
linear SDE with bounded coefficients for X*(¢). So (¢*(t),u*(t)) defined by (5.9) and (5.14) is

indeed an admissible strategy.

Theorem 5.1 The optimal strategy for the cash flow valuation with terminal wealth con-
straint problem (5.3) is given by (5.9) and (5.14) with linear state feedback form:

(1) = 07T ers Jol(s,a(e) =Bls,a()lds yx (4)=1,

u*(t) = —A(t,oz(t))_lB(t,a(t))[X*(t) I q(t, o (t))}

p(t, a(t))

where 0 is given by (5.23), p(t,a(t)) and q(t, a(t)) are given by (5.17) and (5.18), respectively.

6 Concluding Remarks

There are several interesting problems that deserve further investigation. One is to consid-
er the necessary part of the stochastic maximum principle. This needs the derivation of the
corresponding variational equations, which can be obtained similarly as that in Tao and Wu
[17]. Then the necessary stochastic maximum principle can be achieved by virtue of the duality
analysis. On the other hand, the forward-backward regime switching jump diffusion system is
assumed to be completely observable in this paper. A more realistic and interesting model is
only partially observable. To study partially observable optimal control problem will encounter
further difficulty including complex filtering technique. Finally, we have established the con-

nection between maximum principle and dynamic programming principle under the assumption
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that the value function is smooth enough, which is obviously a very strong restriction. With-

out involving any derivatives of the value function, we should explore the relations among the

adjoint processes, the Hamiltonian function and the value function in the language of viscosity

solutions. We shall study these problems in our forthcoming papers.

Acknowledgement The authors would like to thank the anonymous referee for valuable

comments, which led to a much better version of this paper.
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