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Strong Laws of Large Numbers for Sublinear Expectation
under Controlled 1st Moment Condition*
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Abstract This paper deals with strong laws of large numbers for sublinear expectation
under controlled 1st moment condition. For a sequence of independent random variables,
the author obtains a strong law of large numbers under conditions that there is a control
random variable whose 1st moment for sublinear expectation is finite. By discussing the
relation between sublinear expectation and Choquet expectation, for a sequence of i.i.d
random variables, the author illustrates that only the finiteness of uniform 1st moment for
sublinear expectation cannot ensure the validity of the strong law of large numbers which
in turn reveals that our result does make sense.

Keywords Sublinear expectation, Strong law of large numbers, Independence,
Identical distribution, Choquet expectation
2000 MR Subject Classification 60F15

1 Introduction

In recent years, motivated by some problems in mathematical economics, statistics and
financial mathematics, more and more researches on nonlinear expectation have appeared.
People use nonlinear expectation to describe some phenomena in these fields which are difficult
to be modeled exactly by classical probability theory. Choquet [5] first introduced the definition
of capacity and it has been used in many fields of applied mathematics. To deal with the
problems in risk measures, super-hedge pricing and modeling uncertainty in finance, Peng [12]
initiated the definition of general sublinear expectation and the notion of independence and
identical distribution for sublinear expectation. See more applications of nonlinear expectation
for example, [3, 7, 11, 13, 15].

The major requirement for any probability theory is to give a frequentist justification to
probability numbers via limit frequencies. The classical strong laws of large numbers (SLLNs for
short) as fundamental limit theorems in probability theory play an important role in the devel-
opment of probability and its applications. So the question arises naturally whether the SLLNs
can be maintained in nonlinear expectation framework. There has been increasing interest in
the investigation of SLLNs for nonlinear expectation. Marinacci [10] proved the SLLNs for a
sequence of i.i.d random variables with respect to a totally monotone and continuous capacity
under a multiplicative notion of independence. Maccheroni and Marinacci [9] introduced the
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definition of pairwise independence and proved a SLLN for a sequence of bounded i.i.d random
variables with respect to a totally monotone capacity. They both indicate that any cluster
point of empirical averages lies between the upper Choquet expectation Cy[X;] and the lower
Choquet expectation C,[X;] with probability one under capacity v. That is

’U(OU[Xl] < lim inf & < lim sup & < C’V[Xl]) =1.
n—oo M n—ooo N
See more results regarding SLLNs for nonlinear expectations for example, [1-2, 4, 6, 8].

Moreover, the gap between the Choquet expectations Cy[X;] and C,[X;] is bigger than
that of the the upper expectation E[X;] and lower expectation £[X;]. Chen et al. [4] obtained
a more precise SLLN for a sequence of independent random variables under conditions of finite
(1 + a)-th moment for upper expectation. That is

v(f[Xl] < lim inf & < lim sup & < E[Xl]) =1.
n—oo N n—oo M

Zhang [16] derived a SLLN of the above form for a sequence of negatively dependent i-
dentically distributed random variables under conditions of finite 1st moment for Choquet
expectation. As we mentioned above, in sublinear situation, the Choquet expectation is larger
than the upper expectation. And in classical probability theory, for a sequence of i.i.d random
variables, the finiteness of 1st moment is the sufficient condition of the SLLNs. Our purpose
in this paper is to study the SLLNs under some conditions of finite 1st moment for sublinear
expectation.

First we obtain a SLLN under the condition that there is a random variable X such that
for every n > 1, | X,,| <|X| q.s. where X satisfies nlgréo E[|X|I(]X| > n)] = 0. This assumption
looks like a control condition which is weaker than the uniform boundedness, but is stronger
than sup E[|X,,|] < oo. Furthermore, we discuss whether the SLLN can be maintained under

n

conditions that the uniform 1st moment for sublinear expectation is finite. But by discussing
the relation between Choquet expectation and sublinear expectation and putting forward a
counterexample, we find out that the SLLN may not be valid when only the uniform 1st
moment for sublinear expectation is bounded which in turn reveals the fundamental difference
between classical probability and sublinear expectation.

The rest of this paper is organized as follows. In Section 2 we recall some basic concepts
of sublinear expectation and some useful lemmas. In Section 3 we give our main result, the
SLLN for sublinear expectation under controlled 1st moment condition. In Section 4 we give
a counterexample to illustrate that the SLLN may not be true when only uniform 1st moment
for sublinear expectation is finite.

2 Basic Concepts and Lemmas

We use the notations similar to that of Peng [14]. Let (€, F) be a given measurable space.
Let ‘H be a subset of all random variables on (€2, F) such that all [, € H, where A € F and
if X1, X, -+, X, € H, then o(X1, X2, -+, X,,) € H for each ¢ € C ip(R™), where Cj ip (R™)
denotes the linear space of (local Lipschitz) function ¢ satisfying

lp(x) —o(y)| <COA + |2[™ + |y|")|x —y|, Vz,yecR"
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for some C' > 0, m € N depending on ¢. We consider H as the space of random variables.

Definition 2.1 A sublinear expectation E on H is a functional E: H — R := [~00, ]
satisfying the following properties: for all X,Y € H, we have

(a) Monotonicity: If X >Y, then E[X]| > E[Y].

(b) Constant preserving: Elc] = ¢, Ve € R.

(c) Positive homogeneity: E[AX] = AE[X], VA > 0.

(d) Sub-additivity: E[X +Y] < E[X]+E[Y] whenever E[X|+E[Y] is not of the form oo — oo
or —00 + 0.

Remark 2.1 By combining (b) and (d) in Definition 2.1, we can easily obtain a basic
property of sublinear expectation
(e) Translation invariance: E[X + ¢] = E[X] + ¢, Ve € R.

The triple (Q,H,E) is called a sublinear expectation space. Given a sublinear expectation
E, let us denote the conjugate expectation £ of E by

EIX] = —E[-X], VX €.

It is evident that for all X € H, £[X] < E[X].

Definition 2.2 A set function V : F — [0,1] is called a capacity if it satisfies
(a) V(0) =0, V(Q) =1.
(b) V(A) <V(B), AC B, A,Be F.
A capacity V is said to be sub-additive if it satisfies V(AU B) < V(A)+V(B), A,B€ F.

In this paper we only consider the capacity generated by sublinear expectation. Given a
sublinear expectation space (2, H,E), we define a capacity: V(A) := E[I4], VA € F and also
define the conjugate capacity: v(A) :=1—V(A°), VA € F. It is clear that V is a sub-additive
capacity and v(A) = E[14].

The corresponding Choquet expectation (Choquet integral) Cy is defined by

0o 0
Oy [X] = / V(X > t)dt+/ V(X >¢) - 1]dt.
0 —o0
Respectively if we change V' to v, we can obtain the definition of C,. Obviously, if V' (or v)
is the classical probability, then the Choquet expectation Cy [X] (or C,[X]) coincides with the
classical expectation.

Definition 2.3 A sublinear expectation & : H — R is said to be continuous if it satisfies
(1) Lower-continuity: If X, T X, then E[X,,] T E[X], where 0 < X,,, X € H.
(2) Upper-continuity: If X, | X, then E[X,,] | E[X], where 0 < X,,, X € H.
A capacity V : F — [0,1] is called a continuous capacity if it satisfies
(1) Lower-continuity: If A, T A, then V(A,) T V(A), where A,, A€ F.
(2) Upper-continuity: If A, | A, then V(A,,) | V(A), where A,, A € F.

Now we give the following continuity properties of E and V and the proofs can be referred
to Zhang [16].
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Proposition 2.1 (1) If E is lower-continuous, then it is countably sub-additive, i.e.,
E[ D Xa] < Y E[X)
n=1 n=1

forany 0 < X,,, Y X, € H.

n=1
(2) If V is lower-continuous, then it is countably sub-additive, i.e., V( U An) <
n=1

for any A, € F.
(3) If E is lower-continuous, then V induced by E is lower-continuous.

18

V(An)

n=1

Example 2.1 Let P be a family of probability measures defined on (9, F). For any random
variable X, we define a upper expectation by

E[X] = sup EglX].
QeP

Then IE[X] is a sublinear expectation. For any X, 1+ X, 0 < X,,, X € H,
E[X] = sup Eq[X] = sup lim Eg[X,,] = sup sup Eg[X,]
QeP QeP ™ QeP n

= sup sup Eg[X,] = sup E[X,] = imE[X,,].
n QEP n n

So E is lower-continuous and then countably sub-additive. Moreover, we can also define the
capacity V(A) = E[I4] = sup Q(A). By Proposition 2.1(3), we also have that V is lower-
QeP

continuous and countably sub-additive.

Next we show the representation theorem of sublinear expectation introduced by Peng [14]
and the proof can be found there.

Proposition 2.2 Let (2, H,E) be a sublinear expectation space.
(1) (see [14, Theorem 2.4]) There exists a family of finitely additive probability measures
{Py : 0 € ©} defined on (Q, F) such that for each X € H,
E[X] = sup Ep, [X].
0€0
(2) (see [14, Lemma 3.4]) For any fized random variable X € H, there exists a family of
probability measures {pg}oco defined on (R, B(R)) such that for each ¢ € Cyrip(R),

E[p(X)] = sup /R o) po(dx).

Definition 2.4 Given a capacity V', a set A is said to be a polar set if V(A) = 0. And we
call a property holds “quasi-surely” (q.s.) if it holds outside a polar set.

We adopt the following notion of independence and identical distribution for sublinear ex-
pectation which is initiated by Peng [14].

Definition 2.5 (Independence) Let X = (X1, , X)), Xs € H and Y = (Y1,---,Yy),
Y; € H be two random variables on (0, H,E). Y is said to be independent of X, if for each test
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function ¢ € CprLip(R™ x R™), we have E[p(X,Y)] = E[E[p(x,Y)]|z=x] whenever B(x) :=
Ellp(z,Y)|] < oo for allz and E[|[p(X)|] < co. {X,,}22, is said to be a sequence of independent
random variables, if Xp1+1 1s independent of (X1,---,Xp,) for each n > 1.

Definition 2.6 (Identical Distribution) Let X1, X be two n-dimensional random vari-
ables defined respectively on sublinear expectation spaces (Q1,H1,E1) and (Qa, Ha,Ea). They
are called identically distributed if

E1[p(X1)] = E2lp(X2)], Ve € Cruip(R™),
whenever the sublinear expectations are finite.

Definition 2.7 (IID Random Variables) A sequence of random variables {X,}22 is said
to be independent and identically distributed, if X,4+1 is independent of (X1,---,X,) and X,
and X1 are identically distributed for each n > 1.

To prove our main results, we need the following basic lemmas for sublinear expectation.
The proofs of Lemmas 2.1-2.2 can be found in [4].
Lemma 2.1 (Borel-Cantelli Lemma) Let {A,}22 be a sequence of events in F and V be

a capacity induced by lower-continuous sublinear expectation E. If Y V(A,) < oo, then
n=1

v(ﬁg&) o,

Lemma 2.2 (Chebyshev’s Inequality) Let f(x) > 0 be a nondecreasing function on R.
Then for any x,

VX >z) <

v(X >

x) <

As we all know, in classical probability theory, lim E[|X|I(|X]| > n)] =0 and E[|X|] < o
are equivalent. But in sublinear situation, this prr(l)ggity may not be true. The next lemma
reveals the essential difference and the relation between sublinear expectation and Choquet
expectation.

Lemma 2.3 Given a sublinear expectation space (2, H,E), E is lower-continuous and V is
the induced capacity. Then

(1) Cv[|X]] < oo implies Jim. E[|X|I(|X|>n)]=0.

(2) nlgr;oE[lXU('Xl >n)] =0 implies E[| X|] < 0.

(3) nh_}ngo E[|X|I(]X| > n)] =0 implies nh_}ngo E[(|X|—n)T]=0.

Proof (1) By the definition of Cy, we have
) oo 1+1
20y [|X] = / VRIX| > t)dt = Z/ V2IX| > t)dt
0 im0 i
o] i41 o]
22/ VEIX| > i+ Ddt =Y V(2IX] > i).
i=0 "1 i=1

It follows that > V(2|X| > i) < co and 1i_{n nV(|X|>n)=0.
i=1 n—oo
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By Proposition 2.2(2) and noticing that ¢, (z) = (|| — n)* € C) Lip(R), we have
E[|X[I(|X] > n)]
< E[(|X] = n)"] + E[nI(|X] > n)]

= sup/(|x| —n) T pg(da) +nV (| X]| > n)
0co JR

= stelg (/R |z I(|z| > n)pe(dx) — /RnI(|x| > n)ug(dx)> +nV(|X]| > n)

= Sgg (/000 wo (x| I(Jz| > n) > t)dt — nue(|z| > n)) +nV(|X|>n)

= sup (/ po (x| > n)dt+/ po (x| > t)dt — npe(|z| > n)) +nV(|X]>n)
0€© 0 n

zsup/ po(lz] > #)dt +nV(X| > n)
e Jn

g/:o sup(/RI(|a:| > o dr) )t -+ nV (|X] > ).

[dSC]

For any t > n, let g; be a function satisfying that its derivatives of each order are bounded,

gi(x)=1ifz >t g(x) =0if x < % and 0 < g(z) <1 for all . Then we have

g:(-) € Crrip(R) and I(x >t) < gi(x) < I(x > %)

Hence

Sgg/RI(IwI > t)up(dz) < Sgg/Rgt(lxl)ue(dw) = Elg:(|X])]

< IE[I(|X| > %)} = V(2IX| > t).
It follows that

E[|X|(|X]| > n)] < /Oo V(IX| > £)dt + nV(|1X]| > n)

< VEIX]> i)+ V(X >n)

— 0.

(2) By the sub-additivity of E, we have
B[ X[] = E|X|T(X] < ) + [X|T(X] > n)
< nV([ X[ <n)+E[X|I(IX]>n)].

Taking n large sufficiently, there exists some K such that E[|X|I(]X| > n)] < K and for this

n, there holds nV (] X| < n) < co. So we have E[|X|] < cc.
(3) Also by the sub-additivity of E, we have
E[(1X| = n)"] = E[(|X] = n)I(|X] > n)]
< E[X|I(|X] > n)] +nE[I(]X] > n)]
< 2E[X|I(|X] > n)]

— 0.
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Lemma 2.4 IfE[|X]|] < oo, then | X| < 00 ¢.s., i.e., V(| X| =0) = 0.
Proof

V(1] = 0) = v (Y1XT> 1) < Vx> ) < S0

Due to the finiteness of E[|X]|], letting i — 0o, we have V(| X| = c0) = 0.
3 The Strong Law of Large Numbers under Controlled 1st
Moment Condition

This section is devoted to state and prove the SLLN for sublinear expectation under con-
trolled 1st moment condition. Before we state the main theorem, we need to prove some lemmas.
The next lemma is initiated by Cozman [6].

Lemma 3.1 If X satisfies a < X < b and E[X] <0, then for any s > 0,

). (3.1)

Proof The result is trivial if @ = b or if b < 0. Now we consider the case a < 0 < b. By

$2(h— a)2
Elexp(sX)] < exp ((bT)

convexity of the exponential function, we have

r—a 4 b—x

s < sa .
e S e +b—ae , Vx € [a,b]
Replacing x with X and taking integral on both sides of the above inequality, we have
X —a b—X et — g% b a
E sX| <« E[ sb sa:| _ E|: X:| sa sb
[**] = b—ae +b—ae b—a +b—ae b—ae
Since (e%® —e**)(b —a) > 0 and E[X] < 0, we have
b a
E sX1 <« sa sb'
(™) = b— ae b— ae

a

Let p = —3% and ¢(z) = —pz +log (1 — p + pe®). Then we can rewrite the above inequality
as E[e*X] < ev(s(b=a)),

By some ordinary calculations, we can obtain
z

(,OI(Z) —1-p+ p and (,OH(Z) _ ( p)pe

1 —p+ pe? (1 —p+pe*)?’
So we have ¢(0) = ¢'(0) = 0 and ¢"(z) < 1.
Then by Taylor’s theorem, we can obtain
/ 22 /1 22
p(2) = (0) +2¢'(0) + 5 ¢7"(§) < o £€(0,2).

It follows that ¢(s(b—a)) < M and thus we obtain expression (3.1).

Lemma 3.2 Given a sublinear expectation space (2, H,E), E is lower-continuous and V
is the induced capacity. Let {X,,}°° be a sequence of independent random variables satisfying
E[X,] = T for each n € N* and |X,, — 7| < 207~ for some 0 < o < 3. Let S, = 1Y X,

i=1
Then 1
V(limsup —Sy > ﬁ) =0.
n

n—r oo
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Proof By the lower-continuity of V', we only need to prove that for any ¢ > 0,

V(limsup{%sn > ﬁ—i—E}) =0.

n—00

By Lemma 2.2 and the independence of {X,,}22,, we have for any A > 0,

1 Sp —np .
— >T1 = > = — >
V(nSn >+ E) V( = E) V(A(Sy, — n@) > Ane)
! E[e/\(Sn—nﬁ)] — /\1 H]E[eA(Xi—p)].
e ne

i=1

= eAne

By Lemma 3.1 and the fact that _2iiT < X, — < 2i3~% and E[X; — 7] = 0 for each i > 1,
we have

1_ 2~ 1-2a
1 _ 1 n 2242792 2% >0 i —Ane 2, 2-2a
V(_Sn>,u+€) < = | |e 8 —e i=1 < e2A'n Ane
n eine -
1=

Choosing A\ = ==, we have

o0
By noticing that > e~ 55 """ < 0o, we have
n=1

2, 2«
e < 0.

ool

iv(%snzﬁﬂ) < ie_

n=1
By Lemma 2.1 we obtain the result.

Remark 3.1 By the method in Lemma 3.2, we can also obtain the SLLN for sublinear
expectation for a sequence of uniformly bounded random variables.

The following theorem is the main result of this paper.

Theorem 3.1 Given a sublinear expectation space (2, H,E), E is lower-continuous and
V' is the induced capacity. Let {X,}5°, be a sequence of independent random wvariable with
E[X,] = @ and E[X,] = p for each n € N*. Suppose that there is a random wvariable X
satisfying | X,| < |X| g.s. for eachn € N* and lim E[|X|I(|X|>n)]=0. Let S, = + 3 X;.
Then ) )
V({ liminf —5,, < ﬁ} U { limsup —S,, > ﬁ}) =0

n—oo 1 n—oo T
and

1 1
’U(E < lim inf ESn < lim sup ESn < ﬁ) =1.

n—00 n—00

Proof By the monotonicity and sub-additivity of V', we only need to prove

v(nmsup lg, ﬁ) —0 and V(liminf%Sn < H) —0.

n—oo N n—o0
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For some 0 < a < 3, define f,(z) = (—n2=*)V (z An*=%) and fn(z) = = — fo(z).

Fa() Ju() € CiLip(R). Let

and S,

=1

=>Y. ThenY,,n=1,2---

Yn = .fn(Xn - ﬁ) - E[fn(Xn _ﬁ)] +ﬁ

are independent, |Y,

Then by Lemma 3.2, we have

In addition we have

It follows

n

V(limsup lS’_n >ﬁ) =0.

n—oo

Xn =Yy + fu(Xn — 1) + Elfn (X0 — 7).

e = T L R+ SR )

=1

By the subadditivity and translation invariance of E, we have

Therefore

—S<

E[fi(X; ~ 1)) = B[X; — i — fi(X; — )]
< E[(X; - )] + Bl Fi(X; - )
< B0 - 7l
St S IRCG =T+ DB - )

By | X, < |X| .

E[| fn (X

So we have

- ml <E[| Xy

li_>m E[|X|I(]X| > n)] = 0 and Proposition 2.2(1), we have

—AlI(| X, — 7] > 3]
< E[(|1Xo] + [EDI(Xn] + 7] > n2=9)]
< E[(1Xn| + [E)I(1Xa] + 7] > 02~ )I(1 X, < |X])]
+ (Xl + [ Xa] + 7] > nd =N I(|X,] > |X))]
< E[|X|1(1X| > n?~ — [@)] + [EEI(|1X| > n?~ — [7])]

4 sup / (1Xn] + [F)I(1X0| + (6] > n?=*)dPy
{1 Xn|>| X}

0co
= E[|X[I(|X] > nz"* = [@)] + [@V(X] > n2~* — 7))

— 0.

—n)|] = oo when n — co.

=3 E[f(x

I |~

— 7| < 2n2 and E[Y,] =

799

Then

L.

(3.2)
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Furthermore by Proposition 2.1, Lemma 2.2 and Lemma 2.4, we have
V(hmsu (X > O)
msup Z |fi(X: — )|
V(hmsup Z X, —mlI(|X; — 7| >i77%) > O)
n—oo
<V (limsup | X, — FI(|X, — 71l >n?) > 0)
n—oo
X, —n
< V(limsup|17u| > 1)
n—00 nz— ¢
< v ({tmsup 22k 5 YO (00 < x0) ] < o))
n—oo N2°-¢ nel
+) V(1 Xal > [X]) + V(| X] = o)
n=1
= V({ limsup Lzl ()Xl < [X3) (HIX] < o0}
n o0 n=1
RS
< V{4 limsup - - =1 m{|X| < oo} ).
n—oo
So we have
V(hmsu (X > O) 0. 3.4
msup 1 Z F: - 7) (3.4)
y (3.3), taking lim sup on both sides of (3.2), we have
lim sup — S < hmsup S + limsup — Z |fZ i — )|
n—oco M n—00 n—00 i—1
Combining this with (3.4), we have
. 1 _
V(hmsup S, > u)
n—oo N
< V(hmsup —S, —|—hmsup Z|f1 0l >ﬁ)
n—oo i=1
< V(hmsup =S, > u) +V(11msup Z |fZ i — )| > O)
n—o00 n—o0
Similarly, considering the sequence {—X,}72, with E[-X,] = —u, we have the following e-

quality
) 1
V(hmsup —(=Sn) > _H) =0.

n—oo N

This is equivalent to
V(hmlnf —Sh <u) 0.

n—oo nN
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Remark 3.2 If E coincides with the classical expectation, i.e., V =v =P and g = pu =
Ep[X;], where P is the classical probability, our SLLN reduces to the classical SLLN

P( lim 22 = Ep[Xl]) = 1.
n—oo N

Corollary 3.1 Given a sublinear expectation space (Q,H,E), E is lower-continuous and
V' is the induced capacity. Let {X,}5, be a sequence of independent random variables with
E[X,] = T, and E[X,] = pn for each n € N*. Suppose that there is a random variable X
satisfying | X, < |X| g.s. for any n € N* and

lim E[X[I(|X|> n)] = 0.
n— oo

Then

V({ lim inf lSn < lim inf 1 i&} U { lim sup lSn > lim sup % im}) =0

n—oo N n—oo M 4 1 n—oo N n—oo —
i= i=

and

1 & 1 1 1 &
v(liminf — Zui < liminf —5,, < limsup —5,, < limsup — Zm) =1.
n—oo M im1 - n—oo n n—oo N n—oo N =1
Proof TakeY, = X,, —Ti,,. Then Y, satisfies the conditions of Theorem 3.1 with E[Y,,] = 0.

Then we have

n—oo

1 n
v (limsup~ 3", > 0) =o0.
1m5upn; >
This implies

1 1
V(limsup —S, > limsup — Zm) =0.
n—oo T n—oo N =
Similarly taking
Zn = HPn — Xn7

we can also obtain

o1 I N

V(liminf -5, < liminf — ;u_) —0.

4 The Strong Law of Large Numbers under Uniform 1st
Moment Condition

In this section we discuss whether the SLLN is valid under conditions of the finiteness of
uniform 1st moments for sublinear expectation.

Zhang [16] proved a SLLN for negatively dependent identically distributed random variables
under conditions of finite 1st moment for Choquet expectation. By Lemma 2.3(1) and (3) and
Theorem 3.1 in Zhang [16], we can obtain the following theorem.

Theorem 4.1 Given a sublinear expectation space (2, H,E), E is lower-continuous and V
is the induced capacity. Let {X,}°2 1 be a sequence of i.i.d random variable with E[X] = [
and E[X1] = p.
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(1) Suppose that Cyv[|X1|] < co. Then

V({liminflSn < ﬁ} U{limsuplsn > ﬁ}) =0.

n—oo n n—oo T

(2) Suppose that V is continuous. If

V(limsupM = oo) <1,

n—00 n

then Cy[|X1]] < oo.

By Lemma 2.3(1) and (2), there holds that Cy[|X]|] < oo implies E[|X]|] < oo. But the
inverse result may not always be true. In some special cases, the finiteness of sublinear expec-
tation can deduce the finiteness of Choquet expectation. For instance, if P only contains finite
elements in it, we define a sublinear expectation

E[X] = sup Ep[X].
PeP
Then E[|X]|] < oo implies Cy[|X]|] < oo. But in some cases it is not true. We find out that
if the the finiteness of sublinear expectation can deduce the finiteness of Choquet expectation,

then by Theorem 4.1(1), one can obtain the SLLN. Otherwise if the sublinear expectation is
finite but the Choquet expectation is infinite, then by Theorem 4.1(2), the SLLN is not valid.

Next we give an example to reveal that there does exist a sequence of random variables
satisfying the conditions of Theorem 4.1 (2) for some certain constructed sublinear expectation
such that the SLLN is not true.

Example 4.1 Let
Qi:{a’07a’17.'.7an7'.'}7 Z‘:172’-.-

be a family of full spaces, F; be a family of sets each one of which contains all subsets of €,

and
pi:{php%... ’pm...}’ i=1,2,---
be countable families of countable probability measures, where P;, Py, -, P,, -+ defined on
each 2; by
1
1 — T, lfj - O,
i
Pla) =1 1 )=y
i
0, ifj#0,1.

Define the sequence {X,,}5°; of random variables on each (€, F;), i =1,2,--- by

j:1727"'

o1
Xﬂ(aj) =)+ 57

for any n € N*. Then {X,,}5°, satisfies that for any 4,7 > 1,
, if g >,

0
Pan>j: 1 n=12,---
( ) -, ifj <4,
2
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Define the full space
O=J[Q=2xQx .
i=1

Define the product o-algebra on 2
F=F X Fax---.
Define the set P of probabilities on measure space (€, F) by
P=][Pi=PixPax-={P, x Py x--:ij €{1,2,--}}.

i=1

We consider the sublinear expectation defined by upper expectation

E[X] = }Sjlé};)DEP[X].

Choose a sequence {Y,,}22; of random variables on (2, F) defined by
Yo(w) =Y, (w1, ws, ) = Xp(wn)-

It is easy to check that {Y,,}22; is a sequence of independent and identically distributed random
variables under sublinear expectation E and the induced capacity V is continuous.
Then we have

E[Y1] = sup Ep[Y] = sup > Yi(w)P(w)

= sup ZXl(wl)P(wl) = sup Ep[Xi]

PecPy o PePy
o (30-0+ (- DY
n>1 2 n 2/ n

=1.5 < o0,

But

Cy[yi] > iV(Yl > ) = i sup P(X; >1)

=1 PePy
oo o0 1
ZZH+1(X1>i)=Zn+1 = 09,
=1 n=1

then by Theorem 4.1(2) the SLLN is not valid in this example.
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