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Lie Triple Derivations on von Neumann Algebras*

Lei LIU!

Abstract Let A be a von Neumann algebra with no central abelian projections. It is
proved that if an additive map § : A — A satisfies 6([[a, b], c]) = [[6(a), ], ] + [[a, 5(b)], ] +
[la,b],0(c)] for any a,b,c € A with ab = 0 (resp. ab = P, where P is a fixed nontrivial
projection in .A), then there exist an additive derivation d from A into itself and an additive
map f : A — Z, vanishing at every second commutator [[a,b],c] with ab = 0 (resp.
ab = P) such that d(a) = d(a) + f(a) for any a € A.

Keywords Derivations, Lie triple derivations, von Neumann algebras
2000 MR Subject Classification 16W25, 47B47

1 Introduction

Let A be an algebra over a field F. Recall that an additive (a linear) map ¢ from A into
itself is called an additive (a linear) derivation if d(ab) = d(a)b + ad(b) for all a,b € A. §
is called an additive (a linear) Lie derivation if 6([a,b]) = [6(a),b] + [a,d()] for all a,b € A,
where [a,b] = ab — ba. More generally, § is called an additive (a linear) Lie triple derivation
if 0([[a,b],¢]) = [[6(a),b], c] + [[a,0(D)], c] + [[a,b],d(c)] for all a,b,c € A. The structures of Lie
triple derivations on some operator algebras were intensively studied (see [2, 7, 9] and references
therein). Let M be a von Neumann algebra with no central abelian projections. Miers [9] proved
that if L : M — M is a linear Lie triple derivation, then there exists an element 7' € M and a
linear map f : M — Z( which annihilates brackets such that L(a) = aT — Ta + f(a) for any
a € M.

In recent years, the local actions of derivations have been studied intensively. One direction
is to study the conditions under which derivations of operator algebras can be completely
determined by the actions on some elements concerning products. We say that an additive (a
linear) map 0 : A — A is derivable at a given point G € A, if §(ab) = §(a)b+ad(b) for alla,b € A
with ab = G. This kind of maps were discussed by several authors (see [1, 3, 4-5, 11-12] and
references therein). But, so far, there have been few papers on the study of the local actions of
Lie triple derivations on operator algebras. We say that an additive (a linear) map 6 : A — Ais
Lie triple derivable at a given point G € A, if §([[a, b], ]) = [[6(a), b], c]+[[a, 6 ()], c]+[a, b], 6(c)]
for all a,b,c € A with ab = G. It is the aim of the present article to investigate the additive
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(linear) Lie triple derivations on von Neumann algebras with no central abelian projections by
the local actions. It is a generalization of the results in [9].

We need some notations and preliminaries about von Neumann algebras. A von Neumann
algebra A is a weakly closed, self-adjoint algebra of operators on a Hilbert space H containing
the identity I. Z4 = {2z € A : za = az for all a € A} is called the center of A. A projection
P is called a central abelian projection if P € Z4 and PAP is abelian. We denote a be the
central carrier of a, which is the smallest central projection satisfying Pa = a. It is well known
that @ is the projection whose range is the closed linear span of {Aa(h) : h € H}. For each
self-adjoint operator r € A, the core of r denoted by rissup{a € Z4:a=a*,a <r}. f P e A
is a projection and P = 0, we call P a core-free projection. It is easy to verify that P = 0 if
and only if I — P = 1. By [8, Lemma 4], we can say that A is a von Neumann algebra with no
central abelian projections if and only if it has a projection P € A such that P = 0 and P = L.
We refer the reader to [6] for the theory of von Neumann algebras.

2 Characterizing Lie Triple Derivations by Acting on Zero-Product

In this section, we consider the question of characterizing Lie triple derivations by action at
zero product on von Neumann algebras with no central abelian projections.

Theorem 2.1 Let A be a von Neumann algebra without central abelian projections. Sup-

pose that § : A — A is an additive map satisfying
§([[a, ], c]) = [[6(a), 0], c] + [[a, 6(b)], ] + [[a, ], 6(c)]

for all a,b,c € A with ab= 0. Then there exists an additive derivation d from A into itself and
an additive map f : A — Z4 vanishing at every second commutator [[a,b], c] when ab =0 such
that

0(a) =d(a) + f(a), Vace A

Note that every linear derivation of a von Neumann is inner (see [10]). By Theorem 2.1, the
following corollary is immediate. It is a generalization of Theorem 1 in [9].

Corollary 2.1 Let A be a von Neumann algebra without central abelian projections.
Suppose that § : A — A is a linear map satisfying

3([la, 0], ¢]) = [[6(a), b], ] + [[a, 6(b)], c] + [[a, b],6(c)]

for all a, b, ¢ € A with ab = 0. Then there exists an element T € A and a linear map f: A — Z4
vanishing at every second commutator [[a, b], ¢] when ab = 0 such that

0(a) =aTl —Ta+ f(a), Yaec A

Proof of Theorem 2.1 By [8, Lemma 4], there is a projection P € A such that P =0
and P = 1. In what follows, we denote P, = P and P, =1 — P;. By the definitions of core and
central carrier, P is also a core-free projection and P, = I. Set A;; = P,AP; for i,j = 1,2.
Then A = Ay1 + Aj2 + Az1 + Age. For an operator a;; € A, we always mean that a;; € A;;.

We shall organize the proof of Theorem 2.1 in a series of claims.

Claim 2.1 Let ay; € A, i = 1,2. If a11b12 = bisags for all bys € Aja, then a1 +aosn € Z4.
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For any 11 € A11, 212 € A1, we have a11211212 = T11212a22 = T11a11212. Since Py =1,
which means that {AP2(h) : h € H} is dense in H, we get aj1211 = 211011, that is, a1 €
Zp, ap,- By [6, Corollary 5.5.7], we know Zp, ap, = Z4P1. So there exists z; € Z4 such that
a1l = 21P1.

Similarly, we have ass = 2oPs, 20 € Z4. It follows that 21012 = a11b12 = bi2agss = 29b19.
Then (z; — 22)P; = 0, which implies (z; — 22) AP, = 0. By P; = I, we obtain z; = 2. Hence
a1 + ase € Z 4, the claim holds.

Moreover, for any ajs € Aja, since ajoP; = 0, we have

6(ar2) = 0([[ar2, P1], P1])
= [[6(a12), PA], P1] + [[a12, 6(P1)], PA] + [[axz, P1], 6(P1)]
= P15(a12)Pe + Pod(a12)PL + Pi6(Py)ars — a126(Py) Py
+0(P1)ara — a120(Py).
Multiplying P, from the left side and P, from the right side of the above equation, we arrive
at P1o(Pr)are = a120(Py)Py. Tt follows from Claim 2.1 that Py§(P1)Py + Pad(P1)Pa € Z4.

Let E = P1o(Py)Py — P26(Py)Py, and ¢ = § — dg, where dg is the inner derivation given by
O0p(x) =axFE — Ex for all x € A. Tt is not difficult to verify

©(Py) = Pio(P1)PL+ Pod(P1)Py € Z4

and
¢([[a, b], c]) = [[(a),b], c] + [[a, p(b)], c] + [[a, b], ¢(c)]

for any a,b,c € A with ab = 0.
Claim 2.2 ¢(P2) € Z4.
Since P,P; =0 and ¢(P;) € Z4, we have

0= o([[%, P1], P1]) = [[p(P2), P, Pi] = Pro(P2) P2 + Pop(P2) P
For any a1 € Aj2, since Prais = 0, we get
—p(ai2) = @([[P2, a12], P»])

= [[p(P2), ar2], Po] + [[P2, p(a12)], P2 + [Pz, a12], o(P2)]
= Pio(P)aiz — a129(P2)Po — Prp(ai2) Py — Pap(ai2)P1 — a12¢(P2) + p(P2)ar2.

Multiplying the above equation by P; from the left and by P, from the right, we obtain
Pro(Py)ars = a1ap(2) Pa.

Then it follows that Pip(P2)Py + Pap(P2)P2 € Z4 by Claim 2.1, and hence p(Ps) € Z.4.
Claim 2.3 ¢(A;;) CA;;, 1<i#j<2.
Since a;2P1 =0 and p(P1) € Z4, we get

pla12) = ¢([lar2, Pr], Pi]) = Pip(ai2) P2 + Pap(arz) P

Now it suffices to show that Pap(ai12)Pr = 0. Indeed, for any b1o € Ajo, © € A, it is easy to
check that
0 = ¢([[a12, b12], z]) = [[¢(a12), bi2], 7] + [[a12, (b12)], 2],
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which leads to [p(a12), b12] + [a12, ¢(b12)] = z € Z4. Then we have

[@(au), 512] =z - [alQa ‘P(b12)]
=z + [la12, 1], ¢(b12)]
=z + ¢([[a12, P], b12]) — [[p(a12), P1], bi2]
=z — [[w(a12), P1], bi2]
=2z — [Pap(ai2) P1, bia].

This together with Pyp(ai2)P1 = Pag(a12)Py = 0 entails that [Pap(ai2)Pr,b1a] € Z4. This
leads to [Pap(aia)Py,bia] = 0. Then Pyyp(a2)biz = 0. Since P = I, we have Pyyp(a12)P; = 0.
Consequently, ¢(A12) C Ajs.

Similarly, we can obtain (A1) C Asag.

Claim 2.4 There exist maps f; : A; — Z4 such that ¢(a;;) — fi(ai;) € A for any
a; € A, 1=1,2.

Since a1 P> = 0 and from Claim 2.2, we have

0= ¢([la11, 2], P2]) = [[p(a11), 2], P2] = Pip(ar) Pe + Pap(arn) P

Moreover, for any bos € Asg and x € A, it is easy to check that

0= ¢([[a11, baz], 7]) = [[(a11), baz], ] + [[a11, p(b22)], 7],

which implies that [p(a11), baz] + [a11, ¢(b22)] € Z4. Multiplying the above equation from both
sides by Ps, we arrive at [Pyp(a11)Pa, bas] € Z4P», which leads to [Pyp(a11)Pa, bas] = 0. For
every aiq € Ajp, there is unique Z € Z4 such that Pop(ai1)P» = ZP;. So we can define
f1 AL — 24 by fl(all) = Z for all a11 € A11. _

Indeed, since Z € Z4, we have Py ZPy = PoZP, = 0. Let a11 = ay1 and fi(a11) = Z. It
follows from the preceding argumentation that

Z =P ZP + chp(all)Pg (21)
and
Z =P ZP + Pg(p(all)Pg. (22)

By (2.1)~(2.2), we have Z — Z = P,ZP, — P,ZP;. Since [8, Lemma 14], that is, Py AP, (| 24 =
{0}, we get Z = Z.
Therefore, for any a1 € Aj1, we have

p(air) = Prp(air) P + Pap(air) P
= (Prp(ain)Py — Py fi(a11)Pr) + fi(ai)
€ A1+ Z4.

Similarly, we can define a map f2 : Ags — Z4 such that p(a) — fa(aze) € Az for any
ass € Aso. So Claim 2.4 is true.
Now, we define two maps f: A — Z4 and d : A — A respectively by

fla) = fi(PiaPy) + fa2(P2aPs), VYae A
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and
d(a) = ¢(a) — f(a), Vae€ A.

By the definition of d and Claim 2.4, we have d(P1) = d(P2) = 0, d(Ai;) C A;j, 1 <14,j <2
and d(a;j) = @(a;;) for all a;; € Aiy, 1 <i#j<2.
In the following we shall show that d is an additive derivation.
Claim 2.5 d is an additive map.
Since d = ¢ — f and f = f1 + fa2, we only need to show that f; and fo are additive maps.
For any aj1,b11 € Aq1, it follows from (2.1) that

fi(a11) = Py fi(ai1)P1 + Pop(ar1)Po, (2.3)
f1(b11) = Pf1(b11) Pr + Pap(b11) Pe (2.4)

and
fila11 +b11) = Pifi(arr + b11)P1 + Pep(ars + bi) Pa. (2.5)

By (2.3)-(2.5), we get

filai1) + fi(bi1) — fi(ai1 +bi1)
= Py fi(a11)P1 + P fi(bi1)P1 — P1fi(ain + bi1) Py

Since fi(a11)+ fi1(b11) = fi(a11 +b11) € Z4 and Py fi(a11) P+ P1f1(biy)Pr—P1fi(ai1+b11) P €
Py APy, we have fi(a11) + fi(bi1) — fi(a1n 4 b11) = 0.
Similarly, fo is an additive map.
Claim 2.6 d(aiibij) = aiid(bij) + d(aii)bij for any a;; € Ay, bij € Aij, 1 <i# 5 <2.
Due to b;;a;; = 0, the following equations hold:

d(aiibij) = p(aiibij)

e([[bij, ai], Pi])

[le(bij), ais), Pi] + [[bij, p(aii)], P]
([d(biz), aiil, Pi] + [[bij, d(ais)], B
ai;d(bi;) + d(aq;)bij.

~—~

With the similar argument in Claim 2.6, we have the following claim.

Claim 2.7 d(aijbjj) = aijd(bjj) + d(aij)bjj for any a;; € A;j, bj; € .Ajj, 1<i#j<2.
Claim 2.8 d(aiibii) = aiid(bii) + d(aii)bii for any aq;, bi; € Ay, 1=1,2.

For any b;; € A;;, we have, from Claim 2.6, that

d(aiibiibij) = ai;biid(bij) + d(ai;bii)bij.
At the same time,
d(aiibiibij) = aiid(biibij) + d(aii)biibij
= a;;bi3d(bij) + a;id(bii)bi; + d(aii)biibi;.
Comparing the above two equations, we get

d(aiibii)bij = aiid(bii)bij + d(aii)biibij-
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Note P; = 1. It follows from the fact that {AP;(h) : h € H} is dense in H that d(a;;bi;) =
@i d(bi;) + d(ag;)by;.
Claim 2.9 d(ai;bji) = aijd(bj;) + d(a;;)b;; for any a;; € Ajj, bji € Ajy, 1<i#j5 <2
Since Paajz = 0 and p(P,) € Z4, we have

([P, ar2], b21]) = [[I2, p(a12)], ba1] + [[P2, a12], ¢(ba1)]
= [[%, d(a12)], ba1] + [[P2, a12], d(b21)]
= led(au) + d(bm)au - a12d(521) - d(au)le-

Since d(a) = p(a) — f(a), Va € A,
d(bzlalz - a12521) - f(b21a12 - a12b21) = led(au) + d(bzl)au - a12d(521) - d(au)le- (2-6)

We shall show f(ba1a1a — a12b21) = 0. Multiplying the above equation by aq2 to the left side
and right side respectively, we obtain the following two equations:

a12d(ba1a12) — a2 f(ba1a12 — a12b21) = ar2ba1d(ar12) + ai2d(b21)ais (2.7)

and
d(a12)barai2 + ai2d(bar)aiz = d(ai2ba1)ar2 + a2 f(ba1ars — aizbar). (2.8)

Computing (2.7)—(2.8), we get

a12d(ba1a12) + d(ai2)baiaiz — a2 f(ba1a12 — ai2bar)

= a12bo1d(a12) + d(ai12b21)aiz + a2 f(ba1aiz — a12b21).

It follows from Claims 2.6-2.7 that

ale(bmau) + d(a12)b21a12 = d(a12b21a12) = alzbzld(alz) + d(a12b21)a127

which combining with the above equation implies a12 f (ba1a12 —a12b21) = 0. Using polar decom-
position of a12, we have V]aia|f(b21ai2 — ai2be1) = 0, which yields |ai2|f(ba1a12 — a12be1) = 0.
This leads to f(ba1aia — ai2b21)*|arz] = 0, and so a1z f(baraia — a12be1)* = 0.

Similarly, we have bay f(ba1a12 — a12b21)* = 0.

Then multiplying (2.6) by f(b21a12 — a12b21)* to the right side, we arrive at

f(b21a12 — a12b21) f(ba1ar2 — ai2b21)™ = d(ba1ar2 — a12b21) f(ba1a12 — a12b21)™. (2.9)
Due to Claim 2.8, the following equations hold:

d(ai2ba1) f(ba1aiz — a12ba1)”
= d(a12521f(b21012 - a12521)*) - 012521d(P1f(521012 - 012b21)*P1)
= —a12b21d(Py f(ba1a12 — a12b21)" P1),

d(b21a12)f(b21a12 - 012521)*
= d(ba1a12f(b21a12 — a12b21)") — bara12d(Pa f (ba1a12 — a12b21)" P2)
= —bo1a12d(Paf(b21a12 — a12b21)" Pa).
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Putting the above two equations into (2.9), we have
J(ba1a12 — a12b1) f(b21a12 — ai2bar)”
= —bara12d(Pa f(ba1a12 — a12b21)" P2) + a12b21d( Py f (ba1a1a — a12b21)" P1).
Multiplying the equation by f(ba1a12 — a12b21)* to the left side, we get
f(barara — a12b21)” f(ba1ar2 — ai2ba1) f(b21a12 — aiaba1)™ =0,
which implies f(ba1a12 — a12b21) = 0. So we arrive at
d(b21a12 — a12ba1) = d(b21)aia + bard(ai2) — d(ai2)ba1 — ai2d(ba1).

This is equivalent to d(a12be1) = d(a12)ba1 + a12d(be1) and d(b21ai2) = d(ba1)aiz + bard(aia),
as desired.

By Claims 2.5-2.9, we can conclude that d is an additive derivation. Hence we have d(a) =
¢(a)+65(a) = d(a)+ f(a)+65(a), Ya € A. Denote ¢(a) = d(a)+65(a), then 6(a) = d(a)+f(a),
Va € A. Clearly, ¢ is an additive derivation on A and f is an additive map from A to Z4.

For ab = 0, it follows that

f([la, ], ¢])

5([la, 0], ¢]) = ¢([[a, b],

[[6(a), b], ] + [[a, 6(b)], ] + [[a, b], 6(c)] — ¢([[a, b], c])
[[¢(a), b], ] +

0.

3 Characterizing Lie Triple Derivations by Acting on
Projection-Product

In this section, we consider the question of characterizing Lie triple derivations by acting at
projection-product on von Neumann algebras without central abelian projections. The proof of
the following theorem shares the similar outline as that of Theorem 2.1, but it needs different
techniques.

Theorem 3.1 Let A be a von Neumann algebra without central abelian projections and
P be a projection in A with P = 0 and P = 1. Suppose that § : A — A is an additive map
satisfying

5({[a, bl c]) = [[6(a), b, c] + [[a, 6(b)], c] + [[a, B], 6(c)]
for all a,b,c € A with ab = P. Then there exists an additive derivation ¢ from A into ilself
and an additive map f : A — Z4 vanishing at every second commutator [[a,b], c|] when ab = P
such that
d(a) = ¢(a) + f(a), Vae A

Note that all linear derivations of von Neumann algebras are inner (see [10]). We have the
following corollary. It is a generalization of Theorem 1 in [9].

Corollary 3.1 Let A be a von Neumann algebra without central abelian projections and P
be a projection in A with P = 0 and P = I. Suppose that ¢ : A — A is a linear map satisfying

5([la, 0], c]) = [[6(a), b], ] + [la, ()], c] + [[a, b], 6(c)]
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forall a,b,c € A with ab = P. Then there exists an element 7' € A and a linear map f : A — Z4
vanishing at every second commutator [[a, ], c] when ab = P such that

0(a) =al —Ta+ f(a), Yac A

Proof of Theorem 3.1 We shall use the same symbols with that in Section 2.
For any ajs € Ajg, since (P1 + a12) Py = P1, we obtain

d(ar2) = 6([[Pr + a12, P1], P1])
[0(P1 + a12), Pr], Pl + [Py + a12,6(P1)], P1] + [[P1 + a12, P1],0(Py)]
[[6(ar2), P1], o] + [[a12,6(P1)], PA] + [[a12, PA], 6 (1))
P16(a12) Py + Pod(ai2) Py + P1o(Pr)aiz — a120(P1)Ps
+0(Py)ara — a126(Py).

Multiplying P; from the left side and P, from the right side of the above equation, we arrive
at P1(5(P1)a12 = algé(Pl)Pg. It follows from Claim 2.1 that P15(P1)P1 + PQ&(Pl)Pz € ZA. Let
E = Pi0(Py)Po— P20(P1)Py, and ¢ = § —dp, where dp is the inner derivation. It is not difficult
to verify that

gD(Pl) = P15(P1)P1 + P25(P1)P2 S ZA

and
e([la, 0], ]) = [[(a),b], c] + [[a, p(b)], c] + [[a, V], p(c)]

for any a,b € A with ab = P;.
Now we organize the proof in a series of claims.
Claim 3.1 ¢(P2) € Z4.
Since (Py + P2)P; = Py and p(P1) € Z.4, we have

=o([[PA + P2, P1], P1]) = [[¢(P1 + P»), P1], Pi] = Pigp(P2) P> + Pap(Ps) Py
For any a2 € A12, since (P1 + a12)(P1 + Py — alg) = P;, we get

pla12) = @([[P1 + a12, P1 + P2 — a1z, P1])
= [[p(a12), —arz], P] + [P + a12, p(P2) — ¢(a12)], P1]
= Pap(a12) Py + Prp(a12) Py + Pro(Pe)aiz — a12¢(Ps) Pa.

Multiplying the above equation by P; from the left and by P> from the right, we obtain
Pro(Py)ais = a1op(P2)Ps.

It follows from Claim 2.1 that Pyp(Pe) Py + Pop(P2) Py € Z4. Hence p(P2) € Z4.
Claim 3.2 ¢(A;;) CA;;, 1<i#j<2.
Since (P + a12)P1 = P1 and o(Py) € Z4, we get

v(a12) = p([[P1 + a12, P1], P1]) = Pip(a12) Py + Pyp(ai2)Pi.
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Now, for any b1 € Aj2, we have

0= o([[PA + bi2, 1], b12])
= [[p(b12), P1], biz] + [[br2, 1], p(b12)]
= Pop(b12)b12 — b12@(b12) P1 + ¢(b12)bi2 — biag@(bi2).

Multiplying the above equation from both side by P, we arrive at Pa¢(b12)b12 = 0. Moreover,
it follows that

0= o([[P1 + a12, P1], bi2])
= [[p(a12), P1], bia] + [[a12, P1], p(b12)]
= Prp(a12)b12 — biap(a12) Py + ¢(b12)a12 — a12¢(b12).
Multiplying the equation by b12 from the right and for the fact Prp(bi2)bi2 = 0, we obtain

b12(p(a12)b12 =0. By linearizing, we get bu(p(&lg)dlg+d12(p(a12)b12 =0 for any b12, d12 S A12.
It is not difficult to check

Prp(ar2)biap(ar2)[bizp(aiz)diz]e(aiz) Pi + Pap(ai2)biap(ai2)[di2p(ai2)biz]p(aiz) P = 0,

that is,
Prp(ar2)biap(aiz)dizp(ai2)bizp(aiz)Pr = 0.

As von Neumann algebras are semiprime, we see Pyp(a12)b12¢(a12)P1 = 0. Then Pyp(ai2)Py =
0. Consequently, p(A12) C Aja.

Similarly, we can obtain p(As) C Aaj.

Claim 3.3 There exists a map f1 on Aj; such that ¢(a11)— f1(a11) € Aj; for all ag; € Aqy.

First suppose that a1y is invertible in A;q, i.e., there exists al_l1 € A;; such that a,l_llall =
allal_ll = P;. Since al_llall = Py, we have

0 = ¢((lary’, anl, ) = [[p(agy'), anl, Pu + [[ary', p(ai)], Pi.
It follows from (P» + al_ll)all = P; and Claim 3.1 that

0= ([P + aiy' an], P1])
= [lp(ar!), annl, P + [[P2 + ai)', (an)], P
= Pip(a11) Py + Pyp(ai1)Pi.

Moreover, for any bos € Ass and z € A, since (al_ll + bag)arr = P, it is easy to check that

0= @([lary! + ba2, anr), 2])
[lp(aty + ba2), an1), =] + [[ag)' + baz, ©(an1)], 7]
[[¢(baz), ar1], x] + [ba2, w(a11)], z],

which implies that [p(be2), ai1] + [b22, ¢(a11)] € Z4. Multiplying the above equation from both
sides by P2, we arrive at [bQQ,PQ(p(all)PQ] S Z_APQ. So we get [bQQ,PQ(p(all)PQ] = 0. Then
there exists Z € Z 4 such that Pyp(a11) P2 = ZPs.
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If aq1 is not invertible in A;1, we may find a sufficiently big number n such that nP;, —aq is
invertible in A;;. It follows from the preceding case that Pyp(nP;—a11)Pe+Pap(nPr—a11) Py =
0, and Pap(nPy —a11) Py = ZP,. Since p(P1) € Z.4, we also have Pyp(a11) P+ Pap(a11)Pr =0
and Pap(ai1) Py € Z4P>. Without loss of generality, we still denote Pyp(a11)Py = Z Ps.

We define f1 : Mq1 — Zp by fi(a11) = Z for all a;; € Ayp. With the similarly argument
as in Claim 2.4, we know f; is well defined. Hence

e(air) = (Pre(an)Pr — P fi(an)Pr) + fi(an) € A + Za4.

Claim 3.4 There exists a map fo on Az such that ¢(a22)— fa(az2) € Az for any age € Ass.
For any asy € Asg, since (Py + ag)P; = Py, we have

0 = o([[P1 + a2z, Pi], P1]) = Pig(a22)Ps + Pop(ase)Pi.

The rest step is similar to the proof of Claim 3.3.
Now, we define two maps f: A — Z4 and d : A — A respectively by

fla) = fi(PraPy) + fo(PaaPs), VYae A

and

d(a) = ¢(a) — f(a), Vae€ A.

By the definition of d and Claim 3.4, we have d(P;) = d(P») = 0, d(A;;) € Aij, 1 <4,5 <2
and d(a;j) = ¢(a;;) for all a;; € Aj;, 1 <i#j<2.

In the following we shall show that d is an additive derivation.

Claim 3.5 d is an additive map.

The proof is similar to that of Claim 2.5.

Claim 3.6 d(a11b12) = a11d(b12) + d(a11)bi2 for any ai; € Aj1, b1z € Ajs.

If @17 is invertible in A;j;, then for any z15 € Az, we have (al_llxlg + al_ll)all =P. It
follows that

d(a12) = d([[a7} 212 + agy', an], Pi))

=¢(

lay @12 + ag)', an1], Pi])

[[p(aty z12 + a1y, ann), Pu) + [[aiy @12 + a1y, (an)], P
[d(ay' @12 + aiy"), an1], Pu] + [[ag @12 + gy, d(an)], Py
[[d(aty' w12), ar1], Pi] + [[ag) 12, d(a11)], P1]

= alld(al_llxlg) + d(all)al_llxlg.

Replacing b12 with al_lll'lg, we have d(allblg) = alld(blg) + d(all)blg.

If @17 is not invertible in A1, we may find a sufficiently big number n such that nP; — a1
is invertible in Aj;. Then d((nPy — a11)ai2) = (nPy — aq1)d(a12) + d(nPy — aj1)aia. Clearly,
Py is invertible in A;1, so we get d(a11b12) = a11d(b12) + d(a11)b12 from the above equation.

Claim 3.7 d(a21b11) = a21d(b11) + d(az1)b1; for any as; € As1, b1y € Aps.

Considering a1 (z21a7)' + aj) = Pi and using the same approach in Claim 3.6, we know
that Claim 3.7 is true.

Claim 3.8 d(a22b21) = ag2d(ba1) + d(azz)be; for any ass € Aga, by € Asy.
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Due to (Py + asa — agaba1)(Py + ba1) = P, we compute

—d(ba1) = d([[Py + aga — a22b21, P1 + ba1], P1])
@([P1 + a22 — agebar, P1 + ba1], P1])

[[d(P1 + a2z — azaba1), P1 + ba1], P1]

+ [[P1 + a2z — a22bor, d(Py + ba1)], P1]

= ag2d(b21) — d(ageba1) + d(azz)bar — d(ba1),

that iS, d(aggbgl) = aggd(bgl) + d(agg)bgl.
Considering (P; 4 a12)(P; — bag + a12ba2) = Pi, we arrive at the following claim.
Claim 3.9 d(a12b22) = a12d(baz) + d(ai2)bee for any aiz2 € Aja, bag € Asgs.
Claim 3.10 d(a“b“) = a”d(b”) + d(a”)b”, i =1,2.
It is similar to Claim 2.8.
Claim 3.11 d(aijbji) = aijd(bji) + d(aij)bji for any Gy, bij € Aij, 1 S ) 75 j S 2.
Since (a12 + P1)P1 = P1, we have

(barara — ai2ba1) = ([[a12 + P1, Pi], ba1])
= [[d(ai2 + Pr1), P1], ba1] + [[a12 + P1, P1], d(b21)]
= bard(ar2) + d(ba1)a12 — a12d(ba1) — d(a12)bar.

Since d(a) = ¢(a) — f(a), Va € A,

d(bzlalz - alzbzl) - f(bzlalz - 012521)

= bard(ai2) + d(ba1)ar2 — a12d(ba1) — d(a12)ba;.
With the same approach as in Claim 2.9, we can get f(b21a12 — a12b21) = 0. So we arrive at
d(ba1a12 — a12b21) = d(b21)a12 + bard(ar2) — d(ai2)bar — a12d(ba1).

This is equivalent to d(bglalg) = d(bgl)alg + bgld(alg) and d(algbgl) = d(alg)bgl + alg(bgl).
Consequently, Claim 3.11 is true. .

So we can conclude that d is an additive derivation by Claims 3.5-3.11. Hence we have
0(a) = ¢(a) + 0g(a) = d(a) + f(a) + dp(a), Ya € A. Denote ¢(a) = d(a) + dg(a), then
0(a) = ¢(a) + f(a), Va € A. Clearly, ¢ is an additive derivation on A and f is an additive map
from A to Z4.

With the similar argument as in the proof of Theorem 2.1, we can verify the additive map
f:+ A— Z, vanishing at every second commutator [[a,b], ¢] when ab = P.
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