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Constrained LQ Problem with a Random Jump and
Application to Portfolio Selection*

Yuchao DONG!

Abstract This paper deals with a constrained stochastic linear-quadratic (LQ for short)
optimal control problem where the control is constrained in a closed cone. The state process
is governed by a controlled SDE with random coefficients. Moreover, there is a random
jump of the state process. In mathematical finance, the random jump often represents the
default of a counter party. Thanks to the It6-Tanaka formula, optimal control and optimal
value can be obtained by solutions of a system of backward stochastic differential equations
(BSDEsS for short). The solvability of the BSDEs is obtained by solving a recursive system
of BSDESs driven by the Brownian motions. The author also applies the result to the mean
variance portfolio selection problem in which the stock price can be affected by the default
of a counterparty.

Keywords Backward stochastic Riccati equation, Default time, Mean-variance
problem
2000 MR Subject Classification 60H15, 35R60, 93E20

1 Introduction

Linear-quadratic problem is an important optimal control problem. The feature of such a
problem is that the dynamic of the system is linear in the state and control variables and the
cost functional is quadratic in both of them. It was first considered by Kalman [10] (for the
deterministic control of ordinary differential equations, i.e., ODEs) and then extended to various
situations, for example stochastic LQ problems. One important application of stochastic LQ
optimal control theory is the continuous-time version of Markowitz’s mean-variance portfolio
selection problem, which is one fundamental problem in the mathematical finance.

It is well-known that one can give in explicit forms the optimal state feedback control
and the optimal value via the celebrated Riccati equation. In the deterministic case or the
stochastic case with deterministic coefficients, the Riccati equation is an ODE in the space
of symmetric matrixes. When the coefficients are random, the Riccati equation becomes a
backward stochastic differential equation. The theory of BSDEs was pioneered by Pardoux and
Peng [16]. Tt is closely related to the optimal control theory. See Yong and Zhou [19] on this
subject. For Riccati equations, the solvability is a very hard problem. Under some standard
assumptions of the coefficients, it is solved by Tang [17-18] by two different approaches. For
more details on this subject, see [3, 7, 17-18] and the references therein.

Manuscript received October 17, 2015. Revised May 8, 2016.

1Department of Mathematics, Fudan University, Shanghai 200433, China.
E-mail: yuchaodongl3@fudan.edu.cn

*This work was supported by the National Natural Science Foundation of China (Nos.10325101,
11171076) and the Shanghai Outstanding Academic Leaders Plan (No. 14XD1400400).



830 Y. C. Dong

In this paper, we consider the stochastic LQ problems with a random jump. Note that
similar problems have also been considered by [8, 14-15]. Our problem is different from theirs
from two apsects. One is that our system only has at most one jump. In mathematical finance,
this random jump represents the default, so sometimes we just call it the default time. In
a financial market, we know that the default of one firm has usually important influences on
the others. This has been shown clearly in the financial crisis. While the controlled processes
considered in those papers mentioned above are driven by a Poisson random measure, their
systems can have even infinitely many jumps. The other difference is that the control in our
problem is constrained in a closed cone. In the mean-variance problem, this means that there
are some restrictions on the trading strategy of the investor. In this paper, we shall consider the
mean-variance portfolio selection problem for an investor who invests in a risky asset exposed
to a counterparty risk. The investor is also not allowed to short sell. Thus we have to solve
a constraint LQ problem with a random jump. We only consider the problem for the case
that the state variable is scalar-valued. How to solve it in the multi-dimensional case is still a
problem, but the scalar-valued case is sufficient to cover many important practical applications
especially in the financial area.

To get the optimal control and the optimal value, we must first get the Riccati equation.
Note that, due to the constraint, the value function is no longer quadratic with respect to the
initial value. But one can easily show that the value function V is positive homogeneous since
the control is constrained in a closed cone. That is

Vt,x) = %Pta:’L’Q + %Nta:_’Q,
where P and N satisfy the following BSDEs:

AP, = —{2(AsPr— — MEPi_) + (Cy, Zi) + Q:

+ht(t, P_, Zy, Zy, Ay + Ny ) }dt + ZedWy + Zd My, (1.1)
Pr=aG,
ANy = —{2(ANy— — MEN,_) + (Cy, Z)) + Q;

+h™(t, Ne—, Ay, Ay, Zy + P ) Ydt + Ay dWy + Ayd My, (1.2)
Nt =G.

Thus we are still able to get a system of BSDEs, sometimes called extended Riccati equation,
that characterizes the optimal control and the optimal value. We can see that the BSDEs are
coupled and have a random jump. Note that multi-dimensional backward Riccati equations
have also been considered by K. Mitsui and Y. Tabata [15]. But their equations are multi-
dimensional because the state processes in [15] are multi-dimensional. To solve such equations,
we use the method originated by Ankirchner et al [1] and further developed by Kharroubi and
Lim [11]. Through the decomposition of processes with respect to the progressive enlargement
of filtrations, we link the BSDEs we want to solve with a family of Brownian BSDEs. By
proving the solvability of the Brownian BSDEs, we are able to solve the original BSDEs. If
there is no jump, the equations will be decoupled and this is the exact equation considered by
Hu and Zhou [7].

The rest of the paper is organized as follows. In Section 2, we formulate the problem. In
Section 3, we derive the form of the extend Riccati equations and prove its solvability in two
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cases. In Section 4, we give the state feedback optimal control and the optimal value via the
Riccati equations. The application to mean-variance problem is in Section 5.

2 The Model and Assumptions

In this paper, we assume throughout that (2, F,P) is a given probability space and that W,
is a k-dimensional standard Brownian motion defined on this space with Wy = 0. Let {F;} be
the augmentation of o{W; | 0 < s < ¢}. In addition, let 7 be a random time. Define

G = ﬂ FsV U(Lrgs)v

s>t

which is the smallest filtration containing {F;} that makes 7 a stopping time and satisfies the
usual condition.

Throughout this paper, we denote the inner product of R™ by (-,-). If M € S™ is pos-
itive (positive semi-) definite, we write M > (>)0. Let F = {F;} be a filtration. Denote
by P(F) the o-field of F-predictable measurable subsets of € x R. Suppose that f is a R"-
valued square integrable process (i.e., E| fOT | fs|?ds] < 00). If f is F-adapted, we shall write
[ € L&([0,T],R™); if f is F-predictable, then f € £2([0,7] x Q,P(F),R™). Similarly, de-
note by L°([0, T, R™) (L>([0,T] x 2, P(F),R™)) the set of all bounded adapted (predictable)
processes. Furthermore denote by Sg°([0,77],R™) ((SZ([0,T],R™)) the set of processes that
belong to £°([0,T],R™) (L2([0,T],R™)) with continuous paths. These definitions general-
ize in the obvious way to the case when f is R™*"™- or S"-valued. Moreover, we say that
N € £2([0,T] x Q,P(F),S") is positive (positive semi-) definite, which is sometimes denote
by N > (>)0, if N(t,w) > (>)0 for a.e. ¢ € [0,7] and P-a.s., and say that N is uniformly
positive definite if N(t,w) > cl, for a.e. t € [0,7] and P-a.s. with some deterministic con-
stant ¢, where I,, is the n-dimensional identity matrix. Finally, for any real number, we define
rt = max{x,0}, v~ = max{—=x,0}, 272 = (z7)? and 272 = (27)%

In the sequel, we shall make the following assumptions on the random time 7. For any
t € [0, 7], the conditional distribution of 7 under F; admits a density with respect to Lebsegue
measure, i.e., there exists an F; ® B(R 4+ )-measurable positive function (w, ) — o, (6) such that

Note that for any 6 > 0, the process {a:(0), 0 <t < T} is a F-martingale. Moreover we assume
that the family of densities satisfy arp(t) = au(t) for all 0 <t < T.

Remark 2.1 In the finance, the random time 7 usually represents the default of a coun-
terparty. The density hypothesis is usually used in the theory of enlargement of filtrations. It
was introduced in the notes of Jeulin and Yor [9] and recently adopted by El Karoui et al [4]
for credit risk modelling. Note that we have P[r > t||F;] = P[r > t||Fr]. This is related to the
so-called immersion hypothesis meaning that any square integrable F-martingale is a square
integrable G-martingale.

Let Ly = 1{;<43. Then L is a {G;}-submartingale. We shall have the following assumption.
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Assumption 2.1 There exists an F-predicable bounded nonnegative process A such that
t
M, :=L; — / (1 — Lg—)Nods (2.2)
0

is a martingale with respect to {G;}.

We also define A := (1 — L,_)A,. Let us mention that A can be explicitly expressed by the
conditional density (see [4]). In fact, \; = OgT(tt)), where G(t) = P[r > t[|F] = [ au(6)df. Now
we give one example that the assumption holds.

Example 2.1 Let 8 be a bounded nonnegative {F; }-predictable process such that

/ Bsds = +00  a.s.
0

and © an exponential distributed random variable that is independent of the Brownian motion

W . Define the random time .
7 = inf {t;/ Asds > @}.
0

Then one can show that o, () = E[Bpe” I A:ds| ]l and Ay = B;. Thus the assumption is
satisfied. We refer the readers to the monograph of Jeanblanc et al. [2] for the details and its
application in mathematical finance.

Remark 2.2 Let ¢ be a {G;}-predictable process. Then it can be represented as

o = ¢01{t§7'} + (b% (T)l{‘r<t}7 (2'3)
where ¢° is F-predictable and ¢! is P(F) ® B(R)-measurable.
Consider the following controlled linear SDE:

dX, = {AsXs— + Bsuspds + {Cs X + Dgug pdW
H{EXo + Fou}dM,, t<t<T, (2.4)
Xt = X.

The coeifficients A, B,C, D, E, F are {G;}-predictable processes, and = € R is a nonrandom
scalar. Precise assumptions on these coefficients will be specified below. Let I' € R™ be a given
closed cone. A typical example of such a cone is I' = R']". The class of admissible controls is the
set U := L2([0,T] x Q,P(G),T), i.e., the square integrable I'-valued {G; }-predictable processes.
The cost is given by
oLy 1 [T 2
J@%W:Etban+§ (@X,H&mwmw] (2.5)
t

The optimal control problem is to minimize the cost functional over all admissible controls.
Define the value function by

= essinf J (¢ .
Vit,x) essin J(t, x,u)

We have the following assumptions on the coefficients.
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Assumption 2.2

A,Q e £2([0,T] x Q,P(G),R), BeL>(0,T]xQ,PG),R™),

C e £2([0,T] x Q,P(G),R¥), DeL>(0,T]xQ,PG),R>m),

E e £2([0,T] x Q,P(G),R), F e £2([0,T] x Q,P(G),R™),
(Gr,R).

Re L>([0,T] x Q,P(G),8™), GeL™®
E(t,w) > -1, dtdP-a.s..

By Remark 2.2, we shall have the following decompositions of the processes:
i(t) = "1 ge<ry + 04 ()<t} (2.6)
where i° is F-predictable and i' is P(F) @ B(R)-measurable for i=A,B,C,D,E,F,R, Q. And
G =Gly<ry + GHT) ey, (2.7)

where G is Fr-measurable and G is Fr ® B(R)-measurable.

3 Existence of Solutions for the Stochastic Riccati Equations

3.1 The form of the Riccati equations

In this section, we shall prove the existence of solutions for the extended stochastic Riccati
equations. First of all, we shall derive the formation of the Riccati equations. Note that the
admissible controls are I'-valued and I is a closed cone. It means that for any u € U and ¢ > 0,
cu also belongs to U. Since the controlled SDE is linear and the cost functional is quadratic, it
is obvious that the value function V is positive homogeneous, i.e., V (t,cx) = ¢V (t,z) for all
¢ > 0. Hence V is of the following form:

1 1
V(t,z) = gptﬁ-r? + 5Ntx—>2. (3.1)
Assume that both P and N are semimartingales with the following decompositions:

AP = fidt + Z;dW; + Z,dM;,  Pr =G, (3.2)
dNt = gtdt + Atth +thMt, NT =dG.

Given any u € U, X is the associated solution of (2.4). By the It6-Tanaka formula, we have

1

1 s 1
§X:—72 = _Xt+)2 +/ X:_er +/ 51{XT720}d<XC>T

+ 3 ( X2 X+2—X+ AX,).

t<r<s

Note that X only has a jump at the time 7, i.e.,

0 otherwise,
AX, = {E X+ Fruy, s=r.
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Hence we get that

1 1 s
do(sx2-ox Xj_AXT) = / [fH (X, Fru,) — X (B X + Fru,)]dL,,
t

" 2

t<r<s

where f;"(z,y) = $(z + Bz +y)t? — 122 Thus

1 1 s ~
§X:’2 = §Xt+72 + / {ATX:ZZ + X:__BTUT + )\r(f:_ (XT_, FTUT)
t
1
— X (B, Xom 4 Fruy)) + 51 0x,20)|Cr X + Drur|2}dt

+ / (C. X%+ X,_ + Dyu,)dW, + / FH(X,—, Fruy)dM,..
t t

By (3.2) and It6 formula again,

1 1
SPXI? = S PX
s 1
+ / {1{Xr, 20}{§err2_ + P (Aer;2 + X" B,
t
- 1
— N (X (B Xy + Fru)) + 510 X + DTuT|2>

+(Co X2+ Xo-Dyup )} + (Zy + P ) £ (X, Fruy) fr,

where m is the local martingale part
s 1
me = / {(OTXTJF_’Q + X Dyu )P + §Xf_’2ZT}dWT
t

s . 1 o
+/ {(PT_ L Z) (X, Fyuy) + in;ZZT}dMT.
t

Similarly, we also have

1, 1
GNXT 2 = SNX, 2+,
s 1 B
+ / {1{XT750}{§gTX3_ F N, (ATXT;Z ~ X~ B,
t

~ 1
+ A (X (Br Xy = Frup) + 510 X, + DTuT|2>
+ <C7‘XE_ - Xr__DruraAr>} + (Kr + NT—)XT‘fr_(—X’r‘—u Frur)}dru

where f," (z,y) = %(x + Eyr + y)‘>2 — %x_72 and

s 1
Mg = / [(OTXT__’Q — X Dyu,)No_ + 5X;_""AT] dw,
t

n / [(NT_ F )X, Fruy) + %X;_QKT} dM,.
t

(3.4)

(3.5)
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Combining (3.4) and (3.5) and letting s =T,

1 1 [T
5GX%} + 5/ (Qr X2 + (Ryuy, uy))dr
t
=V(t,x) + mr +nr
T 1 ~
+ / {1{&720}{5 X2 4P (ATX;F_’Q + X Bour — ce(Xo— (B X + Fruy))
t
1 _ N
+ 510 X+ Doy )+ (Cr X2+ XomDyr A |+ (Zy + P )M £ (X Fruy)
_ - 1 1
+ (Ar + Nr—))\rfr_ (Xr—7 Frur) + §QTXT2 + §<Rrur7ur>}d7'
T 1 .
+ / {1{XT,§O}{§gTXr2_ + N,— (AT‘XT__72 - XT__BTUT + AT‘(—XT__ (ET‘X’I‘— - Frur))
t
1 _ N
+ 310X, + Drur|2) (G, X2 — X Dyuy, Ar>} + (Zy + PN fH (X, Fruy)
_ - 1 1
+ (& + NeAf (Koo Frug) + 5Q0 X2 + 5 (Ryuy, uT>}dr. (3.6)
We denote that
gt Xy uy) s = Pr_ (ATXff £ X Boue — A(Xy— (B Xo— + Fruy))

1
+ 516X+ Drur|2) (X2 + Xo_Dyuy, A,)
+(Zr + PN fT(Xo—, Fouy)

_ ~ 1 1
+ (Ar + Nr—)/\rfr_(Xr—a Frur) + EQTXf + §<Rrurvur>
and
9= (r, Xryur) s = Ny_ (ATXT__’Q — X Byuy + M (X (B X, — Fruy))
1
+ 510X, + Drur|2) (G X2 — XDy, A
+(Zr + PO\ ST (X0, Fruy)
_ ~ 1 1
+ (Ar + NT—))\Tfr_(XT—7 Frur) + §QTX72‘ + §<R’I‘u’r‘7 Ur>~

Since V' is the value function, the integrand should always be positive. For some admissible
control u, if the integrand is zero and the local martingale part is in fact a martingale, then
taking conditional expectation, we have that it will be the optimal control. Hence we must
have that

u
erT+>2 > —gt(r, X, u,) = —g* (r, 1, X;)X;r,z

Noting that I" is a close cone, we have ;} €I, thus f; should satisfy
= —inf g(¢, 1,v).
fe=—infg(t,1,0)

With a similar discussion, we see that P and N should be the solutions of the following system



836 Y. C. Dong

of BSDEs:
AP, = —{2(AsPr— — MEPi_) + (Cy, Zi) + Q:
+ht(t, P, Zy, Zy, Ay + Ny ) }dt + Z,dWy + Zd M, (3.7)
Pr =G,
AN, = —{2(AN,— — XtEtNt—) +(Cy, Zy) + Q1
+h=(t, Ny, Ay, Ay, Zy + P ) }dt + Ay dWy + Ayd My, (3.8)
Ny =G,
where
h’+(t7p7 q1, 492, QB)
— irelg{2thu — 2pXtFtu +p|Cy + Dyul? + 2(Dyu, q1)
+ (Reu,w) + 2(g2 + p)Ae i (1, Fou) + 2gs X f (1, Fru)},
and

h™ (tapa q1,492, q3)
= ig%{—Zthu + 2pAFyu+ p|—Cy 4+ Dyul? — 2(Dyu, q1)

+ (Reu,u) + 2q3 N fi (=1, Fou) + 2(q2 + p)Ae fi (=1, Fyu)}.

3.2 The solvability of the equations

We have the following definitions on the solutions of the equations.

Definition 3.1 We say that a pair of stochastic processes (P, Z,Z) € L®([0, T]|xQ, P(G)) x
L2([0,T]xQ, P(G)) x L2([0, T] x Q, P(G)) is a solution to BSDE (3.7) if it satisfies the equation
in the Ité sense as well as the terminal condition and the constraint that R + PD'D > 0. A
solution (P, Z,Z7) is called positive (resp. nonnegative) if P > 0 (resp. P > 0) and called
uniformly positive if P > ¢ > 0. These definitions extent in the obvious way to the solutions of
the BSDEs defined in the rest part of the paper.

Before we solve the equation, let us emphasize some properties of h*. First, it is obvious
that

hi(t7p5q17q27Q3) §p|ct|2 +2(q2 +p)5\/5 (39)

Assume that p, g2 +p, g3 > 0, we see that

W= (t.p, a1, 42, 03) > inf{C{((Re + pDyDi)u, u) — (|p| + laa])|ul}
+p|Cel? = (p + g2) N }- (3.10)
Moreover, if |pl, |q1], |g2|, |g3] < n, by (3.10), the infimum will be obtained in a bounded subset

of I', hence is in fact a minimum and h* are continuous with respect to (p,q1, g2, ¢3) in this
situation.
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Note that we get a multidimensional BSDE with quadratic growth in z. In general, there
may be no solution for the system. See Hu and Tang [5] for an existence result and more details
on this subject. To solve the equation, we use the approach originated by Ankirchner et al [1]
and further developed by Kharroubi and Lim [11]: One can explicitly construct a solution by
combining solutions of an associated family of Brownian BSDEs. Fortunately, we shall see that
we can solve these equations separately. To illustrate the idea, we give a simple example taken
from [11]. Consider the following BSDE:

—dY, = f(U)dt — UydL,, 0<t<T,
{ e =10) o (3.11)

YT = ClT<~,- + h(T)LrgT-
To solve it, we first solve a recursive system of Brownian BSDEs:

YH(0) = h(0) + F(0)(T —¢t), ONT <t<T,
—c—|—/ f(Yrs) —YDds, 0<t<T.

Define the process (Y,U) by

Vi = Yler + Y () lisr, 0<t<T,
U= rt) =Y li<r, 0<t<T.

By It6 formula, we have

dY; = (1 — Ly)dY? + L;dY; — Y2 dL; + VAL,
(1= L) f(YH(t) = YY)t + (Y (1) — ¥,)dLy
= f(Uy)dt + UdLy.

It is also easy to see that Y7 also satisfies the terminal condition. Thus (Y, U) we define is a
solution to (3.11).

Note that such a method is still valid in more complicate situations (see [11] and Theorem
3.1 below). We first decompose the BSDEs into two parts: The before default part and the
after default part. Thus we have the following BSDEs:

AP} (0) = —{2A1(0) P/ (0) + (C1(0), Z} (0)) + Q; (0)
+hT(0)(t, PL(9), ZL(9))}dt + Z}(0)dW,, 6 <t<T, (3.12)
Pr(0) = G'(0),

where
h(0)(t,p,q) = irelfr{2p33(9)u +p|CL(0) + D (O)ul® + 2(D; (0)u, q) + (R (B)u,u)}.

And
AN (0) = —{2A1(0) N (0) + (C{(0), A+(0)) + Q3 (0)
+h=(0)(t, NL(0),A}(0))}dt + AH(O)AW,, O <t <T, (3.13)
Nz(0) = G'(9),
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h=(0)(t,p, q) = gelfp{—?thl(@)u +p|=Ci (8) + Dy (9)ul® — 2(Dy(B)u, q) + (R{ (6)u, u)}.

Moreover
AP = —{2(A9PP — N EYPY) + (C0, Z9) + QY
+hy (t, PP, 20, PH(t) — PP, N{ (1)) + M(PH(t) — PP)}dt (3.14)
+20dW;,, 0<t<T,
P =GO,
where
ha (t,p,q,11,12)
= inf {2pBYu — 2pAFPu + p|CY + Dl +2(Dfu, q)
+ (RYww) + (b + PN (L B + Fw)b? = 1) 4+ oA (1 + Ef + Flu)—?).
And
ANO = —{2(AIN? — \,EON?) + (C9, AY) + QY
+ho (t, NP, A, PL(), N (1) — NP) + M (N (8) — NY)}de (3.15)
+AW;, 0<t<T,
N9 =G°,
where

hO_ (tvpa q, ll? 12)
= inf {~2pBu+ 2pAFu + p|=C7 + Djul* — 2(D}u, q)
ue

+ (RYu,u) + hAe(=1 = B + Fu) ™2 + (o + p)A{ (=1 = Ef + Fu) ™2 = 1},
Note that we have

h+(tap7 q1,42, QB) = hg)_(tap7 q1,42, q3)1{t<7'} + h+(7-)(t7p7 ql)lTSt

and
h~ (tvpa q1, 92, Q3) = ha (tvpa q1,93, q2)1{t<7'} +h” (T)(tapv Q1)1T§t-
We use the following theorem from [11].

Theorem 3.1 Assume that for all 6 € Ry, the Brownian BSDEs (3.12)—(3.13) admit
solutions (P1(0),Z*(9)),(N'(0),A'(9)) € S[0,T] x L&[0,T], and that the Brownian BSDEs
(3.14)~(3.15) have solutions (PY,Z°), (N9, A%) € §g°[0,T] x L3[0,T]. Assume moreover that
PY(0) and N1 (0) (resp. Z*(0) and A(9)) are F® B(Ry) (resp. P(F)® B(R.y))-measurable. If
all these solutions satisfy

sup ”Pl(a)HS;O[O,T]aSl;p||N1(9)||S§°[O,T] < 00
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and
E[/R {/OW('Z?|2+ |A3|2)d8+/;T(|Z§(9)|2+|A;(9)|2)ds}aT(9)de] < 00

then BSDEs (3.7)—~(3.8) admit solutions (P, Z,Z), (N, A, A) € £([0,T] x Q, P(G)) x L2([0,T] x
Q,P(G)) x L2([0,T] x Q,P(G)) given by

Py = PPlicr + P} (T)lr<y,

Zy = Z00y<r + ZHT) et

Zy = (P (t) - Pto)ltéf'

Ny = NPlier + NHT)1r <,

Ay = A1y + AH(T) 1 o4,

Ay = (N} (t) = N)) i<

For the proof of this theorem, the reader can see [11, Theorem 3.1].

Remark 3.1 Below, we shall prove the existence of the solutions for any given . Then we
can choose P! and N! (resp. Z! and A!) as F ® B(R,) (resp. P(F) ® B(R.)) -measurable
processes. Indeed we know (see [12]) that one can construct (P, Z!) and (N!, A!) as limits of
solutions to Lipschitz BSDEs. From [11, Proposition C.1], we get P! and N*' (resp. Z! and
A') as limits of F® B(R4) (resp. P(F)® B(R))-measurable processes, hence also measurable.

We shall deal with the following two cases:

Standard case. Q >0, R > 0 with R~ € £>([0,T] x Q, P(G), R™*™) and G > 0.

Singular case. @ >0, R >0, G > 0 with G~! € £(]0,7] x Q,P(G), R) and D'D > 0 with
(D'D)~1 € £5([0,T] x Q, P(G), R™*™).

For the BSDE (3.12) (resp. (3.13)), we have the following theorem.

Theorem 3.2 Under Assumption 2.2, given any 0, for the standard case, there exists a
unique bounded, nonnegative mazimal solution (P1(0), Z*(0)) (resp. (N1(0),A'(0))) for (3.12)
(resp. (3.13)). For the singular case, there exists a bounded, uniformly positive solution. More-

over, we have
120,

AN O 2

F(0,T)

) < oo,
) < 00

F(0,T)

Sl;p(l\le)llsw

sup([|P*(0)l|sg;
6 (3.16)

F(0,T)

Proof For the proof of existence of solutions for the extended backward Riccati equations,
we refer to [7, Theorems 4.1-4.2]. Now we prove (3.16).
For the standard case, we know that (see [7]), there exists a constant ¢; which only depends
on the bound of the coefficents A, B,C, D, R, G, such that
IP1O)llsg, 5, < 1.

F(0,T) —

Thus the norm is uniformly bounded in 6. By (3.10), one can find two constants Cq,Cy > 0
such that

PICHOE > b (0)(t,p, q) > — 1P+ 1aD”

> +p|CH(0). (3.17)
Cs
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Applying It6 formula to (P}(6))2, we have
P+ [ QR
= (Pr(9))* + /tT PHO){2A1(0) P (0) + (Cr(0), Z,(0)) + Q.(6)
+ W (6)(r, P1(8), Z1(6))}dr + /t " P2 0)aw,.

By the boundness and non-negativity of P and the inequality (3.17), taking expectation, we
get that
1Z Oz, . < c2

F(0,T)
with the constant ¢y independent of . Hence we finish the proof for the standard case.
For the singular case, there will be a constant ¢3 > 0 independent of € such that

c3 > PHO) > c3t

In this case, we have

Ci(p + |q])?
rH(0)(t,p,q) > ——— 1
O)(t,p,q) > 205

Following the same argument as above, we prove the theorem.

+p|CL (O,

Now we show the existence of the solution to (3.14) and (3.15). We only proof it for (3.14),
since the proof is same for (3.15).

Theorem 3.3 Under Assumptions 2.1 and 2.2, for the standard case there exists a bounded,
nonnegative solution (P°;Z°) to the BSDE (3.14). And it will be uniformly positive in the

singular case.
Proof For the standard case, let us first consider the following BSDE:
AP} = —{2(A47 — ME)) P+ (CP, Z7)) + (ICY* — M) P/ + QY
+(1 4+ EY)2N\PLt) YAt + Z,dW,, (3.18)
Pl =G".
This is a linear BSDE with bounded coefficients and with Q°, P () > 0 and G° > 0. Hence

there exists a unique nonnegative, bounded solution (P’,Z’). Denote by ¢; > 0 the upper
bound for P’. Now consider the following BSDE:

AP, = —{2(A9 — MED)P, + (C?, Z4)) — M\ Ps + Q¥
+F(t, Py, Z,)}dt + Z, AW, (3.19)
Pr=aG°,
where the function F' is defined by

F(tapv Q) = [ho(t,p, q, Ptl (t) - b Ntl(t)) + /\tljt1 (t)]gl (p+)a

whereas g1 : Ry — [0,1] is a smooth truncation function satisfying g;(x) = 1 for z € [0, ¢1],
and g1(z) = 0 for © € [2¢1,+00). Note that F satisfies the hypothesis (H1) of [12] thanks to
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the role of the truncation function ¢g;. According to [12], there is a bounded maximal solution
(P,Z) to BSDE (3.19) (see [12, p. 565] and Theorem 2.3 for its definition and proof). Now
as F(t,p,q) < |C?1?p + (1 + E?)2\,PL(t) and (P’,Z') is the only, hence maximal, bounded
solution to (3.18), we get that P < P’ < ¢;. Moreover, noting that G > 0, @ > 0 and
F(t,p,q) > —%ﬁgﬂP*), we conclude that P > 0 since (0,0) is a solution to (3.19) with
Q" =0, G° = 0 and F(t,p,q) replaced by —%ng (PT). This proves that (P, Z) is a
bounded nonnegative solution to (3.14).
For the singular case, we consider the following BSDE:

AP, = —{2(A9 — MEQ)P, + (C9, Z;)) — M Py + QF
+H(t, Py, Zy)}dt + Z,dWy,
Pr =GP,
where
H(t,p,q) = —[p(B} = MEY) + (CPp + ) DY 1p~ (DY) DY)~ p(BY — MEY) + (CPp + q) DY)

This is the BSDE studied in [6, 13]. By [6, Lemma 4.1], there exists a unique bounded, uniformly
positive solution (P, Z). Denote by c¢a the lower bound for P. Now, let us consider the following
BSDE:

dP, = —{2(A — MEQ)P, + (CY, Z,)) — M P, + Q0
+F(t, Py, Z)}dt + Z,dWy, (3.20)
Pr=G°,

where the function F is given by

F(t,p.q) := [h°(t, p.q, P () = p, N} (8)) + AP} ()] g2(p)

with g : Ry — [0,1] being another smooth truncation function satisfying go(z) = 0 for
T e [O, é} and go(x) = 1 for & > ¢o. With similar discussion as in the standard case, there exists
a bounded, maximal solution (P, Z) of BSDE (3.20). Noting that F/(t,p,q) > H(t,p,q)g2(pT),
the maximal solution argument gives

P>P>c.
This means that (P, Z) is actually a bounded, uniformly positive solution to the BSDE (3.14).

Combining Theorems 3.1-3.3, we show that there exist bounded solutions for the system of
BSDE (3.7) (resp. (3.8)).

Theorem 3.4 Under Assumptions 2.1 and 2.2, either in the standard case or the singular
case, there exists a bounded, nonnegative solution (P, Z,Z) (resp. (N, A, N)) for the BSDE (3.7)
(resp. (3.8)). The solution will be uniformly positive in the singular case. Furthermore, we have
that

IZl~ < 20Pllow, 1Kl < 20Nz~

and
Zy+ P, Ay + Ni— > 0.
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4 Solve the Constrained LQ Problem

In this section we give the optimal control for the LQ problem by the solutions to the system
of BSDEs for both standard and singular case. Define

§+(t) = argmin h+(t, Pt_, Zta7t7 Nt_ +Kt),
uel

5_ (t) = argmin h_(t, Nt_, At,Kt, Pt_ + 715)
uel

Note that the minimizers are achievable due to the discussion in the above section and I is
closed. By the definition, £+ and ¢~ also have the following decompositions:
() = & (O lier + &7 (7)<t

Theorem 4.1 In both the standard and singular cases, let (P, Z, Z),(N,A,A) € L>(]0,T] x
Q,P(G)) x L2([0,T] x Q,P(G)) x L>=([0, T] x Q, P(G)) be the bounded, nonnegative solutions to
BSDEs (3.7) and (3.8) (uniformly positive in singular case). Then the following state feedback
control

w'(t) = €T ()X + € ()X, (4.1)
1s the optimal control for the LQ problem. Moreover, the value function is
L, 12,1 -2
Vt,z) = gPtx ' +§Ntx <.

Proof Now consider the state feedback control:
dX,s = {AXe— + By(E7(s) X + ()X, )}ds
HOXo + D€ () X2 + £ (5)X,2) W,
HEX - + F(EH ()X + () X0) M,
X; =1z

(4.2)

By the lemma that follows, this equation has a cadlag (left limit right continuous) solution. Let
(u, X) be any admissible control and the corresponding state process and (u*, X*) the state
feedback control (4.1) and the state process. Following the discussion in Section 3, we see that
the Lebesgue integrands in (3.6) are always positive. Define the following stopping time &,

Ko — inf {s/ (X2 + [ Xour |2 + [ X522, 2 + | X72A,[2)dr > n} AT.
t

Obviously, k, is an increasing sequence of stopping time and converging to 7" almost surely.
Hence taking integration from ¢ to x, and then taking conditional expectation in (3.6), we have

1 1 fin 1 1
B9 | 3P, X174 GNe X2 / {Qr X2+ (Ryup ur)Ydr| > 5P + SN ™2,
t

Letting n — oo and noting that the processes P and N are quasi-left continuous, from the
dominated convergence theorem, we have

1 1
J(t,x,u) > §Ptx+72 + §Ntx_72.



Constrained L@ Problem with a Jump 843

We are now going to prove that u* € £2([0,T] x 2, P(G)). Once we prove this, the analysis
above shows that 1 ]
J(t,x,u*) = §Ptx+’2 + §Nt$_’2,

because the Lebesgue integrand in (3.6) is identically zero.
In the standard case, denote by ¢ the constant such that R > cI,,. Then we have

fon 1 1
cE [/ |u*(s)|2ds} < E[§Ptx+’2 + §Ntx+’2 .
t

This implies that u* € £2([0,T] x Q,P(G)). For the singular case, construct a sequence of
stopping time as follows

0, — inf {s > t‘ / (X5 P+ [Co X+ Do + MIE, XF + Fou)dr > n} AT
t

We rewrite the equation (4.2) as a kind of BSDE with a random terminal time:
{dXS* ={[A-B(D'D)"'D'C|X:_ + B(D'D)"'D'z.}ds + z,dW; + Z,d M,
Xene, = X5, no,
with z, = Cs X! + Dsul, Zs = E; X} + Fsul.
Denote by
f(s):=[A—B(D'D)"'D'C|X: + B(D'D)"'D’z,.
Applying It6 formula to (X )2, we get that
A(XH)? = XTI f(s) + 22 + NZ2ds + X z,dW, + X Z,dM,.
Then as in the standard estimation for the BSDE, we have
Kn/N\On 5 - _ c 1 1
E[/ (IXZ]7 + [2s]? + A\Z25)ds| <CE[|X*2 0] < -FE §Ptx+’2 + §Ntx+’2 :
t C
Appealing to Fatou’s lemma, we conclude that X* z € £2([0,T] x Q,P(G)). This in turn
implies that u* € £2([0,T] x Q, P(G)).
Lemma 4.1 The equation (4.2) has a cadlag solution.

Proof Before the proof, let us illustrate the meaning of such a SDE. First, the dynamic of
X is governed by a Brownian SDE. Then at the random 7 = 6, a jump of X is induced. The
size of the jump is related to X and 6 the time that the jump happens. After the jump, X still
evolves according to a Brownian SDE, but the coefficients of the SDE may be changed based on
the jump time. So we can solve the SDE by decomposing it into two parts: The before default
part and the after default part. We shall rewrite the SDE (4.2) into the following form:
AX; = {A,X;" + A, X Ydt + {C, X, + C, X, }aw,

+{EX;" + E X }dLy, (4.3)
where the coefficients are

Ay = Ay — ME + Bigl — MFES

Ay = —Ay+ ME; + Bi& — M6,

Ci=Ci+ D&, Cp=—Cy+ Digy,

Ei = E + F&, Er=—FE + D&
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Note that A; has the following form:
gt = g?lth + A}(T)qu

with some F-predictable process A and P(F) x B(R4+)-measurable process AL, This is also
true for the other coefficients. We shall use similar notations for the decompositions.
Now consider the following SDEs:

{dXE = {AYXO)* + AYUXO)"}ds + {CUXY)*T + CUXO)~ }dW,,
X0 =x
and
dX1(0) = {ALO)(XL(0)* + ALO)(XL(0))" }ds
HCHONXL(0))F + CLO)(XL(0))~ AW,
XA(0) = X9+ Eg(X)) + Eg(X)™.

Each SDE has a unique continuous F-adapted solution (see [7, Lemma 5.1]). Then it is obvious
that the process X; = X1, + X} (7)1,<¢ is a solution to (4.3), hence a solution to (4.2).

5 Application to Portfolio Selection

For simplicity, we consider a financial market consisting of a bank account and one stock.
We suppose that the Brownian motion W is one dimensional and [ is the filtration generated by
it and satisfying the usual condition. The value of the bank count, Sy(t), satisfies an ordinary
differential equation:

dSO (t) = ’f‘tSO (t)dt,
SO (0) = S0,

where 7; is deterministic. The dynamic of the risky asset is affected by other firms, the coun-
terparties, which may default at some random time denoted by 7. When the default happens,
it may induce a jump in the asset price and change the dynamic of the stock. But this asset
still exists and can be traded after the default of the counterparties. More precisely, let the
process L; and the filtration G be what we defined in Section 2. Before the default, the stock
price is governed by the following SDE:

ds? = SP(b0dt + oVdWy), S) = s,

where the coefficients are F-measurable. We denote by S} (), t > 6 the price of the stock after
the default if the default time is at time 6. At the default time 7, the price has a jump

Sp(0) = S7_(1 ).

After the default, there is a change of regime in the coefficients depending on the default. For
example, if a downward jump on the stock price is induced at default time 7 = 6, the rate of
the return b'(#) should be smaller than the rate of return b° before the default, and this gap
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should be increasing when the default occurs early. The stock price is still governed by an SDE
for default time 7 = 0:

S} (0) = S/ (0)(b; (0)dt + o (0)AWr),  S5(0) = Sg_(0)(1 — Xe).

Denoting by b and o the G-predictable processes by = b1« + b} (7)14>, and op = 0P 1i<, +
ot(T)1¢>,, we rewrite the price process S as

dSt = St_ (btdt + O’tth + ")/tst), S() = S0.

Consider now an invest strategy that can trade continuously in this market. This is math-
ematically quantified by a G-predictable process 7 called self-financed trading strategy. It
represents the money invested in the stock at time ¢. By Remark 2.2, we know that it has the
form 7 = 1<, + 7} (7)1, <. Then the wealth process X is given by

Xi = X{licr + X[ Lizn,
where X is the wealth process in the default-free market, governed by
dX? =7 X, + 7((0) — r)dt + oPdWy), X = o,

and X1(0) is the wealth process after the default at time 7 = 6, governed by

dX;(0) = re X} (0) + 7 (0)((0 () — re)dt + o (0)dWR),
X5(0) = X5_(0) — m; (0)7s-

Thus we can rewrite the wealth process as follows:

dXt = ’I”tXt_ + Wt[(bt — :\/t'}/t — ’I”t)dt + O'tth — ’Ytht],
X() = Z0-

We assume that the coefficients satisfies Assumption 2.2 and the admissible control is the set of
all square-integrable I'-valued G-predictable processes with I' = R. Note that we only allow
I'-valued processes, which means that the investor cannot short sell the stock.

In the mean-variance portfolio selection problem, an investor’s objective is to find an ad-
missible control 7 such that the expected terminal wealth satisfies E[Xp] = 2z, for some
rsds

z > xoefoT , while the risk measured by the variance of the terminal wealth is minimal

Var(Xr) := E[(Xr — EX7)?] = E[X2] — 2°.
Mathematically, it can be formulated as the following problem parameterized by z:

{Minimize Jarv (@0, u) := E[X2] — 22,

subject to: E[X7] = z,u(-) is admissible. (5-1)

The above problem is feasible if there is at least one portfolio satisfying the constraints. It is
important to know when the problem is feasible for all z > :z:oefoT 7sds Tt means that one can
select a portfolio such that its terminal wealth in average is more than the payoff in the case
that one put all the money in the bank. We have the following lemma.
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Lemma 5.1 If we assume that I' = Ry, then the mean variance problem is feasible for all
z > xoefoT rsds yf and only if

E[/OT(bt —ry— Xmﬁdt)] > 0. (5.2)
Proof We first prove the “if” part. Define
M :={(t,w) : by >r  + Xt”yt}.
Condition (5.2) implies that the measure of M is non-zero. Consider the following control:
T = (b — ¢ 4+ Aeve)Las.

It is obvious that this control is admissible. Note that for any 8 > 0, 87 is also admissible.
Denote by X# the corresponding wealth process. Due to the linearity of the equation, we have
Xf =X, + B8X,, where X, = :zrgefot 7sds and X is the solution of the following SDE:

{dXt = ’f’tXt_ =+ Wt[(bt — Xt'yt — ’f’t)dt =+ Utth — 'Ytht];
X, =0.

Taking expectation, we have
~ T T —
E[X7] = E[/ el: Tsdsut(bt — 71— Aye)dt|. (5.3)
0

Then E[Xg] = zgelo Teds 4 BE[Xr]. Due to (5.2), E[Xr] > 0, so we can choose 8, such that
E[X:ff] = 2. Conversely, suppose that the problem is feasible for every z > xoefoT 7sds  Then
for some z, let 7 be a feasible control. We can also decompose X; = X; + X,. This leads to
EX7p > 0, which implies (5.2) by (5.3).

Finally, an optimal portfolio to (5.1) is called an efficient portfolio corresponding to z, the
corresponding (Var(Xr), z) is called an efficient point. The set of all the efficient points, with
z > xoefoT rsds is called an efficient frontier. The following discussion is similar to that in [7],
so we are not going to give all the proof. The readers can see [7] for details.

To handle the constraint E[Xr] = z, we apply Lagrange multiplier technique. Define

J(zo, usn) = E[| X7 —n|*] = (n — 2)*.
We first solve the following unconstrainted problem:

Minimize J(zq,u;n),
subject to: u(-) is admissible.

Setting y; = X; — ne” I 7sds this is exactly the singular case of constraint LQ problem we
considered in Section 4. Hence we have that the optimal value V' (z) is

V(a,m) = Polao — ne™ 1o 79902 4 No(ag — ™ 1o 7+99)=2 — (n — 2)?,
where P and N is the solutions of the following BSDEs:

dP, = —{2riP; + hT(t, P, Zy, Zy, Ay + Np)Ydt + Z,dW; + Z,d Mg,
dNt = —{2TtNt + h~ (t, Nt, At,Kt,7t + Pt)}dt + Atth + thMtv
Pr=Nr=1.
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Applying It6 formula to Pe™2 [ reds and Nie™?2

T
Ji 745 we have

T
1-— Poe_2f0T rsds = —E[/ €_2ftT Tsdsh+(t,t,Pt, Zt77t7Kt + Nt)dt} 2 0.
0

Hence Pye™2 I rods Noe_2foT rsds < 1. In fact, the strict inequality holds with respect to N. If
not so, we assume that Nge ™2 Jo'rsds — 1. Then

h™ (t, Nt_, At;Kt;7t + Pt_) = 0, dtlP-a.s..

This implies that N; = e 2 I rsds A, =0 and Ay = 0. On the other hand, we have

h™(t,N;_,0,0,Z, + P,_) < 0.

Thus we get a contradiction which implies that

Noe™2Jo rads <1, (5.4)

For z = elo 7sds it is obvious that the efficient portfolio is 7* = 0. If z > elo 7sds applying the

duality theorem, we have

Jary (xo) := inf Jpv (2o, u) = sup inf J(xo, u;n).
u nER u

Ifn < :z:oefoT 7sds taking derivative with respect to 7, we have

0
3_77V(x0a n) = —2e” I "+4% Py (0 — e~ I reds) —2(n — z)

> —2elo rds (g — e I redsy _o(n—2) >0.

Thus

sup V(xzo,n) =  sup  V(xzo,n).
ner nzzocf(’)r rgds

This implies that

T
Noe—Q jo reds

1— Noe—Q jOT rsds

Tirv (@0) = [z — woelu T2,
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