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A w=,-Related Family of Homotopy Elements in the
Stable Homotopy of Spheres*
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Abstract To determine the stable homotopy groups of spheres 7. (.5) is one of the central
problems in homotopy theory. Let p be a prime greater than 5. The authors make use
of the May spectral sequence and the Adams spectral sequence to prove the existence
of a wy-related family of homotopy elements, Siw,7s, in the stable homotopy groups of
spheres, where n > 3, 3 < s < p — 2 and the wy-element was detected by X. Liu.

Keywords Stable homotopy groups of spheres, Adams spectral sequence, May spec-
tral sequence
2000 MR Subject Classification 55Q45

1 Introduction

Let S be the sphere spectrum localized at an odd prime number p. To determine the stable
homotopy groups of spheres 7. (S) is one of the central problems in homotopy theory. One of
the powerful tools to determine 7. (.S) is the classical Adams spectral sequence (see [1, 7]) based
on the Eilenberg-MacLane spectrum KZ/p for the prime p,

Ext"(Z/p, Z/p) = m—s(5)

with differential d, : E$* — EST7=1 Let ¢ = 2(p — 1) as usual. From [6] we know that
Ext}*(Z/p,Z/p) is generated by ag € Exty' (Z/p,Z/p), hi € Ext;’qpl(Z/p,Z/p) (i > 0).
Ext%*(Z/p,Z/p) is generated by aiho, a3, aphi (i > 0), gi (i > 0), k; (i > 0), b; (i > 0)
and h;h; (0 < i < j — 2) which have degrees 2¢ + 1, 2, gp' + 1, q(p"™' + 2p), q(2p" + p),
qp't! and q(p* + p?), respectively. In 1980, K. Aikawa [2] calculated Ext*(Z/p,Z/p) by the
A-algebra.

Consider the Smith-Toda spectra V (k) given in [8], and we have the following four cofiber
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sequences:
S5 s v(0) L RS, p>2,
RIV(0) 5 V(0) B V(1) 25 5V (0), p>3,
a0y (1) 2 y(1) 2 v(2) 2 naet)ty (1), p> s,
D@’ ety (2) 2 v (2) L2 v (3) L e iDLy (9) > 7.
Here o, 8 and v are the v;-, v9- and vz-mappings, respectively.

In 1998, Wang and Zheng [9] defined the third Greek letter family element ¥; in the ASS
for p > 7 and t £ 0,1,2 mod p,

:Yit c EXtZQ[tP2+(t—1)P+(t—2)]+t—3(Z/p, Z/p)

It is known that 7; detects the stable homotopy vy-element v; = joj1j27i21%0.
In [5], Liu constructed a new nontrivial family of homotopy elements in the stable homotopy
groups of spheres and proved the following theorems.

Theorem 1.1 (cf. [5]) Letp > 5, n > 3. Then koh, # 0 € Exti{q(pnwpﬂ)(Z/p, Z]p) is
a permanent cycle in the Adams spectral sequence and it converges to a non-trivial family of
homotopy elements @, in the stable homotopy of spheres Tqpn yop41)—3(S).

In this paper, we make use of the above result to consider the composite map $1w,vs and
prove its non-triviality under some conditions. The main result can be stated as follows.

Theorem 1.2 Let p > 7, n > 3,3 < s <p—2. Then the family of homotopy elements,
Braonys, is non-trivial in the stable homotopy of spheres.

The paper is arranged as follows. After recalling some knowledge on the May spectral
sequence in Section 2, we compute some May E,-terms and Adams Es-terms which are used
in the proof of Theorem 1.2 in Section 3. Section 4 is devoted to showing Theorem 1.2.

2 The May Spectral Sequence

From [7], there is a May spectral sequence {E5"*, d,.} which converges to Ext%"(Z/p, Z/p)
with Fi-term

EX** = E(hm | m>0,i > 0)® Plby | m >0,i>0]® Pla, | n > 0], (2.1)
where E( ) denotes the exterior algebra, P[] denotes the polynomial algebra, and

1,2(p™ —1)p’,2m—1 2,2(p™ —1)p* T p(2m—1) 1,2p™ —1,2n+1
hm,i € E; , by €L , ap € B .

One has
d, : B3t — pithtue-r (2.2)
and if z € B3, y € B, then

do(e - y) = d, () -y + (~1)"z - d, (y). (2.3)
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In particular, the first May differential d; is given by

di(hij) = Z hi—ejyjhn,j, di(a;) = Z hi—krar, di(bi;)=0. (2.4)
0<k<i 0<k<i

There also exists a graded commutativity in the May spectral sequence as
poy=(-1)""y . p

for z,y = hum,i, bm,i OF an.
For each element = € Ef’t’”, we define hdim z = s, intdim z = ¢, May(z) = u. Then we

have

hdim hi7j = hdim a; = 1,

hdim bi7j = 2,

intdim h; ; = g(p™™ =1 4 - + p7),
intdim bi,j = q(pi” + - +pj+1),
intdim a; = ¢(p"~t + -+ 1)+ 1,
intdim ag = 1,

May(hm») = May(ai_l) =21 — 1,
May (b ;) = (2i — 1)p,

where i > 1, 7 > 0.

3 Some May E,-Terms and Two Adams E,-Terms

In this section, we first determine some May E,-terms (r > 1). Then we give two important
theorems about Adams Es-term which will be used in the proof of Theorem 1.2.

Lemma 3.1 Letp>7,n>3,0<s<p—>5andr > 1. Then the May E;-term satisfies

Gi, r=1ands=p—06,
Ef+8_r’t(s’n)+1_r’* =Gy, r=1lands=p—717,
0, otherwise.
Here t(s,n) = q[p" + (s + 3)p™ + (s + 5)p + (s + 2)] + s, Gy is the Z/p-module gener-
ated by the unique element ag_ﬁh3)0h210h2,1h111h1,nb2,0 and Go is generated by the element
a§_7h3,0h2,0h2,1h1,1hl,an,o~

Proof When r > s+ 2, we can easily show that in the May spectral sequence

Ef+8—r,t(s,n)+l—7“,* —0. (31)

Thus in the rest of the proof, we assume that 1 <r < s+ 2.
Consider ¢ = wywg---w; € Ef+8_r’t(s’")_r+1’* in the May spectral sequence, where w; is
one of ag, hyj or by, 0<k<n+1,0<r+7<n+1,0<u+2<n,7>0,5>0,u>0,

z > 0. Assume that
intdim w; = q(Ci,npn + Ci,n_lpn_l + -t ciap+ Ci,o) + e,

where ¢; j =0or 1, e; = 1 if w; = ay,, or e; = 0. It follows that

l
hdim g = " hdim w; = s +8—r (3.2)

i=1
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and

l
intdim g = Z intdim w;

- l l l
“ol(Se)r s (e ()] + (50)
=qp" +(s+3)p° + (s +5)p+(s+2)]+s+1—r (3.3)

Note that hdim h; ; = hdim a; = 1, hdim b;; =2, 1 <r <s+3and 0 < s < p—5. From
1
hdim g = > hdim w; =s+8—r, wehave [ < s+8—r<p+3—r<p+2.
i=1
We claim that s +1 —r > 0. On the one hand, it is easy to get the following inequality

1
Yoeasi<p+l
i=1
from the fact that e; = 0 or 1. On the other hand, using 1 < r < s+ 2 and p > 5, we would

also have the following inequality

l
dei=q+(s—r+1)>2p-2-1>p+2,
=1

1
which contradicts > e; <1 < p+ 1. The claim is proved.
i=1
Using 0 < s+ 3, s+ 1 —r < p and the knowledge on p-adic expression in number theory,

we have

e;=s+1—rm,

o)

@
Il
=

MN

Cio = s+ 2,

s
Il
-

Ci,1 = S+5,

-

@
Il
=

Ci2 = s+ 3,

-

s
Il
-

cig =04+ X3p, A3 >0, (3.4)

-

@
Il
=

Cia+A3=0+Np, A >0,

-

s
Il
-

Cim—1+M—2=0+X—1p, A1 >0,

NEMN...

Ci,n+)\n—l =1
=1

s
Il

1
Consider the fifth equation of (3.4) > ¢;3 =0+ A3p. By ;3 =0o0r 1, and I < p+ 1, we get
i=1
that )\3 =0or 1.
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Case 1 A\3=0.
We claim that
Ay = 0.

If Ay = 1, we would have the following equations
1 l l
dcia=s5+3, Y cis=0, > cia=p
i=1 i=1 i=1

From Zl: ¢i2 = s+ 3 and (2.5), there would be s + 3 factors among ¢ such that intdim z; = ¢
(highezrz‘terms on p+p*+lower terms on p) + §;, where §; may equal 0 or 1. Similarly, from
Zl: ¢ia = p, there would be p factors among g such that intdim w; = ¢ (high terms on
;jp4+lower terms on p) + §;. Thus, by I < p+ 1 and (2.5), there would be at least
p+s+3—(p+1) = s+2 factors in g such that intdim w; = ¢ (higher terms on p*+p?+p?+lower

terms on p) + §;. Thus we would have

l
Z Ci.3 > s+ 2,
=1

l

which contradicts Y ¢; 3 = 0. The claim is proved.
i=1
By induction on j, we have that

A=0, 4<j<n—1.

Then we have the following two cases.

Case 1.1 If there is a factor h;, in g, we have that up to sign g = hy,g with g €
Es+7—r,q[(s+3)p2+(s+5)p+(s+2)]+s+1—n*

1 .
2

By (25), Ef+6’q[(s+3)p Hs+8)pH(s+2)] s +1—rx = Z/p{a§h3)0h270h271h171h17nb270}. It follows

that when r = 1, the generator g exists and g = a3hs oho,0h2,1h1,1h1,nb2,0 up to sign.
2

When r > 2, we have EiTT malH9pHstopr(st2ltsti=rs _ o bo (95) Thus we have

that in this case the generator g is impossible to exist.

S+6—17,%,%

Case 1.2 If there is a factor by ,—; in g, then up to sign g = by ,,—1g with g € Ej
2

When r = 1, from ET2aFIP s prst2tes _ g we know that the generator g is

impossible to exist.

When r > 2, we can make use of (2.5) to get

Ef+6—nq[(s+3)p2+(s+5>p+(s+2>]+s+1—r,* -0,

implying that the generator g is impossible to exist, either.
Case 2 \3=1.
If » > 3, we would have
[<s+8—r<p+3—r<p.

It is easy to see that A3 is impossible to equal 1. Thus in the rest of this case, we always assume

r<2.
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l !
From the sixth equation of (3.4) >  cia+1=XMpand 0< > ¢4 <1 <p+1, we can deduce
i=1 =

1=1

By induction on j,

Thus (3.4) can turn into

Z Cio =S8+ 2,
1=1

Z Ci1 =S + 5,
i=1

Z Ci2 =S8 + 3,
i=1

> i3 =D,

i:ll

Z Ci,4 =p— 17

!
From the fifth equation of (3.5) > ¢; 3 = p, using ¢; 3 = 0 or 1, we can have that
i=1

[ >p.

Note that I < s+ 7. Thuss >p—7. By0 <s<p—>5, smay equal p—6 or p — 7.

Case 2.1 When s = p—6, g = wywa---w; € Ef+2_r’t(p_6’”)+l_r’*

equal p or p+ 1.
Case 2.1.1 [ = p. From the following two equations:

l l
Zeizp—5—r and Zci,n_lzp—l,
i=1

=1

we have that up to sigh the generator g must be of the form
g=al T, 5 1y
In this case » must equal 1, then we have that up to sign

-7
g:aﬁ :ij_6...$p7

. In this case, [ may

8,q[6p™ "+ +6pt+Tp> +4p%4+6p+3]+1, Lo .. .
where z,_¢ -z, € E; alOp" A FOp TP AP Op ST L . (g which is trivial by (2.5). Thus, in

this case g is impossible to exist.
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Case 2.1.2 | = p+ 1. From the following two equations:

l

l
Zei:p—5—r and Zcm_l =p—1,
i=1

i=1

we have that up to sign the generator g must be of the following form:
_ 4P T—T
g =ay Tp—6—r " Tpt1-
In this case » must equal 1, then we have that up to sign
g= aiz_gajp_7 e 1?p+1,

n—1_ . o4 3 2 L o
where zp_7 - @ppq € BT T TSI IRAIRR . _  which s trivial by (2.5). Thus,
in this case g is impossible to exist.
Case 2.2 Whens=p—7, g =wiws---w; € Ef+l_T’t(p_7’")+l_T’*.

Case 2.2.1 [ = p. From the following two equations:

l l
Zei:p—G—r and Zcm_l:p—l,
i=1 i=1

we have that up to sign the generator g must be of the form
g= a,ﬁ_7_ra:p_7_r S .
If r = 1, we have that up to sign
g= af’l_ga:p_7 e,

8,q[7Tp" "+ +7pt+8p> +4p% +6p+3]+1,
Wherexp_7---xp€E1Q[p +-+7p" +8p° +4p* +6p+3]+1,%

= 0. Thus, in this case g is impossible
to exist.

If r = 2, we have that up to sign
9=l w5y,

9,q(8p" "1+ 4+8pr+9p> +5p% +Tp+4)42,
Wherexp_g-~-:1:p€E1Q(p +---48p*+9p° +5p° +7p+4)+2,%

= 0, implying that the generator g is
impossible to exist.

Case 2.2.2 | = p+ 1. From the following two equations:

l l
Zeizp—G—r and Zci,n_lzp—l,
i=1 i=1

we have that up to sign the generator g must be of the form

_ —8—r
g=ap Lp—7—r " LTp+1,

9,q(8p™ 14+ 8pt 4-9p3 +5p> +Tp+4)+2,
where:z:p_7_r...a;p+1€Elq(p o 8pt +9p° +5p® + Tp+4) 2,

= 0. Then, in this case, g is im-
possible to exist.

From Cases 1 and 2, the lemma follows.

We need the following theorem about the v-element.
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Theorem 3.1 (cf. [4]) Letp>7,0<s<p—2. Then the permanent cocycle

a3hsoho1hy o € EFTHD
detects the second Greek letter element vsy3 € Exti;r?”t(Z/p, Z/p) in the May spectral sequence,
where r > 1, t = (s + 3)p?q+ (s + 2)pg + (s + 1)q + s and Y543 detects the ~y-element
Vs43 € 7T(s+3)p2q+(s+2)pq+(s+1)q—3(S)

in the Adams spectral sequence.

Now we consider some results on the product koboh,Ys+3-

Lemma 3.2 (1) The product koboh,¥s+3 € Extf4+8’t(s’n) (Z/p,Z]p) is represented by

s+8,t(s,n),*
haohi,1b1,0h1 nazhs ohe 1hi 2 € B

in the May spectral sequence, where t(s,n) = q[p™ + (s + 3)p*> + (s +5)p + (s +2)] + s.

2) For the generator o Ep+l’t(p_6’n)’*, we have
g 1

M(ag_Gh370h2)0h2)1hl)lhlynbzyo) = 10p — 29.

(p—7.m),%

For the generators of Ef’t , we have

M(a§_7h370h2)0h2)1hlylhlynbgyo) = 10p — 36.

In particular,
M (ha,0h11b1,0h1 na3hs oha1hi o) =p+ Ts+ 11.

EFEES

Proof (1) Since it is known that hq;, b1, hoohi1 and ajhsohe1hie € EP™" are all
permanent cocycles in the May spectral sequence and converge nontrivially to h;, b;, ko, Ys+3 €
Ext}y"(Z/p,Z/p) for 0 < s < p and i > 0 respectively (cf. Theorem 3.1), we have that

8,t(s,m),*

ha.ohi1,1b1,0h1 nashs oho 1hi 2 € E15+ Ham)

is a permanent cocycle in the May spectral sequence and converges to
kobohnAsys € Ext’T®" ™ (z,/p 7,/p).

(2) Tt is easy to get the desired results.
By Lemmas 3.1-3.2, we have the following corollary.

Corollary 3.1 For the May E1-module Gy in Lemma 3.1, we have
Gy = E{)+1,t(p—6,n)710p—29,
where
Eerl’t(p_G’n)JOp_zg = Z/P{ag_ﬁha,ohz,ohz,lhl,lhl,nb270}~
For the May E,-module G in Lemma 3.1, we have
Gy — E{),t(p—?,n)JOp—BG,

where
Lt(p—7,n),10p—36 _
Eer Hp=Tm). 100 = Z/p{a} 7h3,0h2,0h2,1hl,lhl,nb270}~
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To show the non-triviality of the product koboho¥s+3, we need to show the following two
lemmas.

Lemma 3.3 The May E,.-module Ef“’t(p_ﬁ’”)’wp_w =0 forr > 2.

Proof From Corollary 3.1,
Ef+1’t(p_6’n)710p_29 = Z/p{ag_ﬁhs,ohzohz,lhl,1h1,n52,0}-
By use of (2.2)—(2.3), we have that up to sign

d1(a§_6h3,0h2,0h2,1h1,1h1,n52,0) = a§_7a2h370h2,0h2,1h1,1h1,2h1,n52,0 +--#0,

ShOW 1ng
Ep—‘,—l,t p—6,1n),10p—29 O
: ( n) .

Then it follows that
EptLt(p—6.n),10p—29 _

for > 2. The proof of Lemma 3.3 is completed.
Lemma 3.4 The May E,.-module EpLte=Tn),10p=36 _ forr > 2.

Proof From Corollary 3.1,
Ef+l’t(p_7’n)’lop_36 = Z/P{a§_7h3,oh2,oh2,1h1,1h1,nb270}~
By use of (2.2)—(2.3), we have that up to sign

dl(ag_ﬁhg,ohz,ohz,1h1,1h1,n52,0) = a§_702h3,0h2,0h2,1h1,1h1,2h1,nb2,0 +-- #0,

showing
Ep7t(p—77n),10p—36 -0
5 =0.

Then it follows that
Ef,t(p—7,n)710p—36 -0

for r > 2. The proof of this lemma is completed.

By use of Lemmas 3.3-3.4, we can prove the non-triviality of the product koboh,Vs+3 as
follows.

Theorem 3.2 Letp>7,n>3,0<s<p—>5. Then the product
kobohnTats(# 0) € Exty™ ™ (2/p, Z/p),

where t(s,n) =p"q+ (s +3)p? + (s + 5)pg + (s + 2)q + s.

Proof From Lemma 3.2(1), the product koboh,Vs+3 € Extf4+8’t(s’") (Z/p,Z/p) is represented

by ho,ohi,1b1,0h1 naghs oho1hi 2 € Ef+8’t(s’n)’* in the May spectral sequence. Now we show that
IlOthiIlg hits hQ)Oh1)1b1)0h1,na;§h3)0h2)1h1)2 under the May differential dr for r Z 1.
We divide the proof into the following three cases.
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Case 1 When 0 < s < p—7, from Lemma 3.1 we know that in the May spectral sequence

prrTiems

Then we have that in the May spectral sequence

Ei+7,t(s,n)7* -0 (’f’ > 1)

From (22), the permanent cocycle hQ)Oh1)1b1)0h1)na§h370h271hLQ S E18+87t(s7n)’* does not bound

and converges nontrivially to koboh,Vs+3 € Extf4+8’t(s’n) (Z/p,Z/p) in the May spectral se-

quence. It follows that kobohpyst3 #0 € Extf4+8’t(s’") (Z/p,Z)p).
Case 2 When s = p — 7, from Lemma 3.1 and Corollary 3.1, we have

G = Ef7t(p—77n),10p—36.
By Corollary 3.2 [2], we have
M(h2,0h1,1bl,oh1,nag_7h3,oh2,1h1,2) = 8p — 38.
By direct computations, we have
M(EPHP=TmA00=36y (g 38) = 2p + 2 > 16.
Thus by the reason of May filtration, we have
h270h171h1,Obl,n—1a§_7h3,0h2,lh1,2 ¢ dl(Ef’t(p_zn)’lOp_%)'
Moreover, by Lemma 3.4 one has
Ef,t(p—7,n),10p—36 =0 (r>2)

From the above discussion, the permanent cocycle hQ)Ohl,1b110h11nag_7h3)0h2,1h1,2 cannot be hit
by any differential in the May spectral sequence. Consequently, ha oh1 101,001 nal” " hoha1hi 2
converges nontrivially to kobohn¥,—a € Extiﬂ’t(p —7n) (Z/p,Z/p) in the May spectral sequence.
It follows that

kobohnFp—a # 0 € Ext? ™ =" (7,71 7,/p).

Case 3 When s = p — 6, from Lemma 3.1 and Corollary 3.1, we have
G E;{H—l,t(p—ﬁ,n),lOp—QQ.
By Lemma 3.2, we have
M (ha,0h1.101.0h1.na8 Chs oho1hy ) = 8p — 31.
By direct computations, we have
M(EPTHIP=6m10p=20y _ (g)_ 31) = 2p— 2 > 12.
Thus by the reason of May filtration, we have

—6 p+1,t(p—6,n),10p—29
haohi,1b1,0h1nal " hsoho1hi 2 ¢ di(E] ( ) )-
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Moreover, using Lemma 3.3, one has
Ept1:t(p—6,n),10p=29 _ (r>2)
L > 2).
From the above discussion, the permanent cocycle hg ohi,1b1,0h1 na§_6h3 oha1h1, 2 cannot be

hit by any differential in the May spectral sequence. Thus, hsohi,1b1,0h1 na3 h3 oha1h12
converges nontrivially to kobohn7yp—3 in the May spectral sequence. Consequently,

kobohnp—3 # 0 € Exty " 0=6m 711, 7./p).
From Cases 1-3, the desired result follows.
Theorem 3.3 Letp>7,n>3,0<s<p—5,2<r<s+7. Then
Extf4+8—r7t(s7n)+1—r(Z/p’ Z/p) =0,

where t(s,n) = q[p" + (s + 3)p? + (s +5)pg + (s + 2)] + s.
Proof From Lemma 3.1, in this case

Es+8—r,t(s,n)+1—r,* -0
1 =0.
By the May spectral sequence, the desired result follows.

4 Proof of the Main Result

We are now in a position to prove the main theorem in this paper. It is easy to see that to
prove Theorem 1.2 is equivalent to proving the following theorem.

Theorem 4.1 Letp>7,n>3,0<s<p—>5. Then the product
kobohnFs+ € Ext’y "™ (Z/p, Z./p)

18 a permanent cycle in the Adams spectral sequence, and converges nontrivially to the composite
map
ﬁlwn’}/s-i-B € 7-‘—15(5,11)—5—8(5)
of order p, where t(s,n) = q[p™ + (s + 3)p* + (s + 5)p + (s + 2)] + s.
Proof We know that 31, w, and 7,43 are represented in the Adams spectral sequence by

bo, kohy, and 7vsy3, respectively. Thus, the composite map

Blwn78+3

is represented by
Fobohnsts € Bxt3y "™ (Z/p, 2/p)

up to nonzero scalar in the Adams spectral sequence.
By Theorem 3.1 and the knowledge of Yoneda products, we know that the composite

. g L. 124170 )«
(Gogrgay*igivio)s : Bxt"(Z/p, Z/p) “222s Bxt%* (V (2), Z/p)

S s+3
R A AR AN 7% 7))
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is a multiplication up to nonzero scalar by

~ s+3,(s+3 2q(s+2 s+1 s
Nerg € ExtA+ (s+3)p°a(s+2)pa+(s+1)g+ (Z/p,Z/p).

It follows that the composite map Biwyvs+3 is represented by
kobohnTs+3 € Ext’y "™ (2,/p,2./p)

up to nonzero scalar in the Adams spectral sequence.

By Theorem 3.2, koboh,Vsi3 € Extf4+87t(s’n) (Z/p,Z/p) is non-trivial. Meanwhile, by The-
orem 3.3 and (2.2), we see that koboh,7s+3 cannot be hit by any differential in the Adams
spectral sequence. Consequently, the corresponding family of homotopy elements 51w, vs+3 in
the stable homotopy groups of spheres is non-trivial and of order p. The proof of Theorem 4.1

is completed.
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