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Very Regular Solutions for the Landau-Lifschitz Equation
with Electric Current

Gilles CARBOU! Rida JIZZINT?

Abstract The authors consider a model of ferromagnetic material subject to an electric
current, and prove the local in time existence of very regular solutions for this model in
the scale of H* spaces. In particular, they describe in detail the compatibility conditions
at the boundary for the initial data.
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1 Introduction

Ferromagnetic materials are used in several applications: radar furtivity, electromagnets,
storage of digital data. They are characterized by a spontaneous magnetization represented by
the magnetic moment m defined on [0, 7] x €2, where €2 is the ferromagnetic domain in which the
material is confined. At low temperature (under the Curie temperature), the material is said to
be saturated, that is, the norm of the magnetic moment is constant, so after renormalization,

we have
vVt € [0,T], Ve € Q, |m(t,z)| = 1. (1.1)

The magnetic moment links the magnetic field H and the magnetic induction B by the

constitutive relation
B =H +m,

where 77 is the extension of m by zero outside Q.

The most promising application of the ferromagnetic materials concerns the nano-electronics,
and in particular the storage of digital informations with quick access. The ferromagnetic de-
vices used for these applications are either nano wires, thin plates or really 3d components. For
nano-electronic applications, one goal is to store informations by magnetic domains representing
the bits, and to transmit it very rapidly along the magnetic structures via domain walls mo-
tion. A standard way to induce this motion is by applying a magnetic field on the sample. The
effects of the applied magnetic field are measured by the Zeeman energy (see [5, 11, 15]). The
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problem of this solution is that the information is modified since the domains can be removed
by the application of an applied field. As explained in [13-14], the good way to transport the
information (to a reading head for example) without change is obtained by using of an applied
electric current. This increases the access velocity to the memory without mechanical wear of
the components, and preserving the data.

In this paper, we study the following Landau-Lifschitz model describing a ferromagnetic

material submitted to an applied current:

om =-—m X He(m) —m x (m x H.(m))
+(v-V)m+mx (v-V)m in [0,7] x Q,
H.(m)=Am+ H(m) in [0,7] x Q, (1.2)
(1;—7: =0 on [0,T] x 09,
m(0,z) = mo(x) in Q,

where

(1) 2 is an open bounded set with smooth boundary and v is the outside unit normal on
o9

(2) H. is the effective magnetic field including the demagnetizing field and the exchange
field;

(3) v is the current speed. For physical reasons, the relevant boundary condition is that v
satisfies v - ¥ = 0 on the boundary (the electric current remains in the domain), but we do not
use this condition in our analysis;

(4) Am is the exchange field;

(5) H(m) is the demagnetizing field. It is deduced from m by the static Maxwell equations

and the law of Faraday:
curl H(m) =0 in R3,
div(H(m)+m) =0 inR3

where 77 is the extension of m by zero outside Q.

Remark 1.1 The applied current modeling by the transport term (v-V)m +m x (v-V)m
is explained in [13] (see also the references therein).

We denote by H*(£2; 5?) the set
H*(;8%) = {u:Q — R® we HYQ) and |u(z)| =1 a.e.}.

In [1, 6, 16], the existence of global weak solutions for the Landau-Lifschitz equation without
electric current is obtained. With the same method as [1] or [6], Bonithon proved in [3] the
global existence of weak solutions for (1.2). In the case of the Landau-Lifchitz equations without
electric current when the effective field is reduced to Am, the weak solutions are non unique (see
[1]). This non uniqueness is expected in more general cases but is totally open. In addition,
the Landau-Lifschitz equation does not have regularizing effects. So the existence of strong

solutions is not obvious.
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Existence of strong solutions for the Landau-Lifschitz equation without applied curren-
t is obtained in [7-8]. The solutions constructed in these papers are in L>(0,T; H3(Q)) N
L?(0,T; H3(Q)) and are local in time.

In the present paper, following the method of [7], we construct local in time strong solutions
for (1.2) in L>(0,T; H?(2)) N L2(0,T; H3(QQ)) for T < T*, with T* > 0. In addition, for more
regular initial data, if compatibility conditions are satisfied, we prove the existence of strong
solutions with high regularity on the same maximal existence interval [0, 7*[. In particular,
we prove that an eventual blow up for the regular solution occurs for the H2-norm. To our
knowledge, the construction of very regular solutions for the Landau-Lifschitz equation does
not exist in the literature, even for models without applied current.

Our first result is the following theorem.

Theorem 1.1 Let mg € H?(2; S?) satisfy the compatibility condition:

dmy
v
Let v € CO(RT; L*°(Q) N W3(Q)). There exists a time T* > 0 depending only on the size of
the initial data and a unique m such that for all T < T*,
(1) m € CY(0,T; H?(Q)) N L2(0,T; H3()),
(2) Im(t,x)] =1 n [0,T] x £,
(3) m satisfies (1.2).

=0 on 0. (1.3)

Without additional compatibility condition, we can construct solutions in H3(£2).
Theorem 1.2 Let mg € H3(Q, S?) such that

Bmo

v
Let v € CO(RY; L%(Q) N W3(Q)) N CL(R*; L2(Q)). Let T* > 0 and m € L%(0,T; HX(Q)) N
L%(0,T; H3(Q)) for T < T* given by Theorem 1.1. Then, for all T < T*,

=0 on 0N.

m € CO(0,T; H3(Q)) N L2(0, T; HY()).

The key point for the proof of Theorems 1.1 and 1.2 is that the Landau-Lifschitz equation
(1.2) is equivalent, for solutions satisfying the saturation constraint (1.1), to the following

problem:
om 5
En =Am +|Vm|[*m —m x Am —m x H(m) —m x (m x H(m))
+w-Vm+mx(v-V)m in R x €,
om N (1.4)
— =0 on R x 00,
v
m(0,z) = mo(x) in Q.

In order to obtain more regularity for the solutions of (1.4), we must assume compatibility
conditions on the initial data. Since (1.2) is equivalent to (1.4), and since our strategy consists
in working with this last equation, we write the compatibility conditions derived from (1.4).
First, we define formally the initial value of 9fm at t = 0.
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We set Vo = mg. We denote v;(z) := 9{v(0, z).
Using Equation (1.4), if m is regular enough, we obtain the value of 9ym,,_, by taking (1.4)
at t = 0 and by writing that m,,_, = mo. So, we define V1 by

Vi = Amg + |[Vmol?moe — mo x (Amg + H(mg)) —mo x (mo x (H(mg)))
+ (vo - V)mo + mg X (vo - V)my.
We remark that, if mg € H*(Q) and if v is sufficiently regular, then V3 € H*=2(Q) for k > 2.

In order to write the compatibility conditions, we recall the following formulas for the

derivation of a product:

K
oK (ab) = ;o;;a;'a ok—, i = (k—LL)'z' (1.5)
and
0f (abe) = > C*0pa 05 07, (1.6)
a€AK
with

(1) AK = {OZZ (051,052,03) S {0, ,K}B, a1 + a2 + a3 ZK},
e a1 to a
(2) ¢ Ca11+a22+a3 Ca11+a2

By differentiating (1.4) k times with respect to ¢, and by taking the obtained result at ¢ = 0,
we define recursively Vi1 : Q — R? by

k
Vi1 = AVi+ > C*(VWay - VVa, )V, ZCJV (AVij + H(Vi_j))
aEAy
- Z Ca(Val X (Vaz X H(Vas)) - Val X (vaz 'V)Vas)
aEAk
+ ZCJ V)Vi_j. (1.7)

We remark that if mg € H?*T2+P(Q), then Vi1 € HP(Q).

Definition 1.1 Let k € N, mg € H**2(Q; S?). We say that mq satisfies the compatibility

condition at order k, if

oV,
ov
Theorem 1.3 Let k > 4. Let mg € H*(; S?) and let m and T* given in Theorem 1.1. We

assume that mg satisfies the compatibility condition at order [%} — 1. In addition, we assume
that

Vie {0,1,---,k}, =0 on 0.

Vi<k— [5} 1, 9lv e (0, T; H%(Q)) 0 L2(0, T; H*=2+1(Q)).
Then, for all T < T,

m € L>=(0,T; H*(Q)) N L*(0,T; H*1(Q)),



Very Regular Solutions for the Landau-Lifschitz Equation with Electric Current 893

and
21 LI 83_m oo . prk—2j 2 . prk—2j+1
jet, [2} L S € L0 HNP(Q) N L2 (0.1 H (Q)).

The present paper is organized as follows.

In Section 2, we recall useful lemmas. In particular, we study the regularity properties for
the operator H.

Section 3 is devoted to the proof of Theorem 1.1. Basically, we follow the method of [7]. As
said above, the key point is that Equation (1.2) is equivalent to (1.4) for solutions satisfying
the saturation constraint (1.1). In this new formulation, the dissipation due to the exchange
field Am appears completely though it only appears m x Am in (1.2). We construct by the
Galerkin method a solution of (1.4) in L®(0,7; H*(Q)) N L?(0,T; H3(£2)), and we prove that
this solution satisfies in addition the saturation constraint, so that it is a solution for (1.2).

Construction of more regular solutions for (1.2) is totally new and entails several difficulties.
In Section 4, in order to prove the H?® regularity for the solution of (1.4), a direct energy
estimate for the third order space derivatives is not possible because of the non-local term
H(m) which does not satisfy the homogeneous Neumann boundary condition. Our method
consists in differentiating the Galerkin approximation with respect to time and proving by this
way that 9ym € L°(0,T; HY(Q)) N L?(0,T; H%(Y)). We recover the H3-regularity for m by
a bootstrap argument using Equation (1.4). This operation is complicated by the non-linear
term |Vm|?m.

Section 5 is devoted to the proof of Theorem 1.3. As already said for the proof of the H?3-
regularity, variational estimates for high order space derivatives are not possible because of the
non-local term H(m) which does not satisfy the homogeneous Neumann boundary condition.
In addition, we are unable to perform H? estimates for the time derivative of m,,, solution for
the Galerkin approximation of (1.4). Indeed, we need for that compatibility conditions for all
n which are not satisfied because of the non-local term H (my,).

Let us explain briefly our strategy in the simplest case: k = 4. We already know from The-
orem 1.2 that the solution m is in L>(0,T; H3(2)) N L2(0,T; H*(Q2)). We derivate (1.4) with
respect to time. By a Galerkin process, using compatibility conditions on dym(t = 0), we con-
struct a solution for the obtained problem in L (0,T; H*(Q))NL?(0,T; H3(R)). Now, dym is a
solution of this problem and a uniqueness argument ensures then that d;m € L>(0,T; H2(Q2))N
L?(0,T; H3(Q)). Finally, we improve the regularity of m by elliptic regularity theorems writing
Am in function of 9;ym.

In the general case, we proceed by induction with, roughly speaking, the same method.

2 Preliminary Results

2.1 Equivalent norms

We use the following notations:

1
lullz.o = (lullZ: + | Aul72)*
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and
1
IVullLe = (IVullZs + [ Aul72)=.
We recall the following result established in [7].

Lemma 2.1 Let 2 be a bounded reqular open set. There exist ¢y and co such that for all
u € H(Q) such that 3% =0 on 09,

cillullz,o < lull g20) < callull2,0,

a1l Vulli,a < [[Vull gy < e2l|Vull1,0,
and for all uw € H3(Q) such that 3% =0 on 99,
1 1
a([Vulf g + IVAull72)2 < [[Vullgzo) < e2([Vullf g + [VAull72)=.

From Lemma 2.1 and using the standard interpolation inequality, we rewrite Sobolev and
Gagliardo-Nirenberg inequalities on the following form.

Lemma 2.2 Let Q be a regular bounded domain of R®. There exists a constant C such that
for allw € H*(Q) such that % =0 on 09,

[uflzee < Cllul

2,0
[Vul[zs < Cllul|2,0,

IVullZs < Cllullpolull2,0,

and for all uw € H*(Q) such that % =0 on 99,

1 1
D%l s < Cllullz0 + [[ull3 ol VAU]Z2).

The following lemma will be useful to estimate products of functions.

Lemma 2.3 Ifu € HY(Q) and v € H*(Q), then uv € H'(Q) and

luv|| (o) < Cllullgr@)llvlla2@)-

Proof Since 2 is a smooth bounded domain of R3, by Sobolev embedding, H?(2) C L>(Q)
so that uv € L*(Q).

In addition, V(uv) = (Vu)v+uVo. By the same argument, (Vu)v € L2(Q). Since H*(Q2) C
LY(Q), then uVv € L?(9).
2.2 Comparison lemma

We recall without proof the following standard comparison lemma.

Lemma 2.4 Let f : Rt xR — R, C° and locally lipschtz with respect to its second variable.
Let z : [0, T*[— R be the mazimal solution of the Cauchy problem:

{fgle?



Very Regular Solutions for the Landau-Lifschitz Equation with Electric Current 895

Lety : RT — R, C! such that

Then
Ve [0, T, y(t) < z(t).

2.3 Galerkin basis

Let us denote by V,, the finite space spanned on the n first eigenfunctions of the operator
A = —A+1 with D(A) = {u € H*(Q) such that $* = 0 on 9Q}, and P,, the orthogonal
projection from L?(§2) onto V,.

Proposition 2.1 There exists a constant C' such that for all n, the orthogonal projection
P, satisfies the following properties:

(1) For allw € HY(Q), [|[Pn(w)llm (o) < llullmo)-

(2) For all u € H*(Q) such that 9% =0, || P(uw)||lm2(0) < Cllullmz(0)-

(3) For all u € H*(Q) such that 9% =0, || Pn(uw)l|lms0) < Cllullmso)-

Proof We write u on the form u = P, (u) + Q,(u), where Q,,(u) belongs to V,:-. Since
[ullZ2 = [1Pa(u)l72 + |Qn(w)72, we obtain

[P ()]l L2 < [lull 2.

Using integration by parts and the fact that AP, (u) belongs to V;, so that 2 ( ) =0 on 09,

we obtain
IVPu@IE: = = [ AP ()P, (s
/ AP, (u).udz (since AP, (u) and @, (u) are orthogonal)
/ VP, (u)-Vudz (since P,(u) € V,,)
<V ()| 2]Vl 2.

So
VP (w2 < [[Vul 2.

In the same way, for the H? and the H? estimates, we remark that BAI;’;( w _ 94 5 n(W) — 0 on

the boundary. For the H? estimate, we have

|AP, (u up::L/VAP Py (u)dz

:/Nm@ﬂwm

/ AP, (u).udz  (since A®P,(u) € V)

/ VAP, (u) - Vudx



896 G. Carbou and R. Jizzini

. ou
= /QAPn(u).Audx (smce = 0 on BQ)

< AP, (u)l[ 2| Au]| 2
So, [|AP, ()| ;= < ||Au| . and therefore
[P ()]l 2 < Cllul|
For the H3 estimate,

VAP, (w)]22 = — [ A2P,(u) - AP, (u)da

:—/ A3P, (u).P, (u)dz
Q

—/ A3P,(u).udx (since A3P,(u) € V;,)
Q
= / VA?P,(u) - Vudz

Q

= —/ A?P,(u).Audz (using that gu _ 0 on 89),

=/ 5 =
= /QVAPn(u) - VAudz
< [IVAP, ()| 2 |V Aul| 2.
Therefore, using Lemma 2.1,
1P ()| g2 < [l s
2.4 Demagnetizing field

The operator H takes its values in the space L?(R3). We can observe that u + —H (u) is
the orthogonal projection of % on the vector fields of gradients in L?(IR?). Let us consider the
restriction of H to 2. Classicaly, we have

1 H(w)llr) < CllullLe) for 1 <p < +oo.

In the proposition below, following Ladyshenskaya [10, p.196], we can derive the following
regularity result which describe the continuity of the operator H on the spaces W*P?(Q) for
p € ]1, 400 and k € N.

Proposition 2.2 Let p € |1, +oc[. Then for k € N, if u belongs to W*P(Q), the restriction
of H(u) to Q belongs to W*P(Q) and there exists a constant Cy,,, such that

1 H (u)llwe.p ) < Crpllullwesq)-

Proof See [8].
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3 Proof of the H? Regularity

In [7], Carbou and Fabrie proved the existence of local strong solutions in L°(0,T; H?) N
L?(0,T; H?) for the Landau-Lifschitz equation without electric current. Our proof for Theorem
1.1 is basically the same. For the convenience of the reader, we give the complete proof in the

present paper, emphasizing the changes due to the electric current.

3.1 Equivalent system

A dissipative term of the form ||m x Am)|| ;> appears if we take the inner product in L? of
(1.2) with Am. This dissipation is not sufficient to obtain energy estimate in the space H?(f2).

We observe that, for m regular enough and |m| =1 in , then
m x (m x Am) = (m - Am)m — |m[?Am = —Am — |Vm/|*m.

So, if m is regular enough and satisfies the saturation constraint, then m is solution for the

Landau-Lifschitz equation (1.2) if and only if m satisfies the following system

0
a—?—Amz|Vm|2m—m><Am—m><H(m)—m><(mxH(m))
+w-V)m+mx (v-V)m in R x Q,
5 (3.1)
m
E =0 on R:_ X 8(2,
m(0,z) = mo(x) in Q.

This equation has the advantage to highlight the dissipative term and is more convenient to

build regular solutions for (1.2).

3.2 Galerkin approximation for the modified Landau-Lifschitz equation

We recall that we denote by V,, the finite space built on the n first eigenfunctions of the
operator A = —A + I with D(A) = {u € H*(Q) such that 9% = 0 on 9}, and by P, the
orthogonal projection from L?(Q) on V;,. We aim to find a solution m,, taking its values in V,,

for the following Galerkin approximation of (1.4):

omn,

ot

— Amy, = Py (IVmy|*my, — my, x Amy,)

— Py (my, X H(my) +my, X (my, x H(my,))) (3.2)
+P,((v-V)my, +my, X (v-V)my),
mp(0) = P, (my).

Cauchy-Lipschitz theorem ensures the existence of a unique solution of (3.2) defined on [0, T5,[.

3.2.1 L? estimate for (3.1)

Taking the inner product in L?(£2) of (3.2) by m,,, we obtain

1d

3l 19malits = [ (9 PimaP o+ 0 Vs - o)
Q

< IVmalZallmalZee + lollLe [V 2l 2
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< Cllm,| 2o (3.3)

20+ Cllvllpe ma
3.2.2 H? estimate for (3.1)

Now, we take the inner product in L?(Q2) of (3.2) with A%m,,, and integrate by parts to get

4
|Amal3s + [V Am, 32 < 371,
i=1

| ~

1
2

[N

t

where
1= = [ ST () () ¥ Am, (1),
I, = /Q Y (mn(t) x A ()Y Am (£)dz,
ta = [ V0ma(0) 5 H () + (€)% (1 ()  HE (2, ()9 A (£,
= — /Q V(0 - V) mn () + mn(t) X (v - V)mn(t)V Amn (t)dz.

We bound separately each term.

The terms Iy, I and I3 are estimated in [7]. For the convenience of the reader, we rewrite
these estimates. Using Lemma 2.2, we have

(1) Estimate on Ij:

L < C/Q(|mn||an||D2mn| (Vi [?)|V A |da
< C(|lmnl < |1D*mn | 3]Vl Lo + [V 26)[|V A | 2
< Cllmall IV A £ + Cllma 3.0l ¥ Al 2.
(2) Estimate on Io: We remark that (m.,(t) x VAm,(t))VAm,(t) =0, so
o] < ([ Al 151V | 16|V A |12
< Cllmal3 @IV A 22 + Cllma|3 oV Ama| .

(3) Estimate on Ij:

To = [ (Va6 x H(mn (6)V Ama (0o + [ (o (6) % T H(ma (0)V A, (1)

T3] < C/Q(l + [mn ) ([H (mn) [V | + [V H (ma)[[mn )|V Ay, |de

< CA A [lmanllpee)H (mn)l| L3 | Vmnll Lo + [[VH (m )| ollmnl| £3) |V Amnn | 2
< C|[VAm| (1 + [[ma]3.0)-

(4) Estimate on Iy

Laf < C/((l + M) (VM| [Vo] + [ D?my|[v]) + [V |? o)V Am, |da
Q

< O+ [Imnllzee ) (VM| Lol Vol s + (| D*mn| p2]|v]| oo )|V A2 || 2
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+ Ol Vma|Lallvll Lo |V Amy | e
< C(IVollzs + [Vl o)X+ a3 o) IV Ama | 2

By addition of all these estimates and using Young inequality, we obtain the following

inequality
d 2
3 Amalze + IVAmA[Z2 < O+ Vol + [0l pe) (1 + [Imall2)- (3.4)
3.2.3 Uniform estimate on the Galerkin approximation
Summing inequalities (3.3) and (3.4), we obtain that there exists a constant C' such that
d 2
Flmnlza + [Vmalzz + [VAMa|7: < OO+ [VollZs + ol (1 + Imallzio),  (3:5)
where C' does not depend on n. We denote
2
c(t) = CA+ [[Vot)ll7s + [lv(®) 2.

From the assumptions about v, ¢ € CO(R™).

In addition, m,,(0) = P,(myg), and since mg satisfies the compatibility condition (1.3), by
Proposition 2.1, we obtain that for all n,

[0 (0)[|2,0 < C[[mo|

2,0
We set y(t) = ||[m, |3 o. We have proven that for all n,
d
) < )1+ 430,
yn(0) < Cllmoll3 -

We consider z the maximal solution of the O.D.E.:

Sa(0) = )1 + (),
2(0) = Cllmol3 o
and we denote by T* the maximal existence time of z. By the comparison lemma, we have
Vi< T* Vn, yn(t) < z(t).
Therefore, for all T' < T, there exists a constant C'(7") such that
Sup [0 ()72 0y < C(T), (3.6)

and by integration of (3.5) on the interval [0, 7], we obtain

T
/O (IVmn(®)]22 + IV Ama()]22)dt < C(T). (3.7)
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By Equation (3.2) we conclude that

2

sup c(T)

tSTHBt " )‘ L2 —

and

[ [wm ar<cim)

3.3 Limit when n tends to +oco

These uniform estimates insure the existence of a subsequence (m,, ) and a function m such
that

(1) my, — min L?(0,T; H3(Q)) weak,

(2) My, — min L°°(0,T; H?(2)) weak *,
(3) Loe s 9m iy 12(0,T; HY(Q)) weak.
Thanks to Aubin-Simon compactness lemma (see [2, 12]), we can conclude that

My, — m  in L°°(0,T; H*(Q)) strong
and
H(my,) — H(m) in L>(0,T; H*()) strong,

because H is a continuous map on Sobolev spaces H*(Q2) for s =0, 1, 2.

Taking the limit in (3.2), we obtain that m satisfies

%_T:_Am:|Vm|2m—m><Am—m><H(m)—m><(mXH(m))

Y- Vm+mx@-V)m in [0, T*[xQ,
%_T =0 on [0, T*[x 09,
m(0,x) = mo(a) n .

In addition, we remark that from [4, Theorem II.5.14],

m € C°([0,T*[; H*(Q)).

3.4 Conservation of the ponctual norm

We prove now that the solution m constructed in the previous part satisfies the physical
constraint |m| = 1, so that m satisfies the Landau-Lifschitz equation. Contrary to [7], a
transport term due to electric current appears in Equation (1.4).

Using the scalar product in R? of (1.4) by m, we get

5 dt|m|2 —m.Am — |[Vm|?*m|*> —=m.(v-V)m =0 in [0, T[x.

For d < 3 and for all u € L>(0,T; H?(2)), we have

Alul* = 2u.Au + 2|Vul?



Very Regular Solutions for the Landau-Lifschitz Equation with Electric Current 901

and m.(v - V)m = (v V)|m|?, then |m|? satisfies the following equation

1
%|m|2 — Alm|? = 2|Vm*(|m]* — 1) — V- V|m* = 0.

Taking a = |m|? — 1, then a satisfies the system below

da 5 1 .
E—Aa—2|Vm|a—§(v-V)a—O in €,
v

a(0) = |mol*—1=0 in .

Taking the inner product of this equation by a, we obtain

1d

1
——lall3: + IVa|3: = 2/ |Vm|?a*ds + = / (v-V)a.adz
2 dt o 2 Jo

1
2
< CIVmllix llallze + 5 [0l lal g2 [IVal 2,

and by absorbing [|Val|, ., we obtain that
d 2 2
Fllallz: +IValz: < CUIVmz= + [ollz) llallz..

Since m € L?(0,T; H3(Q)), the map ¢ — (|[Vm||3« + [|[v]|3) is in L*([0,77]). So by using
the Gronwall lemma, since a(0,z) = 0, we can conclude that [[a]|2, = 0 and therefore the
ponctual norm of m is conserved.

Under the assumption |m| = 1, the equations (1.2) and (1.4) are equivalent. Hence, we have
proven the existence of a strong solution for (1.2) in the space L>(0,T; H2(2))NL?(0,T; H3(R))
for T' < T*. It remains to prove that this solution is unique.

3.5 Uniqueness for the strong solution of (1.2)

Let m! and m? in L>(0,T; H?(£2;.5%)) N L(0,T; H3(Q2)) satisfying (1.2). Since (1.2) pre-
serves the saturation constraint (1.1) for the strong solutions, they satisfy (1.4). We denote
w=m' —m? Then w € L>(0,T; H*(€;5%)) N L*(0,T; H3>(2)) and is a solution to

0

8—1:—sz51+52+83+84,

a_w =0 on 99, (3.9)
v

w(0,x) =0,

where
(1) S; = —m? x Aw,
(2) So = m?(Vw - V(m* +m?)) + (v- V)w —m? x (v- V)w,
(3) S3 = |[Vm!]Pw —w x Am! +w x (v-V)m?,
(4) Sy = —m x H(w)—wx H(m')—wx (m!x H(m'))—m?x (wx H(m'))—m?x (m?x H (w)).
We take the inner product of (3.9) with w. Since

/ Siwdx = —/ Vm? x v- Vwdz,
Q Q
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and using ||m?|| e = |[m?||L~ = 1, we obtain

1d
5 gpllelze +IVellie < flwllZe(1Vm! e + 1+ [ H(m)|=)
+cllwll 2l V|| 2[1 + |Vt e + [[Vn®| g
+ [l zoe]-
So by using the Young inequality, we obtain
d 2
glwlze +IVellze < OO+ Im e @) + Im? (7 @) + l01Z2=) [wlzs, (3.10)

and since m! and m? are in L?(0,T; H3(Q2)), we conclude by the comparison lemma that for
allt > 0,

t
s < Lo eesp(C [ 1+ Im! (Dl + 1m0 e + o) E)ar).

and since w(0) = 0, we obtain that w = 0 for all ¢, which concludes the proof of Theorem 1.1.

4 Study of the Case s =3

In order to obtain more regular solutions, it would be standard to multiply the Galerkin ap-
proximation (3.2) by A®m,, to obtain a H3-estimate. Unfortunately, the non-local term H (m.,)
does not satisfy the homogeneous Neumann boundary condition, so that the necessary double
integration by parts is not possible. Therefore, the H? regularity is obtained by derivation of
(3.2) with respect to ¢ in order to obtain a H! estimate on d;m. We conclude the proof by a
bootstrap argument to obtain that Am and dym have the same regularity.

4.1 H' regularity for d;m
We differentiate the Galerkin approximation (3.2) with respect to t. Denoting by wy , =

J¢my, the time derivative of m,,, we obtain

% — Awy, = Z}T (4.1)

with

(1) Ty = —Py(my X Awy p),

(2) To = Po([Vmy 2wy + 2(Vmy, - Vwy p)my, — w1, X Amy,),

(3) T3 = =P, (w1,n X H(my) + my x H(wi ),

(4) Ty = =Py (w1, X (My, X H(my,)) +my X (w15, X H(my)) +my, X (my, X H(wi ,))),

(5) Ts = Po((v - V)win + win X (v V)My + my X (v V)wy ),

(

6) Te = Po((Orv - V)my, + my X (Opv - V)my,).
We multiply (4.1) by —Aw; ,, and we integrate on Q. Since m,, x Aw;, - Awy,, = 0, we
obtain

6
1d
53l Vernlze + 1wy a7 < Awn|z: YTl e
=2
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Using the continuity of the operator H on H*(Q) for k = 0, 1,2, we estimate each term:

T2l < [VmalZsllwinllze + IVl L) | Veornl 2@ lImall L)
+ lwinll Lo @) [[AMA] L3 ()
< C(IVwinll o + [winll 2) A+ [lmall7e + mal s @),
ITs + Tall 2 < Cllwnnllzz@ (1 + lImale ),

ITs5l[ 2 < [[Vwinll 2 (Imalle @) + DllvllLe@) + lwiallrs @) 10l Lo @) [Vmal s o)
S Cllwinllpz + IVwrall p2)(lmnll #20) + Dllvllze @),

IT6l 2 < |10:0]| L2 (@) [ Vminll Loo (@) (1 + [mnll7 e ()
< Cllowll L2y (L + [lma| 3z o)) lImnl s -

Since v is sufficiently regular, by absorbing ||Aw; ||, ., we obtain

d n 2 n
5||Vw1,nlliz + |Aw n 172 < g7 () [Vwinll7. + 95 (1), (4.2)
where
g1 (t) = C(1 + [[mnl Tz o) Ml Fs ) + CL+ [mallfrzq)

and

n 2 2
g5 (1) = C lwrnlze U+ Imnllis o) + mnlliz @) + C 10017 (1 Imallie @) limnl @)
Let us now estimate the initial value of d;m,,. By Equation (3.2) taken at ¢ = 0, we have

wi 5, (0) = 9ymy,(0)
= P, (Am,(0) 4 [V, (0)[*m,(0) — my, (0) x Am,(0))
= Pu(mn(0) x H(mn(0)) 4 mn(0) X (mn(0) x H(mn(0))))
+ P, ((vo - V)my(0) + mp (0) X (vo - V)my, (0)). (4.3)
Here we recall that vo(z) = v(0, ).

Using Proposition 2.1, we can estimate the H' norm of wj_,(0) without compatibility con-
dition on the following way:

[w1,n(0)[[ 1 () < [[AMA(0) + [V (0) 1 (0) = 1 (0) X Ay (0) 1110
+ [[mn(0) x H(mn(0)) + mn(0) x (M (0) x H(mn(0)))| (0
+ [I(vo - V)mn(0) +mp(0) X (vo - V)my (0)| 1 ()
< C(1+ [[mn(0)[1 330
< C( A [lmollFs @)

using the compatibility condition (1.3) and Proposition 2.1.
Let us consider z,(t) = ||Vw17n||§{1(9). We have

{Zé(f) < g7 (t)zn(t) + g5 (1),
zn(0) < C(1 + ||mo||?;13(9)).
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Let &, be the solution of

{5; (t) = g1 (t)En(t) + g5 (1),
£a(0) = C(L+ [moll3s )
We have

t

Ea(t) = §n(0)exp(/0t g?(T)dr) + /Ot gg(T)eXp(/T g?(s)ds)dr.

From Estimates (3.6)—(3.7), we obtain that for all T < T*, there exists a constant C(T')
independent of n such that

T T
[ orwar<ca), [ g <o)
0 0
so we infer that
VT <T*, 3C(T), Vn, &, (T)<C(T).
Therefore, by the comparison Lemma 2.4, we obtain that for every T" < T, there exists a

constant C'(T) independent of n such that

sup [[wn(t)1 1) < C,
t<T

and by integration of (4.2) on the interval [0, 7], we obtain

T
/ | Awy , (8)]|22dt < C.
0

From these inequalities, we can conclude that there exists a subsequence (w; ,, ) such that

(1) wy p,, — Oym in L2(0,T; H*(Q)) weak,

(2) win, — Oxm in L°°(0,T; HY(Q)) weaks.

Therefore we obtain that 9;m is bounded in the space L°°(0,T; H*(Q))NL?(0,T; H?(S)) for
all T < T*. Let us show that this estimate yields that m € L>(0,7; H3(2)) N L2(0,T; H*(2)).

4.2 Regularity of Am

In this paragraph, we prove

Am € L>=(0,T; H(Q)) N L*(0,T; H*()),
so that
m € L>(0,T; H*(Q)) N L*(0,T; H*()).
By the equation, we have
Am —m x Am = 0ym — |Vm|?*m +m x (H(m) +m x H(m)) — (v-V)m —m x (v-V)m.
Let us consider g,, the map defined by £ — & — m x £. This map is linear bijective which

inverse ¥, = g,} is given by

Ymly) =€ = 5y +m x y+ (my)m).

Since |m| = 1, then ¢, (0ym) = 5(0ym + m x Oym), m,(m) = m and we obtain

1
2
1
Am = 2(8tm +m x Oym) — |Vm|?*m + W, (4.4)

where W =m x (m x H(m)) —m x (v-V)m.
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Lemma 4.1 For all T < T*, ¢,,(0ym) € L>(0,T; H*(Q)) N L*(0,T; H*()).

Proof We recall that )
wm(atm) = 5(8tm +m X 8tm)

In the previous section, we have proven that 9ym € L>(0,T; H*(Q2)) and m € L>(0,T; H?(12)).
So by Lemma 2.3,
Y (Opm) € L®(0,T; HY()).

Now, H?(Q) is an algebra. Since m € L>(0,T; H?*(Q)) and d;m € L*(0,T; H?*(%)), we
obtain
U (Oym) € L*(0,T; H*()).

Lemma 4.2 For all T <T*, W € L>(0,T; H'(Q)) N L*(0,T; H*(Q2)).

Proof We know that m € L*(0,T; H*(Q)). From Proposition 2.1, the same holds for
H(m). Since L>(0,T; H*(Q)) is an algebra,

m x (m x H(m)) € L>=(0,T; H*(2)).

So a fortiori this term belongs to L (0,T; HY(Q)) N L?(0,T; H*(Q)).

Concerning the other term, m and v are bounded in L°(0; T; H*(Q)) and Vm is bounded
in L°°(0,T; H(Q2)). So by Lemma 2.3,

m x (v-V)m e L>®(0,T; H()).

On the other hand, m and v are bounded in L>(0;T; H*(Q)) and Vm is bounded in L?(0, T}
H?(Q)), thus, since H?({) is an algebra,

m x (v-V)m € L*0,T; H*(Q)).

We aim to deduce from (4.4) more regularity for m. We have
IV(IVml*m)| < [Vm]® +2|m|[Vm|| D*m],
S0

[V(VmI*m)|| . < CUIVms + [mll - [V e[ D*m] L2)

< Cllmlf +Cl ml sl mils
by Proposition 2.1. Since m € L*(0,T; H*(Q)) N L*(0,T; H3(12)),

|Vm|*m € L*(0,T; H'(Q)).
Using Lemmas 4.1-4.2, we obtain from (4.4) that

Am e L*0,T; H'(Q)), me L*0,T; H*(Q)).
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Now, Vm € L*(0,T; H%(2)) and m € L>(0,T; H*(Q)). So
|Vm|*m € L*(0,T; H*(Q2)).
By using Lemmas 4.1-4.2, we obtain
Am € L*(0,T; H*(Q)),

and so

m € L*(0,T; HY(Q)).
By [4, Theorem I1.5.14], since 9;m € L*(0,T; H?(f2)), we obtain
m € C°(0,T; H3(Q)).

This concludes the proof of Theorem 1.2.

5 Very Regular Solutions

It is not possible to obtain H? estimates on w1, = Ogmy, using Equation (4.1). Indeed,
we would need a uniform estimate on the initial value wy ,,(0) in the H? norm, and using

Proposition 2.1, it would be necessary to check a compatibility condition of the form:

%(Amnm) Vi (0) 215 (0) — 1125, (0) % A (0) — min (0) X H(mn(0))

+ mp(0) x (myp(0) x H(my(0))) + (vo - V)my, (0) + my, (0) X (vg - V)m, (0)) = 0.

Because of the non-local term H(m,(0)), this condition can not be satisfied for all n.

We assume that mo € H*(Q; S?) and satisfies the compatibility condition at order one (see
Definition 1.1). In order to obtain more regular solutions, our strategy is the following:

(1) We compute the equation (5.2) (see below) satisfied by the time derivative 9;m.

(2) We construct a solution w; for this equation in L>°(0,T; H?) N L?(0,T; H3). At this
step we need a compatibility condition at the boundary for 9ym(t = 0).

(3) We already know that 9;m € L®(0,T; H')NL2?(0,T; H?) and satisfies (5.2). In addition,
we show a uniqueness result for the solutions of (5.2), so that wy = dym.

(4) Writing Am in function of 9;m, we prove Am € L*(0,T; H?) N L2(0,T; H3), so that
m € L>(0,T; H*) N L*(0,T; HO).

If mg € H5(Q; S?) satisfies the compatibility condition at order one, we obtain the desired
regularity by differentiating the Galerkin approximation of (5.2) with respect to time (in the
same spirit we obtained the H? regularity for m in the previous part).

This strategy will be used at any order to obtain very regular solutions for the Landau-
Lifschitz equation.
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We detail this process at any order by proving by induction the following property P(k):
If mo € H?*(2; S?) satisfies the compatibility condition at order k — 1, if for all j <
k—1,8/veCO(RT; H?~2i(Q)), then the solution m of the Landau-Lifschitz equation
(1.2) with initial data mg satisfies

VT <T* Vi€ {0, -k}, 9im e L>(0,T; H*721(Q)) N L2(0,T; H**~2+1(Q));
If in addition mo € H2*T1(Q; S?), if for all j € {0,--- , k},

div € CORF; H2—2i+1()),
then m satisfies

VT < T*, Vi€ {0,--,k}, dim e L(0,T; H*=2+1(Q)) N L2(0, T; H2*-21+2(Q)).

This property is proven for £ = 1 in Sections 3—4.
Let k > 1. Let us assume that P(k) is true, and let us establish P(k + 1).

Let mo € H>*+1(Q; S?) satisfy the compatibility condition at order k. By the property
P(k), we already know that

VI <T* Vie{0,--,k}, 8me L>(0,T; H****1(Q)) N L*(0,T; H*~2"+2(0)).

We denote by w; = dlm for j € {0,--- ,k}. By differentiating (1.2) j times with respect to

t, we obtain that w; satisfies

% — Aw;j = —m X Awj + K, (Vw;) + Ly (w;) + F;  on RT x Q,
gw; _ on R+ x 0Q, (5.1)
ov
w;(0,z) = V;(x) for x € Q,
where
K, (Vw) =2(Vm - Vw)m + (v- V)w+m x (v-V)w,
Ly (w) = |[Vm|*w —w x Am —w x H(m) —m x H(w) —w x (m x H(m))
—mx (wx H(m)) —m x (mx Hw)) +w x (v-V)m,
Fy = Z Ca((vwal 'vwaz)was = Wa,y X (waz X H(wa?,)))
OLGZ]‘
j—1
— ZC}(U& X ij_i + w; X H(wj_l))
i=1
Jj—1 o
+) CHOT 0 Vwi + Y C%wa, X (9720 V)wa,
=0 acA;
with
Aj ={(er,00,03) € {0,-+,j —1}%, a1 +az + a3 = j}
and

Aj:{(alaa27a3)€{oa"'7j_1}><{03"'7j}x{03"'aj_1}7 O[1+O[2+03:j}-
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In particular, wy, = dFw is in L>°(0,T; HY(Q)) N L2(0,T; H%(2)) and satisfies

% — Awg = —m x Awy, + Kin(Vwi) + Lin(wi) + F - on RT x Q,
% =0 on RT x 99, (5.2)
ov

wi (0, x) = Vi(x) for z € Q.

We aim to construct a more regular solution for (5.2). We establish the following estimates.

Lemma 5.1 For all j € {1,--- ,k}, and for all T < T*,
Fj; € L>(0,T; H**2T1(Q)) N L*(0, T; H**~272(Q)).
Proof We fix j < k. From the property P(k), for all i € {0,---,5 — 1},
w; € L>(0,T; H** =23 (Q)) N L*(0, T; H*2114(Q)).

For all & € Aj, Va,, VWay, Way, Way, Was and H(we,) are in L°(0,T; H2#=21+2(Q))
which is an algebra since 2k — 25 + 2 > 2. So

D O ((Vuw, - Vv, Yoy =ty X (woy X H{uwn,))) € L®(0, T3 H242(),
OCEZJ'
and a fortiori this quantity is in L>(0,T; H2*=2+1(Q)) N L2(0, T; H?*=27+2(())).
In the same way,
j—1
> Ciw; x H(w;—;) € L>(0,T; H*7271(Q)) N L*(0, T; H**12(Q)).
i=1
On the other hand, for i € {1,---,j — 1}, w; € L>(0,T; H*~%+2(Q)) and Aw;_; €

L0, T; H*=2+1(Q)) N L2(0, T; H**~2772(Q)). So, since H*(Q) is an algebra for s > 2 or by
applying Lemma 2.3, we obtain

Jj—1

> Chw; x Aw;_i € Lo(0,T; H*21(Q)) 0 L*(0, T; H**27+2(Q)).

i=1

Since for all i < j, div € C°(0,T; H**~27+1(Q)) N L2(0,T; H?**~2i+2(Q))), with the same
arguments as below, we obtain that the remainder terms are in L°°(0,T; H**~2/+1(Q)) N
LQ(O, T; H2k—2j+2(ﬂ)),
5.1 Construction of more regular solution for (5.3)

We consider the following Cauchy problem:

%—1:—Aw:—mwa—i—Km(Vw)—i—Lm(w)—i—Fk on RT x Q,
ow =0 on Rt x 99, (5.3)
ov

w(0,2) = Vi (x) for z € Q.
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We aim to construct a solution for (5.3) in L>(0,T; H?(2)) N L2(0,T; H3(£2)).

We recall that, from the compatibility condition at order k, Vi, € H?(Q) and %Ly’“ =0 on
of.

We counsider the following Galerkin approximation for (5.3):

w™ € CL[0, T, [; Vi),
— Aw"™ = P,(—m x Aw™ + K,;,(Vw™) + L, (w™) + Fy), (5.4)

w'(t = 0) = Po(Vi).

Since the coefficients of this ordinary differential equation are continuous on [0, 7|, since the
equation is linear, the maximal existence time T, equals T*. Let us obtain uniform estimates

on w".

Bound for the initial data Using the compatibility condition at order k, we know that
Vi € H%(Q) and that % = 0 on 012, so we can apply Proposition 2.1 and obtain

K, vn, |Jw"(0)||g: < K. (5.5)

L? estimate We multiply (5.4) by w" and obtain

1d
§Ellw"lli2 + Vw72 = My + Ma 4+ M3 + My,
where

Mlz—/mXAw”-w"dxz/mxw”-Awndx
Q Q

- / V(m x w™) - Vw"dx (using the homogeneous boundary conditions)
Q

= /(Vm) x w" - Vw"dz
Q
< IVmllzes lw"[| g2 [V | L2,
M, = / K, (Vo™ )w"dx
Q
S K m (V™) 2 [w" ] 2
< (2IVmllLe +2fvllzee) lw™ [ 2 [Vw™ || L2 (since [lm|z~ = 1),
Msz = / Ly (w™)w"da
Q
<L (W)l g2 Jw" || = dae
< (IVmZs + | Aml s + [Vl o[lv]| oo ) Jw™ || o 1w" | 2
+C(|H(m)[p~ + 1) w7z,
My = / Fi, - w"dx
Q

< N Ekll g2 ™l -
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H? estimate We multiply (5.4) by —A%w" and obtain

1d

§E”Awn”%2 + ||VA’LU”||%2 S N1 + N2 + N3 + 1\147

where
N1 = [[(Vm) x Aw™|| 2 [[VAW" | 12
<NVm| e (w2 VAW | 12,

N, = ‘ / V(K (V™) VAW dz
Q
< C/ (|D*m||Vw™| + [Vm||D*w"™| + |[Vm[*| Vw™ | + |Vo||[Vw™|)|VAw™ [dz
Q

+/(|v||D2w"| + |[Vm|[v||Vw™])|VAw"|dx
Q

< C(1D?*ml|ze | V™ Lo + [Vml iz [ D*w" |2 + [Vl Z6]| Ve || o
IVl [V |2 + [[v]| Lo [ D*w0" || 2 + V]| oo 0]l 2 [ Vo™ | 12) [V Aw™ || 2,

N3 = ‘/ V(Lm(w”))-VAw”dx‘
Q
< C/ (|D*m||Vw™| + |[Vm|*|[Vw"| + |Am||Vw" | + |V Am||w"|
Q

+ [w"™||VH(m)|)|VAw" |dz + C/ (|H(m)||Vw™| + |[Vm||Jw"|
Q
+ [Vw™||v||[Vm]| + |w™||Vo||[Vm| + [w"||v]|D?*m])|V Aw™|dz
< C(ID*m| s + [IVml|7s + [H(m)| s + [[Vml s + [l Lo) [V || o [[VAW™ || 2
+C(IVAM| 12 + IVHmM)| 12 + [[Vm[ 2 + [Vl Lal[ V| o) [[w" || e [|[VAw™ || 2
+ [|v]| Lo | D*m| s [|w™ || oo |V AW™ | 1,

Ny <[IVEg| 2 [VAW™ || .

By adding up the previous L? and H? estimates, after absorbing ||[VAw™||, ., we obtain
that

d n n n n
— w50+ VW[50 < g1(0) w5 .0 + g5 (£), (5.6)
dt

where

91(t) = C(L+ [mlf32) (L + o]l =) + Cllml|3,

95 (t) = C|| Fx I3
We already know that for all T < T, m € L®(0,T; H?(Q))NL2(0,T; H3(Q)), so g1 € L*(0,T)
for all T < T*. In addition, by Lemma 5.1, g% is uniformly bounded (with respect to n) in

L'(0,T) for all T < T*. Since (5.5) yields a uniform bound for [[w"(0)]|3 ¢, by the comparison
lemma, we deduce that for all ' < T, there exists a constant C'(T") such that for all n,

lw"™ | Lo 0,32 () + W™ | 220,751 (02)) < C(T). (5.7)
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By Equation (5.4), we obtain in addition the following estimate on the time derivatives
VI < T, 3C(T), Yn, 0" Lo(0,:22(0)) + 10cw™ | 20,701 (02)) < C(T). (5.8)

By standard arguments (see Subsection 3.3), we obtain by extracting subsequences that

there exists w satisfying (5.3) such that
VT < T*, we L*0,T; H*(Q)) N L*(0,T; H3(Q)).

5.2 Uniqueness for (5.3)

Let w; and wa be two solutions of (5.3) in L°°(0,7; HY(Q)) N L?(0,T; H(2)). We denote
W = w; — wa, and we remark that w satisfies the following problem:

%—Vf — AW = —m x AW + Kp(VW) + Ln(W) on R* x Q,

AL on R+ x 99, (5.9)
ov

W(0,z) =0 for z € Q.

Since W € L>=(0,T; HY(Q))NL?(0,T; H*(2)) and since 9;W € L?(0,T; L?(Q2)), we can perform
the following L? estimate, taking the inner product of the equation with W:

d

G IWIIzz + 20VW Iz < CUIVmloe + follz) W] VW] 2
+ (IVm|2e + | Aml| s + [ Vml| zo [l ) |W | 26 |[W]] 12
+C([Hm)| = + 1) W]

We multiply Equation (5.9) by —AW and integrate on [0,7] x Q for all T' < T*. We can
do it because AW and Z¥ are in L2([0,7] x ). Using that W € €°(0,T; H'(2)) and that
W(0) =0, we obtain

T T
VW ()2, +2/0 /Q|AW|2da:dt: _2/0 /Q(Km(VW)+Lm(W))Adedt.

We have
[ K (VW) 2 < CIVm|[ree VW |2 + Cllv]|zee W] 12

and
L (W)l 2 < CIVm||Z6l|W | Lo +ClW | s | Aml| s +C [W]| 2 (1 H (m) || oo + IVl o< 0] o).

We integrate the L? estimate from 0 to 7. Adding up with the H' estimate and using

Young formula, we obtain
T
W2+ VW) + [ [ (W + |aW)dods
0 Q

T
<c / IFW @22 + WD) 22)g(t) dt,
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where
9(t) =1+ lu(®)[|7= + [m()]

20+ 1VmO)|7 (1 + [o(t)]| 7).

By properties of m and v, g € L'(0,T) for all T < T*, we can use the Gronwall lemma to
conclude that
W =0 on[0,T*[x.

Now, w and dFfm are solutions for (5.3) in the space C°([0, T*[; H'(2)) N L2(0,T; H?(Q)).

By the previous uniqueness result, w = 9Fm, so that
VT <T*, 0Fm e L>(0,T; H*(Q)) N L*(0,T; H3()). (5.10)

5.3 Regularity for m
From the property P(k), we know that
Vje{0,--,k}, wj:=0d!me L®0,T; H*2+1(Q)) N L*(0, T; H*~%+2(Q)).
In addition, we proved in the previous subsection that

OFm € L°°(0,T; H*(Q)) N L*(0,T; H3(Q)).

Let us establish by induction the following claim.

Claim 5.1 For all T < T*, for j € {0,---,k — 1}, wx—; € L>(0,T; H**%(Q)) N
L2(0,T; H321(Q)).

Proof This property is true for j = 0 by (5.10).

Let j € {1,---,k — 1}. Let us assume that the property is true at the rank j — 1. Then,
from Equation (5.1), replacing j by k — j, we have

Awk_j —m X Awk_j = 8twk_j — Km(Vwk_j) — Lm(wk_j) — Fk_j,
that is, since ywi—; = Wr—j+1,
Awp—j = Y (Wp—jt1 — Km (Vwi—;) = L (we—j) = Fe—j),

where 1, is defined on page 904. We have

(1) m € L>=(0,T; H*+1(Q)),

(2) Vim € L=(0,T; H?(Q)),

(3) Am € L=(0,T5 H*-1(Q)),

(4) wiy € L®(0, T; HYH(Q),

(5) v € L>(0,T; H?:(Q)).

On the one hand, we recall that

Kp(Vwg—;) =2(Vm - Vwg_j)m + (v - V)wg—; + m x (v - V)wg—;.

Since 2j < 2k, Vm, Vwg_j, v and m are in L>(0,T; H*/(2)), which is an algebra (since
j > 1), we have
K (Vwg—j) € L=(0,T; HY(Q)).
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Since 2j + 1 < 2k, Vm, v and m are in L>(0,T; H*71()) and since
Vwy_; € L*(0,T; HY1(Q)),
we have
K (Vwg—j) € L*(0,T; H* Q).
On the other hand, we recall that
Ln(wi—j) = |Vm|Pw—; — wg—j x Am —wy—; x H(m) —m x H(wg_;)

—wi—j X (m x H(m)) —m x (wg—; x H(m)) —m x (m x H(wk—j))

+ wi—j x (v-V)m.

From Proposition 2.2, H (w—;) and wy,—; have the same regularity, i.e., they are in L>°(0, T’;
H?71(Q)). We remark that j < k — 1 so that 2j +1 < 2k — 1. So Vm, H(m), m and Am are
in L>°(0,T; H¥*1()). The same holds for v. Since this space is an algebra, we obtain

Lm(wk—j) eL> (07 T7 H2j+l(Q))'

From Lemma 5.1,
F—;j € L>®(0,T; H711(Q)).

From the property at rank 7 — 1,
we—jy1 € L0, T3 H* (Q)) N L(0,T; H ().

In addition, since m € L>(0,T; H¥*1(Q)), we keep the same regularity when we compose
with ¥,,, so
Awy_j € L>=(0,T; H¥(Q)) N L*(0,T; H¥1(Q)),

and by elliptic regularity results,
wy—j € L°°(0,T; H*2(Q)) N L*(0, T; H¥13(Q)).

This concludes the proof of the claim.

In particular, we have proven that
wy = dym € L>=(0,T; H*(Q)) N L2(0, T; H*T1(Q)).
Now, we have
1
Am = g(atm +m x Oym) — |Vm|[?*m + W,

where W =m x (m x H(m)) —m x (v-V)m.
Since Vm, m and H(m) are in L>(0,T; H?*(12)), the same holds for —|Vm/|?m + W.
Since m € L>(0,T; H*+1(Q)), 0;m +m x dym € L>(0,T; H?*(Q)) N L2(0,T; H?*T1(Q)).
Therefore, Am € L>(0,T; H**(Q)) N L?(0,T; H***+1(Q)), so

m € L>(0,T; H***2(Q)) N L?(0, T; H***3(Q)).
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5.4 Regularity for 9Fm in the case mo € H?*+3(Q)

We assume now in addition that mo € H?**+3(Q); 5?) and satisfies the compatibility condition
at order k. From the previous case, we already know that

Vje {0, -k}, VI <T*, dlm e L>®0,T; H***2721(Q)) N L(0,T; H**+3-2(Q)).

In addition, we know that dFm is the unique solution for Equation (5.3). We can improve
the regularity of 9Fm using the Galerkin formulation (5.4).

We derivate (5.4) with respect to time. Denoting by «,, := d;w™, we obtain

(?(;L: —Aa" = —P,(m x Aa" + K,,(Va™) + Ly, (a™) + ﬁk) on [0, T,
a™(0) = Po(A(Pn(Vi)) —mo X A(Pn (Vi) (5.11)

+Kmo(v(Pn(Vk))) + Lmo(Pn(Vk)) + Fk(f - O)),

where
Fk = —atm x Aw™ + at(Km)(Vw") + at(Lm)(w") + atFk

We multiply (5.11) by Aa’™. After integration on  and using Young formula, we obtain
d n n n n '
3 Ve 72 + [Aa” |72 < CUKm(Va™) 72 + 1 Lm(@™) 72 + 1 Fkl172).
We have
| Km(Va"™)| 2 = 12(Vm - Va")m 4+ (v-V)a"™ + m x (v-V)a"|| -
< CUIVmpoe + vl o) VO™ |2,
| Lon(@™)|| < [|[[Vm2Pa™ — ™ x Am —a™ x H(m) —m x H(a") — o™ x (m x H(m))||
+ |lm x (& x H(m)) +m x (m x H(a")) +a"™ x (v-V)m| 2
< O(IVml 7o + 1AM oo + [|H (M) oo + 0]l e 1V oo + 1) [["]] 2
< C(T)
for all T < T*, since m € L>=(0,T; H*(Q)) and by (5.8).
Concerning ﬁk, we have
[0em x Aw™|[ L2 < C|0ym| poo |w" || g2 < C(T)
for all T < T*. Since 9ym € L>=(0,T; H**(2)) and by (5.7),
Ot (K ) (Vuwh) = 2(Voym - Vw™)m + 2(Vm - Vw™)dym
+ (O - V)" + 0m x (v - V)w"™ +m x (G - V)w",
10 (K ) (VeoP) || < CIVw" || (VO s + | Vml Lo | 9eml s + [|0ev]| s
+ [[ol[ oo [|Geml| £3).-

Since k > 1 and dym € L*°(0,T; H?(Q2)), we have Voym € L>(0,T; H*(R)), so by embedding,
forallt <T < T*, |[VOm(t)|| s < K(T).
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In addition,

[Vw™||zs < Cllw" |52 < K(T)

by (5.7).
So,
18: (K ) (V) (1)]| < K(T)

forallt <T < T*.

Ot (Ln)(wy) =2(Vm - Vorm)w™ — w™ x Adym — w™ x H(Jym) — Oym x H(w™)
—w" x (Oym x H(m)) —w" x (m x H(Oym)) — dym x (w™ x H(m))
—m x (w" x H(Oym)) — Om x (m x H(w™)) —m x (Oym x H(w"))
+w" x (G- V)m +w" x (v-V)oym,
10 (L) (wi) 2 < Cllw™|[ oo (VM| oo VOl L2 + [[ADeml| 2 + [[H(Osm)|| 12)
+ Cllw™ [l oo I0emll Lo (1 (m) || oo + 10eml| L2 + [[0]] oo VOl 2)
+ Cllw™ (| oo 10e0]l oo IVl L2 + CH (w™)] 2 [0l 2 -

Using Proposition 2.2, (5.7) and the known bounds on d;m, we obtain
d
VT <T*, 30(T), ¥n, — |2, + |Aa”|[7, < C(T) ||[Va™ |2, + C(T). (5.12)
Now from Proposition 2.1, we have

IVa™ (0)| 12 < |A(PL(Vi)) = mo X AP (Vi) + Koo (V(Pn (Vi)
+ Lo (Pa(Vi)) + Fr(t = 0)]| 1
<O+ || Pa(VF) | 1s).

From the compatibility condition at order k, %Lyk =0 on 012, so from Proposition 2.1,
[Pa (V)15 < CIVF |15
for all n. Therefore, there exists a constant C' such that for all n,
[Va™ (0)]| . < C. (5.13)
Estimates (5.12) and (5.13) coupled with Lemma 2.4 yield
VI < T, 3C(T), |la"||zerm (@) + o[ 220,1:02(0) < C(T).
Since a” — 9% m in the distribution sense, we obtain

VT <T*, OFtlme L0, T; HY(Q)) N L*(0,T; H*(Q)). (5.14)
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5.5 Regularity for m in the case mo € H?*+3(Q)
We know from Subsection 5.3 that

Vje{0,--,k}, &me L>®(0,T; H*~2+2(Q)) N L?(0,T; H**~2+3(Q)).

So coupling this estimate with (5.14), we gain one rank for the regularity of each w;, and exactly
with the same method as in Subsection 5.3, we prove

Vi€ {0, k+1}, &me L>0,T; H*~2+3(Q)) N L?(0, T; H**~2+4(Q)),

so that the proof of the property P(k + 1) is complete.
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