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1 Introduction

The nodal sets are zero level sets. We want to study the measure estimates of nodal sets of
polyharmonic functions in this paper. In 1979, Almgren [1] introduced the frequency concept of
harmonic functions. Then in 1986 and 1987, Garofalo and Lin [4-5] established the monotonicity
formula of the frequency and the doubling conditions for solutions of the uniformly second order
elliptic equations, and showed the unique continuation of such solutions by using the doubling
conditions. In 2000, Han [6] studied the structure of the nodal sets of solutions of a class
of uniformly high order elliptic equations. In 2003, Han, Hardt and Lin in [7] investigated
structures and measure estimates of singular sets of solutions of high order uniformly elliptic
equations. In 2014, the author and Yang in [13] gave the measure estimates of nodal sets for
bi-harmonic functions.

The classical frequency of a harmonic function is defined as follows.

Definition 1.1 If u is a harmonic function in By, then for any r < 1, one can define the
frequency function of u centered at the origin with radius v as follows:

D(r) [, [Vulda

H(r) -7 faBTUQdO' ’ (1.1)

N(r)=r

where do means the (n — 1)-Hausdorff measure on the sphere OB,.. Similarly, one can define
the frequency centered at other point.

Based on this idea, we define the frequency of a polyharmonic function as follows. We first
show some notations in this paper as follows:

w=u, uy=Au, -, up=~A""ly, uk_H:Aku:O.
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Definition 1.2 Suppose that u satisfies that A*u = 0, where k is a positive integer more
than or equal to 2. Such a function u is called a k-polyharmonic function in the rest of this
paper. Then we define

(1.2)

where
k
D(r) = ZDi(T)’ E(r) = ZEz'(T), H(r) = ZHi(T),

Di(r)z/B |Vug|?dz, Ei(r) :/B w1 de, Hi(r)z/aB u?do.

r

The function N(r) is called the frequency of u centered at the origin with radius r. Similarly,
we can define the frequency centered at other point.

Remark 1.1 Noting that for any j = 1,2,--- , k, u; is a (k— j + 1)-polyharmonic function,
and wuy, is a harmonic function. Thus one can also define the frequency for u; as above. We
denote such frequency as N;(r). It is easy to see that Ni(r) = N(r), and Ny(r) is just the
classical frequency of a harmonic function as in Definition 1.1.

Remark 1.2 This frequency is in fact the following form

k
> faBT wjwi,do
Np)y=r=b —

u 2
> Jop, wido
=1
Here u;, is Vu - v and v is the outer unit normal on 0B,

Now we state the main results of this paper.

Theorem 1.1 Let u be a polyharmonic function in By C R", i.e., A*u =0 in By. Then

H''({zeB

1
16

k
tu(z) =0}) <C Y Ni(1)+C, (1.4)
i=1

where C' is a positive constant depending only on n and k.

Theorem 1.2 Let u be a k-polyharmonic function in the whole space R™.
(1) If the frequency of u centered at the origin is bounded in R™, then u is a polynomial.
Moreover, if N(r) < Ny for any r > 0, then it holds that

deg(u) < CNy+ C, (1.5)

where deg(u) means the order of degree of u and C' is a positive constant depending only on n
and k. In this case, for any i = 2,-, k, the functions u; are also polynomials.

(2) If u is a polynomial, then the frequency of u is bounded by the order of degree of u in
the whole space R™.

The rest of this paper is organized as follows. In the second section we introduce some
interesting properties of the frequency and prove the monotonicity formula of the frequency. In
the third section, the doubling conditions of the polyharmonic functions are proved. The forth
section gives the measure estimates of nodal sets of polyharmonic functions, i.e., the proof of
Theorem 1.1. The last section shows the growth property of polyharmonic functions.
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2 Monotonicity Formula of Frequency

In this section, we will give some interesting properties for the frequency of polyharmonic
functions, and then prove the monotonicity formula for this frequency function.

Lemma 2.1 Ifu satisfies A\Fu = 0, where k € N and the vanishing order of u at the origin
isl>2(k—1), then

lim N(r) > 1 = 2(k —1). (2.1)

Proof Note that u is k-polyharmonic. So each wu; is analytic near the origin, thus we may
assume that for each i = 1,2,--- &k, u;(z) = Pi(z) + Ri(z), where P;(x) is a homogeneous
polynomial. Assume that the order of degree of P;(z) is l;, and then R;(z) = o(|z|'*) as
|| — 0. Because the vanishing order of u at the origin is [, it is known that [; = [, and for
each i = 2,3,---,k, l; > 1—2(i—1). Let lp = inf{ly,l2,---,lx}. Because each P;(x) is a
homogeneous polynomial of degree I;, P;(x) can be written as P;(z) = r' ¢;(#), where (r,0) is
the polar coordinate system. Then

k k k
Z fBr |Vu;|2da + E fBT Ui do Z faBr wits,do
N(’I”) _ 7ﬁz:l =1 _ 7ﬁz:l

k k
> faBT u?do 221 faBT u?do
=

S r2e 3 G2(6)do + o(r?h)
OB,

i=1

where do = 7"~ tdw, dw is the (n — 1)-Hausdorff measure on the unit sphere S*~ . Let r — 0
in the above form, one can get 1imO N(r) =1y >1—2(k—1). That is the desired result.
T—

In order to prove some properties of the proposed frequency, we need the following two
lemmas which can be seen in [9, 13].

Lemma 2.2 If u is a harmonic function in B,., then

/ ulde < Z/ u?do. (2.2)
r n OB,

Lemma 2.3 For any u € WOI’Q(BT), it holds that

2 4r? 2
u dr < —- |Vul“dz. (2.3)
B, n* JB,

Now we show some properties of such frequency.

Lemma 2.4 Ifn > 2, r < 1, and u is a k-polyharmonic function as above, then the
frequency of u satisfies that
N(r) > —Cr,

where C' is a positive constant depending only on n.
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Proof For any fixed ¢ and r, define the function u}, and u}, as follows:

Aujy =uyp1 in By, uj; =0 ondB,,

Aujy = in By, ujy,=u; ondB,.
So u; = u}; + uj,. Note that for any i =1,2,--- , k, u], are harmonic functions, we have
T r
[ hiPao <t [ o= [ s, (2.4)
B, n.JoB, " JoB,

which is presented in [8, Chapter 2]. On the other hand, the functions u}, are all in VVO1 P(B,),
so from the Poincaré’s inequality, we have

4 2
[ul;|*do < - |Vu?, [2do.
(2t 2 2t
B, ns Ja,

Because
/B |Vu;|?do = / |Vuly [2do + |Vul,y|? + 2Vul,ul,
and
B,
we have

4 2
/ luly [Pdo < %/ |Vul,|*do S/ |Vu;|?do. (2.5)
B, n* JB, B,

We write the term [, w;u;y1do as

/ uiui-l-ldU:/ ulrluzr+1,lda+/ “£1U£+1,2d0+/ “£2Uzr+1,1d0+/ Uip Uiy odo

[ B, [ B, B

=I1+1IT+II+1IV.

Now we will give the estimates of |I|, |II|, [III| and |TV| separately. First consider the term [I].
By using the form (2.5), we have

1 472
<5 ([ wafaos [ urPas) < ([ VaPdos [ 9uafao),
B, B

T T B

For |IV], by using (2.4), we have

] < ;—n(/ u?da+/ uf1do)).
aB, aB,

Now we focus on [II|. Also from the forms (2.4)—(2.5), we have for any € > 0, it holds that

2er?

€ 1 r
1] < 5/3 |uf1|2da+§/B |uf+172|2d0'§ 3 /B |Vui|2dcr—|—ﬁ - ufﬂda.
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Similarly, for [ITI], we have

2
) < € / Vi |?do + — [ w2do.
B, 2en Jsp,
So
4r2e 272 r 2r
20) < (S +52) P00 + (5 + 55O

Choose € = %. Then from Lemmas 2.2-2.3 and the fact that n > 2, » < 1, we have

ar?e  2r?  3r?

T T st
So
|E(r)| < CrH(r) + D(r).
Thus
_ . D)+ E) _ D(r)—|E(r)
N(r)y=r o) >r 0 > —C'r,

which is the desired result.

Remark 2.1 It is obvious that the result of the above lemmas also hold for the frequency
centered at other points.

Remark 2.2 The frequency of a harmonic function is obviously nonnegative. For a poly-
harmonic function, the frequency may not be nonnegative, but from Lemma 2.4, one knows
that it also has a lower bound.

Next we will show the monotonicity formula for this frequency.

Theorem 2.1 Let u be a k-polyharmonic function. Then there exists two positive constants

Co and C depending only on n and k such that if N(r) > Cy, then it holds that
N'(r)
N(r)

> -—C. (2.6)

Proof It is easy to check that

N 1 D@+ EE) H()
N ¢ D)+ Er)  Hr) 2.7)

We calculate D'(r), E'(r) and H'(r) separately. We write H(r) as follows:
H(r)= / u?(z)do, ="} / u?(ry)do,,
le=r] lyl=1

where do, and do, are the (n — 1)-Hausdorff measures on the corresponding spheres. This
implies that

H!(r)=(n— 1)r"_2/ - u?(ry)day +2rnt / ;i (ry)ua (ry)doy
yl=

lyl=1
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—1
= r Hl(r) + 2/ uiui,,do.
r 9B,
So
b n—1
H'(r) = 22/ wiu,do + ——H(r). (2.8)
i=1 OB r

Now consider D’(r) and E’(r). First note that
k
D'(r)="Y_Dj(r),
i=1

k
E'(r) =Y E/(r),
=1
where
Di(r) = / Vs 2o
0B,

and
El(r) = / it y1do.
aB,

For D/(r), it holds that

1 1
Di(r) = / |V, |2de = —/ |V |2 -z - Tz = —/ div(|Vu,|* - z)dx
dB, T OB, T T

2 Ou; 0%
= E/ |V [2de + = gl CN de
r /g, r Jp, Ox; Ox;0x

20042 [ o (o) (3 )

Sipyad [ Qmlum g, 2 0n 0 On ),
r r Jop, Ox1 0z 1 r Jp, Ox; Oxj \Ox;
-2 2
= D;(r) +2/ ufyda— —/ Vu; - - u;de.
r OB, " JB,

For El(r), we have

1 T 1
Ei(r) = / Uiuip1do = —/ UjUjp1x - —dx = —/ div(u;ui41x)de
B, " JoB, r ”JB,

n 1 1
—/ w;uir1de + —/ i1 Vu, - zdr + —/ w; Vuiy - xdx
rJB, " JB, T JB,

1 1
EEz‘(T) + = / w1 Vu; - xdx + —/ u; Vg - xde.
r r /g B

r T

Thus

Di(r) + Bl = =

(D;(r) + E;(r)) + 2/63‘ u? do

1 1
—I——/ Vui+1-a:-uidx——/ Wi - X - Ujprde
" JB, T JB,
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2
+ - / Ujli+1de.
T B,
So

k
D)+ E(r) _n-2 Z Jop, v
D(r)+ E(r) k

r
Z faBT uiui,,da
i=1

) (fBT Vi - x - uide — fBT Vi -z - w1 de + 2 fBT withip1dx)
i=1
,

E

i

k
2 faBT u?,do
+2 j;l

1(fBT |V [2da + fBT it 1de)

S
I
[\

1R; —Ra 4+ 2Rs
T

r D(r)+ E(r)
l; faBT wjwi,do

Then we will estimate |Ri|, |[R2| and |R3| separately.

k

< CT‘Z(/ |Vui|2dac—i-/a ufda).

i=1 Y Br

k k k
i=1 v Br i=1"Y Br i=1"Y Br

s

From the similar arguments, we have

k k
|R2|§Z’/B Vu @ de] ggZ(/ |Vui|2da:+/
=1 T =1 "'

|ui+1|2d:z:)
B B
k

< CT; (/BT|VUi|2d$+/6B ufda)

r

and

k k
1
Rs| < ‘/ U 1dx‘ <= (/ w2dz +/ u? dx)
; B, * 2 ; B, 5 +1
< CT‘(/ |Vui|2dx+/ u?dg)'
B 9B,
From the assumption that N(r) > Cy and the proof of Lemma 2.4, we have

3 C 3
[B(r)| < CH(r) + §D(r) < & (D(r) + |B()]) + 5 D(r),
0
where C' is the constant in Lemma 2.4. Choose C large enough such that

(COL%) COC—O c - g
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Then )
D(r)+ E(r) > gD(r).
So
|R1 —R2+2R3| CD(T)+CH(T)
< < C.
D(r)+E(r) — D@r)+Er) ~—
Thus
. 2
D'(r) + E'(r) nog  2qdon vudo
— L > _(C+ + 2 )
D(T‘) + E(’f‘) r k
EfaB wiu;,do
i=1 "

From (2.8), we have

k

D faBT wits,do
= +25= :
> faB ufdcr
i=1 "

So we finally get

k k
> u?, do > Wi, do
N/(T') - 2( = faBT = fé)BT o> _C
N = k k = :
(r) > Jop. wiuido > Jon u?do
i=1 " i=1 "

This ends the proof.

Remark 2.3 The above theorem also holds for the frequency centered at other point, i.e.,
if u is a polyharmonic function and N(p,r) is the frequency of u centered at the point p with
radius r, then it holds that

dN(p,r) 1 B
dr N(p,r) 26 (29)

if N(p,r) > Cy, where Cy and C are two positive constants depending only on n and k.

Lemma 2.5 For any p € B_%, we have

L1 1ph) <N + € (2.10)

N (p,
where Cy and Co are positive constants depending only on n and k.
Proof We only prove the case that [p| = 7. Other cases are similar. Note that B 3 (p) C By
and B1 C B%(p). From Theorem 2.1, we have

k k
Z/ uidr < 4CN(1)+CZ/ uido. (2.11)
B%(P) i—1 “ B1i(p)

=1
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Now we claim that

k
1 w2 CN(1)+C
—_— Zdo < 4
; |0Bs (p)| Z 0B,

In fact, from (1.3), (2.8), Lemma 2.4 and some direct calculation, we know that

1

(?B%(p) (p )| 631 (p)

k
d ! 1—-n d
Dog(S L[ ao) =1 g
dr g( i=1 |6BT(p)| OB, (p) ) r dr g( ( ))

1—n  H'(p,
n (p,7)

w2
ujdo.

r H(p,r)
k
o r H(p,r)
= _N(paT) Z -C
Thus
k k
2 u2
u;dx > / u;do
;/B%(p) ; Bi(p) Bs()
2
2
= u;do
Z/ |8B )| 9B (p)
>C u?do,
Z |3B )l 983 (»)
and

| OB, (p)

k
;/Bg 2dx_z/ IBB uido

<C u?do.
Z|6B | 881 ()

So the claim (2.12) holds. Integrating (2.13) from § to 2, we obtain

k k
1 1
log( _— ufdo) — log( _—
2 5B 2 0B,
From Theorem 2.1, we know that

/%Mdr>0N(p,l)—C.

(») 0B (p)
2

(S

1 r 2

2

So )
—) <CON(1) +C.

N(,
Py

Then from Theorem 2.1 again, we get
N(p,r) <CN(1)+C

for any r < %, and that is the desired result.

5
u?da) :/ 72N(p,7")

925

(2.12)

(2.13)

dr.
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3 Doubling Conditions

In this section, we will show the doubling condition of a polyharmonic function u. In fact,
from the proof of Lemma 2.5, it is easy to see that the following doubling condition holds.

Lemma 3.1 Let u be a k-polyharmonic function, and assume that 2r < 1. Then it holds
that

k k
1 / 2 CN(1)+C 1 / 2

— uido <2 u;do (3.1)

; |0Ba| 9Bz, ; 0B | 9B,

and
k 1 k 1

o 2 C'N(1)+C’ 2

uide <2 — uidz, (3.2)
; |BQT’| /BzT ; |BT| B,

where C' and C' are two positive constants depending only on n and k.

Proof We only need to prove the form (3.1). Because one can simply integrate (3.1) from
0 to r to get (3.2).
Integrating (2.13) from r to 2r, we know that

1og( H(2r) ) B log(H(r)) _ 2/” NT(t)dt,

(27.)71—1 rn— 1

and thus
H(2r) < 20 H (r)e? [T e,

From Theorem 2.1, we know that N (¢) < max{CN(2r),Co} < CN(2r)+ C for any t € (r,2r).
Here C is some positive constant depending only on n and k, and Cj is the same constant as
in Theorem 2.1. So

H(Z’I‘) < 2”H(T)€CN(2T)+C — 20N(2T)+CH(T’),

which is the desired result.

It is known that the doubling condition for harmonic functions and bi-harmonic functions
as follows.

Lemma 3.2 Let u be a harmonic function and 2r < 1. Then

1 2 oN@y+c L 2
u“de <2 — u’dex, (3.3)
|B2T| Bo, |BT| B,

where N (r) is the frequency of u and C' is a positive constant depending only on n.

Lemma 3.3 Let u be a bi-harmonic function and 2r < 1. Then

L u2dx§i420<N1<1>+N2<1>>+cL w2de, (3.4)
|B2T| Bo, r |Br| B,

where Ni(r) is the frequency of u, Na(r) is the frequency of Au, and C is a positive constant
depending only on n.
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Lemmas 3.2-3.3 can be seen in [9] and [13], respectively.
Now we will show the doubling condition for a polyharmonic function.

Theorem 3.1 Let u be a k-polyharmonic function, i.e., u satisfies that AFu = 0 in By C R™
and assume that 2r < 1, n > 2. Then it holds that

k
1 1 _c(XNnm)+Cc 1
m ’U/Qdil' < —02 ('i:1 ) m ’U/de, (35)
2r| J By, r vl JB,

where C' is a positive constant depending only on n and k.

Proof We prove this lemma by the inductions.
Assume that we have already known that for any j satisfies k& > j > [, form (3.5) and the
following inequality

k
1 C Y Ni()+C
/u?deST—CZ =it /Bu?daz (3.6)

r

holds for u;. From the above two lemmas, we know that for j = k and j = k£ — 1, these two
inequalities hold. Now we will prove that the inequalities (3.5) and (3.6) hold for u replaced by
u;—1 and thus the theorem is proved.
Noting that
APy = upy1,

it holds that for any text function ¢ € C§°(By),

Aul_1A¢d$=/ up1tpde. (3.7)

Bl Bl
Choose 1 = u;_1¢?, where ¢ satisfies
¢=1 in B,, ¢ =0 outside By,,

and o o
Vol < =, |V < =.
r r

Put this ¥ into (3.7), we have

/ Upp1u—1¢°dr = Ay Aw—1¢%)da
By

B,

= / uiprdx +4/ wpVu_1Vodr + 2/ w1 (|[VP|* + pA¢)dx
B B B

= / uf¢pPde — 4/ u—190Vu Vodr — 2/ w1 (|[VP|* + pAg)d.
B By B

/ u? 2dx:/B ul_lul+1¢2dx+4/B ul_1¢VulV¢dx+2/ w1 (|Vo|* + pA¢)dx

By

= (/B adtas) ( /B o) i /| 1 ut 1 [VoPdz)’ / 1 Vul*ds)’
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1
2

w2 [ ut(vol +onohan) ([ i (Ve +l600r)

Now we consider the estimate of the term fBl |Vu|2¢?d.

/ |V |2 ¢?dx
B

= —/ ulul+1¢)2dx—2/ wdpVu Vodr
By

By

< (/B u?qﬁzdx)%(/B uleqSde)% n (/B u%|V¢|2dx)%(/B |Vul|2¢2dx)%

z z 1
< (/ u?qﬁde) (/ ul2+1¢2dx) —|—2/ ul2|V¢|2dx—|——/ |V |2 p2de.
Bq B1 B1 2 B

Thus we have

/ \Vu|2p2de < 2(/ ul2¢2dx)§(/ u12+1¢)2dx)§ +4/ w2 |Vo|2da.
By B1 B, B,
From

5 1 C S N()+C 5
/ ul+1dx§r—02 =i+l /B ujdx

™ r

and the doubling condition for u;, we have

1 CY Ni()+C
/ uidr < =2 = / u? dw. (3.8)
B, r Bar

This shows that (3.6) holds for j = —1. Then from Lemma 3.1 and the induction assumptions,
we have

el

k
1 C ¥ N(1)+C
/ ul dx < T_C2 =it /B u?_ dx, (3.9)
r 2r

and thus the desired result holds by inductions.

4 Measure Estimates of Nodal Sets

In this section, we will show the upper bound of the measure of the nodal set for a polyhar-
monic function wu, i.e., we will give the proof of Theorem 1.1.

To estimate the measure of the nodal set, we need an estimate for the number of zero points
of analytic functions which was first proved in [2].

Lemma 4.1 Suppose that f: By C C — C is analytic with

If(0)] =1 and sup|f| <2
B

for some positive constant N. Then for any r € (0,1), there holds
H°({z € B, : f(z) =0}) <CN, (4.1)

where C' is a positive constant depending only on r.
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We also need the following priori estimate.

Lemma 4.2 Let u be a polyharmonic function. Then if 2r < 1, we have

k

k 1
1 Z (1)+C 9 bl
[ul oo (B,) < _c =1 E (|BR| idx) , (4.2)

=1
where C' is a positive constant depending only on n and k.

Proof Let

wiﬂ‘(x) = ‘/B P(l’ - y)u7,+1(y)dy, 1= 17 27 Y k— 17

r

where I'(z — y) = c|z — y|[>~™ is the fundamental solution of the Laplace operator. Then

(Wi ()] = ‘/BT T(z — y)uiy1(y)dy| < Cr? S§P|ui+1(9)|~
It also holds that
Aw;, =ujp1 in B,.
So
A(u; —w;p) =0 in B,.

Because uy, is a harmonic function, it is known that for any y € B,

<(man o %)

1 E 2
<C|—— ui(z)dz)” < 20Nk(1)+c —/ u2(2)dz
= (|B2r| By k( ) ) = |Br| B, k( ) )

Thus for any = € B,.,

1

B .oy

)] = |5

1 1
w1, ()| < 20NEDFC,2 (E/B uﬁ(z)dz) ‘)

On the other hand, from the fact that uy—1 —wg—_1 2, is harmonic in Bs,, we know that for any
x € B,,

|Uk 1 — Wk — 12r(17)|

- ‘|Br<x |/ (151 (2) = who ()2
_( Tl(x |/ uj_ (2 )dz)§ (|Bl( s . |wi—1.2r (2 )|dz)

1 3
<C|—— w2 (2)dz)” +Cr? sup |u
< (5,71 [, wher(2)d2) p Jue(y)

Y€ Bay

A

1

1 1
ST_020<N,€<1>+N,€71<1>>+C |/ w2 (2)dz 2+20Nk 1>+c |B |/ W2 (s dz)



930 L. Tian

< %2C(Nk(1)+Nk71(1))+C((|B_1T| B‘ui_l(z)dz)% + (ﬁ n U%(z)dz))-

Then for x € B,,

[up—1(2)] < |up—1(x) — wi—1,2,(x )|+|’U/k 1,20 ()]

1
02 C(Ng(1)+Ng— 1(1))+C |B |/ uk 1 )dz |B |/ Uk dZ

That is the desired result for uiy_;. Repeat this argument k times, the desired result can be
proved.

| /\

r

Now we show the measure estimate of the nodal set {z : u(x) = 0}.

Proof of Theorem 1.1 Without loss of generality, we may assume

1

2
— u“dx = 1.
|Bi

Then from Theorem 3.1 and Lemma 2.5, it holds that
1

1B (p)] By (»)

—C'S Ni(1)-C
wide >4 = W

for any p € BB% Then there exists a point x, € B (p) such that

L
16

k
—C'S N;(1)—-C
G =2 =

On the other hand, from Lemma 4.2 and (3.6), one knows that for any x € By,

CZN(1)+C
lu(z)| <2 =

Choose p; € dB1 to be the point on the j-axis and take f; (w;t) = u(xy,+tw) fort € (-3 8 ‘;’)
where w € 8", Then f; is an analytic function with respect to ¢. Extend it to a complex

analytic function f;(w;z), and keep the upper bound. Then we have

k
-C Y Ni(1)-C

[fi(w;0)[ =2 = (4.3)

and
k
Cy Ni(1)+C

[filwsz)| <2 = : (4.4)

Using Lemma 4.1, we have
k

({|t| < g u(zy, + tw) = 0}) < CZNM) +C.
i=1
That means

k
0 . — )
HE({t : u(wy, —l—tw)—O,xpj—FthBl_lG}) §C’ZNZ(1)+C.

=1
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Then from the integral geometric formula, which can be seen in [3, 10], we have

H'({zeB

1
16

tu(z) =0}) <C Y Ni(1)+C, (4.5)
and this is the desired result.

5 Growth Property of Polyharmonic Functions

In this section, we will derive a growth behavior of the polyharmonic functions in the whole
space R™. The result is written in Theorem 1.2.

Proof of Theorem 1.2 First assume that N(r) is bounded, i.e., N(r) < Ny on R"™. Then
we need to show that w is a polynomial.
Without loss of generality, assume

"o
2
u;do = 1. 5.1
2 51 Jom, 51)

From the mean value formula and the fact that uj is a harmonic function, we have that

1
2

1 2
suplia] < O Jia0)
B, |8B2’r‘| OBa,- k
holds for any r > 1. For each i = 1,2,--- ,k — 1, write u; as u; = u¥] + uZ as in the proof of
Lemma 2.4, i.e.,
AU%{ = Ui+1 in BQT,
u3 = on 0By,

and

AuZ =0 in Bs,,

u?QT =wu; on 0Bs,.
Then from the priori estimate of u? and the mean value property of u2y, we have

sup |u;| < sup |ul | + sup [uzy

r T

1
< Cr?sup |uisr| + C’r(— uzdcr) ’
It O BB T fy,
Thus for uy_1, it holds that
%
sup |ug_1| < Cr? sup |ug| + Cr(— ufda)
B, Bar |0Bar| JoB,,

1 3 1 3
< OTQ(( UQdO') + (— ui_ dcr) )
|6B4T| OBy, F |6B4T| OBy, kol
Continue these arguments for &k times, we get

k 1 1
sup |u| < CrF—2 Z (
B, i=1

ufdcr) ‘) (5.2)

|aB2kT| 6B2kT
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Thus from Lemma 3.1 and the assumption (5.1), we have that

sglp|u| < CreNotC (5.3)

"

holds for any r > 1. Thus u must be a polynomial and the order of degree of w is less than or

equal to C Ny + C, where C' is a positive constant depending only on n and k.

If a k-polyharmonic function « is a polynomial, then from the fact that

k
'231 faBT witi,do
i=
N(r)= T—Z 2 )
OB,

it is easy to check that N(r) is bounded by the order of degree of u. Of course, for any i = 2, -, k,

the functions u; are all polynomials.
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