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Abstract This paper proves the local exact one-sided boundary null controllability of
entropy solutions to a class of hyperbolic systems of conservation laws with characteristics
with constant multiplicity. This generalizes the results in [Li, T. and Yu, L., One-sided
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1 Introduction

In this paper, we study the local one-sided exact boundary null controllability for n x n

hyperbolic system of conservation laws in one space dimension:
O H(u) +0,G(u) =0, t>0,0<z<L, (1.1)

where u is an n-vector valued unknown function of (¢,x), G and H are smooth n-vector valued

functions of u, defined on a ball B,.(0) centered at the origin in R™ with suitable small radius

T.
For system (IT)), we require the following assumptions:
(H1) System (L) is hyperbolic, that is, for any given u € B,(0), the matrix DH (u) is
non-singular and the matrix (DH (u))~!DG(u) has n real eigenvalues \;(u) (i =1,--- ,n) and
a complete set of left (resp. right) eigenvectors {l1(u), - ,i,(u)} (resp. {r1(u), - ,rn(u)}).

(H2) For any given u € B,(0), each eigenvalue of (DH(u))"'DG(u) has a constant
multiplicity. To fix the idea and without loss of generality, we suppose that

A(u) < - < Ap(u) < Apgi(u) =+ = Xegp(u) < Apapra(u) < -+ < Ap(u), (1.2)
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where A(u) = Agy1(u) = -+ = Ayp(u) is an eigenvalue with constant multiplicity p > 1.
When p = 1, system (I.T)) is strictly hyperbolic.
(H3) There are no zero eigenvalues, that is, there exists an m € {1,--- ,n} and a constant

¢ > 0, such that
Am(u) < —e <0< e < Apyi1(u), Yu € B.(0). (1.3)

Under this assumption, DG(u) is also a non-singular matrix. Without loss of generality, we
assume that 1 <k <--- < k+p < m, ie., the eigenvalue A\(u) is negative. The other situation
is similar.

(H4) All negative characteristics are linear degenerate and all positive characteristics are
either genuinely nonlinear or linear degenerate in the sense of Lax (see [7, 10]). Recall that the

i-th characteristic is linearly degenerate if

DX;(u) -r(u) =0, Yu € B.(0), (1.4)
while, the i-th characteristic is genuinely nonlinear if

DX;(u) -ri(u) #0, Yu € B.(0). (1.5)

In fact, the characteristic A(u) with constant multiplicity p > 2 must be linearly degenerate
(see Lemma [ZT).

By (H3), the boundary = 0 and 2 = L are non-characteristic. We prescribe the following

general nonlinear boundary conditions:

x=0: by(u) = g1(t),
x=1L: ba(u) = ga(t),

where g; : Rt — R*"™™ g, : Rt — R™ are given boundary functions and b; € C*(B,.(0);
R"=™), by € C(B,.(0); R™). In order to guarantee the well-posedness for the forward mixed
initial-boundary value problem of system (IT]), we assume the following we assume the following
(H5).

(H5) by and be satisty the following conditions, respectively (see [10]):

det[Dby (u) - rmp1(w) |-+ Dbi(u) - rn(u)] # 0,

Vu € B-(0). (1.6)
det[Dba(u) - 71 (u) |-+ - | Dba(u) - rm(u)] # 0,

Without loss of generality, we may assume that b;(0) = 0 (i = 1,2). Here the value of u(t,0)
and wu(t, L) should be understood as the inner trace of the function u(¢,z) on the boundary
x =0 and x = L, respectively.

Thus, the mixed initial-boundary value problem can be written as

OH(u) + 0;,G(u) =0, t>0,0<z<L,
t=0: u=n1u(x), 0<z<L,
x=0: bhh(u)=gi(t), t>0,

x=1L: by(u) =g2(t), t>0.
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The entropy condition can be defined the same as in [9]. We recall that a continuously
differentiable convex function n(u) : R™ — R is called a convex entropy of system (I.II), with
an entropy flux ((u) : R™ — R, if we have

Dn(u)(DH(u))~* DG(u) = D¢(u). (18)

Definition 1.1 For any given T > 0, u = u(t,z) € L1((0,T) x (0, L)) is an entropy solution
to system (LI) on the domain D:={0<t<T, 0 <z <L} if

(1) uw is a weak solution to [ILI)) on the domain D in the sense of distributions, that is, for
every ¢ € CL(D), we have

T L
/0 /0 [0:d(t, x)H (u(t, ) + 0x0(t, )G (u(t, x))]dadt = 0. (1.9)

(2) u is entropy admissible in the sense that there exists a convex entropy n(u) with entropy
fluz C(u) for system (L)), such that for every non-negative function ¢ € C1(D), we have

T L
/0 /0 [Orp(t, z)n(u(t, x)) + Opdp(t, x)q(u(t, z))]dadt > 0. (1.10)

Moreover, if u also satisfies the following initial-boundary conditions:
(3) for a.e. x € (0,L), lim u(t,x) =u(x) and
t—0+

11—i>%1+ b1 (u(t,x)) = g1(t), 12121_ bo(u(t,z)) = go(t), a.e. t€(0,T),

then we say that u is an entropy solution to the mized initial-boundary value problem ([LT) on
the domain D.

For a class of strictly hyperbolic systems of conservation laws which satisfy assumption
(H3)—(H5), we obtained in [9] the local one-sided exact boundary null controllability of entropy
solutions, by means of a similar constructive method (with essential modifications) proposed in
[11] in the framework of classical solutions. Since there are also physical models of conservation
laws which are not strictly hyperbolic but with characteristics with constant multiplicity (see
[B]), it is worthwhile to study the boundary controllability problem for this kind of systems.
Following a similar strategy, we can generalize the corresponding controllability results to a
class of non-strictly hyperbolic systems of conservation laws with characteristics with constant

multiplicity. More precisely, we have the following theorem.

Theorem 1.1 Let system (LI and b;(u) (i = 1,2) satisfy assumptions (H1)—(H5). Assume
that system (1) possesses a convex entropy n(u) together with an entropy fluz (u). Let

1 1
7> W5 w o) (L11)

Then, for any giwen initial data @ € BV (0, L) with T((J)t.V%r. (@) + [w(0+)]| sufficiently small,
<zx<
there exists a boundary control go € BV (0,T) with Toot.tV%r. (92) + 192(0+)| sufficiently small,
<t<
acting on the boundary x = L, such that system (1)) together with the initial condition

t=0: u=u, z€(0,L) (1.12)
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and the boundary conditions

{‘”ZO: bi(w) te(0,7) (1.13)

= O7
rx=1L: bQ(U) = QQ(t),
admits an entropy solution u = u(t,z) on the domain {0 <t <T, 0 <z < L}, that satisfies
t=T: w=0, Vxe(0,L). (1.14)

As in [9], throughout this paper, the solution to the mixed initial-boundary value problem
(I0) means the limit of a convergent sequence of corresponding e-approximate front tracking
solutions. This kind of solution is actually an entropy solution, provided that the system
possesses a convex entropy.

The proof of Theorem [[.I] is mainly based on the following three basic ingredients: The
well-posedness of semi-global solutions as the limits of e-approximate solutions to the mixed
initial-boundary value problem; the solution to the forward mixed problem of system (LT is
also a solution to the corresponding rightward mixed problem of the system; the determinate
domain of solutions to the one-sided rightward mixed initial-boundary value problem of the
system. We will show that all these facts are also valid for a class of non-strictly hyperbolic
systems considered in this paper.

The paper is organized as follows. In Section 2] we give all the results about semi-global
solutions to the mixed problem (7)), which are needed for proving Theorem [[Il Since these
results were proved for the strictly hyperbolic case in [9], we only need to add a supplementary
discussion associated with the characteristic with constant multiplicity p > 2. In Section [3], we
give the proof of Theorem [[T] following the main strategy in [9].

2 Semi-global Solutions

Consider the general hyperbolic system of conservation laws
OH(u)+ 0,Glu)=0, t>0,0<z<L (2.1)
with the following initial and boundary conditions:

t=0: u=n1u(x), 0<z<L,
x=0: bi(u)=gi(t), t>0, (2.2)
x=1L: ba(u) =ga(t), t>0.

Throughout this paper, in order to avoid abusively using constants, we denote by the
notation C' a positive constant which depends only on system (21), constant L and functions
b1, b2, but is independent of the special choice of initial data @, boundary data g1, go and time
T. Moreover, we denote by C(T") a positive constant which depends also on time 7.

All results in this section (except those in Subsection [2.3) hold for more general systems

whose characteristic families are either genuinely nonlinear or linearly degenerate.
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2.1 Riemann problem

The basic building block for constructing solutions to system (2.1J) is the solution to Riemann
problems, i.e., the initial value problem and the one-sided mixed problem with piecewise
constant data with a single jump. First we consider the Riemann initial value problem at

a point (7, ¢):
OH (u) 4+ 0,G(u) =0,

ul, ifz <€, (2:3)
t=7: u=
ul, if x> €,

where u™, uR € B,.(0).
We normalize the left and right eigenvectors I;(u) and r;(u) (i = 1,--- ,n) of (DH)~'DG(u),
so that
Li(w) -rj(u) =0di, 4,5=1,---,n,
where d;; is the Kronecker symbol.

For two states w,w’ € R", let
1
Aw, ') = /O (DH](0w + (1 — 0)')do (2.4)
and
1
Blw,w') = /O (DG (0w + (1 — 0)w')do. (2.5)
We have
HW) - Hw) = Aw, ) (W —w), GW)—-Gw)=Bw,w)Ww —w).

By hyperbolicity, for two w and w’ sufficiently close to the origin, we denote by \;(w,w’) the
i-th real eigenvalue of the matrix A~} (w,w’)B(w,w’) (see [10]).

For any simple eigenvalue X;(u) and for any given u € B,(0), let 0 — R;(0)[u] denote
the i-rarefaction curve passing through u for o € [—09,00] with og sufficiently small and let
o — S;(0)[u] denote the i-shock curve passing through u for o € [—09, 09| with o sufficiently
small (see [9]).

If the i-th characteristic is linearly degenerate, we choose r;(u) to have the unit length, and
we let the coinciding ¢-rarefaction curve and ¢-shock curve be parameterized by the arc-length.
If the i-th characteristic is genuinely nonlinear, we choose 7;(u) such that VA;(u) - r;(u) = 1,

and we let the i-rarefaction curve and the i-shock curve be parameterized in such a way that
/\l(RZ(O')[’LL]) - /\l(u) =0 and )\1(51(0)[’(1,]) - /\l(u) =0,
respectively. This parametrization leads to a useful property:

u= S;(—0)Si(o)[u] forall o € [—09,00], u € B-(0), i€ {l,---,n} (2.6)
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With this parametrization, a straightforward computation shows that the composite

function

Vi(o)[u] =

Ri(o)[u], if o >0,
Si(o)|u], if o <0,

which is smooth for o # 0 and of class C? at o = 0, is called the i-th elementary wave curve.

Suppose that uf* = ¥;(o)[u¥] for some o € [~0g,0] withi € {1,--- ,k,k+p+1,--- ,n}, ie.
the ¢-th eigenvalue is simple. In this case, when the i-th characteristic is genuinely nonlinear
with o > 0, the solution u; is an i-rarefaction wave; when the i-th characteristic is genuinely
nonlinear with ¢ < 0 or the i-th characteristic is linearly degenerate, the solution u; is an
i-shock wave or an i-contact discontinuity, respectively.

For the characteristic with constant multiplicity p > 2, one has the following lemma.

Lemma 2.1 (see [B]) The characteristic with constant multiplicity p > 2 must be linearly

degenerate, that is,
VA(w) -rj(u) =0, j=k+1,---,k+p, Vuec B.(0).

Moreover, for any u~ € B,(0), there exists a p-dimensional connected smooth manifold X(u™)
in a neighborhood of u~ with u= € X(u™), where X(u~) can be expressed by the following

smooth parametric representation:
U= Yyi1(Oktp, - 0kt1)[u”], 05 €[—00,00], j=k+1,---,k+p

for some small oy, such that

0
—u(0,---,0)u"]=7r;, j=k+1,-- -, k+p.
aO'j
In other words, for any u™ € X(u™), there exist uniquely small numbers 41, ,0k4p Such
that ut = Ugi1(0ktp, - »okt1)[u”], and the entropy solution ukgi1 to the Riemann problem

@3) with initial data [u™ = u™,u® = u*] is always a contact discontinuity, that is,

ut, x> st,
Uk+1 =

u-, x<st,
where s = AMu~) = Au™).

The following lemma gives the existence of entropy solutions to Riemann initial value
problem (see [§]).

Lemma 2.2 For the Riemann initial value problem [23) with general initial data u, u?* €
B,(0), under assumptions (H1)—(H3), there exist n uniquely determined small numbers

o1, ,0p Such that
utt = Un(on) o o Wiipr1(Ohtptt)

0 Wiy 1(Thppy 5 Okt1) © Up(og) 0+ 0 Uy (o) [ul].
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Let
wo =u",  wp1 = Vppafwi],
w; = V(0))|wi-1], i€{1,---,k,k+p+1,--- ,n}
One can choose intermediate speeds
—OO=X0<3\\1 <"'<3\\k<Xk+1:"':Xk+p<Xk+p+l <"'<Xn_1 <:\\n=OO,

such that for each i € {1,--- k+1,k+p+1,--- ,n}, the speed of waves for the solution u; to

the elementary Riemann initial value problem with the initial data

’U,(T,CL'): {wi_l, Zf$<§,

wi, ifx>¢

~

is contained in the interval ()\i_l,xi). Then the solution u = u(t,z) to the Riemann initial

value problem (Z3) can be constructed by piecing together these solutions {u;}, that is,

u(t,z) = ui(t,z) for N1 < <Xi, 1=1,---k+1Lk+p+1,--- ,n

+| 8

Consider now the left-sided Riemann mixed problem at a point (7,0), viz.,

OH(u)+ 0;,G(u) =0, t>1, >0,
t=7: u=T, x>0, (2.7)
aj:O:bl(u):glv t>T7

and the right-sided Riemann mixed problem at a point (7, L), viz.,

O H(u) +90,G(u) =0, t>7, 2 <L,
u =T, x <L, (2.8)
x=L: by(u) =7s, t>T,

t=r1:

respectively, where @ and g, (i = 1, 2) are constants with || and |g;| (i = 1, 2) sufficiently small.
In a similar way to the strictly hyperbolic case (see [1, 2]), one can prove the following

lemma.

Lemma 2.3 Let by : Q — R"™™ and by : Q — R™ be Ct-maps satisfying assumption (H5),
and let g, € R"™™, g, € R™. Then, for any given u € B,(0), there exists a positive constant
0% with the following property: If [g, — bi(w)| < §*, then there is a unique choice of (n — m)

small numbers omi1, - ,0n such that by(Vmi1(omi1) © -+ 0 U(op)[@]) = gy; Similarly, if
[g, — ba(w)| < 0%, then there is a unique choice of m small numbers o1, - ,opm such that
bQ(\I/m(O'm) o-:-0 \Ijq+1(0'k+p+1) 9] \Ijk+1(0'k+p, tee ,O’k+1) @) \I/k(O'k) o-+-0 \1/1(0'1)[@]) = 52,

Therefore, by property (2.6]), the solution to problem (Z7) on the domain {¢t > 7, > 0}
coincides with the solution to the Riemann initial value problem at (7,0) with initial states
ut = U1 (omy1) oo 0 U, (0n)[@], uB = u. While, on the domain {t > 7, = < L}, the
solution to problem (2.8)) coincides with the solution to the Riemann initial value problem at
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(7, L) with the initial data u® =, ul = U, (0)0 - -0Ws i p i1 (ks pr1)0W ki1 (Thgps -+, Ths1)0
Uy (og)o---oWy(or)[T].

Following the fact that ¥, is smooth with respect to o; fori € {1,--- |k, k+p+1,--- ,n} and
W41 is smooth with respect to 11, - , Ok+p, the next two lemmas on estimates for boundary

interaction of fronts can be obtained by similar proofs as in [4] for the strictly hyperbolic case.

Lemma 2.4 Suppose that by and by satisfy assumption (H5). If

u” =V (om) o0 Wigpi1(Ohtptt)
0 Wpt1(Okgp, -+ s Okt1) 0 Up(og) o -0 Wy (oq)[ul,

u= \IJn(f&n) ©:-+0 \I/m+1(5m+1)[u—i_]

with w,u™,u™ € B.(0), then

n

S |5i|SC’(Z|cri|+|b1(u+)—b1(u_)|).

i=m-+1 i=1

Similarly, if

= \Iln(a'n) 0:--0 \I/m+1(0'm+1)[u_]v

+ g

u" =W (om) o0 Weypr1(Ortpr1)

0V 1(Chtps -+ »Okt1) © Vi(ok) 0+ 0 Wy (a1)[al,

then

Sl <O X Joul+ [bau) — bau)] ).

1=m-+1
Lemma 2.5 Suppose that by and bs satisfy assumption (H5). If u*,v* € B,(0) and there

exist small numbers qf,-- -, q} such that

0" = Sn(gy) 0 0 Skapr1(Gigpi1)
O Wy 1(Ggpr 5 Thr1) © Sk(gi) -+ 0 S1(q7)[u"],

then we have

n

> lal < (D a1+ au) = bi(0")])

j=m+1 i=1
and

Slal <O X Il lbalu) — bao?)]).

j=m+1

2.2 Solution as the limit of e-approximate front tracking solutions

We first give the definition of e-approximate front tracking solutions. The only difference
with the one given in [9] is that now there are fronts corresponding to the characteristics with

constant multiplicity p > 2.
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Definition 2.1 For any given time T' > 0 and any fized € > 0, we say that a continuous
map
tus(t,-) e LY0,L), Vte (0,7)
is an e-approximate front tracking solution to system (2.1)) if
(1) u® = ué(t,x) € B.(0) for all (t,z) €D :={0<t<T, 0 <z <L}, and, as a function of
two variables, it is piecewise constant with discontinuities occurring along finitely many straight
lines with non-zero slope in the domain D. Jumps can be of two types: physical fronts (shocks,
contact discontinuities or rarefaction fronts) and non-physical fronts, denoted by P and NP,
respectively.
(2) Along each physical front x = x4 (t) (o € P), the left and right limits of u®(t,-) on it are
selected by
uR:\IIka(a'a)[uLL ifka€{1,~-~,k,k—|—p+1,-~-,n},
ut =Wy (Oap,0a)U"],  if ke =k 1,
where u = uf(t,zo(t)—), Ul = wF(t,zo(t)+), and 040 or (Gap, - ,0a1) denotes the
corresponding wave amplitude. Moreover, if the ko-th characteristic is simple and genuinely

nonlinear with o, < 0, i.e., the front is a shock, then
| — A, (u®, uP)| < Ce.

If the ko-th characteristic is linear degenerate (no matter it is simple or not), i.e., the front

18 a contact discontinuity, then
|Zo — A, (u)| < Ce.

If the ko -th characteristic family is genuinely nonlinear with 0 < o < €, i.e., the front is a

rarefaction front, then
| — A, (ul)| < Ce.

(3) All non-physical fronts © = 24 (t) (a« € N'P) have the constant speed o = X with cither

A > max sup |A;(u)| or0< X < ¢, where ¢ is given by (@L3). Moreover, the total amplitude
L<isnye B, (0)

of all non-physical waves in u®(t,-) is uniformly bounded by e, i.e.,
St wat) —u(tza—) <, VEe (0,7).
aeNP

In addition, if the initial-boundary values of u® satisfy approximatively the initial-boundary
conditions [2.2)), namely, if

[u(0, ) = @llLr(o,) <&,
[61(u*(-,0+)) — g1llLrory <&, [[b2(u (-, L=)) — g2llLro1) < &,
then u® = u®(t,x) is called the e-approximate front tracking solution to the initial-boundary

value problem 2I)—([22). For brevity, the e-approximate front tracking solution will be called

the e-solution in what follows.
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The construction of e-solutions was given in [9] in the strictly hyperbolic case (i.e. p = 1).
The algorithm can be roughly described as follows: We first choose a piecewise constant vector
function (u®, g5, ¢5) which is a good approximation to the given initial-boundary data (@, g1, g2)-
At the time t = 0, we approximately solve the Riemann initial value problem or the Riemann
initial-boundary value problem at each jump point, such that each rarefaction wave of the
solution to the corresponding Riemann problem is replaced by an approximate wave consisting
of several fronts with wave amplitude smaller than e, while the shock or the contact discontinuity
is not modified at all. When these fronts interact at some points, we approximately solve again
the Riemann problem at these interaction points. In order to avoid the infinitely increment
of fronts number, we apply three different approximate Riemann solvers (accurate Riemann
solver, simplified Riemann solver and crude Riemann solver) according to specific rules. We
repeat this process and the algorithm can be extended up to a given time 7', provided that the
total amplitude of waves is sufficiently small and the total number of fronts is finite.

For system (L) with A(u) with constant multiplicity p (> 2), by Lemma 211 the wave
corresponding to A(u) is always a contact discontinuity, then we treat it as the same as the
contact discontinuities or shocks corresponding to simple characteristics. The only difference is
that its wave amplitude is now a vector with p components.

In order to prove that the total amplitude of waves is sufficiently small, we need to define
the linear Glimm functional V¢ and nonlinear Glimm functional Q¢ similar to those in [9]. For

notational convenience, for a front a corresponding to a simple characterisitc with amplitude

0o or a front corresponding to A(uw) with amplitude (04 k+1, -, 0a k+p), We write
N Oa, if a is a front corresponding to a simple characterisitic,
Oa = . . .
(Cak+1, " ,0ak+p), if cis a front corresponding to A(u).

The absolute value |7,,| of wave corresponding to A(u) is

P
Gal =D loaissl-
j=1
With this notation, we define Glimm-type functionals V¢(t) and Q¢(¢) as follows:
€ O = E
V) = za: Kaloa(t)] + C 2 2T§>gs¥%r- (93 (5));

where the first sum takes over all fronts a across the segment {¢t} x (0, L) and C} is a positive

constant which can be specified as in [9].

Q)= Y [Gal®)l[Fs(t)]

(a,B)EA

measures the wave interaction potential, where A is the set of all approaching waves (see [3,
9)).
It is easy to see that all of the interaction estimates (see [9, Lemmas 5.6-5.8]) in [9]) are

valid in our case by replacing |o,| with |G,|. Then we can similarly use the argument in [9] to
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get the same results on semi-global solutions to the mixed initial-boundary value problem (7))
satisfying assumptions (H1)—(H5), by means of the new Glimm-type functionals V¢ and Q°.
In fact, we have the following existence results of e-solutions: For any given T' > 0, any given
initial-boundary data (@, g1, g2) and any given £ > 0 small enough, if A(@, g1, g2) is sufficiently

small, where

(@, g1, 92) = Tot. Var. (@) + [w(0+)| + .22 Tot. Var. (g:)

=1,

+ b1 (@(04)) = g1(04)[ + [b2(u(L—)) — g2(0+)],

we can construct an e-solution to problem ([ZI)—(Z2) on the domain D via an algorithm given
in [9], such that for all ¢ > 0 small, the maps ¢ — u®(t,-) are uniformly Lipschitz continuous
in L' norm with respect to ¢ and T(?E.m \</%r. (uf(t,-)) remains sufficiently small uniformly for all
te (0,7).

Moreover, as in [9], we can prove that the approximate stability holds for e-solutions u* and

v® on the triangle domains

£(x1) := {(t,a:) ’ 0<t<7i(z), O<z< M}

Tl(xl)
and I ;
R(x0) = {(t,:z:) ‘ 0 < t < (o), % Yap<a< L}

for any given z7 € (0, L] and z¢ € [0, L), where

7 = i A -1 d %= =(L— in {\n(u)"t}.
T1(w1) flué%%)ﬂ 1(w)[77} and  Ta(wo) = ( $0)uglglrf%0){ ()™}

In fact, at each point (¢,2) € £(z1) U R(zo), we define the vector function ¢ = (g1, .., ¢n)
implicitly by

v(t,x) = Sn(gn) oo Sktp+1(Qtpr1)

O Wk 1(Qrtps Q1) © Sk(gr) 0 -+ - 0 S1(qr)[u (t, 2)].

Then we can define functional T'(u®,v°)(t) measuring the distance between u®(t,-) and v°(t,-)
in the same way as in [9]. Combining the standard argument in [4] and the stability results in
[6] for the Cauchy problem, we can get the same results of the approximate stability on £(x1)
and PR(zp) in our case with characteristics with constant multiplicity p > 2. By induction, we
can obtain the approximate stability of e-solutions on the domain D.

Now, fix a sequence £” \, 0 as v — +o0o. By Helly’s theorem (see [3| Theorem 2.3]),
we can extract a subsequence of {u”}, which converges to a limit function v = wu(t,z) in
LY((0,T) x (0,L)). In fact, we have the following proposition.

Proposition 2.1 For any fized T > 0, there exist positive constants § and C(T) such that

for every initial-boundary data (@, g, g%) with

AT, gt,95) <0,
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problem 2I)-(22]) associated with the initial-boundary data (T, g, g%) admits a solution u =
u(t,z) on the domain D = {0 <t < T, 0 <z < L} as the limit of a sequence of e-solutions,
satisfying

Tot. Var. (u(t, ) < C(T)A@ g1, g2), ¥t € (0,7),

lu(t,-) —u(s, )L,y < CT)|t—s|, Vt,se(0,T)

and u(t,z) € B-(0) for a.e. (t,z) € D.

Moreover, if v = v(t,x) is a solution as the limit of a sequence of £”-solutions of system
@), associated with the initial-boundary data (U, g}, g5) with A(T,g7,95) < &, then for any
given xo € [0, L) and x1 € (0, L], there exists a positive constant C independent of xo and w1,
such that

lu(t, ) = v(t, )L (e @)

<cwhwmmm+/N% gi(s))lds), ¥t € [0.7(w0)) (2.9)
||u(ta ) ( ')H]Ll(fﬁt(mo))
<O~ Thatcan + [ 1a505) ~g5(6)as), ¥t € 0.7x(au) (2.10)

where

Li(z1) ::{ ‘ O<x< Ml))t)},

71 (21
Ri(xo) := {:z: ‘ % +rg<z< L},

and there exists a positive constant C(T') depending on time T, such that
lJu(t, ) = v(t,)llLio,L)
c(T )(Hu - U||]L1(0 L)+ Z / lgi (s )|ds) vt e (0,7). (2.11)

i=1,2
In particular, (ZI1) implies that the solution provided by Proposition 2] is independent of

different choices of the convergent sequence of e-solutions.

Remark 2.1 Under the assumption that system (2]) possesses a convex entropy 7(u), the
solution u = wu(t,z) given by Proposition 2] is actually an entropy solution to the problem
EI)-22) on the domain D (see [3, Section 7.4]).

Remark 2.2 According to (29) (resp. (2.10)), the triangle domain £(x;) (resp. R(zo)) is
the determinate domain of the solution to one-sided initial-boundary value problem (Z1]) with
the initial data on the interval (0,21) (resp. (zg, L)) and the boundary condition on z = 0
(resp. x = L).

In particular, let u = u(t, z) be the solution to problem ZI)-(22) on the domain D given
by Proposition 211 with A(@, g1, g2) sufficiently small. For any given zo € (0,L), if w = 0 on
(0, L) and g2 = 0 on the interval (0,72(zp)), then © = 0 on the domain R(xg) N D.
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2.3 Some further properties of e-approximate front tracking solutions and solutions

Using the same arguments in the proof of Lemma 2.11 in [9], we can prove the following
lemma, which asserts that the trace of e-solutions on the boundary converges to the

corresponding trace of the limit solution.

Lemma 2.6 Suppose that {u”} is a sequence of e¥-solutions to the mixed initial-boundary

value problem @2I)-@22). Then, up to a subsequence, as v — oo, we have

[w” (-, 04) = u(:, 04)[lL= — 0,
[w” (-, L=) = u(-, L—) Lo — 0.

Using the fact that all negative eigenvalues are linearly degenerate, we can prove, in the
same way as in [9], that the equivalence between the solution to the forward problem and the
solution to the corresponding rightward problem. In fact, by checking the e-solution to the
forward problem satisfying Definition 2] in the rightward sense (see Appendix in [9] for the
proof), we can obtain the following lemma.

Lemma 2.7 Let system 2.1)) satisfy assumptions (H1)—(H4). Suppose that u®(t,z) is an e-
solution in the forward sense of problem (2I)-22) on the domainD ={0<t<T, 0 <z < L}.
Then, if we exchange the role of t and x, namely, regard x as the “time” variable and t as the

“space” wvariable, u® is also an e-solution in the rightward sense of the system
0,G(u) + 0 H(u) =0 (2.12)
on the domain D.

Since we can apply Helly’s theorem to the e-solutions in the rightward sense, by passing to

the limit, we can prove the corresponding results (see Appendix in [9] for the proofs).

Proposition 2.2 Under the same assumptions of Lemma 21, if u is a solution to system
@) in the forward sense, given by Proposition 211, then u is also a solution to system (Z.12)
in the rightward sense. Similar results hold from the solution in the rightward sense to that in

the forward sense.

Proposition 2.3 Under the same assumptions of Lemma 27, assume that u = u(t,x)
is a forward solution to problem [ZI)-(Z2) on the domain {0 < t < Ty, 0 < x < L} with
T, > L H}Ba)(( : m, given by Proposition 21l Then on the triangular domain {O <t <

u€ B, (0 m
T, 0 <z < L(TT;I_”}, u coincides with the rightward solution u to system (2I2), given by
Proposition 2.1 associated with the initial condition

x=0: u=u(,0+)

and the following boundary condition corresponding to the original initial data w:

t=0: b (7) = (W),

where by € CY(B,(0); R*=™) is an arbitrarily given function that satisfies the same assumption

(@a) as b;.



960 L. Yu

3 Proof of Theorem [I.1]

In the same spirit of [9], we repeatedly apply the well-posedness of semi-global solutions to
prove Theorem [[.T] namely, to realize the one-sided local exact boundary null controllability
for a class of general hyperbolic systems of conservation laws with characteristics with constant

multiplicity.
O0H(u)+0,Gu)=0, t>0,0<z<lL (3.1)

with additional assumption that all negative characteristics are linearly degenerate. The proof
here is quite similar to that in [9], so we write it completely here for readers’ convenience.

In order to get Theorem [l it suffices to establish the following lemma.

Lemma 3.1 Under the same assumptions of Theorem[LT], let T > 0 satisfy (LI)). For any
given initial dataw and boundary data g with T(())E. \<7%r. (@) + [w(0+)| and Toog.tlf%r. (91)+]g9(0+)]
sufficiently small, system () together with the boundary condition

z=0: bi(u)=0, te(0,7) (3.2)

admits a solution u = wu(t,x) on the domain {0 < t < T, 0 < = < L} with small
T((J)t.tV%r. (u(-, L=)) + uw(0, L—), satisfying simultaneously the initial condition (LI2) and the
<t<

final condition (L14).
In fact, let u = u(t, ) be a solution given by Lemma Bl Taking the boundary control as

gz(t) = bg(u(t, L—)), Vt € (0, T),

which has small amplitude and total variation, we obtain the local exact boundary null
controllability desired by Theorem [[11

Proof of Lemma [3.7] If (LTI holds, then for r > 0 sufficiently small, we have

1 1
T > L max + . 3.3
u€B,.(0) { Am (@) At (u) } (3:3)
Step 1 Let
1
Ty ;==L max ———. (3.4)

u€ B (0) [Am (u)]

Choosing an artificial function gy with TOOti Vj@r. (gf)+]97(0+)] sufficiently small, we consider the
<t<Iy

forward problem of system (B) with the following initial condition and boundary conditions:

By Proposition 2.1] there exists a unique solution uy = wuy(t,x) obtained as the limit of
a sequence of ”-solutions u% = uf(t,z) on the domain {0 < ¢ < T, 0 < z < L} with
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T(())E.m\g%r. (ug(t,-))+ Tgogiy%r. (ug(-,04)) + Tgogiy%r. (ug(-, L—)) sufficiently small and uy(t, z) €

B,(0).

Step 2 Let

alt) = us(t,04), 0<t<T,
0, Th<t<T.

Obviously, a(t) € B,(0) with sufficiently small total variation, and w = a(t) satisfies the
boundary condition (8:2) at z = 0 on the whole time interval (0,T).
Now we exchange the role of variables ¢ and = and consider the rightward problem for the

system
0.Gu)+0:H(u)=0, 0<z<L,0<t<T
with the initial condition
x=0: u=a(t), 0<t<T

and the following boundary conditions corresponding to the initial state u = @ and the final

state u = 0:

t=0: Ils(wu=I,@u s=m+1,--,n,
t=T: lL(w)u=0, r=1,---,m, (3.5)

where I;(u) (i = 1,--- ,n) are the left eigenvectors of (DH (u)~*DG(u), or equivalently, the left
eigenvectors of (DG(u))"'DH(u). A direct computation shows that this boundary condition
satisfies assumption (L6).

By Proposition 2] the rightward problem admits a solution u = u(t,x) on the domain
{0 <t<T, 0<2z< L} as the limit of a sequence of £”-solutions u”. By Proposition 2.2] the
function wu is also a solution of the system (II]) in the forward sense on {0 < ¢ < T, 0 <z < L}.
Since u(t,0) = a(t) for a.e. t € (0,T), we have

b1(u(t,04+)) =0, ae.te(0,T).

Step 3 It now remains to show that w verifies the initial condition ([LI2) and the final
condition (LI4).

By Proposition[2.2] both uy and u are solutions in the rightward sense. Then by Proposition
and Remark for the rightward problem, and by (34), us coincides with u on the
triangular domain {O <t<Ty, 0<x< MT%;”} This implies (L12).

Since u(t,0) = 0 for T3 < ¢t < T and v satisfies (B5) for 0 < = < L, by B3)—-B4)
and by Remark for the rightward problem, we have u(t,z) = 0 on the triangular domain
{T1 <t<T, 0<z< Lj(,t_;gll)} In particular, we get (LI4).

Thus v = u(t, z) is a desired solution and the proof of Lemma Bl is complete.

Remark 3.1 By Remark 2.1l under the assumption that system (B.I) possesses a convex
entropy 7(u), the solution u = u(t, z) is actually an entropy solution.
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