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Some Weighted Norm Inequalities on Manifolds*

Shiliang ZHAO

Abstract Let M be a complete non-compact Riemannian manifold satisfying the volume
doubling property and the Gaussian upper bounds. Denote by A the Laplace-Beltrami
operator and by V the Riemannian gradient. In this paper, the author proves the weighted
reverse inequality HA% ey < CIIVFlllLe (w), for some range of p determined by M and
w. Moreover, a weak type estimate is proved when p = 1. Some weighted vector-valued
inequalities are also established.
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1 Introduction

Let M be a complete Riemannian manifold, A be the Laplace-Beltrami operator, and V be
the Riemannian gradient. Denote by VA2 the Riesz transform on M. To start with, we recall
some facts about Riesz transform on the Euclidean space R™. Laplace-Beltrami operator on R™
is defined by A = — i 0?z;. The Riesz transform can be written as VA~% = (Ry,Ra, -+, Ry),

=1

J
where R; = ijA_% for 1 < j < n. By the classical Calderén-Zygmund theory, there exists

constant Cp > 0, such that for all f € C§°(R"),

IVAT= fllzeny < CpllfllLen), (1.1)

where 1 < p < oo (see for example [13, 20]). In fact, by duality, one can get the reverse
inequality that there exists constant ¢, > 0, such that for all f € C§°(R"™),

1
1A2 fllLe@n) < cpllV flllLon)

(see for example [10, Subsection 2.1]).

As for manifolds, Strichartz [22] proved that (1.1) holds for 1 < p < co on rank-one symmet-
ric spaces and asked the sufficient conditions for (1.1) to hold on general manifolds. Since then,
lots of partial answers have been given. In fact, the range of p such that (1.1) holds depends
on the geometry of manifolds. It turns out that the range may not be (1,00) (see for example
[2-3, 12, 20)).

On the other hand, the weighted norm inequalities for singular integral operators have a
long history and are of great interest in harmonic analysis (see [20, Chapter 5] for more details).
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In the series [4-7], Auscher and Martell established some criteria to prove the weighted norm
inequalities. In particular, they considered the Riesz transform, the reverse inequalities, and
some quadratic operators of Littlewood-Paley-Stein type associated with elliptic operators in
[5]. In [6], they showed the weighted estimates of Riesz transform on manifolds (see [9] for the
corresponding results on graphs). In [8-9], these criteria were used to prove the LP boundedness
of Riesz transform associated with Schrodinger operators.

In this paper, let M be a complete non-compact Riemannian manifold with d its geodesic
distance, and p be its Riemannian measure. Moreover, assume that it has the volume doubling
property, i.e., there exists a constant C' > 0 such that

V(B(z,2r)) < CV(B(x,r))

for all z € M and r > 0, where B(xz,r) is the geodesic ball centered at = with radius r, and
V(B) is the volume of B with respect to the Riemannian measure p. For any A > 0, denote
AB = B(x, Ar). The volume doubling property implies that there exist C, v > 1 such that, for
every ball B and A > 1,

V(AB) < CX\"V(B). (1.2)

Let A be the Laplace-Beltrami operator on M. Denote by p:(x,y) the heat kernel of the

tA

semigroup e~ ">, where ¢t > 0 and z,y € M. It is said to have Gaussian upper bounds if there

exist some constants C,c > 0 such that for all t > 0, z,y € M,

_Cd2(ryy)

P S V)

Note also that M is stochastic complete when M is geodesic complete and has volume
doubling property (see [16, p.303]). That is

e 1 (z) =1, p-ae. z €M for every t > 0.

Now we recall the definition of Muckenhoupt weights and reverse Holder classes in [3].

Definition 1.1 We say that a nonnegative locally integrable function w belongs to the Muck-
enhoupt A,-weight classes A, (1) on M for 1 < p < oo if for some A < 0o and all balls B C M,

(o133 Jy0) (g o)™ <

1
V(B)

We say that a nonnegative locally integrable function w belongs to the reverse Hélder classes

and forp=1if
/ wdp < Aw(x), a.e. z € M.
B

RH;(u) with exponent s > 1 if there exists a constant C' such that, for every ball B,

(s )’ <555 o

The endpoint s = oo is defined as follows. For every ball B,

.
w(r) < ——— [ wdp, a.e.xz € M.
(LV(B)B 1



Some Wetighted Norm Inequalities on Manifolds 1003

For properties of Muckenhoupt A,-weights A,(u) and reverse Holder classes RH, (1), we
refer the reader to [3, 20]. To proceed, we need the following definitions in [3].

Definition 1.2 Given w € Ap(n), define
re =inf{p >1:we A,(n)}, sw=sup{s>1:we RH,(un)}.
Then for 1 < pg < qo < 00, define
W (po, qo0) = (poTw, %) ={p:po<p<qowe A%(ﬂ) n RH(%O)/(H)L

where q' = qqu is the conjugate exponent to q. Set

q+ = sup{p € (1,00) : Riesz transform is bounded on L”(u)}.

In [6], the weighted estimates of Riesz transform on manifolds were proved.

Theorem A Let M be a complete non-compact Riemannian manifold satisfying the volume
doubling property and Gaussian upper bounds. Let w € Axo(f1).
(i) For p € Wy (1,q+), the Riesz transform is of strong-type (p,p) with respect to wdu, that
18,
VA7 Flll oty < Cpaoll o (arw)
for all f bounded with compact support.
(ii) If w € Ay(u) N RHq,y (1), then the Riesz transform is of weak-type (1,1) with respect
to wdpy, that is,
NIVA™2 flll 1o ) < Crall Fllsar,)

for all f bounded with compact support.

We will prove the weighted estimates for the reverse inequality. Before we state the main
result of this paper, recall that M supports a p-Poincaré inequality for 1 < p < oo if there
exists C' > 0 such that, for every ball B and every locally Lipschitz function f,

(%B)/Blf—fBlpow)E SCT(V(lB)/BIVfI”dH)Fv

where r is the radius of B and fp = (V(B))™" [ fdu. We define

r— =inf{p > 1 : p-Poincaré inequality holds}.

Note that the unweighted estimates were proved in [1, Theorem 0.7].
The main result of this paper is as follows.

Theorem 1.1 Let M be a complete non-compact Riemannian manifold satisfying the volume
doubling property and Poincaré inequality with 1 < r_ < 2. Let w € Aso ().
(i) For p € Wy (r—,00), there exists Cp . > 0 such that

1A% fll Loqw) < CpullV Flll Loy )

for all f smooth with compact support.
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(ii) If 1-Poincaré inequality holds, then for every w € Ay (p) there exists C1 . > 0 such that
1
A2 fllzreo(w) < CruwlllV L w) (1.4)

for all f smooth with compact support.

To prove Theorem 1.1, we need to estimate the operator S defined by setting for any
h:M x (0,00) = R,

Sh(z) = / Ae A h(z, t)dt.
0
Moreover, for any p € [1, 00|, let
L) = {h: M x (0,00) = R | [Aiallzo() < o0},

where |hlu(z) = ([ |h(z,t)[?9)7 for any € M. Denote by L(u) the function space
consisting of bounded functions with compact support with respect to u, and set

c(p) = {h: M x(0,00) = R [ [hfu(z) € L (1)}

Then we have the following theorem.

Theorem 1.2 Let M be a complete non-compact Riemannian manifold satisfying the volume
doubling property and Gaussian upper bounds. For any h € L?H(M); we have
(i) If 1 < p < oo and w € A,(n), there exists Cp ., > 0 such that
ISPl Lrw) < CpwllhllLe(w)- (1.5)

H

(i) If p=1 and w € A1(u), there exists Cy > 0 such that
1SRl 21wy < Crowllhll L1 w)- (1.6)

Now we introduce some notations. Given any ball B, denote Cy(B) = 4B, C;(B) = 271 B\
29B for j > 2. Denote by yg the indicator function of subset E of M, and set f; = Ixc;(B)
for any given function f. The constants C, ¢ and ¢/ may change from line to line.

2 Proof of Theorem 1.2

To begin with, we recall some properties of the operator S in the unweighted cases. Note
that the Littlewood-Paley-Stein square operator for f € LP(u) is defined by

Gt = ([ T jeaea ),

tA

Since e~ is a symmetric diffusion semigroup in our settings, G is bounded on LP(u) for

1 < p < oo (see [21]). By duality, we have

IShllLe(uy < IhllLgey, 1 <p<oo. (2.1)

n)
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In fact, for any ¢ € C§°(M), we have

(Sh, @) L2() —/ / (z,t)Ae ™2 p(z)dpdt

< [ ([ e )I2dt)%Gw(w)du

< Il |Gl ot -

Wherel<p<ooandp’—ﬁ
Before proving Theorem 1.2, we need to prove some lemmas. Denote by L{ () the function

space consisting of locally integral functions with respect to p.

Lemma 2.1 Given any fized | > 1, there exist C,c > 0, such that the following holds for
every ball B = B(xo,7), h € L{, (1) and j > 2:

—Ir?A 2 —Ir2A o4l 1
sup(|e hi(x)| + Ir°|Ae hi(x)]) < Ce 1.7/ h(y)|du.

Proof We first deal with |e_”2Ahj (z)|. According to the Gaussian upper bounds of the
heat kernel, one gets

—ir2
sup [e ™" 2h;(z)| < sup/ Py (z,y)|h(y)|dp
x€B zeB JC;(B)

< C'sup

1
zGB/ B) V(x \/—T)
1 47
< Csup / e~ |h(y)|dp
(

z€BJC;(B) V()
1 aJ
<C ————e¢ T |h(y)|du
o) V(w0 20) 1h(y)l
27V 4
<C T Ihw)lde

c;3) V(2711 B)

ad 1
<Ce T ——— h(y)|d
< Ce T Gy /Cj(B)I (y)ldu,

where the third and fifth inequalities follow from (1.2). Here and in what follows, we denote
V(B(z,r)) by V(z,7). Note that Ae "2 f = —Ze~*A f. By the Gaussian upper bounds of the
time derivative of the heat kernel (see for example [15-16, 19]),

oF 1 K d*(z,y)
< S — .
grm(en)]| < “Vavp P ( Cit ) (22)

we can get the estimate of lr2|Ae_”2Ahj ()|. Then the lemma has been proved.

Remark 2.1 Given any [ > 1 fixed, there exist C,c > 0, such that the following holds for
every ball B = B(xzg,r), h € L{, (u) supported in B and j > 2:

i 1
sup  (Je™ " Ah(z)| + 12| AT AR(z)]) < e / Ih(y)|dp.
2€C,(B) V(B) Jg

Observing that V(xg,r) < C(1+ M)”V(m, r), the remark follows according to the proof of
the lemma.
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Lemma 2.2 There exist C,c > 0, such that the followings hold for every f € L'(u) and

a>0:
(Dl&fmf@MSg;é%ﬁﬂfhum.

() 10— e=)e™" Fllpsgy < 710

Proof Since Ae A f = —Z2e 'Af. By (2.2), (i) follows.

Note that

(a+1)t
e—atAf o e—(a—i—l)tAf _ / AQ_TAde.
at

According to (2.2), there exists C' > 0 such that |Ae "2 f| 11,y < | f]l11() for t > 0 and
f € LY(u). As a result, one gets

— —a 1
(I —e e tAf||L1(#) <Cln (1 + E)HfHLl(u)
C
< EHf”Ll(u)'

In order to prove (1.6), we need the following vector-valued extension of Theorem 3.3 in [6].

Lemma 2.3 Let 1 < py < qo < 00 and w € Aso(p). Let T be a sublinear operator defined
on Lg(p), and {A;}r>0 be a family of operators acting from L% (p) into Lg(p). Assume the
following conditions:

(a) There exists ¢ € Wy (po,qo), such that T is bounded from L{j(w) to L (w).

(b) For all j > 1, there exists a constant a;, such that for any ball B with r(B) as its radius
and for any f € L3 (n) supported in B,

1 BN
(F m i an)™ <as(f 11 au)™.
C;(B) B
(c) There exists > (sw)', i.e., w € RHg/ (1), with the following property: For all j > 2,

there exists a constant o, such that for any ball B with r(B) as its radius and for any f €

L(u) supported in B and for j > 2,

T = AP dn)’ < ay (£ 1120 du)™.
c;(B) B

d a;2Yw) < oo for a; in (b) and (c), where vy, is the doubling constant of wdj.
@ j

j
Ifw e A1(p) "RH w0y (1), then there exists a constant C > 0 such that for all f € L3%(u),
PO ’

1T Sl Lroroe (wy < CUF Nl 220 (-

Proof The proof of this lemma is similar to that of [7, Theorem 3.3]. Since we have
the vector-valued Calderén-Zygmund decomposition, the methods in proving [7, Theorem 3.3]

apply well.

Proof of (1.5) in Theorem 1.2 Fix 1 < p < oo and w € Ap(p). Thanks to the self-

improve property of A, weights, there exists 1 < py < p such that w € A» . We will use [3,
PO

Theorem 3.7] to prove (1.5) (see Appendix). In order to use the theorem, take py as above,
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g =occand A, =1 - (I — e_’”zA)" with r the radius of the ball B, n large enough to be
determined later. In our situation, we can set & = Lgf'(u) and D = L(u). Then it is

sufficient to prove the following inequalities for any f € LfH(u) and x € B :

1 —r2A\n £|p % Do\ =
—_— — 0 < PO
O (g7 [ 180 =72 mau) 7 < oMf1) o)
() sup S(L — (I —e™"4)")f < OM(|Sf]) 70 ().
reB
We will prove (IT) first. Note that SA, = A,.S. Then expand A, and let h; = (Sf)xc,(B)-

For j > 2, apply Lemma 2.1. Since hy is supported in Cy (B), it is a direct result of the Gaussian
upper bounds of the heat kernel and (1.2).

To prove (I), let

=> fl@t)xe,m =Y fi-

j>1 j>1

We will treat f1 and f; (j > 2) separately.
According to (2.1) with p = pg, one obtains

IS(I = Ar) fillLro sy < CII(I = Ap) fall ro )

<C||f1||Lpo<ﬂ>+CZIIe " Full o G-

=1

Since the variable x of f is supported in C4(B), it follows that

1 s o L
(W) 1f1llzro (uy < CM(|fal) 7o

For 1 <[ <n, one has

()™ e il
5 Z/ o™ A Sl du)%
VB 2 Jeun) k

2z+BB - 2
Z( )) ° sup e A f |
i1

zeC;(4B)

Il
/_\

\ /\

Apply Remark 2.1 when i > 2 and Gaussian upper bounds when ¢ = 1. Then one gets

1 % —Ir’A
(W) [le Sillzeo

<O 296 exp(—cd) M| f])

i>1

< CM(| |27 (x),

where we have used (1.2). Thus we have proved (I) for f.
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To treat f; for j > 2, we use the Minkowski integral inequality and get

1 o 2 Po =
A_tAI— —r“A\n ¢ PO
V(B)/B‘/O (I —e™ ) fﬂdt‘ d“)
S/ (—1 /|Ae_m(I—e_rzA)"ij’Odu)%dt
o \V(B)Js
2j+1r2n 1
:/ /|A€_tA(I—e_T2A)nfj|pOdﬂ)podt
0

+ [ o L AR e )
21+1r2n

=1 + L.

For Iy, we expand (I — e_f’zA)", and Lemma 2.1 gives

0it1,2,, oAl
1 <OZ/ c / [y, 1) dpudt
! t+ ZT2 V(QJ'HB) 2i+1B Y H
n 2]+1T2n 1 o
= T ded
O o gy Ve Z
" dt P w2 N3
< 2 ) (/ ' ct+”2dt) .
<Y g Lo, U, 1P (] e z
Since
2012y
/ L e i dt
0 (t+1r?)
2i+1y s i
—2¢c—~ 2
= e “Gtods (let t =7r“s
0 (s+1)? ( )
< Ce™ % =(Ce?
we have

/oy 1 > dt\ 3
I < —c'2 - - 2_
1< Ce V(27+1B) /%13(/0 /1 t) d
< Ce™¥ M(|fIE)w.

For I, from Lemma 2.2, we have that for any € B = B(xg,r) and t > 0,
AT (T — e A)" fi(w, )] = |Ae” ’A((I— e )T A £ (1)
—T2A — L A\n
< o~ :
v LR L T
2

fo, 7 (7) R

We have used the fact that B(zg,v/t) C B(z,2v/t), and thus V(z,vt) < c¢V(x,v/t) in the

IN
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second line. Substituting the above estimate into Iy and using Holder inequality, one gets

00 1 2

T n
L <C — | — dpdt
2= Jaretan tV (2o, VE) ( t ) /2#13 [Fldy

<1 r2\n
=C L~ (—) dtd
/zﬁlB/zHlﬂmﬁvuo,m(t) :

o] 1 2

=¢ 2/+1B (/OOO |f|2%) § (/Qjﬂrzn W(%)%dt) Ed'u
00 1 oo gt 2 m 11
= V(%‘HB) /ZjJrlB (/0 |f|2%) (‘/2j+1r2n % [%}2(%)2 dt) dp

< CM(|fIER) (/:n (%)2(%%%)
< 027 D) M (| fE0) 70

Combining the above estimate and the estimate of I;, we obtain that (1.5) holds provided
n>s.

Proof of (1.6) in Theorem 1.2 Take py = 1, o = 00, A, = I — (I — e ""2)". We will
check the conditions (a),(b),(c) and (d) required by Lemma 2.3.

Fix w € A;(p). (a) follows from (1.5) as the operator S is bounded from Lf(w) to L9 (w)
for 1 < g < o0.

By expanding A,, it is sufficient to show (b) for e~I"*4

with 1 <[] < n. Fixing any [, we
have for j > 2,

sup e Al <O sup /le(x If (@, d
zeC;(B) zeC;(B)

< CeV /|f|Hdu

For j =1, it follows by the Gaussian upper bounds of the heat kernel and (1.2).
To see (c), we use the same method as in proving (1.5) and identify a; = 277"~ %) for j > 2.
In fact, take 8 = co. Then for j > 2,

sup / |Ae ™A (T —e" A) fldt
wECj(B)

27+1 .2y oo
< sup / |Ae™(T — e "2 f|dt + sup / |Ae™ (T — e " Ay f|dt
) )J2

T zeC, (B ©€C;(B) J2i+1r2n

=1 +1L5.

For Iy, using Remark 2.1, we obtain
n [e’s) t 1 it 1p2y G2 1
Z / (/ |f|2d_)2(/ 7t e ﬁHr?dt)zd
_62] / |l dp.
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For Iy, since the following inequality holds with every ¢ > 0:

_ 2 n C2j2
A8 =2y (o) < 2 () [ st

we have

e O / o

As a result, we can conclude that (d) holds if n > vy, + 5, where v,, is the doubling constant
of the measure wdpu.
Thus we have finished the proof of Theorem 1.2.

3 Proof of Theorem 1.1

In order to prove (1.4), we need a weighted version of the Calderén-Zygmund decomposition.

Lemma 3.1 Let M be a complete non-compact Riemannian manifold satisfying the volume
doubling condition, and it supports 1-Poincaré inequality. Let w € A1(u). For any function f
such that |V f| € LY(w) and X > 0, one can find a collection of balls (B;);, functions (b;); and
g, such that

f=g+> b,

[Vg(z)| < CX  for a.e. x € M,

suppb; C B; and / [Vb;|wdp < CAw(B;),
B;

/ |b;|wdp < CAr(B;)w(B;),
Z (B;) < CA~ /|Vf|wdu,
ZXB <N,

where C' and N depend on the constants in Poincaré inequality, v and w.

Proof According to [3, Proposition 9.1], the results hold when we have the following
weighted Poincaré inequality:

/ 1 — Fpwlwds < Cr(B) / IV wdp,
B B

where fp ., = ﬁ J fwdp. However, it is a consequence of Corollary 3.2 in [12]. See also
[17, Chapter 15] for more results about the p-admissible weights. Thus we have proved the
lemma.

Proof of (1.3) in Theorem 1.1 We will use Theorem 3.7 in [3] again. Since p €
W (r—,00), there exist r— < pg < p < qo < oo such that w € APL N RH(%")'. Take A, =
0

I—(I- e_TZA)", where 7 is the radius of the ball B and n is large enough to be determined
later. Then it is sufficient to prove the following inequalities for any f € L% (n) and z € B :
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(1) AR = =" 2)" fll ooy < CM (V1) 75 (2)u(B) s,

(I1) [|AZ(I = (I = e ™" 2)") fllpao 5y < CM(|AZ f[P0)75 (z)u(B) % .
Note first that

u(B) 7w |AZ(I — (I — e~ ")) fl ao(m) < sup AF(I—(I—e 727,
TEe

Since A% and A, commute, expand (I — e_rzA)” and set h; = A%fij(B). The proof of (IT')
is similar to that of (II).

Now we deal with (I'). Given B = B(xo,7), let h = f — fip, hj = hxc,) for j > 3,
ha = h(xsp — ¢1), h1 = h¢y and

1, d(ZI;,ZI;()) S 2T7
Ay —

¢1(x) = w, 2r < d(xz, o) < 4r,
0, d(x,x0) > 4r,

where d is the geodesic distance. Note that |[V¢1]| is bounded with compact support.

According to [2], one has the following equalities:

AF(T—e ") =Az(I—e "2
= AAT3(I —e "2

= / gr(t)Ae™ A hdt,
0

where we have used the stochastic complete property of M in the first equality and

= (") (-1
I ZZO: l Vit —1r?

We have the following estimates of g, (t) (see [2]):

Ch
r(t)] = ——=,
9] < s

ifO<ir?<t<(I+1)r*<(n+1)?

and

g ()] < Cor®™t™"7 3, ift > (n+ 1)r2.

For any ¢,r > 0, 7 > 2,
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We first estimate I; and one has

where C' depends on ¢, n. On the other hand,

oo R
12 = 1/ S_n_%e_%ﬁ S 14_‘]71_%]
n

r 41 S r

Il
(1
(\
+
—_
—
[¢]

1 cad n n+l
S _e_ 2(n+1) E /
l

S. L. Zhao

o0
/ rtetdr < Camin,
0 or

where C' depends on ¢, n. Then, combining the estimates of I; and I, we get that there exists

C > 0 depending on ¢, n, such that for every r > 0,

cair2 dt C
T — <

| oo

With the help of Poincaré inequality, we obtain

Zymin,
r

AB(I—e By, < c/ lr ()| A2 b at
0

cad,2 dt
t

<c [ lawl
0
< 04—yl

< C4—ing—1 (1 +

V(27+1B) /2j+lB
V(29+1B)

1

a4 hld
t V(2+1B) /Cj(B)| [y

|f — fapldp

1

< Catv-2mip—t (1

K (Vo

< o= !

V(4B)

) V(2j+1B) /2j+1B |f - f2j+lB|dlu

1

[ 1= wnsran)”
2418

Po %
< (v /WBW an)™.

In the forth inequality, we have used the fact

1
- - _ d
V(2J+1B) /2HIB |f f4B| u
1
: m ‘/2j+1B |f N f2j+lB|d/1’ + |f4B - f2j+1B|

1

V(2+'B) 1

< e —— - ¥ d
= V(29+1B) /QHIB |f — fasrrpldp +

Thus we have

V(4B)

- — fai d.
V(2+1B) /QJ_HBU fasr1pldp

1A% (T — ™" 2)" Ry ooy < C2072MIM(|V f[P0) 76 ()u(B) 0.
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The sum of the right-hand side converges when n > 3.
For j =1, we have

|AZ (I — Ap)hillzro By < CIAZ Ay Lro () < Cll[VAA|||Lro (1)

Note that
|Vhi| = [V(hé1)| < VS| + [Voullf — faBl,

and ¢; is bounded with compact support. By Poincaré inequality, we have
1 —r?A\n Po L L
[A2(I —e™" )" hal[rrom) < OM(|V fIP0) 70 (z)pu(B)7o.

For j = 2, notice that ho is supported in 8 B/2B and we have a similar estimate for hs in
the spirit of Lemma 2.1. Using the similar method as in the proof for j > 3, the result for j > 3
also holds for j = 2 and this leads to (I'). Then we have proved (1.3).

Proof of (1.4) in Theorem 1.1 We follow the method in [1]. For f smooth with compact
support, apply Lemma 3.1. Since w € A;(dy), we have w € A,(dp) for any ¢ > 1. By (1.3)
and the property of g, we have the following:

w({x e M: |A%g| > %}) < )\q|||v.g|||Lq(w)

C
<Cw(U4B)  nvan IVglwdp

<$ [ 19 uan
X

Let r; = 2% if 28 < (B;) < 21 and set

/ Ae —tA 2V dt / Ae —tA 27 dt

Then it is enough to estimate

>51)

Ilzw({xeM:’

(T

For I;, we get

11<Cw(LiJ4Bi)+Cw({xeM\LZJ4Bi: >§})

We have

< )\/ ‘ZT@X 4B;)
< by 2/43. CTibide
TES [ mhled

i j>2 C;(Bi)

w({ze M\U4B ‘
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By Remark 2.1 and the properties of b;, we obtain

C _
sup  |Ae b (x)] < —e°
EGCj(Bi) t

/ |bi|dge for j > 2.

As a result, we have

r2 .. ]
/ |Tibi|wdu§/l Qe—cﬁw/ |bi|dli£
C;(By) o 1 V(Bi : Vit
</T?Ce_ 4J2V2J+1B / b | 2+1B)d dt
“Jo WerB) Vi

S/lt /|b|wdu

2

i r; 4“2 dt
<c [ aoie B
/ wiBi) 7

< C/\27”e_64jw(Bi),

where we have used the definition of A;(x) in the third inequality.

Hence,
h<Cw(U4B)+CZZzJ” —e4(By)

i j>2

<CYu(B)< S [ 19 rhud

It remains to handle Is. Define

Then we have

_ *° _ dt
ZUb _Z/ tAe mﬁk /O tAe tAft?:Sft,

keZ

where

By Cauchy-Schwarz inequality, it gives

[urd<e [T () at<era [ TEco(Tm)"

k;4k <t kEZL keZ

Thus we have
il <€ [ 3

Since S is a linear operator and L% (u) is dense in Liy(w), (1.6) holds for all h € Liy(w). Then
by Theorem 1.2, we get

i

bi wdp < C’/\Zw(Bi) < C’/ |V flwdp < oo.
- M

12<—Z/

which, together with the estimate of I7, implies (1.4). Thus we have proved Theorem 1.1.

wdp < —/ IV flwdg,

Tz
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4 Appendix

In this section, we give [3, Theorem 3.7] which plays an important role in this paper.
Given two vector spaces of measurable functions A and B, we say that an operator T" acts
from A into B, if T' is a map defined on A and valued in B. An operator T" acting from A to
B is sublinear, if
T(f+9)l <ITfI+1Tgl and |TAf)|=[AITf]

forall f,g € Aand A € Ror C. Let M be the Hardy-Littlewood maximal operator. [3, Theorem
3.7] is stated as follows.

Theorem 4.1 (see [3, p.234, Theorem 3.7]) Let 1 < py < qo < oco. Let £ and D be
vector spaces, such that D C £. Let T, S be operators such that S acts from D into the set of
measurable functions and T is sublinear acting from & into LP°. Let {A,},>0 be a family of

operators acting from D into E. Assume that

1

(f 11 = Am)rP) ™ < CM(S517) 7 0) (41)

and
1

(Ji |TAT<B>f|q°>% < OM(Sf|™) (=) (4.2)

for all f € D, for all ball B, where r(B) denotes its radius and all x € B. Let py < p < qo (or
p = qo when go < o) and w € APL NRHa),. There is a constant C' such that
0 P

1T fllzewy < CISFllLew) (4.3)
for all f € D. Furthermore, for all pg <1 < qo, there is a constant C' such that

IS ) ], =S50

(4.4)

Lr(w)

for all f; € D.

As emphasized in [3], (4.1)—(4.2) are unweighted assumptions by which one can obtain the
weighted inequalities as well as the vector valued estimates.
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