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Abstract Let M be a complete non-compact Riemannian manifold satisfying the volume

doubling property and the Gaussian upper bounds. Denote by ∆ the Laplace-Beltrami

operator and by ∇ the Riemannian gradient. In this paper, the author proves the weighted

reverse inequality ‖∆
1
2 f‖Lp(w) ≤ C‖|∇f |‖Lp(w), for some range of p determined by M and

w. Moreover, a weak type estimate is proved when p = 1. Some weighted vector-valued

inequalities are also established.
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1 Introduction

Let M be a complete Riemannian manifold, ∆ be the Laplace-Beltrami operator, and ∇ be

the Riemannian gradient. Denote by ∇∆− 1
2 the Riesz transform on M . To start with, we recall

some facts about Riesz transform on the Euclidean space Rn. Laplace-Beltrami operator on Rn

is defined by ∆ = −
n
∑

j=1

∂2xj . The Riesz transform can be written as∇∆− 1
2 = (R1, R2, · · · , Rn),

where Rj = ∂xj∆
− 1

2 for 1 ≤ j ≤ n. By the classical Calderón-Zygmund theory, there exists

constant Cp > 0, such that for all f ∈ C∞
0 (Rn),

|||∇∆− 1
2 f |||Lp(Rn) ≤ Cp‖f‖Lp(Rn), (1.1)

where 1 < p < ∞ (see for example [13, 20]). In fact, by duality, one can get the reverse

inequality that there exists constant cp > 0, such that for all f ∈ C∞
0 (Rn),

‖∆ 1
2 f‖Lp(Rn) ≤ cp|||∇f |||Lp(Rn)

(see for example [10, Subsection 2.1]).

As for manifolds, Strichartz [22] proved that (1.1) holds for 1 < p < ∞ on rank-one symmet-

ric spaces and asked the sufficient conditions for (1.1) to hold on general manifolds. Since then,

lots of partial answers have been given. In fact, the range of p such that (1.1) holds depends

on the geometry of manifolds. It turns out that the range may not be (1,∞) (see for example

[2–3, 12, 20]).

On the other hand, the weighted norm inequalities for singular integral operators have a

long history and are of great interest in harmonic analysis (see [20, Chapter 5] for more details).
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In the series [4–7], Auscher and Martell established some criteria to prove the weighted norm

inequalities. In particular, they considered the Riesz transform, the reverse inequalities, and

some quadratic operators of Littlewood-Paley-Stein type associated with elliptic operators in

[5]. In [6], they showed the weighted estimates of Riesz transform on manifolds (see [9] for the

corresponding results on graphs). In [8–9], these criteria were used to prove the Lp boundedness

of Riesz transform associated with Schrödinger operators.

In this paper, let M be a complete non-compact Riemannian manifold with d its geodesic

distance, and µ be its Riemannian measure. Moreover, assume that it has the volume doubling

property, i.e., there exists a constant C > 0 such that

V (B(x, 2r)) ≤ CV (B(x, r))

for all x ∈ M and r > 0, where B(x, r) is the geodesic ball centered at x with radius r, and

V (B) is the volume of B with respect to the Riemannian measure µ. For any λ > 0, denote

λB = B(x, λr). The volume doubling property implies that there exist C, ν ≥ 1 such that, for

every ball B and λ > 1,

V (λB) ≤ CλνV (B). (1.2)

Let ∆ be the Laplace-Beltrami operator on M . Denote by pt(x, y) the heat kernel of the

semigroup e−t∆, where t > 0 and x, y ∈ M . It is said to have Gaussian upper bounds if there

exist some constants C, c > 0 such that for all t > 0, x, y ∈ M,

pt(x, y) ≤
C

V (B(x,
√
t ))

e−c
d2(x,y)

t .

Note also that M is stochastic complete when M is geodesic complete and has volume

doubling property (see [16, p. 303]). That is

e−t∆1(x) = 1, µ-a.e. x ∈ M for every t > 0.

Now we recall the definition of Muckenhoupt weights and reverse Hölder classes in [3].

Definition 1.1 We say that a nonnegative locally integrable function w belongs to the Muck-

enhoupt Ap-weight classes Ap(µ) on M for 1 < p < ∞ if for some A < ∞ and all balls B ⊂ M ,

( 1

V (B)

∫

B

wdµ
)( 1

V (B)

∫

B

w
1

1−p dµ
)p−1

≤ A,

and for p = 1 if
1

V (B)

∫

B

wdµ ≤ Aw(x), a.e. x ∈ M.

We say that a nonnegative locally integrable function w belongs to the reverse Hölder classes

RHs(µ) with exponent s > 1 if there exists a constant C such that, for every ball B,

( 1

V (B)

∫

B

wsdµ
)

1
s ≤ C

V (B)

∫

B

wdµ.

The endpoint s = ∞ is defined as follows. For every ball B,

w(x) ≤ C

V (B)

∫

B

wdµ, a.e. x ∈ M.
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For properties of Muckenhoupt Ap-weights Ap(µ) and reverse Hölder classes RHs(µ), we

refer the reader to [3, 20]. To proceed, we need the following definitions in [3].

Definition 1.2 Given w ∈ Ap(µ), define

rw = inf{p > 1 : w ∈ Ap(µ)}, sw = sup{s > 1 : w ∈ RHs(µ)}.

Then for 1 ≤ p0 < q0 ≤ ∞, define

Ww(p0, q0) =
(

p0rw,
q0

(sw)′

)

= {p : p0 < p < q0, w ∈ A p
p0
(µ) ∩ RH(

q0
p
)′(µ)},

where q′ = q
q−1 is the conjugate exponent to q. Set

q+ = sup{p ∈ (1,∞) : Riesz transform is bounded on Lp(µ)}.

In [6], the weighted estimates of Riesz transform on manifolds were proved.

Theorem A Let M be a complete non-compact Riemannian manifold satisfying the volume

doubling property and Gaussian upper bounds. Let w ∈ A∞(µ).

(i) For p ∈ Ww(1, q+), the Riesz transform is of strong-type (p, p) with respect to wdµ, that

is,

‖|∇∆− 1
2 f |‖Lp(M,w) ≤ Cp,w‖f‖Lp(M,w)

for all f bounded with compact support.

(ii) If w ∈ A1(µ) ∩ RH(q+)′(µ), then the Riesz transform is of weak-type (1, 1) with respect

to wdµ, that is,

‖|∇∆− 1
2 f |‖L1,∞(M,w) ≤ C1,w‖f‖L1(M,w)

for all f bounded with compact support.

We will prove the weighted estimates for the reverse inequality. Before we state the main

result of this paper, recall that M supports a p-Poincaré inequality for 1 ≤ p < ∞ if there

exists C > 0 such that, for every ball B and every locally Lipschitz function f ,

( 1

V (B)

∫

B

|f − fB|pdµ
)

1
p ≤ Cr

( 1

V (B)

∫

B

|∇f |pdµ
)

1
p

,

where r is the radius of B and fB = (V (B))−1
∫

B
fdµ. We define

r− = inf{p ≥ 1 : p-Poincaré inequality holds}.

Note that the unweighted estimates were proved in [1, Theorem 0.7].

The main result of this paper is as follows.

Theorem 1.1 Let M be a complete non-compact Riemannian manifold satisfying the volume

doubling property and Poincaré inequality with 1 ≤ r− < 2. Let w ∈ A∞(µ).

(i) For p ∈ Ww(r−,∞), there exists Cp,w > 0 such that

‖∆ 1
2 f‖Lp(w) ≤ Cp,w‖|∇f |‖Lp(w) (1.3)

for all f smooth with compact support.
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(ii) If 1-Poincaré inequality holds, then for every w ∈ A1(µ) there exists C1,w > 0 such that

‖∆ 1
2 f‖L1,∞(w) ≤ C1,w‖|∇f |‖L1(w) (1.4)

for all f smooth with compact support.

To prove Theorem 1.1, we need to estimate the operator S defined by setting for any

h : M × (0,∞) → R,

Sh(x) =

∫ ∞

0

∆e−t∆h(x, t)dt.

Moreover, for any p ∈ [1,∞], let

Lp
H
(µ) = {h : M × (0,∞) → R | ‖|h|H‖Lp(µ) < ∞},

where |h|H(x) = (
∫∞

0 |h(x, t)|2 dt
t
)

1
2 for any x ∈ M . Denote by L∞

c (µ) the function space

consisting of bounded functions with compact support with respect to µ, and set

L∞
c,H(µ) = {h : M × (0,∞) → R | |h|H(x) ∈ L∞

c (µ)}.

Then we have the following theorem.

Theorem 1.2 Let M be a complete non-compact Riemannian manifold satisfying the volume

doubling property and Gaussian upper bounds. For any h ∈ L∞
c,H(µ), we have

(i) If 1 < p < ∞ and w ∈ Ap(µ), there exists Cp,w > 0 such that

‖Sh‖Lp(w) ≤ Cp,w‖h‖Lp

H
(w). (1.5)

(ii) If p = 1 and w ∈ A1(µ), there exists C1,w > 0 such that

‖Sh‖L1,∞(w) ≤ C1,w‖h‖L1
H
(w). (1.6)

Now we introduce some notations. Given any ball B, denote C1(B) = 4B, Cj(B) = 2j+1B \
2jB for j ≥ 2. Denote by χE the indicator function of subset E of M , and set fj = fχCj(B)

for any given function f . The constants C, c and c′ may change from line to line.

2 Proof of Theorem 1.2

To begin with, we recall some properties of the operator S in the unweighted cases. Note

that the Littlewood-Paley-Stein square operator for f ∈ Lp(µ) is defined by

Gf(x) =
(

∫ ∞

0

|t∆e−t∆f |2 dt
t

)
1
2

.

Since e−t∆ is a symmetric diffusion semigroup in our settings, G is bounded on Lp(µ) for

1 < p < ∞ (see [21]). By duality, we have

‖Sh‖Lp(µ) ≤ ‖h‖Lp

H
(µ), 1 < p < ∞. (2.1)
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In fact, for any ϕ ∈ C∞
0 (M), we have

〈Sh, ϕ〉L2(µ) =

∫ ∞

0

∫

M

h(x, t)∆e−t∆ϕ(x)dµdt

≤
∫

M

(

∫ ∞

0

|h(x, t)|2 dt
t

)
1
2

Gϕ(x)dµ

≤ ‖h‖Lp

H
(µ)‖Gϕ‖Lp′(µ),

where 1 < p < ∞ and p′ = p
p−1 .

Before proving Theorem 1.2, we need to prove some lemmas. Denote by L1
loc(µ) the function

space consisting of locally integral functions with respect to µ.

Lemma 2.1 Given any fixed l ≥ 1, there exist C, c > 0, such that the following holds for

every ball B = B(x0, r), h ∈ L1
loc(µ) and j ≥ 2 :

sup
x∈B

(|e−lr2∆hj(x)|+ lr2|∆e−lr2∆hj(x)|) ≤ Ce−c 4j

l
1

V (2j+1B)

∫

Cj(B)

|h(y)|dµ.

Proof We first deal with |e−lr2∆hj(x)|. According to the Gaussian upper bounds of the

heat kernel, one gets

sup
x∈B

|e−lr2∆hj(x)| ≤ sup
x∈B

∫

Cj(B)

Plr2(x, y)|h(y)|dµ

≤ C sup
x∈B

∫

Cj(B)

1

V (x,
√
lr)

e−c 4jr2

lr2 |h(y)|dµ

≤ C sup
x∈B

∫

Cj(B)

1

V (x, r)
e−c 4j

l |h(y)|dµ

≤ C

∫

Cj(B)

1

V (x0, 2r)
e−c 4j

l |h(y)|dµ

≤ C

∫

Cj(B)

2jν

V (2j+1B)
e−c 4j

l |h(y)|dµ

≤ Ce−c 4j

l
1

V (2j+1B)

∫

Cj(B)

|h(y)|dµ,

where the third and fifth inequalities follow from (1.2). Here and in what follows, we denote

V (B(x, r)) by V (x, r). Note that ∆e−t∆f = − ∂
∂t
e−t∆f. By the Gaussian upper bounds of the

time derivative of the heat kernel (see for example [15–16, 19]),

∣

∣

∣

∂k

∂tk
pt(x, y)

∣

∣

∣
≤ Ck

1

V (x,
√
t)
t−k exp

(

− d2(x, y)

Ckt

)

, (2.2)

we can get the estimate of lr2|∆e−lr2∆hj(x)|. Then the lemma has been proved.

Remark 2.1 Given any l ≥ 1 fixed, there exist C, c > 0, such that the following holds for

every ball B = B(x0, r), h ∈ L1
loc(µ) supported in B and j ≥ 2:

sup
x∈Cj(B)

(|e−lr2∆h(x)|+ lr2|∆e−lr2∆h(x)|) ≤ Ce−c 4j

l
1

V (B)

∫

B

|h(y)|dµ.

Observing that V (x0, r) ≤ C(1 + d(x,x0)
r

)νV (x, r), the remark follows according to the proof of

the lemma.
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Lemma 2.2 There exist C, c > 0, such that the followings hold for every f ∈ L1(µ) and

a > 0 :

(i) |∆e−t∆f(x)| ≤ c

tV (x,
√
t)
‖f‖L1(µ).

(ii) ‖(I − e−t∆)e−at∆f‖L1(µ) ≤
C

a
‖f‖L1(µ).

Proof Since ∆e−t∆f = − ∂
∂t
e−t∆f. By (2.2), (i) follows.

Note that

e−at∆f − e−(a+1)t∆f =

∫ (a+1)t

at

∆e−τ∆fdτ.

According to (2.2), there exists C > 0 such that ‖∆e−t∆f‖L1(µ) ≤ C
t
‖f‖L1(µ) for t > 0 and

f ∈ L1(µ). As a result, one gets

‖(I − e−t∆)e−at∆f‖L1(µ) ≤ C ln
(

1 +
1

a

)

‖f‖L1(µ)

≤ C

a
‖f‖L1(µ).

In order to prove (1.6), we need the following vector-valued extension of Theorem 3.3 in [6].

Lemma 2.3 Let 1 ≤ p0 < q0 ≤ ∞ and w ∈ A∞(µ). Let T be a sublinear operator defined

on L2
H
(µ), and {Ar}r>0 be a family of operators acting from L∞

c,H(µ) into L2
H
(µ). Assume the

following conditions:

(a) There exists q ∈ Ww(p0, q0), such that T is bounded from Lq
H
(w) to Lq,∞(w).

(b) For all j ≥ 1, there exists a constant αj, such that for any ball B with r(B) as its radius

and for any f ∈ L∞
c,H(µ) supported in B,

(

−
∫

Cj(B)

|Ar(B)f |q0H dµ
)

1
q0 ≤ αj

(

−
∫

B

|f |p0

H
dµ
)

1
p0
.

(c) There exists β > (sw)
′, i.e., w ∈ RHβ′(µ), with the following property: For all j ≥ 2,

there exists a constant αj, such that for any ball B with r(B) as its radius and for any f ∈
L∞
c,H(µ) supported in B and for j ≥ 2,

(

−
∫

Cj(B)

|T (I −Ar(B))f |β dµ
)

1
β ≤ αj

(

−
∫

B

|f |p0

H
dµ
)

1
p0
.

(d)
∑

j

αj2
νwj < ∞ for αj in (b) and (c), where νw is the doubling constant of wdµ.

If w ∈ A1(µ)∩RH(
q0
p0

)′(µ), then there exists a constant C > 0 such that for all f ∈ L∞
c,H(µ),

‖Tf‖Lp0,∞(w) ≤ C‖f‖Lp0
H

(w).

Proof The proof of this lemma is similar to that of [7, Theorem 3.3]. Since we have

the vector-valued Calderón-Zygmund decomposition, the methods in proving [7, Theorem 3.3]

apply well.

Proof of (1.5) in Theorem 1.2 Fix 1 < p < ∞ and w ∈ Ap(µ). Thanks to the self-

improve property of Ap weights, there exists 1 < p0 < p such that w ∈ A p
p0
. We will use [3,

Theorem 3.7] to prove (1.5) (see Appendix). In order to use the theorem, take p0 as above,
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q0 = ∞ and Ar = I − (I − e−r2∆)n with r the radius of the ball B, n large enough to be

determined later. In our situation, we can set E = Lp0

H
(µ) and D = L∞

c,H(µ). Then it is

sufficient to prove the following inequalities for any f ∈ L∞
c,H(µ) and x ∈ B :

(I)
( 1

V (B)

∫

B

|S(I − e−r2∆)nf |p0dµ
)

1
p0 ≤ CM(|f |p0

H
)

1
p0 (x),

(II) sup
x∈B

S(I − (I − e−r2∆)n)f ≤ CM(|Sf |p0)
1
p0 (x).

We will prove (II) first. Note that SAr = ArS. Then expand Ar and let hj = (Sf)χCj(B).

For j ≥ 2, apply Lemma 2.1. Since h1 is supported in C1(B), it is a direct result of the Gaussian

upper bounds of the heat kernel and (1.2).

To prove (I), let

f(x, t) =
∑

j≥1

f(x, t)χCj(B) =
∑

j≥1

fj.

We will treat f1 and fj (j ≥ 2) separately.

According to (2.1) with p = p0, one obtains

‖S(I −Ar)f1‖Lp0(B) ≤ C‖(I −Ar)f1‖Lp0
H

(µ)

≤ C‖f1‖Lp0
H

(µ) + C

n
∑

l=1

‖e−lr2∆f1‖Lp0
H

(µ).

Since the variable x of f1 is supported in C1(B), it follows that

( 1

V (B)

)
1
p0 ‖f1‖Lp0

H
(µ) ≤ CM(|f1|p0

H
)

1
p0 .

For 1 ≤ l ≤ n, one has

( 1

V (B)

)
1
p0 ‖e−lr2∆f1‖Lp0

H
(µ)

=
( 1

V (B)

∑

i≥1

∫

Ci(4B)

|e−lr2∆f1|p0

H
dµ
)

1
p0

≤ C
∑

i≥1

(V (2i+3B)

V (B)

)
1
p0

sup
x∈Ci(4B)

|e−lr2∆f1|H.

Apply Remark 2.1 when i ≥ 2 and Gaussian upper bounds when i = 1. Then one gets

( 1

V (B)

)
1
p0 ‖e−lr2∆f1‖Lp0

H
(µ)

≤ C
∑

i≥1

2
iν
p0 exp(−c4i)M(|f |H)

≤ CM(|f |p0

H
)

1
p0 (x),

where we have used (1.2). Thus we have proved (I) for f1.
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To treat fj for j ≥ 2, we use the Minkowski integral inequality and get

( 1

V (B)

∫

B

∣

∣

∣

∫ ∞

0

∆e−t∆(I − e−r2∆)nfj dt
∣

∣

∣

p0

dµ
)

1
p0

≤
∫ ∞

0

( 1

V (B)

∫

B

|∆e−t∆(I − e−r2∆)nfj |p0dµ
)

1
p0
dt

=

∫ 2j+1r2n

0

( 1

V (B)

∫

B

|∆e−t∆(I − e−r2∆)nfj |p0dµ
)

1
p0
dt

+

∫ ∞

2j+1r2n

( 1

V (B)

∫

B

|∆e−t∆(I − e−r2∆)nfj |p0dµ
)

1
p0
dt

= I1 + I2.

For I1, we expand (I − e−r2∆)n, and Lemma 2.1 gives

I1 ≤ C

n
∑

l=0

∫ 2j+1r2n

0

1

t+ lr2
e
−c 4jr2

t+lr2

V (2j+1B)

∫

2j+1B

|f(y, t)|dµdt

= C
n
∑

l=0

1

V (2j+1B)

∫

2j+1B

∫ 2j+1r2n

0

|f(y, t)| 1

t+ lr2
e
−c 4jr2

t+lr2 dtdµ

≤ C

n
∑

l=0

1

V (2j+1B)

∫

2j+1B

(

∫ ∞

0

|f |2 dt
t

)
1
2
(

∫ 2j+1r2n

0

t

(t+ lr2)2
e
−2c 4jr2

t+lr2 dt
)

1
2

dµ.

Since

∫ 2j+1r2n

0

t

(t+ lr2)2
e
−2c 4jr2

t+lr2 dt

=

∫ 2j+1n

0

s

(s+ l)2
e−2c 4j

(s+l)ds (let t = r2s)

≤ Ce−
c
2n2j = Ce−c′2j ,

we have

I1 ≤ Ce−c′2j 1

V (2j+1B)

∫

2j+1B

(

∫ ∞

0

|f |2 dt
t

)
1
2

dµ

≤ Ce−c′2jM(|f |p0

H
)

1
p0 .

For I2, from Lemma 2.2, we have that for any x ∈ B = B(x0, r) and t > 0,

|∆e−t∆(I − e−r2∆)nfj(x, t)| = |∆e−
t
2∆((I − e−r2∆)e−

t
2n∆)nfj(x, t)|

≤ C

tV (x0,
√
t)
‖((I − e−r2∆)e−

t
2n∆)nfj‖L1(µ)

≤ C

tV (x0,
√
t)

(r2

t

)n
∫

2j+1B

|f(x, t)|dµ.

We have used the fact that B(x0,
√
t ) ⊂ B(x, 2

√
t ), and thus V (x0,

√
t ) ≤ cV (x,

√
t ) in the
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second line. Substituting the above estimate into I2 and using Hölder inequality, one gets

I2 ≤ C

∫ ∞

2j+1r2n

1

tV (x0,
√
t )

(r2

t

)n
∫

2j+1B

|f |dµdt

= C

∫

2j+1B

∫ ∞

2j+1r2n

|f |√
t

1√
tV (x0,

√
t )

(r2

t

)n

dtdµ

≤ C

∫

2j+1B

(

∫ ∞

0

|f |2 dt
t

)
1
2
(

∫ ∞

2j+1r2n

1

tV (x0,
√
t )2

(r2

t

)2n

dt
)

1
2

dµ

=
C

V (2j+1B)

∫

2j+1B

(

∫ ∞

0

|f |2 dt
t

)
1
2
(

∫ ∞

2j+1r2n

1

t

[V (x0, 2
j+1r)

V (x0,
√
t )

]2(r2

t

)2n

dt
)

1
2

dµ

≤ CM(|f |p0

H
)

1
p0

(

∫ ∞

2j+1r2n

(2j+1r√
t

)2ν(r2

t

)2n dt

t

)
1
2

≤ C2−j(n− ν
2 )M(|f |p0

H
)

1
p0 .

Combining the above estimate and the estimate of I1, we obtain that (1.5) holds provided

n > ν
2 .

Proof of (1.6) in Theorem 1.2 Take p0 = 1, q0 = ∞, Ar = I − (I − e−r2∆)n. We will

check the conditions (a),(b),(c) and (d) required by Lemma 2.3.

Fix w ∈ A1(µ). (a) follows from (1.5) as the operator S is bounded from Lq
H
(w) to Lq(w)

for 1 < q < ∞.

By expanding Ar, it is sufficient to show (b) for e−lr2∆ with 1 ≤ l ≤ n. Fixing any l, we

have for j ≥ 2,

sup
x∈Cj(B)

|e−lr2∆f |H ≤ C sup
x∈Cj(B)

∫

B

Plr2(x, y)|f(x, ·)|H dµ

≤ Ce−c4j 1

V (B)

∫

B

|f |H dµ.

For j = 1, it follows by the Gaussian upper bounds of the heat kernel and (1.2).

To see (c), we use the same method as in proving (1.5) and identify αj = 2−j(n− ν
2 ) for j ≥ 2.

In fact, take β = ∞. Then for j ≥ 2,

sup
x∈Cj(B)

∫ ∞

0

|∆e−t∆(I − e−r2∆)nf |dt

≤ sup
x∈Cj(B)

∫ 2j+1r2n

0

|∆e−t∆(I − e−r2∆)nf |dt+ sup
x∈Cj(B)

∫ ∞

2j+1r2n

|∆e−t∆(I − e−r2∆)nf |dt

= I1 + I2.

For I1, using Remark 2.1, we obtain

I1 ≤ C

n
∑

l=0

1

V (B)

∫

B

(

∫ ∞

0

|f |2 dt
t

)
1
2
(

∫ 2j+1r2n

0

t

(t+ lr2)2
e
−c 4jr2

t+lr2 dt
)

1
2

dµ

≤ e−c2j C

V (B)

∫

B

|f |H dµ.
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For I2, since the following inequality holds with every t > 0:

|∆e−t∆(I − e−r2∆)nf(x, t)| ≤ C2j
ν
2

tV (x0,
√
t)

(r2

t

)n
∫

B

|f(x, t)|dµ,

we have

I2 ≤ 2−j(n− ν
2 )

C

V (B)

∫

B

|f |H dµ.

As a result, we can conclude that (d) holds if n > νw+ ν
2 , where νw is the doubling constant

of the measure wdµ.

Thus we have finished the proof of Theorem 1.2.

3 Proof of Theorem 1.1

In order to prove (1.4), we need a weighted version of the Calderón-Zygmund decomposition.

Lemma 3.1 Let M be a complete non-compact Riemannian manifold satisfying the volume

doubling condition, and it supports 1-Poincaré inequality. Let w ∈ A1(µ). For any function f

such that |∇f | ∈ L1(w) and λ > 0, one can find a collection of balls (Bi)i, functions (bi)i and

g, such that

f = g +
∑

i

bi,

|∇g(x)| ≤ Cλ for a.e. x ∈ M,

supp bi ⊂ Bi and

∫

Bi

|∇bi|wdµ ≤ Cλw(Bi),

∫

Bi

|bi|wdµ ≤ Cλr(Bi)w(Bi),

∑

i

w(Bi) ≤ Cλ−1

∫

M

|∇f |wdµ,
∑

i

χBi
≤ N,

where C and N depend on the constants in Poincaré inequality, ν and w.

Proof According to [3, Proposition 9.1], the results hold when we have the following

weighted Poincaré inequality:

∫

B

|f − fB,w|wdµ ≤ Cr(B)

∫

B

|∇f |wdµ,

where fB,w = 1
w(B)

∫

B
fwdµ. However, it is a consequence of Corollary 3.2 in [12]. See also

[17, Chapter 15] for more results about the p-admissible weights. Thus we have proved the

lemma.

Proof of (1.3) in Theorem 1.1 We will use Theorem 3.7 in [3] again. Since p ∈
Ww(r−,∞), there exist r− < p0 < p < q0 < ∞ such that w ∈ A p

p0
∩ RH( q0

p
)′. Take Ar =

I − (I − e−r2∆)n, where r is the radius of the ball B and n is large enough to be determined

later. Then it is sufficient to prove the following inequalities for any f ∈ L∞
c,H(µ) and x ∈ B :
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(I′) ‖∆ 1
2 (I − e−r2∆)nf‖Lp0(B) ≤ CM(|∇f |p0)

1
p0 (x)µ(B)

1
p0 ,

(II′) ‖∆ 1
2 (I − (I − e−r2∆)n)f‖Lq0(B) ≤ CM(|∆ 1

2 f |p0)
1
p0 (x)µ(B)

1
q0 .

Note first that

µ(B)−
1
q0 ‖∆ 1

2 (I − (I − e−r2∆)n)f‖Lq0(B) ≤ sup
x∈B

∆
1
2 (I − (I − e−r2∆)n)f.

Since ∆
1
2 and Ar commute, expand (I − e−r2∆)n and set hj = ∆

1
2 fχCj(B). The proof of (II′)

is similar to that of (II).

Now we deal with (I′). Given B = B(x0, r), let h = f − f4B, hj = hχCj(B) for j ≥ 3,

h2 = h(χ8B − φ1), h1 = hφ1 and

φ1(x) =















1, d(x, x0) ≤ 2r,
4r − d(x, x0)

2r
, 2r ≤ d(x, x0) ≤ 4r,

0, d(x, x0) ≥ 4r,

where d is the geodesic distance. Note that |∇φ1| is bounded with compact support.

According to [2], one has the following equalities:

∆
1
2 (I − e−r2∆)nf = ∆

1
2 (I − e−r2∆)nh

= ∆∆− 1
2 (I − e−r2∆)nh

=

∫ ∞

0

gr(t)∆e−t∆hdt,

where we have used the stochastic complete property of M in the first equality and

gr(t) =

n
∑

l=0

(

n

l

)

(−1)l
χ{t>lr2}√
t− lr2

.

We have the following estimates of gr(t) (see [2]):

|gr(t)| ≤
Cn√
t− lr2

, if 0 ≤ lr2 < t ≤ (l + 1)r2 ≤ (n+ 1)r2

and

|gr(t)| ≤ Cnr
2nt−n− 1

2 , if t > (n+ 1)r2.

For any c, r > 0, j ≥ 2,

∫ ∞

0

|gr(t)|e−
c4jr2

t
dt

t

=

∫ (n+1)r2

0

|gr(t)|e−
c4jr2

t
dt

t
+

∫ ∞

(n+1)r2
|gr(t)|e−

c4jr2

t
dt

t

= I1 + I2.
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We first estimate I1 and one has

I1 ≤
n
∑

l=0

∫ (n+1)r2

lr2

1√
t− lr2

e−
c4jr2

t
dt

t

=

n
∑

l=0

∫ n+1

l

1

r
√
s− l

e−
c4j

s
ds

s

≤ 1

r
e−

c4j

2(n+1)

n
∑

l=0

∫ n+1

l

1√
s− l

e−
8c
s
ds

s

≤ C

r
4−jn,

where C depends on c, n. On the other hand,

I2 =
1

r

∫ ∞

n+1

s−n− 1
2 e−

c4j

s
ds

s
≤ 1

r
4−jn− 1

2 j

∫ ∞

0

t−n− 3
2 e−

c
t dt ≤ C

r
4−jn,

where C depends on c, n. Then, combining the estimates of I1 and I2, we get that there exists

C > 0 depending on c, n, such that for every r > 0,

∫ ∞

0

|gr(t)|e−
c4jr2

t
dt

t
≤ C

r
4−jn.

With the help of Poincaré inequality, we obtain

∆
1
2 (I − e−r2∆)nhj ≤ C

∫ ∞

0

|gr(t)||∆e−t∆hj |dt

≤ C

∫ ∞

0

|gr(t)|e−
c4jr2

t
dt

t

1

V (2j+1B)

∫

Cj(B)

|h|dµ

≤ C4−jnr−1 1

V (2j+1B)

∫

2j+1B

|f − f4B|dµ

≤ C4−jnr−1
(

1 +
V (2j+1B)

V (4B)

) 1

V (2j+1B)

∫

2j+1B

|f − f2j+1B|dµ

≤ C2(ν−2n)jr−1
( 1

V (2j+1B)

∫

2j+1B

|f − f2j+1B|p0dµ
)

1
p0

≤ C2(ν−2n)j
( 1

V (2j+1B)

∫

2j+1B

|∇f |p0dµ
)

1
p0
.

In the forth inequality, we have used the fact

1

V (2j+1B)

∫

2j+1B

|f − f4B|dµ

≤ 1

V (2j+1B)

∫

2j+1B

|f − f2j+1B |dµ+ |f4B − f2j+1B|

≤ 1

V (2j+1B)

∫

2j+1B

|f − f2j+1B |dµ+
V (2j+1B)

V (4B)

1

V (2j+1B)

∫

2j+1B

|f − f2j+1B|dµ.

Thus we have

‖∆ 1
2 (I − e−r2∆)nhj‖Lp0(B) ≤ C2(ν−2n)jM(|∇f |p0)

1
p0 (x)µ(B)

1
p0 .
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The sum of the right-hand side converges when n > ν
2 .

For j = 1, we have

‖∆ 1
2 (I −Ar)h1‖Lp0(B) ≤ C‖∆ 1

2 h1‖Lp0(µ) ≤ C‖|∇h1|‖Lp0(µ).

Note that

|∇h1| = |∇(hφ1)| ≤ |∇f ||φ1|+ |∇φ1||f − f4B|,

and φ1 is bounded with compact support. By Poincaré inequality, we have

‖∆ 1
2 (I − e−r2∆)nh1‖Lp0(B) ≤ CM(|∇f |p0)

1
p0 (x)µ(B)

1
p0 .

For j = 2, notice that h2 is supported in 8B/2B and we have a similar estimate for h2 in

the spirit of Lemma 2.1. Using the similar method as in the proof for j ≥ 3, the result for j ≥ 3

also holds for j = 2 and this leads to (I′). Then we have proved (1.3).

Proof of (1.4) in Theorem 1.1 We follow the method in [1]. For f smooth with compact

support, apply Lemma 3.1. Since w ∈ A1(dµ), we have w ∈ Aq(dµ) for any q > 1. By (1.3)

and the property of g, we have the following:

w
({

x ∈ M : |∆ 1
2 g| > λ

3

})

≤ C

λq
‖|∇g|‖q

Lq(w)

≤ Cw
(

⋃

i

4Bi

)

+
C

λ

∫

M\
⋃

i

4Bi

|∇g|wdµ

≤ C

λ

∫

M

|∇f |wdµ.

Let ri = 2k if 2k ≤ r(Bi) < 2k+1, and set

Ti =

∫ r2i

0

∆e−t∆ dt√
t
, Ui =

∫ ∞

r2
i

∆e−t∆ dt√
t
.

Then it is enough to estimate

I1 = w
({

x ∈ M :
∣

∣

∣

∑

i

Tibi

∣

∣

∣
>

λ

3

})

, I2 = w
({

x ∈ M :
∣

∣

∣

∑

i

Uibi

∣

∣

∣
>

λ

3

})

.

For I1, we get

I1 ≤ Cw
(

⋃

i

4Bi

)

+ Cw
({

x ∈ M
∖

⋃

i

4Bi :
∣

∣

∣

∑

i

Tibi

∣

∣

∣
>

λ

3

})

.

We have

w
({

x ∈ M
∖

⋃

i

4Bi :
∣

∣

∣

∑

i

Tibi

∣

∣

∣
>

λ

3

})

≤ 3

λ

∫

M

∣

∣

∣

∑

i

Tibiχ(4Bi)c

∣

∣

∣
wdµ

≤ C

λ

∑

i

∫

(4Bi)c
Tibiwdµ

≤ C

λ

∑

i

∑

j≥2

∫

Cj(Bi)

|Tibi|wdµ.
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By Remark 2.1 and the properties of bi, we obtain

sup
x∈Cj(Bi)

|∆e−t∆bi(x)| ≤
C

t
e−c

4jr2
i

t
1

V (Bi)

∫

Bi

|bi|dµ for j ≥ 2.

As a result, we have
∫

Cj(Bi)

|Tibi|wdµ ≤
∫ r2i

0

C

t
e−c

4jr2
i

t
w(2j+1Bi)

V (Bi)

∫

Bi

|bi|dµ
dt√
t

≤
∫ r2i

0

C

t
e−c

4jr2
i

t
V (2j+1Bi)

V (Bi)

∫

Bi

|bi|
w(2j+1Bi)

V (2j+1Bi)
dµ

dt√
t

≤
∫ r2i

0

C

t
e−c

4jr2
i

t 2jν
∫

Bi

|bi|wdµ
dt√
t

≤ C

∫ r2i

0

λ2jν
ri
t
e−c

4jr2
i

t w(Bi)
dt√
t

≤ Cλ2jνe−c4jw(Bi),

where we have used the definition of A1(µ) in the third inequality.

Hence,

I1 ≤ Cw
(

⋃

i

4Bi

)

+ C
∑

i

∑

j≥2

2jνe−c4jw(Bi)

≤ C
∑

i

w(Bi) ≤
C

λ

∫

M

|∇f |wdµ.

It remains to handle I2. Define

βk =
∑

i,ri=2k

bi
ri
, k ∈ Z.

Then we have
∑

i

Uibi =
∑

k∈Z

∫ ∞

4k

( 2k√
t

)

t∆e−t∆βk

dt

t
=

∫ ∞

0

t∆e−t∆ft
dt

t
= Sft,

where

ft =
∑

k,4k≤t

( 2k√
t

)

βk.

By Cauchy-Schwarz inequality, it gives
∫ ∞

0

|ft|2
dt

t
≤ C

∫ ∞

0

∑

k;4k≤t

( 2k√
t

)2

β2
k

dt

t
≤ C

∑

k∈Z

β2
k

∫ ∞

4k

4k

t

dt

t
≤ C

(

∑

k∈Z

|βk|
)2

.

Thus we have

‖ft‖L1
H
(w) ≤ C

∫

M

∑

i

∣

∣

∣

bi
ri

∣

∣

∣
wdµ ≤ Cλ

∑

i

w(Bi) ≤ C

∫

M

|∇f |wdµ < ∞.

Since S is a linear operator and L∞
c,H(µ) is dense in L1

H
(w), (1.6) holds for all h ∈ L1

H
(w). Then

by Theorem 1.2, we get

I2 ≤ C

λ

∑

i

∫

Bi

∣

∣

∣

bi
ri

∣

∣

∣
wdµ ≤ C

λ

∫

M

|∇f |wdµ,

which, together with the estimate of I1, implies (1.4). Thus we have proved Theorem 1.1.
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4 Appendix

In this section, we give [3, Theorem 3.7] which plays an important role in this paper.

Given two vector spaces of measurable functions A and B, we say that an operator T acts

from A into B, if T is a map defined on A and valued in B. An operator T acting from A to

B is sublinear, if

|T (f + g)| ≤ |Tf |+ |Tg| and |T (λf)| = |λ||Tf |

for all f, g ∈ A and λ ∈ R or C. Let M be the Hardy-Littlewood maximal operator. [3, Theorem

3.7] is stated as follows.

Theorem 4.1 (see [3, p. 234, Theorem 3.7]) Let 1 ≤ p0 < q0 ≤ ∞. Let E and D be

vector spaces, such that D ⊂ E. Let T, S be operators such that S acts from D into the set of

measurable functions and T is sublinear acting from E into Lp0 . Let {Ar}r>0 be a family of

operators acting from D into E. Assume that

(

−
∫

B

|T (I −Ar(B))f |p0

)
1
p0 ≤ CM(|Sf |p0)

1
p0 (x) (4.1)

and
(

−
∫

B

|TAr(B)f |q0
)

1
q0 ≤ CM(|Sf |p0)

1
p0 (x) (4.2)

for all f ∈ D, for all ball B, where r(B) denotes its radius and all x ∈ B. Let p0 < p < q0 (or

p = q0 when q0 < ∞) and w ∈ A p
p0

∩RH(
q0
p
)′ . There is a constant C such that

‖Tf‖Lp(w) ≤ C‖Sf‖Lp(w) (4.3)

for all f ∈ D. Furthermore, for all p0 < r < q0, there is a constant C such that

∥

∥

∥

(

∑

j

|Tfj|r
)

1
r
∥

∥

∥

Lp(w)
≤ C

∥

∥

∥

(

∑

j

|Sfj|r
)

1
r
∥

∥

∥

Lp(w)
(4.4)

for all fj ∈ D.

As emphasized in [3], (4.1)–(4.2) are unweighted assumptions by which one can obtain the

weighted inequalities as well as the vector valued estimates.
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Super. Pisa Cl. Sci. (5), 4(3), 2005, 531–555.

[2] Auscher, P., Coulhon, T., Duong, X. T., and Hofmann, S., Riesz transform on manifolds and heat kernel
regularity, Ann. Sci. Ecole Norm. Sup., 37(6), 2004, 911–957.

[3] Auscher, P. and Martell, J. M., Weighted norm inequalities, off-diagonal estimates and elliptic operators,
Part I: General operator theory and weights, Adv. Math., 212(1), 2007, 225–276.



1016 S. L. Zhao

[4] Auscher, P. and Martell, J. M., Weighted norm inequalities, off-diagonal estimates and elliptic operators,
Part II: Off-diagonal estimates on spaces of homogeneous type, J. Evol. Equ., 7(2), 2007, 265–316.

[5] Auscher, P. and Martell, J. M., Weighted norm inequalities, off-diagonal estimates and elliptic operators,
Part III: Harmonic analysis of elliptic operators, J. Funct. Anal., 241(2), 2006, 703–746.

[6] Auscher, P. and Martell, J. M., Weighted norm inequalities, off-diagonal estimates and elliptic operators,
Part IV: Riesz transforms on manifolds and weights, Math. Z., 260(3), 2008, 527–539.

[7] Auscher, P. and Ben Ali, B., Maximal inequalities and Riesz transform estimates on Lp spaces for
Schrödinger operators with nonnegative potentials, Ann. Inst. Fourier, 57(6), 2007, 1975–2014.

[8] Badr, N. and Ben Ali, B., Lp boundedness of Riesz tranform related to Schrödinger operators on a manifold,
Scuola Norm. Sup. di Pisa (5), 8(4), 2009, 725–765.

[9] Badr, N and Martell, J.M., Weighted norm inequalities on graphs, J. Geom. Anal., 22(4), 2012, 1173–1210.

[10] Coulhon, T. and Duong, X. T., Riesz transform and related inequalities on non-compact Riemannian
manifolds, Comm. Pure Appl. Math., 56(12), 2003, 1728–1751.

[11] Coulhon, T, and Duong, X. T., Riesz transforms for 1 ≤ p ≤ 2, Trans. Amer. Math. Soc., 351(3), 1999,
1151–1169.
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