Chin. Ann. Math. Ser. B .
39(6), 2018, 1017-1032 Chinese Ar_mals Of_
DOT: 10.1007/s11401-018-0111-7 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2018

Restriction Theorems on Métiver Groups Associated to
Joint Functional Calculus*

Heping LIU? An ZHANG?

Abstract The authors get on Métivier groups the spectral resolution of a class of operators
m(L, —A;), the joint functional calculus of the sub-Laplacian and Laplacian on the centre,
and then give some restriction theorems together with their asymptotic estimates, asserting
the mix-norm boundedness of the spectral projection operators P,* for two classes of
functions m(a,b) = (a® + %) or (14 a® +b°)7, with a, 3 > 0, v # 0.
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1 Introduction

In this paper, we extend the mix-norm boundedness obtained by V. Casarino and P. Ciatti
[4] to general two classes of projection operators (we call projector for simplicity) on Métivier
groups (a class of 2-step nilpotent Lie group, first defined and studied by G. Métivier in [10]).
Métivier group class is strictly more general than the H-type group class introduced by A.
Kaplan [5], with the Heisenberg group being the only special one (of H-type) with 1-dimensional
centre.

The “restriction-type” operator (spectral projector) we study acts on the central variables
by the Euclidean Fourier transform while acting on the “space-v” variables by the spectral
projection of the twisted Laplacian. As the quotient of a Métiver group corresponding to
the hyperplanes in the centre is isomorphic to the Heisenberg group, we can use the spectral
projector on the Heisenberg group to estimate that on the Métivier group by a “partial” Radon
transform. For the Fourier transform on the central variables, we use the famous Tomas-Stein
theorem. Our result includes not only homogeneous (like £2 — A;) but also inhomogeneous
operators (like full Laplacian Ag = £ — A;), and also cover the uniform-norm boundedness
L — L¥ with exponents in the corresponding range.

First we recall some histories. The restriction problem on R"™, denoted by Rs(p — q),
cares the LP(R™) — L9(S) boundedness of the Fourier transform for any hypersurface S with
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boundary endowed with the Lebesgue surface measure do. It has many useful applications in
both harmonic analysis and PDE. The restriction problem with respect to the unit sphere (more
generally for any compact hypersurface with boundary and non-vanishing Gaussian curvature

everywhere) is given in the following conjecture.

Conjecture 1.1 (Stein’s Restriction Conjecture)

—1
and q < n—p’.

Rgn-1(p = q) holds if and only if p < =~ nt1

The conjecture has been proved for ¢ = 2 or n = 2 by P. Tomas, E. Stein and C. Fefferman.
For n = 3, J. Bourgain and L. Guth have recently gotten the best result so far in [2], where
they proved the dual extension theorem Egn-1(co — p/) for p’ > 3. The authors used the
method of multilinear theory from [1] together with the Kakeya maximal estimate due to T.
Wolff [17] and improved a bit an old result of T. Tao (Tao’s bilinear approach gives p’ > 3%)
In a word, some exciting progresses have been made while the whole picture is still far from
known.

Recalling the famous Tomas-Stein theorem, due to P. Tomas and E. Stein [16] (Stein’s result
for the endpoint is unpublished), they proved Conjecture 1.1 for ¢ = 2. It corresponds to the
L? — L* boundedness of the convolution operator f (ir\x, which is just the spectral projector
of the positive Laplacian —A whose symbol is [£|?. In [13], R. Strichartz study analogues of this
in other settings from a viewpoint of harmonic analysis as spectral theory of sub-Laplacians.
Motivated by this idea, D. Miiller [11] proved a mix-norm' boundedness L°LP — LILE" of the

restriction operator associated to the sub-Laplacian on the Heisenberg group, using a bound of
, < p(nD0-

~

the spectral projector of the twisted Laplacian ||Axg]| ;» ») llgllL». The exponent on
the centre is trivial because of the trivial 1-dimensional Tomas-Stein theorem. So when centre
dimension is bigger than one, it is reasonable to get restriction theorems for exponents of wider
range (see [8-9, 14-15] for related results). In [4], Casarino and Ciatti used an improved sharp
bound of |Ag| Lr—re to get a greatly improved mix-norm bound for the restriction operators
associated to the sub-Laplacian and full Laplacian on the Heisenberg group and simultaneously
an analogue for sub-Laplacian on the Métivier group. More precisely, on a Métivir group with
dimension 2n + d, where d is the dimension of the centre, we have the following theorem of
Casarino and Ciatti about the restriction operator P§£ associated to the sub-Laplacian £ (details

will be explained later).

Theorem 1.1 Given 1 <p<2<¢<2, 1<r< 2%, we have

L
IPEf e ns < Cull fllezer

with
C, < Mn(%—%)%(%—%)—l'
In [8], the first author advised to compute some joint functional calculus of the Laplacians

including the full Laplacian, first done by M. Song, on groups of H-type. Combining the

1We will use the same mix-norm through this paper: The (p,q)-type mix-norm of a function f on the
q 1
measure space X X Y is defined by ”f”Lng = (fy ([x |f(z,y)|Pdz)Pdy) e, which is reduced to the LP norm

”f”LP(XxY) when p=q.
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two works, we obtain the mix-norm bound in [4] for the joint functional calculus in [8]. V.
Casarino and P. Ciatti [3] also got a similar bound for the full Laplacian without asymptotic
characterization. Our main result is the following theorem about two classes of operators
m(L, —A;) from the joint functional calculus of the sub-Laplacian £ and Laplacian on the

centre —A;.

Theorem 1.2 Given o, >0, v#0, 1 <p<2<g¢qg<o0, (dp,q) # (1,2,2), 1 <r <

2%’ mi(a,b) = (a® +b°)7, ma(a,b) = (1 +a® +b°)7, we have

1P fll e s < CRllfllrpe, = 1,2

with
oM < MB? M%(é_ﬁ) < 17
nooo~ A l(L_L)
[ pote 2l > 1
and
B sign l(l—L)
[T o — COVENT e el <
A signy l(l—L)
ma < J M b — 0OVERT, wa"f?l,
e |1_:u|D7 ,UJ_>€S‘§;W, |1_lu|3_ﬁ < 17
sign 1 1
L=pC, oo™ - F s

The range of exponent r is already sharp from the Tomas-Stein theorem and the restriction
operator P;* and constants A, B,C, D dependent on n,d,p,q,r,c, 3, will be given later by
(2.5) and (2.7) in Section 2.

We arrange the remaining part of our paper in the following order. In Section 2, we will give
the main result without proof after introducing basic notations and the restriction operators
by functional calculus on the Métivier group. Following the theorems, some remarks will also
be given. In Section 3, we will put our attention to the detailed proofs of the main result given
in Section 2.

Concerning the boundedness we care in this note, we introduce two notations: We will
always use “<” to indicate that the left side is less than a constant multiple ? of the right side,

“

while “<y...” to mean that the constant is dependent on A,---; We also use “~” for “almost

equal”, accurately, the quotient is bounded both from above and below.

2 Main Results

In Subsection 2.1, we introduce the Laplacians on the Métivier Group and give the definition
and explicit formula of the restriction operators associated to the joint functional calculus of
the sub-Laplacian and Laplacian on the central variables. By the partial Randon transform, we
can connect our Métivier group with the Heisenberg group and then use the bound of spectral
projector of the twisted Laplacian on the Heisenberg group (scaled special Hermite projector)
to estimate the mix-norm bound of the restriction operators associated to the Laplacians on the
Meétivier group. In Subsection 2.2, we list two detailed main theorems, but leave their proofs

in the next section.

2We do not care the detailed expression of the constant in the present formula.
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2.1 Restriction operators on the Métivier group

First, we will give some definitions. We take many notations and terminologies from [4, 15],
to which the reader can refer if is not very familiar with them. Let G' be a connected, simply
connected, two-step nilpotent Lie group, associated with Lie algebra g, endowed with an inner
product (-,-). The Lie algebra g can be decomposed into the direct sum g = 3 + v, with the

centre 3 and its complement v. Take
d=dimj, k=dimbv,

both which we assume are always positive integers, and 3* denotes the dual of 3 with dual norm
| - | induced by the inner product (-,-) in 3. The unit ball in the dual space 3* is denoted by
S ={w e 3", |w| =1}. For each w € S, we can find a unique unit Z,, € 3 such that w(Z,,) = 1.
Then the centre 3 can be decomposed as 3 = RZ, + kerw, with the quotient isomorphism
3/kerw ~ RZ,,. Denote g, = RZ, + v, then we have isomorphism g/kerw ~ g,,. As kerw is
an ideal of 3, g, is a Lie subalgebra. We denote by G, the connected simply connected Lie
subgroup of G, associated with Lie algebra g,,. We define the Métivier property by the following
non-degeneracy description.

Definition 2.1 Bilinear function B,,(U,V) ef w([U, V]) with U,V € v, w € S, is called

non-degenerate, if
B,(U,V)=0, VUebv = V=0 (2.1)

Definition 2.2 Group G discussed above is called a Métivier Group, if B, is non-degenerate
forallw € S.

D. Miiller and A. Seeger [12] gave an example that is a Métivier group but not of H-type.
For completion, we explain it here: Given Lie algebra g = v +3 = R® +R?, with the Lie bracket

[V + Z, U + W] =0 + (th(l)o)u, th(O)l)u),

where u, v are the coordinates of U,V in an orthonormal basis, and matrix

Z1 0 0 —Z9

. 0 Ez o zZ9 Z1 0 0
Jz_(—Ez 0)7 Ez_ 0 zZ9 21 0

0 0 Z9 z1

As |J.] = (21 + 23)? # 0 unless z = 0, we see that g is Métivier with non-degeneracy property
(2.1). Now we try to say that g is not of H-type. Actually, assume that there is another
H-type Lie algebra g’ = v’ + 3 (in abuse of notation, a map® J/, : v/ — v just as B, (U)

above, is orthogonal whenever |z'| = 1, and we sometimes identify 3 and 3*) and a Lie algebra

c g) (notice that « preserves
the centers and induces an isomorphism 3 — 3’). By the conservation of Lie brackets, for any

. . . A
isomorphism « : g — g’, then under orthonormal basis, o = (

u, v, z, we have
(A1) T (A7) = vt L,

3See accurate definition of H-type and this map in [5].
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which tells (from J/7 = —|2/|I) the following determinant relation
D' 2[® = |Tpe.| = [AP|J:] = |AP (2 + 23)%.

Take |A|~1Dt = (z Z), then we have

[(az1 + b22)? + (cz1 + d2z2)?]? = 21 + 23,

which implies a contradiction

a’?+c2 =1,
+d?=1,
2(ab+cd)? +1 =0,
ab+ cd = 0.

For Métivier group G, the dimension of v is even from the non-degeneracy and skew-symmetry,
which we denote by dim v = 2n, then Lie subgroup G, ~ H", the Heisenberg group with Lie
algebra h,, = C™ + R. We will use the spectral decomposition of the Laplacians on the Heisen-
berg group to get its counterpart on the Métivier group, and finally obtain the corresponding
restriction operators.

By the nilpotency of G, we can parameterize G by its Lie algebra 3+v, through the surjective
exponential map. Fix a basis of Lie algebra g,

{‘/17‘/27"' 7%H;ZI7Z27"' 7Zd}7

then we can endow every point of group G with an exponential coordinate (V,Z) or (v,z) €
R?" x R?. By Baker-Campbell-Hausdorff formula, we get the multiplication law

1
V,2)- (v, 2) = (V+V', 2+ 2 + 5V, V)

with V,V' € v, Z, Z' € 3. Simple computation gives the left-invariant vector fields

- 821'7 I

associated respectively to one-parameter subgroups {(sV;,0) | s € R} and {(0,tZ;) | t € R}.
These 2n + d vector fields form a basis of the tangent bundle of G. Now we can define on G

the sub-Laplacian, the Laplacian on the centre, and the full Laplacian respectively to be

2n d
L==) (V)% -8,==> (%) Ag=L-A,
j=1 i=1

Homander’s theorem tells that the sub-Laplacian and full Laplacian are hypoelliptic, positive,
and essentially self-adjoint, and the Laplacians play an important role in harmonic analysis on
the group.

The partial Radon transform on the central variables is a powerful tool for us to get the
spectral decomposition on Métivier group from that on the Heisenberg group.
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Definition 2.3 Forw € S, f € S(G), the Schwartz space on G, we define the partial Radon

transform of [ to be
R,f(V,t) = f(VitZy, + Z"do(Z").

ker w
Lemma 2.1 For Schwartz functions f € S(G), g € S(G), we have the following formulas:
(1) Sub-Laplacians on G and G,,:

Ro(Vi/)(Vit) = VE(Ruf)(Vit),  Ru(Lf) = L2(Ruf),

2n
where Vi = 6%], +iw(V,V;)) 2 and £¥ = — Zl(Vj“’)Q are respectively the left-invariant vector
J:

field and sub-Laplacian on G,.
(2) Sub-Laplacian and twisted Laplacian on G.,:

F1(VF9) (V) = V@) (VN),  §1(£%9) = LM (F1g),

where §1 means the inverse Fourier transform on the one dimensional centre, and Vj)"w =
. 2n

a%j - 2w(V,V)]) and LM = - % (Vf’“’)2 are respectively the \-twisted left-invariant vector
=1
field and \-twisted Laplacian on G,.

(3) Sub-Laplacian and A\w-twisted Laplacian on G:

VPV w) = VAE NV dw),  §(LF) = LM (F5 ),

where §; means the inverse Fourier transform on the centre, and Vj)“" = a%j — %w([V, V;]) and
2n

LY = -3 (Vj)‘w)2 are respectively the Aw-twisted left-invariant vector field and Aw-twisted
j=1

Laplacian on G.

Remark 2.1 Lemma 2.1 tells us that the Aw-twisted Laplacian on G is nothing but the
A-twisted Laplacian on G,. This gives the idea how to get the spectral projection of the twisted

Laplacian on G.

Observing the non-degeneracy property (2.1) of skew-symmetric bilinear function B,,, we can
use an invertible linear transform A, to change the bilinear function to the standard symplectic

form <—(])I" ]IO). In this new coordinates, denoted e.g. by {y;

Gy, is then

2

i1, the A-twisted Laplacian on

\ 2n 82 A2 2n ) n 9 )
LM ==) =+ yj+iA (y-——y- n—)

which is just the usual MA-twisted Laplacian L* on the Heisenberg group H”, and actually we
have educed an isomorphism (non-isometric) between G, and H™. Then we get the spectral

decomposition of the Aw-twisted Laplacian of G in the following proposition.

Proposition 2.1 For g € S(v), w € S, take g, = go(A,)~! and denote by Hg“’ the spectral
projector of the Aw-twisted Laplacian on G, then

g=(2m)7"A" Y I¥g, I¥g = (Ajgw) o A, (2.2)
k
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where Aﬁ is the spectral projection of the A\-twisted Laplacian L* on the Heisenberg group H™,

given by the twisted convolution
AA _ [Al
#9(2) = g xx ¢y (2)

for z € C™, and the special Hermite function
A
() = L (Gl )i

where Lz_l 1s the Laguerre polynomial of type n — 1 and degree k.

Now, we use the spectral projector ng to give the restriction operators associated to the
joint functional calculus of £ and — A;. From the inverse Fourier transform formula on the
central variables, polar coordinates transformation, and spectral expansion (2.2), we can get
the following expansion for f € S(G),

1V.2)~ [ D5 o

= / / e D F F(V, Aw)A? Lo (w)dA
Sd-1xR+

~ /O°° (i A\ntd—1 /Sdi1 o~ w(2) (ng o &) f(V, Aw) da(w))d)\. (2.3)
k=0

Since the k-term in the sum is the joint eigenfunction? of £ and —A;, associated to the spectrum
ray R = ((2k + n)A, A?), we can naturally define the functional calculus operator associated
to a function m by

m(L, =8;) (V. 2)

- /O"" (im((2k+n)/\7)\2))\n+d_1/

o 1Aw(2) (sz o F;)f(V, dw) da(w)) dA, (2.4)
Pt Sd—1

given a “proper” m such that m((2k+n)A, A?) is differentiable, positive, and strictly monotonic
on RT with regards to A\. Generally, given a spectral decomposition of operator D,

D= [ ME,,
R+

the associated restriction operator (spectral projector) can be defined as

1
D _ oy =
Py = I =X (- x40 (D)

1 A€
= lim — dE,,

e—0 € A—e

and similarly, the restriction operator associated to m(D) can be defined as

1
lm —X(A—eAte) (m(D)).

e—0 €

4See for £ from Lemma 2.1(3) and Proposition 2.1 and it is obvious for —A;.
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Now, we will care the operator m(L,—A;) on G. Vu € R, p1;, denotes the solution A of the

equation m((2k + n)A, A\?) = p and g, denotes the derivative relative to u, and we will write

(L")_Aa)

simply P)/* to mean the restriction operator P , whose formula is given in the following

theorem.

Theorem 2.1 Vf € S(G), f have the following expansion:
f= [ Prsan
R+
under the spectral decomposition
m(L, —A;) o Py =p P,

where P is the restriction operator defined by

Plf(V,Z) Z;ﬂ”d ! %/ e R (D) (TR o ) F(V, pw) do(w). (2.5)

d—1
Proof By changing variables from (2.3) or (2.4),

fV.zy~ [ (ot [ e e O o) (V) do))
0 k=0 d—1

From Lemma 2.1 and Proposition 2.1, we have, after taking
Fino(V, Z) = e WD (I 0 §)(V, ),
that

Lfuw = gz_lLAwSzfuw =2k +n)pe fruw,  (=85) fuw = Ni Surews

and

m(L, _Aa)fmcw = m((2k + n)pk, Ni)fukw = tfppws

which finally gives
m(L, =A;)Pf=pu Py f.

2.2 Mix-norm boundedness of the restriction operator ’P;"

In [4], V. Casarino and P. Ciatti have given the mix-norm boundedness of the restriction
operator 775 associated to the sub-Laplacian £. We now use the similar method to get the mix-
norm boundedness of the restriction operators associated to a class of operators m(£, —A;). In
this subsection, we will state our main theorems of this paper in detail.

First give some notations. We define a function ¢ on [0, ] by

5
_57 S S 8*7

ols) = , (2.6)
ns — 5> s*,
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where s* = Tl-rl’ from which we see that both ¢ and s* are related to dimension n. Given

a,BERT, yeR*, 1<p<2<qg<oo, 1<r< 2%, we define four numbers relative to
(o, B,7:p,q,7,n, d):

b G- 2 - G- oG-
p- b i3] o
e R CE TR RCE R R

A2

Now, we can state the boundedness theorems of restriction operators P);".

Theorem 2.2 Given o, >0, v#0, 1 <p<2<qg<oco, 1 <r< 2%7 (d,p,q) #
(1,2,2) and m(a,b) = (a® + %)Y, we have for all f € S(Q),

IPL Flley s < Clfllzee

with
B l(i_%)
m M 9 /J"Y & B S 1,
Ci' Seupyparnd {MA, ,ﬁ(i—i) o1 (2.8)

Remark 2.2 (1) The theorem can be described in several cases relative to parameters
%, v, and also p, which can be seen from the following table:

0 % | sharp exponent of C"
>0 (<1l |>1 A
<1 B
>1]>1 B
<1 A
=1 A=1B
<0|<1l|>1 B
<1 A
>1(>1 A
<1 B
=1 A=B

(2) The theorem contains the inhomogeneous operator — full Laplacian Ag, when o = 8 =
v =1 (also homogeneous ones like £? — A;).

(3) The mix-norm bound covers the uniform-norm bound when p = ¢ = r, especially that
on H-type groups, when the exponent function is degenerated to an easy form. Actually, from
the Clifford algebra of H-type groups, we have a dimension relation d < 2n (see [6]), which tells

p=q =r <29 <221 4 critical point for A and B, more precisely, % — 5> 5%, see (2.6),

=35 )G 1 o= )

which coincides with the result of [8], just like the case for the sub-Laplacian, when the result of

and

[4] coincides with that of [9] on H-type groups although slightly different arguments are applied.
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Theorem 2.3 Given o, >0, v# 0, 1 <p<2<¢g<o0, 1 <r< 2%, (d,p,q) #
(1,2,2) and m(a,b) = (14 a® + b°)7, we have for all f € S(G),

1Pa ey < Cutllflloses

with
1", = ooten v Tas) <,
. 1ol 1
Cl' <ap d w p—r ocmE, /”(a jﬂ) 1> L (2.9)
~O,P,Y,P,q,T,1, sign 11 .
S [ e kiR Sl It
1—plC,  p— o™ a1

Remark 2.3 (1) We have a similar table as last theorem (we give the case v < 0, which

we care more about):

% 1 sharp exponent of C"
<1|—=0+ A

—1- D
>1] =0+ B

—1- C
=1|—0+ A=B

— 11— C=D

(2) The new approximating situation p — 14 is similar, as we get a similar control of
and p5. Our result includes many useful operators like the resolvent (I + £)~! or (I +Ag)™!.
3 Proof of the Main Results

The following important sharp estimate due to H. Koch and F. Ricci [7], about the LP — L?
bound of the spectral projector of twisted Laplacian for 1 < p < 2, is critical in our proof,

1_1
Akl o (ry—s £2(cn) Spon (2k +1)?G72), (3.1)

3.1 Series bound for general m

Lemma 3.1 Let Aﬁ, giwven in Proposition 2.1, be the spectral projection operator on the

Heisenberg group H™. Then for 1 <p <2 < q < oo, we have

n(i_1_ 1_1 1_1
HA?HL}J(CTL)_}LL}(CTL) S}Lqm)\ (P q 1)(2]€+’n)¢(? 2)+¢(2 q), (32)

Proof From duality and the projection property of Ay = AL, we see Ay = A2 = AjAy,
and the sharp LP — L? estimate (3.1) for 1 < p < 2 gives the following LP — L9 estimate for
general exponents 1 <p <2 < g < o0,

Q=

).

[N

HA}CHLP(C")—)LQ(Cn) < (2k+ n)‘z’(%_%)‘W’(
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By the definition of A7 and changing variables, the twisted convolution

where we use dilation dyg(-) = g(A-). So we have

Cn(14l
ARG Laceny S A (1+q)||Allc||LP((C")—>Lq(<C")”5)\—%9”LP((C")
n(i_1_
SA G 1)”Allc”LP(C")—)LQ((C")”gHLP((C")
SAGTID 2k 4 )6 DTG g L en),
and the hidden ignored constant is dependent on p,q,n from (3.1). Therefore, we get the
expected bound of Ag.

Theorem 3.1 Given 1 <p<2<g<oo, 1 <r< 2% and “proper” m(-,-), then for all
f € S(G), we have
IPL fllLr e < CRfllpere
with
o0
n(F—4)+d(F—7F)-1
Cl' Spaarinad Zu;c py "
k=0
If m(-,-) is good enough, the sharp constant is finite.

Proof Using the relation between the spectral projection of the Aw-twisted Laplacian on
G and that on Heisenberg group H” in Proposition 2.1, we have

1_1
IR Lr—sza = [Aw|? "7 [ ARl Lo L0

with |Ay| = |Bu|"2. As B, is non-degenerate for all w and the function |B,,| is continuous
with regards to w on the unit sphere, we can assume |A,| ~ 1, so from (3.2) in last Lemma 3.1,

we have
I N ros e < A G070 (2k 4 )¢~ H0G—3), (3.4)

Denote by® (-,-) the dual action of two functions respectively in two dual L? and L? spaces or

(f.9) = / /G fgavaz.

By the formula (2.5) of the restriction operator P, in Theorem 2.1, changing integral
orders, and then using orderly the Hoder inequality, L? — L? bound (3.4) of II}**, Cauchy-

mix-norm spaces on G, i.e.,

Schwartz inequality, Minkowski inequality (glancing at the exponent p, ¢’ < 2), and finally the

5In abuse of notation.
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Tomas-Stein theorem, we get for any f,g € S(G),

(Pt \NZuku"*d 1 /S IR 0 )£V, ), 9(V, Z)elt ) dor(w)

S [ M o) £V, )50V 1) dr ()
k=0

(oo}
S e T o 185 f (Ve ) 222 1859V k)l o 2

k=0
oo
D s I o ol Vo D) e s, 9 (Ve 2
k=0
n+d(1
< Zuku HHMkw|‘LP—>Lq”f”LTLp”gHLTLq

n(E—3)+d(:-4)-1 11 11
SZuzuk v (2k +0)* GO g gl e

By duality, we have proved the bound (3.3) in the theorem.

3.2 p-dependent bound for two special classes of m

Now, with the series bound control (3.3) associated to general proper functional calculus in
Theorem 3.1, we are going to get more sophisticated u-dependent control for two special cases
of functionals (L% + (—A;)#)Y and (1+ L+ (—A;)?)7 with o, 8 > 0, v # 0. In short, we come

to prove our main results: Theorems 2.2-2.3.

Proof of Theorem 2.2 For Theorem 2.2, we consider operators (£ + (—A;)?)7, associ-
ated to
m(a,b) = (a® +b°)7.
Then we have the following easy estimates for yu,, the solution \ of equation ((2k+n)\)* + A28 =
i,
{Mk < min{ﬂﬁagk‘i'n)_lﬂa_l”}a (3.5)
IR R

So from (3.3) in Theorem 3.1, we have

-
-

N
Q=
~

cmgz 1T TG o) 4 p)sG—hel
k=

5( n 3 )

(5 35) 35— 3g)
2k4+n<p~v o 28 2k4+n>pv o
=L+

=1 (3.6)

We consider in two cases®.

6The two cases can also be divided into several more detailed cases, see table in first term of the remark
following Theorem 2.2.



Restriction Theorems on Métiwer Groups Associated to Joint Functional Calculus 1029

Case 1 When u%(%_ﬁ) <1
In this case, the first term in (3.6) can be discarded, so after inserting the estimate (3.5),
we have

Actually, in order to derive the last inequality, it suffices to check the exponent of the power

2n+1
2n+3”
1 1 1 1 1 1 1 1
=ob-Droh-D)-bG -1 ral- 1)
p 2 2 q P q roor
Using 1 < r < 23—1;, we check it in four cases corresponding to the piecewise function ¢ in
(2.6):
(a) pgp*a q Zpim
v=—1-d(i-L)<-1-2 <-2<-1
(b) p < ps, ¢ <0,
1y(1_ 1 1 11 1 2d 3
v=—(n+3)z-7)-5-dG-7)<-53-Fr<-5<-1
(€) p=ps; ¢ =P,
this case is equivalent to item (b).
(d) p>ps, g <P,
1y(1 _ 1 11 1\(1 _ 1 2d .
v=—(n+3)(;—5)—dz—F) <—(n+3)(;—5) — &5 < 1 and v < —1 unless
d=1, r=1, p=q =2, which is just the bad endpoint case on the Heisenberg group.
Case 2 When u%(é_ﬁ) > 1.
In this case, we can assume /ﬁ =725) > n and need to estimate both of the two terms in
(3.6). After inserting the estimate (3.5), we have

I = p~ e G =G =3)] 3 2k +n)?G—2) G-

1l-4
2k+n<puy o 28

series. First, we denote” p, = 2

and the exponent

< Mﬁ[n(%—%)+d(%—%,)1+%(é—ﬁ)w(%—%)w(%—%nu—l
I, = p~ Has G-+ =)
« (2k + n)?G—DHOGE—H=InG—D+dG =)

<ua_17[”(%_ JHd(E—2)]+2 (2 —HHb(E—-3)+8(3—)—[n(E-)+d(:-L)]+1}-1
(checking the convergence of the series as before in Case 1)

T 3 s ; 1 1 _
px« is a critical point as e T2 s*.
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Here, we need to check the exponent of the series for I;. We denote the exponent by

ol el

then vy > —1, as the worst case is that p — p, and ¢ — p’, then
v =—s5">—1.

Then from the formulas of the exponents in (2.7)—(2.8) and hence Theorem 2.2 is proved.

Proof of Theorem 2.3 For Theorem 2.3, we consider operators (1 + £ + (—A;)?)7,
associated to

m(a,b) = (1 +a®+b°)".

We may assume vy < 0, 1 € (0,1) and py, is the solution of equation 14 ((2/€+n)/\)a + 2P = /ﬁ?
which is easily seen to be strictly decreasing relative to p. We naturally consider two boundary

cases

w— 0+, up — oo,
w—=>1— pp—0+.

First we have similar bound gy, < min{(/ﬁ - 1)ﬁ, (2k + n)_l(;ﬁ —1)a}, or given in specific

cases,

min ﬁ, 2%k +n) "Ly , — 0+,
HE Sy . tu (L )" m _1} 1 s (3.7)
min{(1 - )%, 2k +n) " (1 —p)s}, p—1-.

By the decreasing of uy, corresponding to not only p but also k, we also have

—1
/ W s = 0+,
i {(1—u)‘1uk, p—1—. (3:8)

From the last two estimates of { g, p}, }, which is similar to that in the proof of Theorem 2.2, we
can repeat the proof there, and so similar is the form of the conclusions in two main theorems.
For case  — 0+, the estimate of {yug, p},} is absolutely the same as that in Theorem 2.2, so
is the proof process. For case y — 1—, the process is similar. By (3.3) in Theorem 3.1 and
(3.7)-(3.8), we have

Q=

)

[N

Cr S =TT (g )G
k=0

< ( 3 n 3 ) S
Yotn<(1—p)a 2 kpn>(1—p)a 2B
=L +1I
=1L (3.9)

Again we discussed it in two cases.
Case 1 When (1 —,u)é_ﬁ <1.
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Still the first term in (3.9) can be omitted, then

I=1,
= (1 — p) " ralnG-HG =)l
% Z (2k+n)¢(%—%)+¢<%‘%)—["(%—%>+d<%—%>]

1.1
2k+n>(1—p)> " 278

A

(1- u)é[”(%_%ﬁd(%_%)]_l (checking the convergence of the series)
(1—p)

The exponent of the series is the same as that in the proof of Theorem 2.2, i.e., it equals v and

©

< —1, wiping off the bad endpoint in the Heisenberg case.
Case 2 When (1 — u)é_ﬁ > 1.
There are also two terms to estimate.

I =(1— M)—l+ﬁ[n(%—%)+d(%—%)] Z (2k+n)¢(%—%)+¢(%—%)

1.1
2k4+n<(1—p)e 27

<(1- ﬂ)—1+ﬁ[n(%—é)+d(%—%)1+(é—ﬁ)[¢(%—%)+¢(%—é)+1]
= (1 - :u)ca
I = (1 — ) HalG-a+dG—5)l
% (Qk+n)¢>(%—%)+¢(%—§)—[n(%—é)+d(%—% ]
X
2k+n>(1—p)« 28
(checking the convergence of the series as before)
<(1- mé[n(%—%ﬁd(%—% 143 —2p) {05 —5) o5 — ) —[n(G — ) +d(5 — )] +1} -1

= (1-p)°.
Then from (2.7) and (2.9), therefore, Theorem 2.3 is proved.
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