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Ribbon Hopf Superalgebras and Drinfel’d Double*

Jialei CHEN! Shilin YANG?

Abstract Finite dimensional ribbon Hopf (super) algebras play an important role in
constructing invariants of 3-manifolds. In the present paper, the authors give a necessary
and sufficient condition for the Drinfel’d double of a finite dimensional Hopf superalgebra
to have a ribbon element. The criterion can be seen as a generalization of Kauffman
and Radford’s result in the non-super situation to the Zs-graded situation, however, the
derivation of the result in the Zs-graded case will be much more complicated.
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1 Introduction

The Drinfel’d quantum double construction is very important not only because it produces
new Hopf algebras but also that it provides a systematic method to produce quasitriangular
Hopf algebras, which provide solutions to the quantum Yang-Baxter equation. Many results
about quasitriangular Hopf algebras are obtained, see [1-2] for example. In [3], Gould, Zhang
and Bracken generalized the double construction to the Zs-graded case, and described the
corresponding graded universal Z-matrix explicitly. As is known to all, quasitriangular Hopf
(super) algebras which possess an invertible central element known as the ribbon element are
called ribbon Hopf (super) algebras, and finite dimensional ribbon Hopf (super) algebras play
an important role in constructing invariants of 3-manifolds (see [4]). Thus, it is interesting
to decide when the Drinfel’d quantum double is ribbon. In [5], Kauffman and Radford give a
necessary and sufficient condition for the Drinfel’d double of a finite dimensional Hopf algebra to
have a ribbon element. In recent years, two parameter quantum groups get rapid development
and with the criterion given in [5], one can determine when a two parameter quantum group is
ribbon (see [6-8] for example). However, in the Zs-graded case, the corresponding criterion, as
far as we know, is not obtained.

In the present paper, we try to give a criterion as in [5] to determine when the Zo-graded
Drinfel’d double constructed in [3] has a ribbon element. By studying the connection between
grouplike elements and ribbon elements in finite dimensional quasitriangular Hopf superalgebra
H, we give a necessary and sufficient condition for H to have a ribbon element. Then we
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prove that the Drinfel’d double D(H) of a finite dimensional Hopf superalgebra H is always
unimodular, and get a criterion to decide when D(H) is ribbon. As an application, we apply the
criterion to the Drinfel’d double D(A,) of the Taft superalgebra A, (Z2-graded Taft algebra).
Different from the non-super case in [5], in the graded case, the quasi-ribbon element is no longer
consistent with the ribbon element. At last, we study the quantum superalgebra uq(osp(1, 2, c)),
which is proved to be isomorphic to the Drinfel’d double D(A;) of the Taft superalgebra Ay,
and describe its universal Z-matrix explicitly.

The paper is organized as follows. In Section 2, we recall the definition of quasitriangular
Hopf superalgebras and introduce some notations. Some useful identities are given for finite
dimensional Hopf superalgebras. In Section 3, we give a necessary and sufficient condition for
a finite dimensional quasitriangular Hopf superalgebra to have a ribbon element. In Section
4, we give a criterion to decide when the Drinfel’d double D(H) of a finite dimensional Hopf
superalgebra H is ribbon. In Section 5, we apply the results obtained in Section 4 to the
Drinfel’d double D(Ay) of the Taft superalgebra Ay, and determine when D(A,) has a ribbon
element. In Section 6, we study the quantum superalgebra u,(osp(1,2,c)), and describe its
universal Z-matrix explicitly.

Throughout this paper, we always assume that the ground field & is algebraically closed.

2 Preliminaries

Let Zo =7/27 = {0,1}, and A = Ao ® A1 be a Zs-graded algebra. The elements in Ay are
called even, while those in A; are called odd. For a homogeneous element a € A, we use [a] to
denote its grading. For the definition of Hopf superalgebra, one can see [3, 9].

Definition 2.1 (see [3]) Let H be a Hopf superalgebra. If there exists an invertible even
element R € H ® H, such that

RA(z) = A'(x)R, for all z € H, (2.1)
(A ®id)R = Ri3Ras, (2.2)
(id & A)R = Ri3R10, (2.3)

then H is called a quasi-triangular Hopf superalgebra. Here A’ = AoP and P : VW — WV
is the twist map, which defines for homogeneous elements v € V, w € W by P(v @ w) =
(=)l @ v and extends to all elements of V and W linearly. Denote R = RV @ R®),
Rio=YRVYeRP®1, Riz=>RY @10 R?, and Ryz =>.1® R @ R®). The element
R is called the universal Z-matriz of H.

Lemma 2.1 Let (H,R) be a quasi-triangular Hopf superalgebra. Then the universal -
matriz R satisfies the following equations:

Ri2R13R23 = Ra3Ryi3R1a, (2.4)
(S®S)R=R, (S®id)R=R7', (id®S)R™!'=R, (2.5)
(e@id)R = (i@ e)R = 1. (2.6)
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Lemma 2.2 (see [10]) Suppose that (H,R) is a quasi-triangular Hopf superalgebra, and
R=YRM @ R?. Letu = Z(—l)[R(l)]S(R(Z))R(l). Then u is invertible, and

Alw) = (u@u)(R'R)™', ) =1,
where R = Z(—l)[R(l)]R(z) ® RW. Furthermore, for all x € A, we have
S%(z) = uau~".
We introduce some notations which will be used in this paper. For any integer n > 0, set

(Mg =1+q+ - +q"",
(n):z = (1)q(2)q < (n)g,

and (O)EI = 1. We define the Gauss binomial number for 0 < k < n by

(%), = ey

As is well known, if yx = gxy, then for all n > 0, we have

(x4+y)" = Z <Z> ahynk,
0<k<n q
In the following of this section, we always assume (H, m,u, A, £, S) to be a finite dimensional
Hopf superalgebra, then its dual space H* is also a Hopf superalgebra, where the multiplication
m® = A*, unit «° = &*, comultiplication A% = m*, counit ¢® = u* and the antipode S° = S*.
With no confusion, we also use S to denote the antipode of H*.
Define the left and right H*-module of H as follows:

p—a= Z(—l)[”“al}al(p, as), a+—p= Z(—l)[p“a2] (p, a1)as.

Similarly, H* can be made into left and right H-module by the following actions:
(a—=p,z) = (~)EFEN G za), (p—a,2) = (p, ax),

where a,z € H, p € H* are homogeneous elements.

Recall that an element x € H is called a left (respectively, right) integral of H, if for all
a € H, we have ax = e(a)r (za = €(a)z). Denote by f;l (resp. [};) the space of left integrals
(resp. right integrals). Then [ 151 and [}, are cach one-dimensional (see [11, Corollary 5.8]).
Integrals play an important role in studying knot invariants of finite dimensional ribbon Hopf
(super) algebras.

Lemma 2.3 Let H be a finite dimensional Hopf superalgebra, with antipode S, and t € f;l
Let « be the distinguished grouplike element of H*, which means that for all elements h € H,
we always have th = («, h)t. Then

ZS(h)tl Rty = Z(—l)[tl][h]tl ® hto, (27)
t t

S (=nEnh ety =Yt @ta(am! = S(h). (2.8)

t
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Proof Note that ht = £(h)t, hence A(ht) = S (=1)P=lhlp it @ hoty = S e(h)ty @ to.
hot 7
Therefore,

Z(_l)[h][h]tl ® hity

t

= Z(—l)[h2][tl]t1 ® 6(h1)h2t2

.t

= Z(_l)[hs][tl]s(hl)}wh ® hsta

.t

= Z S(hy)e(h2)ty ® ta

.t

= S(h)t1 @ ta.

t

Hence (2.7) is obtained. As th = («, h)t, then

Z(—l)[hl][t2]t1h1 ® tohy = Z<OZ, h>t1 X to.

h,t t

Therefore,
Z(_l)[tz][h]tlh ® to
t
= (=DMt hye(hy) @t
Rt
= Z(—l)[t2][hl]t1h1 X tQhQS(hg)
Rt
= Ztl ® t2<0¢, h1>S(h2)
Rt
=Y t1@t(a”t = S(h)).
t

Using the lemma above, we have the following equations.

Lemma 2.4 Let H, t and « be defined as in Lemma 2.3. Then we have

(A —h) =t = (-1 g(R), (2.9)

((a™' = S(h)) = \) =t =h, (2.10)

A h= (=) (=t ~ §2(h)) — A (2.11)

D@ =) (-)MRIg(N)a @ Ay, (2.12)
A A

where \ € f;l and (\,t) = 1.
Proof For any § € H*, we have

(B, (A= h) = t) = (BA = h),1)
(—1)([”““)“1](6,t1></\,ht2>
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—Z MIBlB @ At ® hts)
= Z B& N S(h)t @ ts)
= Z NARHED (8, S(R)t1 ) (A, t2)

= (=)I(5 — S(r)A 1)
= (-G — S(h), 1){A, 1)
= (B, (=1)MMs(n)),
where we use (2.7) in the fourth equation. Therefore, (2.9) is obtained. Note that
(B, (™" = S(h)) = A) = 1)
= (B(( _145( ) = A)st)
—Z —1)HEDII(S 1) (@ — S(R)) = A, t2)

_ Z DITHRIINF 2D (8 11 ) (A 1 (a7t — S(R)))
_ Z MIHRINFED (B @ A, ¢ @ ta(a™! — S(h)))
_ Z PRI B @ X, t1h @ ta)

_ Z Rltd+ NI ¢ hY (A, )
_ Z AE+RIB B B ) (N, £)

= <— DI = B)X 1)
= (=D)MP(h = 8), 1)\ ts)

= (B, h),
where we use (2.8) in the fifth equation, and (2.10) is obtained. Using (2.9)—(2.10), we have
(Ae=h,t =) = (BN = h),1)
=B (A =h) = 1)
= (=) (B, S(n )
= (DB, (a7 = $%(h) = A) = 1)
= (=DMP(B((a™t = $%(h)) = A), 1)
= (DM@t = $%(h)) = At = B).

Hence we get (2.11). Now we prove (2.12). On one hand,

O\ — h,z) = (\ hz) <Z)\1 ®)\2,h®x>

On the other hand,
()PP (@~! = §2(h)) = A, z)
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— (-1 )[r1[hJ<A1 z(a™t — S%(h)))
B Z b+ Pellzl(\) | 2} (Ag, a7t = S2(R))
= Z 1R () 2) (0, 53(R)) (0!, 5 (ha))
_ Z DD ) 2y (S2(Ag), hy)(a Y, o)

_Z [w [A]+[A2] [w]<)\ $><S2()\2) _1,h>

_Z [>\2] Az] (S2(\)a P @ A\, h @ ).

By (2.11), we have A — h = (—=1)M (o=t — §2(h)) — A, hence
5 0= S 0,
A )

Equivalently,

Z)\2 RN\ = Z(_l)[h][)\z]/\l ® 52(/\2)o<_1
A A

Remark 2.1 Suppose ¢ € [ Il{ and T € [ ;I Let a and ¢ be the distinguished grouplike
element of H* and H respectively. Then for any h € H and p € H*, we have th = (a, h)t,
pT = (p,g)T, and

Y@ty =Y (-)RSA (1)t (2.13)
t t

(2.13) is in fact the duality of (2.12). Note that ¢ is the left integral of H = H**, S(T') is the
left integral of H*, and satisfying p € H*, S(T)p = (p,g~1)S(T), hence (2.13) is obtained.

3 Ribbon Hopf Superalgebra

First we recall the definition of ribbon Hopf superalgebra. Let (H, R) be a quasitriangular
Hopf superalgebra. An invertible even element v € H is a quasi-ribbon element, if the following
conditions are satisfied:

v? = c:=uS(u), (3.1)
S(v) =, (3.2)
e(v) =1, (3.3)
A(v) = (v@v)(R'R)™ (3-4)

Furthermore, if v is in the center of H, then v is a ribbon element, and (H, R,v) is called a
ribbon Hopf superalgebra.

Lemma 3.1 Let (H, R) be a quasitriangular Hopf superalgebra. Denote R = RM @ R@).
Forn € G(H*), define g, = >, RVn(R®P). Then g, lies in the center of G(H), and g,g, = gnp,
where p € G(H*).
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Proof By (2.2), A(gy) = L ARV)(R®) = S (-1)IrMIEVIRM & rOp(ROr@) =
gn ® gy. For any a € G(H), by (2.1), Y. aRM @ aR® = Y RWa ® R@a. Applying id ® n
to the two sides of the above equation, we get ag,n(a) = gnan(a), hence g77 is in the center
of G(H). Let p € G(H). Then g,, = S RO(mp)(R®) = 5 ROn((RD))p((R®);) =
> RV rWn(r®)p(RP)) = g,9, = gygp-

Theorem 3.1 Let (H, R) be a quasitriangular Hopf superalgebra, and R =Y. RY) @ R®).

Denote u = Z(—l)[R(l)]S(R@))R(l), and w = S(u)~t. Let g and o be the distinguished group-

1

like elements of H and H* respectively, h = gog~ . Then we have

g=w( Y (~)ENEIS(RE — a)RD), (3.5)
g = wugey,
At = wu.

Proof Let t € H be a left integral. By (2.7) and a=! — S(z) = S(z ~ «), we have
> (nlllEh @ty = Ztl @ ta(S(x — a)). (3.8)
t
Therefore
()l EO R D (5RO o )R o 1,

t

= Z(_1)[tl][t2]+[t1][R(l)]+[R(1)][R(z)]t2R(l) ®t,R?
t

- Z(_1)[R“)][R(z)]-ir[tﬂ[R@)]R(l)tl @ R@t,
t

- Z(_1)[R“)][R(2)]R(1)S(R(2))t1 ®to

t

_ Z( 1)[R(1)][R(2)]+[t1] to) 1)S(R(2 )Sz(tz)g ® t1,

t

where we used (2.1) in the second equation, (2.7) in the third equation, and (2.13) in the last
equation. Equivalently, we have

Z(_l)[h][b]tz(g(R(?) — a)RW @t = Z(_1)[R(”][R(Q)]Htl][t2JR(1)S(R(2))S2(t2)g ® 11
t t
Taking sums over R on the two sides above, we have
3 ()l HRVIES ) (§(RE) - )R @ 1y = (- 1) RO S (RS2 (ty)g 0 1.
t,R t,R

Since (H,—) is a free left H*-module with basis ¢, there is some p € H* such that p — ¢t =
ST (=1)PItlt (p,t5) = 1. Applying p ® id to the two sides of the above equation, we get
¢

Z(—l)[R(l)MRa)](S(R@) ~a)RY =>"RYS(R®
R

By (2.5),
ZR(DS(R@)) = ZS(R(D)SQ(R@))
R R
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_ (Z R(l)] R®)] S(R(2))R(1))

R
= S(u)=w"".

Therefore g = w(Z(—l)[R(l)][R(z)]S(R(Q) ~— a)RW), and we get (3.5).
R

To prove (3.6), just to prove S (—1)[EVIS(R® — a)RM = ug,. By (2.3),
R

> R @ (RP); @ (RP), = RVrM @ r® @ R,
R

Hence,

ZR(l ® (R? — a) ZR(l o, (R@)1)(R®),
= ZR(l rD @ (o, rPYRP)

=> RWgo® R
R

By this equation and 3 (—1)EVIS(R® — a)RV = S (~1)EVIS(RA RV g, = ug,, we get
R R
(3.6).
To prove (3.7), just note that by (3.6) and Lemma 3.1, wu = gg;, ' = h~1.

Lemma 3.2 Let (H, R) be a quasitriangular Hopf superalgebra, v be the quasi-ribbon ele-
ment of H, u = Z(—l)[R(l)]S(R@))R(l), h=gag~t, c=uS(u), l =utv. ThenI®> = h, and
le G(H).

Proof Firstly, S%(v) = wvu~'. Since v is the quasi-ribbon element, S?(v) = v, hence
uv = vu. As v2 = ¢, by Theorem 3.1, ¢ = u?h, therefore v? = u?h, I? = (v"1v)? = u=2v? = h.

Note that A(l) = Aw)1A®W) = (R'R)~*u ® u))"'(R'R)~'(v @ v)) = | ® I, hence
le G(H).

Theorem 3.2 Let (H, R) be a quasitriangular Hopf superalgebra, w and h be defined as in
Lemma 3.2. Then

(1) I — ul defines a one-one correspondence
{l € G(H) | I* = h} + {quasi-ribbon elements of (H,R)}.

(2) Suppose that | € G(H) satisfies [> = h. Then v = ul is a ribbon element of (H, R) if and
only if S?(x) =1~ Yal for all v € H.

The proof is similar to the non-super case in [5].
If H is unimodular, then o = ¢, hence h = gog~ ' = ¢~ !. Then by Theorem 3.2, we have
the following proposition.

Proposition 3.1 Let (H, R) be a finite dimensional quasitriangular Hopf superalgebra, with
antipode S. Suppose that H is unimodular and g is the distinguished grouplike element of H.
Then

(1) (H, R) has a quasi-ribbon element if and only if there exists | € G(H), such that I*> = g.
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(2) (H,R) has a ribbon element if and only if there exists | € G(H), such that 1> = g, and
for all x € H, we have S*(z) = lzl~ 1.

4 Drinfel’d Double of Hopf Superalgebra

Firstly we introduce the construction of the Drinfel’d double of a finite dimensional Hopf
superalgebra (see [3]). Let (H,m,u,A,¢,S) be a finite dimensional Hopf superalgebra. Then
0

H*°°P is also a Hopf superalgebra, with multiplication mg = m°® = A*, unit uy = u’ = &*,

comultiplication Ag = P o m*, counit g = ¢° = w*, and antipode Sy = (S~!)*. More
explicitly, see [3]. The Drinfel’d double D(H) of H is defined as follows: As a Zs-graded space,
D(H):=H ® H*°P. For a € H, b* € H*, denote ¢ ® b* by ab* simply. Then D(H) is a Hopf
superalgebra with multiplication Mp, unit up, comultiplication Ap, and counit ep defined as
follows.

The multiplication is

Mp(ba* @de*) =y (= 1)1 HADUIHBD (5, (a7), d1) (a3, d3) (bda) (a5c?);
a*,d

the unit is

the comultiplication is

Ap(ba*) = A(b)Ag(a*) =Y _(—1){lealH=Dlozlp, o5 @ byat;

a*.b

the counit is
ep(ba*) = e(b)eo(a™);

the antipode is
Sp(ba*) = (=D 5 So(a*)1g-S(b).

Remark 4.1 Here we follow the expressions in [3], and denote Ag(a*) = Taj ® a’.

Theorem 4.1 Let H be a finite dimensional Hopf superalgebra, T the right integral of
H*°P and t the left integral of H. Then tT is the left and right integral of D(H). In particular,
D(H) is unimodular.

Proof Let a and g be the distinguished grouplike elements of H* and H respectively.
First we prove that tT is the right integral of D(H). Let d € H, and ¢* € H*°P| with the
multiplication in D(H), we have

(tT)(de") = Z(— YIFIHED D (50 (T ), dy )(Ts, ds) (td2) (Tac™)
Z DA +lds)) (S0 (), dy ) (T, ds)(, do )t Toc*

Z [T1] T2] SQ(Tl)aT3, d>tTQC*.
T
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We claim

S (—)PIBIS (T aTs 0 Ty =e @ T. (4.1)
T

Then applying d ® id to the two sides of (4.1), we have

> (~)IElS, (Ty)aTs, d) Ty = e(d)T,
T

hence

(tT)(de*) = (—1)TITE(So ()T, d)tToct
T,d
=e(d)tTc" = e(d)(c*, 1)tT.

As we know, ep(dc*) = e(d){c*, 1), hence tT is a right integral of D(H).
Now we prove (4.1). By (2.12), we have

Sn@d =) (-1)MPS20g)a " @ A
A A
Applying S ® S to the two sides of the equation above, we get
SU5() @ S(e) = S (—1)MPelas?(S(0g)) © S(A)
A

A
= aS*(S(\1) @ S(N)a.
A

Let p = S()) € 5., then

Zpl ®p2 — Z(_l)[PlHP21p2 ® OZSQ(pl).
P P

Noting that H*°P = (H°P)*  together with the equation above, we have

S nen=> (-1)MITn e aS3T).
T T

Equivalently,

ST, o1 =Y BSHT) @ T,
T T

where 3 is the distinguished grouplike element of H*°P, and for ¢’ € [, Iliop, t'oh! = (B,W)t
holds for all b’ € H°P. We claim that 3 = a~!. Note that t € fll{, so S71(t) € fll{c,p, and

S7Ht) o STH(R) = (8,87 H(h)STH(t) = (So(B), h)ST' (1),
here we use “o” to denote the multiplication of H°P?. On the other hand,
STt 0 871 (h) = (~1)MISTHR)STH () = ST (th) = ST (o, h)t) = (o, h)ST(1),
hence So(8) = o, B = a1, and

S (=)D @ 1 =Y "ot SH (1) @ Th. (4.2)
T T
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Applying id ® Ag to the two sides of (4.2), we have

Z(_l)[Ts]([T1]+[Tz])T3 QT QT = Za‘lSS(Tl) Ty @ Ts.

T T
Applying P ® id to the two sides above, we have
S (= IRIHEDHBIN T @ Ty o Ty = Y (-1)PIPIT, @ a1 S3H(T) @ Ts.
T T
Furthermore,
> (—)IBIPRIS(T)aTs @ T = > So(So(Th)T2) @ Ts = e ® T,
T T

hence we get (4.1).
Next we prove T is also a left integral of D(H). Note that

(ba™)(tT) = Z(—1)(["*“[“”(“““3”<So(a’{), t1)(az, t3)(bt2)(asT)
a*,t

~3 DA+ED (g3 971 (81)) (a3, t3) (a5, g) (bt2)T

a*,t

—Z DElBl+ =D (g% 439571 (11)) (bt2)T

= b<id ®a*, Z(_l)[tl]([t2]+[t3])t2 ® t3gS_1(t1)>T

t

b(id ® a*,t ® 1)T
= (- Myt @ (a*, 1)T
(b)(a*, )IT,

hence tT is also a left integral of D(H). In the fifth equation, we used the following result:

Z(_l)[tl]([tz]ﬂt?’])tQ @t3gS Ht) =t ® 1. (4.3)
t

Now we prove it. By (2.13), we have

St =3 ()M B e n.
t t

Applying S™' ® A to the two sides above, we have
ZS Y@tz @ty = > (~1)EIHEDE S (1) @ 1) @ 1.
t
Applying (P ®id) o (id ® P) to the two sides above, we have
Z(_l)([t1]+[t2])[t3]t3 RSt @ty = Z(_l)([t3]+[t2])[t1]t2 ®g71S(ts) @ 1.
t t
Hence

Z(_l)([h]ﬂtﬂ)[ts]tggs—l(tl) Rty = Z(_1)([t3]+[t2])[t1]t25(t3) ® ty.

t t
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Furthermore,

S (1) bHED I 6 g8 ) = St © 68 (ts) =t @ 1,
+ t

hence we obtain (4.3).

So far we have proved that D(H) is unimodular.

It is easy to know that ¢ ® « is the distinguished grouplike element of D(H). Applying
Proposition 3.1 to the double D(H), we have the following result.

Theorem 4.2 Let H be a finite dimensional Hopf superalgebra, with antipode S. Let g and
« be the distinguished grouplike elements of H and H* respectively. Then

(1) (D(H), R) has a quasi-ribbon element if and only if there exist | € G(H) and 8 € G(H*)
such that 1> = g and % = a.

(2) (D(H), R) has a ribbon element if and only if there exist | and 8 satisfying the conditions
in (1), and for any x € H, we have S*(x) =1(f — x +— =)7L,

Proof (1) Note that (z,7) — 2 ® n gives an isomorphism of groups G(H) x G(H*) and
G(D(H)) (see [12]). Therefore part (1) is obtained by Proposition 3.1(1).

(2) By Proposition 3.1(2), (D(H), R) has a ribbon element if and only if there exist [ and
satisfying the conditions in (1), such that

S2(z) @ Sg(p) = (1@ B)z @ p)(1®F)™ (4.4)

holds for all z € H, and p € H*°P. As (I® 3)~* =71 @ B~1, considering the multiplication
in D(H), we have

(lepf)(ep)(lep)™
= D (PN D (5L ) (8, 25) (L @ Bp) (1 @ 57)

x

= (—1)WPHDUIFD (371 20) (8, 223) (So((Bp)1), 1™ ){(Bp)s, 1~ lwal ™! @ (Bp)2B~"

p

= Z<B_lﬂ !E1><ﬁ,1‘3><ﬁ, l><p1,l><ﬁ, l_1><p3, l_1>lx21_1 @ ﬁpzﬁ_l

o~

Box= @Bl = p=1)BT
hence (4.4) holds if and only if

SPr)@S5p) =1 =z Ot @pI ™t =p=1)p" (4.5)
Let p = &. Then by (4.5), for any x € H, we have S?(x) = I(8 — x — 7 1)I~1. On the other

hand, it is easy to prove that S?(x) = (8 — z — B71)I~! implies (4.5).

5 Taft Superalgebras

As is well known, the Taft n2-dimensional Hopf algebras A, are an interesting class of
pointed Hopf algebras. In [5], Kauffman and Radford extended Henning’s result (see [13]) and
proved that the Drinfel’d double D(A4,,) of A, has a quasi-ribbon element if and only if D(A,,)
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has unique ribbon element if and only if n is odd. Furthermore, when n is odd, D(A,,) provides
an invariant of three-manifolds. In this section we study the Taft superalgebra A, (Zo-graded
Taft algebra), construct its Drinfel’d double, and determine when the double has a ribbon
element.

Suppose that ¢ > 2, and ¢ € k is a primitive ¢-th root of unity. Define

¢, if ¢ € 4N,

U= g if 0 € AN + 2, (5.1)
20, if £ € 2N+ 1.

The Taft superalgebra A, is generated by a and z, subject to the relations a’ = 1, ¢ =0
and ax = gra. The Zs-grading is [a] = 0, and [x] = 1. The Hopf superalgebra structure is
given by

Ala)=a®a, Alx)=z®a+ 1z,
S(z) = —za™', S(a)=a"', e(x)=0, ea)=1.

Next we construct the Drinfel’d double D(Ay) of Ay. Take the basis {x™a"} of Ay, and
define the linear forms « and 7 on the basis as

(o, 2™a™) = bmoq™,  (n,2™a"™) = 6. (5.2)
Then we have the following lemma.
Lemma 5.1 For all integrals i, j, m,n, the following equation holds:
(n'ad z™a™) = 5mi(i)!(_q)qj(i+”).

Proof Set X = (A4,")*, X\,v € X. Then for any h € A, we have

(M, h) = (A @y, A(R) = > (=)D By )y, ha). (5.3)
Note that
Af)y™ =D (=1)rm=n) (’;’:‘) (z™ " @aa™ "), (5.4)
r=0 —q

hence by (5.2) and induction on 4 and j, we have
(' a™a") = 6ni(0) gy, (07, 2™a") = Sog’".

Therefore
<77i0<j, xma”> = Z(—l)r(m—f’) <m) <,r]i7 xm—ran><aj7 xram+n—r>
—q

_ Z(_l)r(m—r)5m_r1i(i)!(_q)(sroqj(m—i—n—r)

Now we are ready to prove the following proposition.
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Proposition 5.1 The following relations hold in X :

of =1, n° =0, an=qna,
Ala)=a®a, AN)=10n+n1Qa,
el) =1, £(n) =0,

S(a)=a'"t, S(n) =—-natt

Proof (1) By Lemma 5.1 and ¢ = 1, we have
(af,2™a™) = 6o = (g, 2™a").

Y4

Hence, a = ¢. Similarly, we have

’

<7,]E 7xman> = 6m£' (g/)'(—q) = 07

1
—q—1

where we have used (¢')!(_,) = (—¢q)" — 0. By Lemma 5.1, we get

(na, x™a™) = 6,1q™ .
But
{an, ™ a") = 0m1q",
SO an = q_lna.
(2) Now we deal with the comultiplication of X. By [3], for any A € X, h,g € Ay, A(N)(h®
g) = (=1)MIgl(X\ gh). Therefore,
Ao)(z'a? @ 2™a™) = (—1)[””1][myn]q"i<a,xi+maj+”>
= (_1)[11][wm]qm5i+m7oqn+j
= 0i06moq"q’
= (o, 2'a?){a, 2™a™),
hence A(a) = a ® a. Similarly, we have
A(n)(ZIJiaj ® :Ema}n) — (_1)[mi][zm]qni<n7xi+maj+n>
= (—1)[Ii][zm]qm5i+m,1
= 0i00m1 + 6i10m0q"
=(1®n+n®a,red @x™a"),

hence A(n) =17+ 1 ® a.
(3) As for the counit and antipode, we have

g(a) =(a,1) =1, e(n)=(n1)=0,

(S(a),z'a?) = (o, ST (z'a?)) = bio{e,a™) = Si0qg ™7,
(0t~ atad) = b1V,

As ¢* =1, hence S(a) = o~!. Similarly, we have S(n) = —na‘~1L.

According to the multiplication given in Section 4, it is easy to get the following proposition.



Ribbon Hopf Superalgebras and Drinfel’d Double 1061
Proposition 5.2 The following relations hold in D(A):
aa = aq, Qr =qro, na=qan, nr=1-—qrn—aaq.

Obviously, t = (1 +a+---+a’ ")z~ is a non-zero left integral of Ay, and T = n* (1 +
a+ -+ a1 is a non-zero right integral of Aj. Let v and g be the distinguished grouplike
elements of A} and A, respectively. Note that

Y4
I —
qt, 5#2,

—qt, V' =—.

ta = {v,a)t =

N

By Lemma 5.1, we have v = a when ¢’ # %, and v = a5+l when ¢/ = %. Similarly, we have

g=aif ' # % and g = astlif ¢ = L. In each case, we have G(4;) = () and G(4;) = (a).
Applying Theorem 4.2 to the double D(A), we get the following proposition.

Proposition 5.3 Let Ay be the Taft superalgebra. The following results hold:
(1) (D(A¢), R) has a quasi-ribbon element if and only if £ cannot be divided by 4;
(2) (D(As), R) has a ribbon element if and only if £ is odd.

Proof (1) Suppose that (D(A¢), R) has a quasi-ribbon element. Then by Theorem 4.2(1),
there exist [ € G(Ay) and 8 € G(A}), such that [? = g, and 8% = 7. If £ = 4s, where s is an
integer, then v = «, and 32 = v = a***!. This is a contradiction. Therefere ¢ cannot be divided
by 4. Conversarly, assume that ¢ can’t be divided by 4. If ¢ is odd, denote £ = 2s — 1, then
take B = o®, = a®, and we have 82 = o, > = a; if { = 45 + 2, then v = a®*2, and ¢ = a?°12,

2512 2542 respectively. By

obviously 8 = o*t! and | = a**! are the square roots of « and a
Theorem 4.2(1), (D(Ay), R) has a ribbon element.

(2) By Theorem 4.2(2), (D(A¢), R) has a ribbon element if and only if S?(y) = (8 — y +—
B~HI7!, where y = a or y = 2. Note that S?(a) = a, S?(z) = gz. Let [ and § be defined as
in (1). Then when ¢ = 4s+ 2, [(f — x — B~ 1)~ = ¢**2x # S?(x). Therefore, (D(A,), R)
does not have a ribbon element. When ¢ is odd, S?(y) = (B8 — y — B71)I~! always holds no
matter y = x or y = a, hence (D(Ay), R) has a ribbon element.

Compared to the non-super case (see [5]), the quasi-ribbon element of D(Ay) may not be

the ribbon element.

6 Quantum Superalgebra u,(osp(1,2,c))

In [14], corresponding to the simple Lie algebra sls, Liu constructed a new class of quantum
algebra 5[2)2(2). It is generated by E, F, K*' and the central elements z*!, subject to the
following relations:

KK '=K 'K = 1, 2z b=l = 1,
KEK '=¢*E, KFK '=q?F
K—-—K 171
q—q!
Et=Ft'=0, K'=:'=1,

EFF - FE =

3
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where ¢? is a primitive t-th root of unity (¢ > 2). Liu also studied the left and right universal
Z-matrix of 5[2)2(2), and obtained a new class of universal Z-matrix. Particularly, when ¢ is
odd, 5[272(2) is a charmed Hopf algebra. By the relations between charmed element and ribbon
element given in [15], we know that when ¢ is odd, E[Z,z@) is a ribbon Hopf algebra.

Inspired by this, corresponding to the Lie superalgebra osp(1, 2), in this section we construct
a new class of quantum algebra uq(osp(1, 2, c)), and prove that it is isomorphic to the Drinfel’d
double of the Taft superalgebra given in Section 5. We describe its universal Z-matrix explicitly.
By the results in Section 5, we know that u,(osp(1,2,c)) is a ribbon Hopf superalgebra if and
only if £ is odd, here ¢ is a primitive /-th root of unity.

Definition 6.1 The superalgebra U = Ug(osp(1,2,¢)) is a Za-graded algebra generated by
E, F, K*' and the central elements ¢ and ¢, satisfying the following relations:

KK '=K'K=1, cclt=ctle=1,
KEK '=¢E, KFK'=q'F
K — K—l —1
EF+ FE = 7;
q—4q
The Zs-grading is given as
K+ =[c*] =0, [E]=[F]=1

U is a Hopf superalgebra, with comultiplication A, counite €, and the antipode S defined as

A(E)=E®K+1®E, ¢FE)=0, SE)=-EK!

AFY=F@1+c 'K 'oF eF)=0

AX)=X®X, &X)=0, SX)=Xx""
where X = K+!, ¢tl.

Lemma 6.1 For all a,b € Z*, the following relations hold in U :

a a ha a— qa+(_1)a—l q—a+(_1)a—l -1 - —1N—
FE* = (—1)*E°F + B*7( KK e Na-a ),
EF’ = (-1)'F'E + Fb_l(q_b YA . (_1)b_1K‘1c_1)(q ¢!

gt +1 q+1 '

Suppose that ¢ is a primitive ¢-th root of unity. ¢’ is defined as in (5.1). By Lemma 6.1, it
is easy to see that EFY = (—)EWF Ipt'p, pEY = (—1)FIEIE'F, KYE = EKY, K'F =
FK" Let I be the ideal generated by Eél7 Fgl, K’—1andcf—1.

Definition 6.2 The restricted quantum superalgebra uq(osp(1,2,c)) is defined as
uq(0sp(1,2,¢)) := Uy(osp(1,2,c))/1.

It is easy to see that I is the Hopf ideal of U,(osp(1,2,c)), hence uq(osp(1,2,c)) is a finite
dimensional Hopf superalgebra with basis E'F7 K*c!, where i,j € {0,1,2,--- ¢/ — 1}, k,l €
(0,1,2,--- 0 —1}.
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Let by be the sub Hopf superalgebra of ug(osp(1,2,c)) generated by E and K with the
following relations:
KE=qEK, E“=0, K'=1.

In fact, b, is the Taft superalgebra defined in Section 5. Constructing the Drinfel’d double
D(bg) as in Section 5, we have the following proposition.

Proposition 6.1 Define x : D(b,) — uq(osp(1,2,¢)) by

-1
X(Einnkal) _ (q — (J)kq—jk— k(k—1) EiFk Rtk gkt (6.1)
q

where 0 < i,k < V' —1,0< 4,1 <{. Then x is an isomorphism of Hopf superalgebra.

Proof Firstly, by the definition of y, it is easy to see that each generater of uq(osp(1,2,c))
has a preimage, so x is full. Comparing the dimension one knows that x is bijective. Next we
prove that y is a homomorphism of superalgebra. By (6.1) we know that

-1
X(E)=E, x(K)=K, x(a)=Ke, x(n)="—"FKc.

Clearly

X(E)x(n) = —2K FKe = g 'x(n)x(K),
x(a)x(E) = KcE = gEKc = x(E)x(a),
x(mx(E) = %FKcE =(¢' —qFEKc

_ K- K lc!
= (q 1—9)(—EF+7_1
qa—q

=—(¢7'—q)EFKc— K%c+1
=x(1) — ax(E)x(n) — x(K)x(a).

)Kc

Hence y is a homomorphism of superalgebra. At last we prove that y keeps the comultiplication
and the antipode. Note that

-1

A _a—a, _a'-q
(x(n) = p (FKc) = . (FKc® Kc+ FKc)

= x(n) ® x(a) + x(1) @ x(n)

= (x®@x)A(n)
and
_ q—l
X(S(m) = —x(na™') = .
gl—q 1

- S(Kc)S(F) =2 q_qS(FKc)=S(x(n))-

One can check it on the other generators F/, K and « similarly.
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Proposition 6.1 tells us that u4(0sp(1, 2, ¢)) is quasitriangular. If we set Rp be the universal
Z-matrix of D(b,), then the universal Z-matrix of U,(osp(1,2,¢)) R =: (x ® x)(Rp). Let

E'KJ be the basis of b,. Now we seek for its dual basis. By Lemma 5.1, (n™ej, E‘K7) =
_ N-1
8i,m (1)) (=q)Ok,i+j, where e}, = % > g7 *a®, and we use the equation Y. ¢~

s=0
the dual basis of E*K7 is

ks = §ko. Hence

1 niei+j: 1 nilez_iq—s(i+j)as
(1) (—q) (g L=

By Proposition 6.1, we have the following theorem.

Theorem 6.1 u,(osp(1,2,c)) is a quasitriangular Hopf superalgebra, and the universal Z -
matrix s

1 -1 q—s(i+j)
R="=
ezz (0)!

By Proposition 5.3, it is easy to see that u4(0sp(1,2,c)) has a ribbon element if and only if

(q _q) q——Esz ®F1K1+s z+s
(=) q

¢ is odd, and u,(0sp(1,2, ¢)) has a quasi-ribbon element if and only if £ cannot be divided by 4.
_ =1

Clearly the universal Z-matrix is not unique. For example, if we set R = % S ¢ e ®ct,
a,b=0

then RR also satisfies (2.1)—(2.3), hence RR is also the universal %- matrix of uy(osp(1,2,c)).
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