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Mathematical Analysis of the Jin-Neelin Model
of El Nino-Southern-Oscillation*
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Abstract The Jin-Neelin model for the El Nino—-Southern Oscillation (ENSO for short) is
considered for which the authors establish existence and uniqueness of global solutions in
time over an unbounded channel domain. The result is proved for initial data and forcing
that are sufficiently small. The smallness conditions involve in particular key physical pa-
rameters of the model such as those that control the travel time of the equatorial waves and
the strength of feedback due to vertical-shear currents and upwelling; central mechanisms
in ENSO dynamics.

From the mathematical view point, the system appears as the coupling of a linear
shallow water system and a nonlinear heat equation. Because of the very different nature
of the two components of the system, the authors find it convenient to prove the existence of
solution by semi-discretization in time and utilization of a fractional step scheme. The main
idea consists of handling the coupling between the oceanic and temperature components
by dividing the time interval into small sub-intervals of length k and on each sub-interval
to solve successively the oceanic component, using the temperature T calculated on the
previous sub-interval, to then solve the sea-surface temperature (SST for short) equation
on the current sub-interval. The passage to the limit as k tends to zero is ensured via a
priori estimates derived under the aforementioned smallness conditions.

Keywords El Nino—Southern Oscillation, Coupled nonlinear hyperbolic-parabolic
systems, Fractional step method, Semigroup theory
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1 Introduction

A long tradition of mathematical analysis of various systems of partial differential equations
(PDEs for short) relevant to climate modeling, has been followed over the last three decades.
Among the numerous references on the topic we may, for instance, refer the reader to [10, 19,
23-26, 34, 36, 39-40]. Nevertheless, systems of PDEs used by physicists to understand and to
model the El Nino-Southern Oscillation (ENSO for short) — a major large-scale phenomenon
affecting global climate and weather events such as drought/flooding (see [41,47]) and tropical
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storms (see [6]) or typhoons (see [62]) — have not been yet analyzed mathematically. The
present study proposes to perform such an analysis regarding the existence and uniqueness of
solutions to the Jin and Neelin (JN for short) model of ENSO (see [28-29, 52]); a model that
we describe hereafter.

ENSO is a dominant mode of climate variability on seasonal-to-interannual time scales and
affects the climate over a great portion of the globe on interdecadal and longer time scales
(see [33,47]). A major aspect of ENSO is the strong coupling between the Tropical Pacific
ocean and the atmosphere above, and the physical mechanisms that give rise to ENSO are
fairly well understood (see [50, 55-56, 61]).

A key mechanism, originally proposed in [4], is the positive atmospheric feedback on the
equatorial sea surface temperature (SST for short) field via the surface wind stress. Still,
ENSO’s unstable, recurrent but irregular behavior implies challenges for prediction (see [3,
8,22,47]), even at subannual lead times. Conceptual as well as statistical modeling plays a
prominent role in understanding ENSO variability and developing prediction methods for it;
see e.g. [14, 16-17, 27, 35, 48, 50, 54, 61].

Among the models derived from first principles (see e.g. [7, 20, 56, 66]), the intermediate
coupled model (ICM for short) of Cane and Zebiak (CZ for short) has proven influential in
ENSO studies and has provided the first successful ENSO forecasts with a coupled model. A
version of the ocean component is described hereafter. One of several simple atmosphere models
which attempt to improve on that of Gill [20, Chapter 7] appears in [66] (see also [64-65]), but
its drawbacks include the lack of a moisture budget and a formulation with discontinuous
derivatives. In a series of papers [28-29, 52] Jin and Neelin have shown though that similar
dynamical behaviors can be obtained with different atmospheric models (see [28]), which are
more amenable to analysis.

We focus thus on the JN model of ENSO, which can be considered as a “stripped-down”
version of the CZ model, as a basis for deriving simpler models and discussing flow regimes
and dynamical behavior. The JN model’s main ingredients are the following. Its oceanic
component is made up of two parts. The vertical-mean motions above the thermocline are
governed by linearized shallow-water inviscid equations (SWEs for short) and with a lower-order
damping — forced by the wind stress — on an equatorial S-plane following the Matsuno’s
linear theory (see [43]); see (1.1b)—(1.1d) below. The resulting currents drive an advection-
diffusion equation that describes the SST dynamics; see (1.1a). The atmospheric component is
a Gill-type model for the wind stress anomaly field, which establishes diagnostic relations (i.e.,
equations with no time derivative present) between the latter and the SST anomalies; see (1.6)
below. The magnitude of the wind stress anomalies controls the coupling between the oceanic
and atmospheric components.

After rescaling (see [20, Chapter 7]), the model can be described as the following dimen-
sionless system of equations, in which the ocean dynamics is described by linear SWEs for the
oceanic currents and a nonlinear equation for the SST, namely

%—f + we i (ws)(T — Ts(h)) — er A(T —T)
or oT
+(u+us)%+(v+vs)a—y — A (—on)on (T —Ty) =0, (1.1a)
oL Oh L)
58t yv + o +eou = ERSTE (1.1b)
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ov oh
27 R =
S 5 + yu + 3y + €0Spv = 0, (1.1c)
oh Ou Ov
554-%4‘@4—60}1—0. (11d)

Here, J#(x) denotes a smooth version of the Heaviside function. The presence of an
Heaviside-type function in (1.1a) is justified because the mixed layer temperature is mainly
affected by net upwelling (see [28,52]), while its smooth features are convenient for mathemat-
ical analysis such as the study of (numerical) bifurcations (see [51]) as well as for the present
existence and uniqueness study. The dynamical variables are respectively the zonal and merid-
ional velocity components, v and v; the thermocline depth anomaly h; and the SST, denoted
by T'. The expressions of the surface layer velocities (resp. meridional velocity at the northern
boundary of a stript), us, vs and ws (resp. vx), present in the coefficients of (1.1a) are described
in (1.5) (resp. (1.7)) below. We discussed hereafter the main parameters of the model.

The non-dimensionalization is aimed at bringing out a few primary parameters from among
the many lurking in the original coupled system. These parameters are described in Table 1
below. Of primary interest is the parameter § which affects the travel time? of the equatorially
trapped waves (see [43]) produced by the SWEs (1.1b)—(1.1d) when 7% = 0. Its variation, even
within a small range, may result into a rich set of statistical and dynamical behaviors when
seasonal cycle effects are included (see [15]).

Table 1 Glossary of the JN model primary parameters.

Symbol Interpretation

§ The relative adjustment time coefficient. It measures the ratio of the
time scale of oceanic adjustment by wave dynamics to the time
scale of adjustment of SST by coupled feedback and damping processes.

Os Surface-layer coefficient. This parameter governs the strength of feedbacks
due to vertical-shear currents and upwelling. It governs also the decay of
correlations as numerically illustrated in [15].

1 The relative coupling coefficient. It governs the strength of the wind stress
feedback from the atmosphere per unit SST anomaly, scaled to be order unity
for the strongest realistic coupling; for u= 0 the model is uncoupled.

Ao
J 7Rl
teristic meridional length scale (see [49]). When Sy = 0, only the low-frequency Rossby waves

The parameter Sp = with L denoting the zonal basin length, while Ay denotes a charac-
remain; see e.g. [32] and [20, Chapter 7.2.4]. Our study is not limited to this case. Other
parameters are more secondary in the sense that they do not affect substantially the dynamics.
Those are: T which denotes a constant off-equatorial temperature, ¢y, a positive constant
and, T (x,y), which denotes a reference temperature field; see [20, Chapter 7] for more details.
The parameter ¢ is a linear damping parameter, while ep is a diffusion parameter. Usually

er represents a Newtonian damping time and is thus not factor of a diffusion operator, but

1Strip centered at the equator (y = 0) that we consider to be of meridional half-width equal to unity, that is,
y € (—1,1) in adimensionalized units. The corresponding term, J#(—vy)vn (T — Tn), was initially introduced
in [49] in the simplification of the full SST equation of [66] to such an equatorial strip.

2Note that § is scaled to be order unity at standard values of dimensional coefficients (see [28]).
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rather of T'— T,. This modification compared to [28,52] is in part motivated by the mathe-
matical analysis conducted hereafter but not only. There exist indeed versions of the JN model
that include both diffusion and damping terms in the SST equation from the physics literature
(see [52]).

Compared to the JN model as originally formulated in [28,52], the SST equation includes also
the meridional advection term (v + v,)9,T, and is thus not limited to the equator. The ocean
dynamics is as in [49] also not restricted to the case Sy = 0, while the atmospheric component
follows [28,52] (see hereafter), and our mathematical treatment allows for considering more
general wind-stress forcing; see Sections 2—4 below.

When Sy # 0, the boundary conditions conventionally used for the oceanic part (see [9]) are

u=0,at x =0and x =1 and u,v,h — 0, as y — £oo, for a channel domain given by
M :=(0,1); x (—00,+00)y, (1.2)

after adimentionalization. Here due to the presence of the term e A(T — T,) compared to [28],
Robin boundary conditions are added for the temperature equation; see (3.7) below. Work
on models of intermediate complexity has largely been carried out when the ocean model is
confined in such a zonally bounded basin. A few studies, however, have allowed the ocean
domain to be zonally cyclic, thereby eliminating eastern and western boundaries (see [44-46]).
We consider such periodic boundary conditions (in the z-direction) for the ocean in order to
study the fully coupled system (Section 4) while the oceanic and SST equations are treated
separately in the more classical, zonally bounded case; see Sections 2—-3 below.

The coupling between the SWEs (1.1b)—(1.1d) and the SST equation (1.1a) is articulated in
three parts. First, the subsurface temperature field, Ts(h) in (1.1a), characterizes temperature
values upwelled from the underlying shallow-water layer and is parameterized nonlinearly as
a function of the thermocline depth; deeper thermocline resulting into warmer Ts(h). The

functional form of T (h) is given by
Ts(h) = Tso + (Te — Tso) tanh(nih + n2) (1.3)

with Tsg, m1 and 7, that are positive parameters; see [20, Chapter 7] for a physical interpretation.
The second key ingredient in the coupling between (1.1b)—(1.1d) and (1.1a), is the wind

stress 7% in (1.1b); coupling expressed through the relation

L, (1)
2 pH

= For7 (), (y) + pnC(T = Tr) (1.4)

with 77 and 7,7, denoting respectively, the zonal and meridional component of the wind stress 7;
the parameter p denoting the oceanic density, and H a layer depth parameter. The parameter
w is a coupling parameter; see Table 1 below.

In (1.4), T, denotes typically the steady state of the SST equation (1.1a) obtained for p = 0;
i.e., without feedback of the SST equation into the ocean model (1.1b)—(1.1d). The coupling

term C(T — T,) models the zonal wind response to a temperature anomaly T=T- T, and is
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given typically by the integral operator

C(T)(z,y) = g / exp(3eq(z — 2'))T(2', y)da'

1 ~

- 5/ exp(eqa(2’ — 2))T(2',y)dz’  for all y € R,
0

(1.5)

where the dependence on time for T has been dropped for writing convenience; see [20, Chap-
ter 7] for more details.

Finally, the last key ingredient in the coupling between (1.1b)—(1.1d) and (1.1a) are the
surface layer velocities, us,vs and ws, present in particular in the advective terms of (1.1a).

These velocities are typically given through the following diagnostic relations

us(2,y) = 0u(Fo7s (2) 7 (y) + pC(T = Tp)(z, y)), (z,y) € M,
vs(z,y) = —y(0s For2 (x)7, (y) + pdsC(T — T7)(,y)), v(z,y) € M, (1.6)
Oug

ws(I,y) = Oz + (5sFon(I)TffL(y) + /L(;SC(T - TT)(I7y))v (I7y) eM.

The meridional velocity vy at the northern boundary of the strip y € (—1,1), also arises in the

coupling and is given in a similar fashion as
on(2,y) = 6 Forl ()75, (y) + posC(T = Tp)(w,y),  (z,y) € M. (1.7)

Here again we refer to [20, Chapter 7] for physical details about the above parameters ¢,, Fp,
as well as ¢, arising in (1.5). Note that although not formulated explicitly above, our analysis
conducted hereafter allows for a time-dependent wind stress including seasonal forcing which
has been suggested as a crucial ingredient in explaining ENSO’s irregularity®; see e.g. [12-13,
15, 30-31, 59-60].

From the mathematical point of view the system that we aim to study (1.1a)—(1.7) is com-
posed of the linearized inviscid SWEs (1.1b)—(1.1d), of the advection-diffusion equation (1.1a)
and of various linear or nonlinear relations between the variables (1.3)—(1.7), as described above.
The linearized SWEs (1.1b)—(1.1d) is studied hereafter by using a linear semigroup approach
in line with [23-26]. The advection-diffusion equation (1.1a) and the nonlinear coupling terms
arising from (1.3)—(1.7) pertain to a different approach in which (1.1a) is studied first as decou-
pled from the full system to identify a priori estimates (see (3.19)—(3.22)) that are essential. In a
second step, we derive (in Section 4) the formal a priori estimates for the whole coupled system
(1.1a) supplemented with (1.3)—(1.7). Then the issue is to use these a priori estimates to actu-
ally “construct” a solution to the whole system. The usual approximation methods (Galerkin
method, vanishing viscosity method) appear not to be convenient here. Instead we thought of
taking advantage of the very different two components of the system and implementing an ap-
proximation by a fractional step method, by which the two components of the spatial operator
are the heat equation corresponding to (1.1a) and the SWEs corresponding to (1.1b)—(1.1d),
see below for the details, and see e.g. [18], [42], [57] and [63], for the fractional step method.

3Note that in this case not only the wind stress becomes time-periodic but also the “equilibrium” T}, as
obtained by solving the JN model with = 0 (see [31]).
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Then uniform estimates on the approximate solution (see (4.62)—(4.66)) are derived for proving
the existence and uniqueness of solutions to the fully coupled nonlinear system.

The article is organized as follows. In Section 2 we study the oceanic component of the
JN model as taken uncoupled from it. Following [23,25], the corresponding forced linearized
SWEs are recast into an abstract evolution equation in a Hilbert space whose (mild) solutions
are obtained by application of the standard Hille-Yosida theory to the underlying strongly
continuous semigroup. The latter is generated by an unbounded operator obtained as a bounded
perturbation of the positive, skew-adjoint operator accounting for the spatial derivatives in
(1.1b)—(1.1d) (see Section 2.3).

In Section 3 we study the diffusion-advection equation for the SST that is dealt with, as
uncoupled from the JN model. There, after a reformulation of the SST equation aimed at
structuring/identifying the main terms that require an attention for the analysis (see Section
3.1), a priori estimates are established in Section 3.3, which allow for concluding to the existence
and uniqueness of global solutions via a Galerkin scheme; see Theorem 3.1.

The main result, Theorem 4.1, establishing the existence and uniqueness of global solutions
in time for the coupled JN model supplied with periodic boundary conditions in the x-direction,
is finally proved in Section 4 using a fractional step method, where we divide the time interval
into small sub-intervals of length k& and on each sub-interval we successively solve the SWEs
(1.1b)—(1.1d) using the temperature T calculated on the previous sub-interval. The SST equa-
tion (1.1a) on the current sub-interval is then solved using the solution w, v, h of the SWEs.
For the fractional step method to operate, a priori estimates on the exact equations and uni-
form estimates on the approximate solutions (with respect to the the sub-interval length k) are
derived in Section 4.1 and Section 4.2, respectively. The analysis there benefits in particular
from the one conducted in Section 3 for the SST equation, when uncoupled from the JN model.
It allows in particular for identifying key estimates from Section 3 that require amendments in
the coupled case to arrive at the desired uniform estimates; see again (3.19)—(3.22) and (4.24)-
(4.25) below. The passage to the limit for fractional step method is then dealt with in Sections
4.3, and 4.4 concludes about the uniqueness.

The existence and uniqueness result thus obtained is valid for initial data and forcing that
are sufficiently small. The smallness conditions involve in particular key physical parameters of
the model such as those that control the travel time of the equatorial waves and the strength
of feedbacks due to vertical-shear currents and upwelling; those are central mechanisms in the
ENSO dynamics (see Remark 4.2).

This article is dedicated with friendship to Philippe Ciarlet on the occasion of his 80th

birthday, wishing him continued success and happiness.

2 The Linearized Shallow Water Equations

In this section, we first show the well-posedness of the linearized shallow water equations
(SWEs for short) as decoupled from the original system (1.1a)—(1.1d). The fully coupled system
is analyzed in Section 4 below. As in [23], a semigroup approach is adopted to study the well-

posedness. Our expository deals in this section with the case of a zonally bounded oceanic
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basin with the standard boundary conditions considered in the physics literature [9]. For the
case of a zonally periodic basin used in Section 4, we refer to Remark 2.2 below.

Our focus is thus on the following SWEs

dup — yv + hy + €qu = [,
S2vr + yu + hy + €0Sov = fo, (2.1)
She + ug + vy + €oh = f,

Ly7"

cng
null in the original equations, but added here for the sake of mathematical generality; the three

where f, represents the force term , caused by the zonal wind stress; the terms f, and f} are

components of f are given functions. We allow also here for both time- and space-dependence
of these forcing terms, whose regularity will be specified hereafter. The other parameters were
already explained in the introduction.

Following [9], the domain under consideration is the channel (strip)
M= (07 1)1' xRy = (0, l)w X (—OO,+OO)y,
and the boundary conditions for (2.1) are

u=0, atx=0,1,

u,v,h = 0, when y — £oo. 22)
In what follows we set
U := (u,v,h)",
Fu = (fus fo, )",
and associate to (2.1) the initial data:
Uo(z,y) := (uo(2,y),v0(2,y), ho(2,y))- (2.3)

Note that the notation Fy; is aimed at emphasizing the components of the forcing acting on the
evolution equations of the u-, v-, and h-variables. We introduce such a notation to differentiate
with the component of the forcing, Frr, acting on the temperature equation considered later on;
see Section 3.

In the following subsections, we first consider a simplified version of the initial boundary
value problem (IBVP for short) (2.1)—(2.3) with § = Sp = 1 in Section 2.1 (as in e.g. [9]) and
then revert back to the problem (2.1) in Section 2.3. In particular, the phase space in which
the well-posedness problem for the IBVP (2.1)—(2.3) is considered (i.e., when § # 1 or Sp # 1)
is the Hilbert space

H = L*(M)3,
endowed with the following inner product
(U, Ty = / (Guli + S20T + 5hh) dady, VU,U € H. (2.4)
M

Within this framework we prove hereafter the well-posedness for the IBVP (2.1)—(2.3).
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Theorem 2.1 Let t; > 0 and H be the Hilbert space L?*(M)3 endowed with the inner
product (2.4). Let Uy be in H and Fyy in L*(0,t1;H). Then there exists a unique weak solution
U in C([0,t1]; H) to the IBVP (2.1)—(2.3).

Remark 2.1 Existence and uniqueness of strong solutions hold for more regular initial data

and forcing; see Theorem 2.3 below for details.
To apply the semigroup theory we need first to determine the differential operator and its

domain which we do next, in the case § = Sy = 1.

2.1 The SWE operator and its domain

As mentioned about we consider here the case § = Sy = 1 which thus leads to

us + hg + €ou — yv = fu,
v + hy + €0v 4+ yu = fo, (2.5)
ht+uw+vy—|—60h:fh.

By introducing the operators

B1U L= EOU,
(2.6)
ByU : = (_yv’yu,o)tr
and the matrices
0 0 1 0 0 O
s=100 0|, &=[0 o0 1], (2.7)
1 0 0 01 0
the system (2.5) can be written into the following compact form
Ut+51Ux+52Uy+BlU+BQU:FU. (28)

This equation is the abstract form of a forced 2D inviscid SWEs linearized at the reference
state (0,0, 1) from 2D nonlinear (dimensionless) SWEs, that include additional damping terms.

As in [23], we introduce the stationary SWE differential operator

hy
AU =EU+EU, = hy |. (2.9)
Ug + Uy

In [23] the linearized 2D inviscid SWEs linearized at the reference state (ug,vo, H) with
ug,vo > 0 (generic case) have been already analyzed, for which the boundary conditions were
chosen for each mode, either hyperbolic mode or elliptic mode. Here, we encounter the non-
generic case when uy and vg both vanish and we are still going to apply the semigroup approach
as in [23].

In that respect we define the linear unbounded operator A on H = L?(M)3 by

(2.10)

DA)={UeH, U e H, u=0at z=0,1},
AU == /U, YU € D(A).
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Note that the boundary conditions formulated in the IBVP (2.1)—(2.3), i.e.,
u,v,h — 0, when y — to0, (2.11)

automatically hold when U lies D(A), since
1
/ / lu|? + |v]* + |h|?*dzdy — 0, when R — oc.
ly|>R JoO

The boundary conditions (2.11) actually holds if U has more regularity, for example, if U
belongs to H*(M)3.
Nevertheless, in order that the boundary conditions in the definition (2.10) of domain D(A)

make sense, we need the following trace result.

Proposition 2.1 Let W ={U € H | U € H}. If U belongs to W then the traces u|z=o.1
are well defined, and they (at least) belong to the space H™*(Ry). Furthermore, for a € {0,1},

the trace operator X, defined as

Ty W — HHR,),

(2.12)
U Ulz=a

s linear continuous.

Proof Since v lies in L?(M) = L2(0,1; L*(R,)), we have that v, belongs to L2(0,1; H~*
(R,)), which, together with the fact that u, + v, lies in L*(M) (since &/U € H), implies that

u, € L2(0,1; HY(R,)).

This in combination with u € L*(M), ensures that u belongs to C,([0,1]; H1(R,)). Hence,
the traces u|y=0,1 are well-defined. The continuity of €, (for a = 0, 1) is also straightforward.
The proof is similar for h. We observe that if U lies in W, then h belongs to H!(M).

With the help of Proposition 2.1, the domain D(A) given in (2.10) is thus well defined. We
show next that each function in D(A) can be approximated by smooth functions by using a

Hormander’s technique. In that respect, we introduce the following space of smooth functions
V(M) :={U € C*(M)?3, and u vanishes in a neighborhood of {z = 0} U {z = 1}}.

The density result reads then the following lemma.
Lemma 2.1 V(M) ND(A) is dense in D(A).

Proof First, for any U = (u,v,h)"™ € D(A), we have that h belongs to H'(M) and since
C*(M) is dense in H'(M) (see e.g. [1, Chapter 3, 38]), h can be approximated by smooth
functions.

In order to approximate u and v by smooth functions, we use a proper covering of [0,1]
given by the finite family of intervals {Iy, I1, [2}, where Ij is an open interval centered at x = 0,
which does not include the point x = 1, I is an open interval centered at x = 1, which does

not include the point = 0, and I is a relatively compact open sub-interval of [0, 1].
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We consider a partition of unity subordinated to this covering,

bo(x) + () +¢o(z) =1, = €[0,1]

for which supp(¢y)C I for any k in {0, 1,2}.

For u,v, and u, +v, belonging to L?(M), it follows thus that ¢yu, ¥v, and (Yru).+ (Yrv),
also belong to L?(M) for k = 0,1,2. We therefore only need to approximate ¢u and ¥pv by
smooth functions.

We first consider the case when v, = 1y and for the sake of simplicity, we still write u := Ygu
and v := ov where u,v are supported in Iy x R,. Let p(z,y) be a mollifier such that p > 0,
J p=1 and p has compact support in the rectangle

JE={(z,y)|z>0,—z <y <z} (2.13)

Wy

Let @, ¥ be extensions of u,v by zeros in R?. Denoting by “¢” the convolution in R2, we

introduce the regularizations
Ue = (pe x W) M, Ve i = (pe ¥ V)| M-
It is not difficult to observe that, as € — 0,
e = (W)|m =y, ve = @)|pm=v in L*(M).
By the choice (2.13) of the support of p, we find that u. vanishes away from x = 0 and x = 1.
Observe that
and hence as € — O:
(pe % W)y + (pe ¥ D)y = pe * Uy + pe ¥ Uy — Uy + 10, in LA(R?),
and restricting to M, we have thus

(ue)z + (Ve)y = up +vy in L2(/\/l).

In summary, we have that u. and v, belong to C2°(M), u. vanishes away from z = 0 and z = 1
and, as € — 0,

(Ues Ve, (Ue)z + (Ve)y) = (u, v, up +vy) in L*(M). (2.14)

For the case ¥ = 12, the above arguments still work if we choose the compact support of

the mollifier p to be contained in
Jy ={(z,y) |z <0,—x <y <z}, (2.15)

For the case 1, = 11, the arguments above also work only if the mollifier p has a compact
support, which is the case here.

Finally, for u,v, and u, + v, belonging to L?(M), we may write

u = You + P1u + You =: up + U1 + U2,
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v = Pov + Y1v + Yov =: vy + v1 + V2

for which each pair (ug, vx) can be approximated by pairs of smooth functions (ug.e, vk,) such

that uy, vanishes away from x = 0 and z = 1 and
(uk,e)z + (Vk,e)y = (ur)z + (Vi)y in LQ(M)-

Setting ue = up e + u1,e + U2, and ve = vg e + V1, + V2., We obtain that u. vanishes away from
r=0and xr =1 and as ¢ — 0,

(Ues Ves (Ue)z + (Ve)y) = (u, v, Uy +vy) in LQ(M). (2.16)

Thus, we have proved that V(M) N D(A) is dense in D(A). The proof is complete.

2.2 The SWE semigroup

We endow the space H = L?(M)? with its usual inner product and norm, namely, for any

U, U in H,
(U, 0 ;:/ (i + 07 + hiydady, Ul = (U, V)3,
M

Our aim is to prove first that A and its adjoint A* defined below are positive in the sense that:

(AU,U) >0, YU € D(A),
(A*U,U)y >0, YU € D(A*).

As recalled hereafter, these properties are used for applying the Hille-Yosida-Phillips theorem
(see [11, Chapter III-3.8]) ensuring the generation of a strongly continuous semigroup acting
on H; see also [21, Chapter 3.8].

The positivity of A is essentially a consequence of Lemma 2.1. Indeed for U in V(M)ND(A),
thus smooth, we have

(U, U)y = / [hau + hyv + (uy + vy)h|dady
M

= [ lGuh), + (on),Jasy
M

_ /O;(uh)

Therefore, we conclude that, in particular, (AU, U) gy > 0 for U smooth in D(A), which is also
valid for all U in D(A) by density thanks to Lemma 2.1.

The formal definitions of A* and its domain D(A*) in the sense of the adjoint of a linear

r=1

dy=0. (2.17)

unbounded operator [5, Chapter 2.6] can be treated similarly as in [23, Section 3.1.1], we thus
only sketch the main elements here. For U in H and U in D(A), both taken as smooth functions,

an integrations by part yields

(AU, Ty = / et + hyB + (s + v,) i) dady
M - I (2.18)
U, /T )t + / (ha+Tow)| " dy,

— 0o =0
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where —
—h,
*T7 . 7
AU = —hy
—Uy — Ty
Taking the boundary conditions for u into account, we find

oo

(AU, Uy = (U, Uy + / (hu)

— 00

=1
dy.
=0

Hence, in order to guarantee that U — (AU, U)y, is continuous on D(A), the following boundary

conditions for U need to be satisfied:
u=0 atx=0,1.

Arguing exactly as in [23, Section 3.1.1], we arrive at the following definition for adjoint of the

operator A,

{D(A*>={I7€H, o UeM, i=0 atz=0,1}, (2.19)

AU = o/*U, VU e D(A*).

Thus D(A*) is the same as D(A) and A*U = —AU for all U in D(A*), and the operator A
is therefore skew-adjoint. The positivity of A* follows now from (2.17) and Lemma 2.1.
We are now in position to formulate the main semigroup generation theorems of this sub-

section. The first is concerned with the operator A.

Proposition 2.2 The operator (—A, D(A)) is the infinitesimal generator of a contraction
semigroup on H = L*(M)3.

Since A and A* are both positive, the proof of Proposition 2.2 boils down to showing that
A and A* are closed operators and that their domains are dense in H. The latter properties are
ensured by the same arguments than provided for the proof of [23, Theorem 8] and are thus
omitted here.

Let us finally introduce the linear operator Ay:

{D<AU> =D(4), (220)
AU Z:A+Bl +Bg,

where B; and Bj are given in (2.6).

By observing that the operators B; and By are linear continuous operators on H, we are
now in position to apply the Bounded Perturbation Theorem [21, Chapter III-1.3] (see also [25,

Theorem E.7]) to ensure the following result.

Proposition 2.3 The operator (—Ay, D(Ay)) is the infinitesimal generator of a strongly

continuous semigroup on H.

With Proposition 2.3 at hand, we are able to solve the initial and boundary value problem
associated with (2.8) either weakly or classically under suitable assumptions. We do not intend
to state these results in this subsection, but instead state these results in the next subsection

for the original system (2.1).
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2.3 The original linearized SWE problem

We now revert to the original problem (2.1) where 6, Sy > 0, which is equivalent to

éyv + 5h + fu,
vt + Szyu+ Szh T 50 ?gfm (2.21)
m+%wfmm+gh:5h
We write (2.21) into the following compact form
U + /U + BiU + BoU = Fy, (2.22)
where
BU = (%Ou, 2—21}, %Oh),
<&U=(—§w%%wﬁ» (2.23)
0= (hegptosh)
and
1
3l
U = ;ghy . (2.24)
HO

Note that we have kept the same notations for the operators By, Bs, o, and the forcing Fy; as
in Section 2.1; the meaning being clear from the present context here.
The Hilbert space H = L*(M)? is now endowed with the following inner product

(U, Uy = / (0uli 4+ S3vT + 6hh) dedy, VU,U € H. (2.25)
M

The unbounded operator A on H is still defined by AU = «/U, for U in D(A), where D(A)
is the same as in Section 2.1. Similarly to Section 2.2, we can easily check that both A and its
adjoint A* are positive and that A generates a contraction semigroup. Since the operators By
and B are linear continuous operators on H, the same arguments as in Section 2.2 ensure that

Ay = A+ B; + By with D(Ay) = D(A) generates a strongly continuous semigroup on .

Theorem 2.2 The operator (—Ay, D(Ay)) is the infinitesimal generator of a strongly con-

tinuous semigroup on H.

The IBVP (2.1)—(2.3) is equivalent to the following abstract, inhomogeneous, initial value
problem posed in H,

dU
—~ 4+ AyU=F
a T v (2.26)

U(0) = U, € H.
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Thanks to Theorem 2.2, this problem is now solved by application of standard tools from the
Hille-Yosida theory (see e.g. [53, Chapter 4]) which leads to the following result.

Theorem 2.3 Let H, Ay and D(Ay) be defined as above. Then the initial value problem
(2.26) is well-posed. That is, for every Uy in H and Fy in L'(0,t1;H), the problem (2.26)
admits a unique weak solution U in C([0,t1];H) that satisfies

U(t) = S(t)Uy + /O tS(t—s)FU(s)ds, vt € [0, 4],

where (S(t))i>0 is the strongly continuous semigroup generated by the operator —Ay .
Furthermore, if Uy lies in D(Ay), and F{; belongs to L*(0,t1;H), then the problem (2.26)
admits a unique strong solution in C*([0,t1];H) N C([0,t1]; D(Ay)).

Theorem 2.1 is now just a restatement of Theorem 2.3.

Remark 2.2 The results in Section 2 can be extended to the case where the boundary

condition u = 0, at = 0,1 in (2.2) is replaced by the following periodic boundary conditions

u(0) = u(1),  ux(0) = ux(1),

(2.27)
h(0) = h(1), h(0) = hy(1).
In the periodic case, D(A) and D(A*) become
D(A)={UeH, U €cH, u(0) =u(l), h(0)=h(1)} (2.28)

D(A") ={U e H, @*U € H, u(0) = (1), h(0) = h(1)}.
We can show that A and its adjoint A* are positive in the same way as in Section 2.2 and
Theorem 2.2-2.3 still hold.
3 The Sea Surface Temperature Equation

In this section, we study the SST equation (1.1a) with prescribed velocity field (u,v) and
thermocline depth h. Within this context we first reformulate (1.1a) into an abstract version

to show a local well-posedness result.

3.1 SST equation: Abstract formulation
The original SST equation reads

68—1; + ws I (ws) (T — Ts(h)) — er A(T —Tp)
or oT (3.1)
+(utus) o+ W vs) 5o = A (—on)on(T = Tv) = 0.

We now set T = T — T, and write (3.1) in the variable T. The new equation for 7', dropping
the tilde, reads then

% Y w A (w)(T + Ty — To(h)) — erA(T + T, — T
T + T, (T + T,
+ (u—Hu)% + (v + Us>((;g;) = H(—oN)on(T + T, —Tn) = 0.
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This equation is equivalent to

0T — er AT + (u + us) 0T + (v + )0y T + we I (ws)T — vy I (—vn)T
=erA(T, — Te) — (u+ us) 0T — (v +vs)0y Ty + o8I (—on ) (T — Tiv)
- ws%(ws)(Tr - Tso - (Te - TQO) tanh(nlh + 772))a (32)

where we replaced T(h) by its expression given by (1.3).

To analyze (3.2) we aim at reformulating its right-hand side (RHS for short) in order to
identify the main terms that require a particular attention for the existence problem from
those that are less of an issue. This is organized in two steps. First, by going back to the
expression of ug,vs, ws and vy given respectively by (1.6)—(1.7), we identify that two class
of terms play an important role in the structure of the RHS of (3.2): Those involving the
(time-independent) wind stress profile, 777Y, and those involving the zonal wind response to
a temperature anomaly given by C(T) (see (1.5)). The rest of the terms can be grouped into
forcing terms, terms expressing a linear dependence on u and v, or terms expressing a nonlinear
dependence on h.

With this structuration goal in mind and allowing for the abuse of notation of symbols
that may enclose different detailed expression within a same class of terms, we arrive, after
simplification, at the following first abstraction of the SST equation:

0T — e AT + (Go + G1(U) + Go(T)) (0T + 8,T) + (Go + Go(T))H#(T)T
= Fr + (Go + G1(U) + Go(T)) Pr + (Go + Go(T)) A(T)(Fr + FrGs(U)). (3.3)

The symbols used in the RHS of (3.3) and their meanings is summarized in Table 2 below.

Table 2 Glossary of notations for the RHS of (3.3).

Symbol  Interpretation

Go(x,y) Terms involving the wind stress profile, 727 , appearing in
Us, Vs, ws and vy given respectively by (1.6)—(1.7).

G1(U)  Represents linear operator G1(U) and G3(U), where G1(U) = v and G3(U) = v.
More specifically, G1(U)8,T = G1(U)9,T and G1(U)9,T = G3(U)0,T.

G2(T) terms in (1.6) involving the integral operator C(T") given by (1.5).

H(T) Represents either J#(w;) or 52 (—vy); the dependence in T is to emphasize the
dependence of w, and vy on T (see (1.6) and (1.7)).

Fr Forcing terms such as ep A(T,. — Te.), VT, T, — Ty, T, — Tso-

Fr (T, — Tuo).

Gg(U) tanh(nlh + 7’]2)

Pursuing our effort of structural simplification in view of studying the existence problem,
we can safely drop the terms J#(T") and G3(U) since the latter are Lipschitz continuous and
uniformly bounded (actually bounded by 1) and thus do not raise any difficulty in our estimates.

We arrive then at the following second abstraction of the SST equation

T — er AT + (Go + G1(U) + Go(T1))(9,T + 9,T) + (Go + Go(T))T
= Fr + (Go+ G1(U) + Go(T))Fr + (Go + Go(T))(Fr + Fr). (3.4)



16 Y. N. Cao, M. D. Chekroun, A. M. Huang and R. Temam

Now, the RHS of (3.4) can be rewritten as
Fr + GoFr + G1(U)Fr + Go(T)Fr 4+ Go(Fr + Fr) + Go(T)(Fr + Fr),

which is equivalent to
Fr 4+ FrGy(U) + FrGy(T),

where the new term f‘T represents terms such as Fpr+Go(2Fr +FT), Fr, or 2Fp+ Fr, adopting
a similar abuse of notation as above.
Dropping the tildes, we arrive finally at the following abstract expression of the SST equation

that we study in the rest of this section,

0T — er AT + (Go + G1(U) + G2(T)) (0, T + 0,T) + (Go + Go(T))T
= Fr+ FTGl(U) + FTGQ(T). (3.5)

3.2 Setting of the problem

In order to study the abstract SST equation (3.5), we impose reasonable properties on G1(U)
and G5(T), which allows for encompassing, in particular, the original equation (3.2). In that
respect we assume that

(C1) G1(U) and Go(T) are linear in U and T, respectively, and

G U) < U], ae,

(3.6)
1G2(T) ety < Cill Tl Lom), 1< p < oo,
for some constant C; > 0 independent of p. Hereafter we only use the cases p = 2,4.
We supplement (3.5) with the following
(C2) Robin boundary conditions
T,—arT =0 atx=0,
(3.7)

T, +arT =0 atx=1,

for some positive parameter ap > 0.
To deal with the Robin boundary condition (3.7) for T', we equip naturally H'(M) with

the following inner product

(@7)):= [ 9T-Tdsdy+ar [ (1T)omo+ (Tl (3:8)

Yy

and norm,
IT) i = ((T.T))%. (3.9)
The generalized Poincaré inequality with trace terms [58], ensures that
171 < eI (3.10)

with ¢, > 0 denoting the corresponding Poincaré constant.
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For T,T in H*(M), we define now the bilinear form ar:

ar(T,T) = ET/

VI VTdady + erar [ ((IT)mn + (IT)ami)dy,
M

Ry

where ep is the diffusion coefficient in (3.5).

Clearly, ar is a bilinear continuous symmetric form on H!(M) and we have
lar(1,T)| < ex | Tl | T, VDT € H'(M).
The form ar is also coercive, that is for all T € H(M), we have
ar(T,T) > ex|[T|2. (3.11)

Let us denote by (H'(M))’, the dual space of H'(M). We define also the linear continuous
operator Ap : HY(M) — (H*(M))’ that satisfies

<ATT7 T>((H1(M))’,H1(M)> = aT(T, T), VT,T S Hl(M) (312)
Then the square root AI%H of Ar obeys
(ART, A2T) 2 = ap(T,T), VT, T € H'(M).

1
From standard estimates, the norm ||A2T| is equivalent to the norm ||T'||g for T in H'(M)
and the norm || AT is equivalent to the norm ||T| g2 for T in H?(M) satisfying the boundary
condition (3.7).

Remark 3.1 Proving the norm equivalence between ||ArT|| and ||T|| g2, amounts to show-

ing the H2-regularity for the following boundary value problem

—AT =f in M, g—i—l—aTT:O on OM,

where n is the unit normal vector to OM. Due to the simplicity of the geometry of the (physical)
domain M, we just classically show that T} is in H (M) by noticing that the y-direction is
parallel to the boundary of M, so that Ty, Ty, € L*(M). Finally, we infer from the equation
that T, € L*(M), all with the desired equivalence of the norms.

We now state the global well-posedness result related to (3.5) (with prescribed w,v and h),

for sufficiently small time-dependent forcing and initial datum
70,2, y) = To(z,y). (3.13)
Theorem 3.1 Suppose that t; > 0 and
Go = Go(z,y) € LY(M), FPr = Fr(t,z,y) € L>(0,00; L*(M) N L*(M)),

and also

Ty = To(z,y) € H'(M), U=U(t,z,y) e L>(0,t1; LY (M)).



18 Y. N. Cao, M. D. Chekroun, A. M. Huang and R. Temam

Let f1 and fy be the constants defined as
fi:= sup (|[Pr@)|> + [Er®[I7.1U®)]7),
t€[0,t1]

sup (|| Gollza + 1T s + [1Fr(t)]74)-
te(0,t1]

(3.14)

fg:

Then there exists a positive constant C, > 0 independent of the data Go, Fp, Ty, U and the

time ty, such that if the following smallness conditions are satisfied:

1 1, 1 \2
max(||AZTp|2, 4C,c,fy) < 1(20 ) ,
. - (3.15)

4C,cp ’

fy <

where ¢, is the Poincaré inequality arising in (3.10), then the IBVP (3.5), (3.7) and (3.13)

possesses a unique global solution T that satisfies
T € L°°(0,t1; HY(M)) N L2(0,t1; H2(M)). (3.16)

The proof of Theorem 3.1 results from standard Galerkin approximations and a priori esti-

mates; the latter are provided in the following subsection.

3.3 The uniform estimates
For the sake of simplicity, we denote by || - || the L?>-norm. Taking the inner product of (3.5)
with A7T in L?(M) and using Holder’s inequality, we classically obtain

1d 1
5 AR TI? + |1 A7 T

< (1Golls + 1G2(U)][ s + [ Go (T L) VT | 4| A2 T |
+ (IGollzs +1Go(D [ LNl o[ AT || + | Pr ||| A2 T
| o |G @)l AT T || + || 24| Go(T) [ o [| AT,

which, due to condition (C1) (see (3.6)), gives

1d

2dt
< (1Gollzs +1Ul[ s + CLIT [ L) VT || s | Az T

+ (IGolls + CUITN )T ol AT + [ Er[[[[ AT |

I EFr Lo lUl| s [ArT|| + Crll Frl| oo | T]| 2+ | AT (3.17)

AZT|? + | ArT?
[AZT|]" + A7 T

The Ladyzhenskaya’s inequality which is still valid for the unbounded domain M, combined

with the Poincaré’s inequality, gives
1 1
ITl|zs < CITIENT N 2 < CIT N m0- (3.18)

We now use (3.18) and Ladyzhenskaya’s and Young’s inequalities to estimate the right-
1
hand side of (3.17) term by term. We also use the fact that the norm | A¢rT|| (resp. ||AZT|) is

equivalent to the norm ||T| g2 (resp. ||| g1).
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The first two terms are estimated as follows.
(I1Gollzs + IUN L) IVT || | AT
i 3
< C(|Gollps + Ul L) TN 7 [[ AT 2
4 4 Sz, 1 2
< ClGollzs + ULl AZTI" + {6 ATT| (3.19)
and

1
LTIl VTl all A2 T < CIAZT || A2 T,
1 1
1GollLal Tl a | A2 T[] < CllGollLa T2 | T[| 72 | ATl

1 a3 (3.20)
< CllGollpa[|ArT|[Z | Ar T ||
1 1
< Cl|GollLall AZTI” + L6 ll AT,
We also estimate the remaining terms as:
1 1
CUlITI7allAT T < CIAFTI?| A7 T < Cl|AFT || A7 T,
1
1P| ArT|| < C|| Fr|f* + EIIATTIIQ, (3.21)
1
1Pl callUllall AT\ < |Prl|Zs U174 + 1*6||ATT||2
and
Crl|Frllpa||T|| pa || AT
< ClErl|LallT[ g | Az T
2 T2, L 2
< C||Fr||7a||AZT|= + EHATTH . (3.22)
Combining these estimates, we derive from (3.17) the differential inequality
d, 32 3 2
3142717 + (1 = Gl Az TIDI AT T |
< C(IFr 2 + 1Bl 2 [U120) + CulllGollds + [UI[4s + | Frl|2.) || AZT 2 3.23
< (Pl + I1FrlZalUNZ) + CellGolla + Ul e + I ErlZ) I AZT | (3.23)

for some positive constant C, > 0 independent of the data Go, U, Fr, Ty and the time ¢, which
we choose to be the constant C* appearing in condition (3.15).

We recall that this condition implies

1
Cul|AzToll <

N

1
Then as long as C.||A2T|| < 3, we have by the Poincaré inequality and (3.23), that
d dmpe 1o 312
SIAITI? 4 5| ARTI? < Cufy + Lol AT (3.21)
P

where f; and fy are defined in (3.14).
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Using the smallness condition (3.15) on fa, we infer from (3.24) that
Dyazrp + Ljakre < o
e T 4e, T -
which, by the Gronwall inequality, implies

1R < exp (— 1) 1AFT? + e, oty (1 exp ( — 1))
’ ? (3.25)

t 1
< exp ( - Z) |AZTy |12 + 4, C.fy.
P

By the smallness assumption (3.15) again on the initial data and the forcing term f;, we
find finally that

1 1
IAFTON < 557+ VE€[0,4]. (3.26)

Now, going back to (3.23) and using the Poincaré inequality, we have
d, 1 1 1
FIATTOI + 51ArT@I < Cufy + Ch| AFTR)* < Cufy + ¢, Cuf [ AT T ()],
which, by using (3.15), implies
d .3 2, 1 2
SIARTOI? + L 1Ar T < . (3.27)

Integrating (3.27) from 0 to ¢; in ¢ and using (3.15) again give

h 1 1 4 1 \2
ApT(t)|]2dt < 4t,C.fy + ||AZTo|? < (= + =— : 2
1Tl < ancu 143 < (54 50 ) (50 (3.25)

Finally, the uniform estimates (3.26) and (3.28), together with a standard Galerkin ap-
proximation scheme, allow for completing the proof of Theorem 3.1. We omit these details

here.

Remark 3.2 The analysis and results in Section 3 are not affected if one replaces the
original physical boundary condition v = 0, at « = 0,1 by the periodic boundary conditions

(2.27) for the oceanic component.

4 The Coupled Equations: Main Result

In this section, we aim to use the fractional step method to investigate the full coupled
system of equations (1.1a)—(1.1d) supplied with the periodic boundary conditions in the -
direction. As in Section 3, we are going to use the abstract version (3.5) of the SST instead of
(1.1a) and the full coupled SWE-SST equations that we consider then read

0:U + AU + B1U + ByU = Fy, (4.1&)
0T — er AT + (Go + G1(U) + G2(T)) (0, T + 0,T) + (Go + Go(T))T
= Fp+ FrG,(U) + FrGa(T). (4.1b)
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Here the U-component of the forcing Fi; depends on T, and is given by
Fy = (GO + GQ(T), 0, O)tr. (4.2)

The operators o7, By and B are those defined in Section 2.3. We associate with (4.1a) and
(4.1b) the initial data

U(0,2,y) = Uo(z,y), T(0,2,y) ="To(z,y), (4.3)
and the boundary conditions
ug (1),
oT (4.4)

— +arT=0 atz=0,1,
on

u, v, h, T — 0, when y — +o0,

where ap > 0.
As in Section 3, we assume that condition (C1) (see (3.6)) holds and that furthermore

[V(G2(T)|| < C|VT|| for some C > 0. (4.5)
For the forcing terms and initial data, let us assume that
Go = Go(z,y) € H' (M), Fr = Fr(t,z,y) € L>=(0,00; L*(M) N L*(M)), (4.6)
and
Up = Up(z,y) € H'(M)?, Ty =To(z,y) € H (M). (4.7)

We then want to prove a global well-posedness result concerning the coupled system (4.1a)—(4.4)
for sufficiently small forcing and small initial data. The full theorem is stated at the end of
Section 4.4. Here we first introduce the smallness conditions we need and the a priori estimates
we are aiming to derive.

We set ¢; = min {%0, g—%} and

2

{1 1 } . {202 } . ( c3 1 )
cy =max4y—-,—=5 (¢, C3=mMing—,c¢, Cc4=min|———— — .
0" S5 cf 4 max {—4;22,01} 2¢p

1

Our goal is to show that if for some positive constant C, > 0 independent of the data

Go, Fr, Ty, Uy and the time ¢1, the following smallness conditions are satisfied:

1 0353 c3 c? 1
sup [|Pr(t)|7a < = 2 IGollz+ + sup |[Fr(t)

- L 7 2, < 4.8
t€[0,1] ~4 20, 8C. 16C. te[0,t1] ”L“—4c*c,, (4.8)

and

C
Y (0), — Er(t)|]? + & 2
max {Y(0), T+ ( sup [1Pr(@)I + & [Golf ) }
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< min { 20*20363 ’ (8é’* )2} = min { fc?gi ’ 64103 } (4.9)

where

27
- 4cseE.

Y(0) := 1Uoll* + cx&c| Vol + erecl|Uoy I* + [ AF To 1 (4.10)

i
with €, = ;& and ¢, denoting the Poincaré inequality arising in (3.10), then (U, T') satisfies

(U, T) € L*=(0,t1; HY(M)Y), T € L*(0,ty; HX(M)), (4.11)
(0:U,0,T) € L*(0,t1; L*(M)%). (4.12)

As mentioned earlier, in order to study the system of coupled equations (4.1a)—(4.1b), we use
the fractional step method. The rest of this section is organized as follows. In Section 4.1
we show the motivations behind the smallness conditions (4.8)-(4.9) by deriving natural a
priori estimates on the original system. In Section 4.2 we introduce the approximate solutions
Ui (t), Ty (t) using the fractional step method, for which we derived a priori estimates similar to
those of Section 4.1. The passage to the limit £ — 0 is then established in Section 4.3. Finally,

the uniqueness is proved in Section 4.4.

4.1 A priori estimates on the original equations

In this section, we aim to derive some formal a priori estimates on the solutions of the full
coupled system of equations (4.1a)-(4.1b), under some smallness assumptions on the initial
data and forcing terms.

Take the inner product of (4.1a) with U in L?(M). We arrive at

1d
2dt

Direct calculations such as integration by parts and the Cauchy-Schwarz inequality, show that

||UH2 + <%U7 U>L2 + <BlU, U>L2 + <B2Ua U>L2 = <FU7 U>L2~

{
{
(BU,U) 2 = 0,
{

1 C1
F <\ E 24 L 2
v, U)rz < 20, 1Ew1* + S IU1,
where

a :min{%o,;—z}. (4.13)

By collecting these equalities and inequalities, we obtain
4 U117 + e |U]? < lHFull2 (4.14)
de T ' ’

We then estimate the derivatives 0,U and 0,U. In that respect, we first apply J, to (4.1a) and
find
0U, + AU, + B U, + BU, = 0, Fr.
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Then by taking the inner product with 9,U in L?(M) and proceeding similarly as for (4.14),

we obtain

1+ 1 T21), (4.15)

d 1
&IIUIII2 +e||Ua|? < ;Ilaacll’ul\2 < C([|Goe
1
where we have used

(AU, Uy = / [hoats + RysVe + (Ugs + Vya ) hyldady
M

_ / (toh)s + (02ha),]dady (4.16)
M

S =1
[ )| a0,

—o0 T=

thanks to the periodic boundary conditions (4.4) in . We then apply 9, to (4.14) and find

8th+£%Uy+BlUy+BgUy+BgU:6yFU, (417)
where
1 1 tr
BsU = (f Sv,S—gU,O) . (4.18)

The extra term BsU appearing in (4.17) is due to the S-approximation of the Coriolis force
(—yv,yu) in dimensionless form. Again, by taking the inner product of (4.17) with 9,U in
L?(M) and proceeding similarly as for (4.15) together with the following (additional) inequal-

ities
1 9 C1 2
(OyFu, Uy)rz < —l10, Full™ + Uy |17,
! (4.19)
3 2,4 2
(BsU,Uy)r2 < —|UII" + Uyl
a
with
1 1
ey = max{g, S—g} (4.20)
we finally arrive at
d 22 2
N0l + el Uy < CTQIIUIIQ + aHayFUll2
<2 Ul* + C(|Goyll* + 1T, II? 4.21
< 2 I+ CUGoy 17+ IT[1%)- (4.21)
Multiply (4.14) by 2%23 and sum it together with (4.15) and (4.21), then we have
-1
d 43 o 2 2 2 2 3 )12
= (SRIUI + et + e1llU I12) + esll Ul < CulliGollzn + 14T, (4.22)
1
where ¢35 appearing in (4.22) is given by
2 2
¢3 = min {%, cl}, (4.23)
Sl
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and Cy is some constant depending only on M and ¢, J, Sp, derived from (4.14)—(4.15) and
(4.21).

For the SST equation, as in Section 3.3, by taking the inner product of (4.1b) with ApT
in L?(M) and by using Hélder’s inequality and condition (C1) (see (3.6)), we arrive at (3.17)
again.

We still need the estimates in (3.19)-(3.22), however, the estimates involving the variable
U need some amendments due to the coupling considered here. We describe below the required
modifications.

First, we observe that by using Ladyzhenskaya’s and Young’s inequalities, we find

Lok
IOl IVT || s [| A2 T|| < ClIU[2 IIUIIHlllTIIHlHATTH :
< C|U|P AL 1015 + 5 IIATTH2 (4.24)

and

1 1
IErlLal|Ullzs | A2 T || < CllFr[| a [|UNZ U | [[ A2 T

63€|

C
< 1Pl + U + HATTH2 (4.25)

for some € to be determined later.

Notice that the generic constants C' in the above estimates (4.24)—(4.25) and (3.19)—(3.22)
only depends on M. We then replaced these constants C' by a constant Cp, which is larger
than all the C' above and also only depends on M. Collecting now the estimates (3.19)—(3.22)
and using the new estimates (4.24)—(4.25) for the terms involving the oceanic variable, U, we

obtain
LjadT)2 4 ArT)?
dt
< OrllFell + SN0 + LB 0P
+ Cr(IGollds + IFr I3 IARTIP + CrlUIPIARTI? U3
+ Crl| AT AT, (4.26)

Multiply (4.22) by € and add it to (4.26) and set C,, = max(Cy, Cr), we have

d /4cie
4t Ca NI + erel O P + e U + 1 427?)
636
+(F-calupe HAQTHz)IIUHHl + (1— C.|AFT)) | A7 T
< CuIFel + elGolin) + 1L I0)

Cu(llGollzs + I Prllis + )l AZT*. (4.27)

Note that C, only depends on M and 4, €y, Sp .
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Apply the generalized Poincaré inequality (3.10) on the RHS of (4.27), we obtain

d /4c2e .
= (CFNUIR + erellUal? + eael|U, |12 + 143 T1?)
1
cze C, s
+ (G = Il = CITIPIAZTI) 1T (4.29)

+ (1= Cuep(Golls + 1FrlZs + ) = Cul AZTID | A7 T|?
< CulllPrl* + el Gollz).

Now we introduce

2
_ Acze

1
Y(t) = —2-lUI° + cxellUs® + cael| Uy |I* + | AZ T (4.29)

cf
We are aiming to attain a uniform bound on Y'(¢) so that we can show (U, T') lies in a bounded
set in L>(0,t1; H*(M)*). For that purpose, we need to impose appropriate smallness conditions

on Gy, Fr, andY (0) and choose a proper €, which guarantees that

cze Oy 1
(55— = 1Prlits - CLUIPIARTI) >0,

(1= Cucp(lIGollzs + IFrll7a + €) = C|AZT]) > 0

for all ¢ € [0,¢4].
Firstly, we set the smallness conditions on G, Fr to be

C. 1 c3e 1
sup (| Fr(t)l|1e < 7 - 5= Cucy(|Gollfa + sup [[Fr()]7s +e) < . (4.30)
te[0,t1] € 4 2 te[0,t1] 4
At this step, let us set e =€, = ﬁ7 then (4.30) becomes
C. 1 e3¢ 1
sup —||Pr(t)1s < 5 = Cucp(lGollfs + sup ||[Fr(t)[3s) < = (4.31)
te[0,t1] € 4 2 t€[0,t1] 8

The uniform bounds we want on Y (¢) should make the following bounds hold for all ¢ €
[O,tl}Z

C3€4

1 1 1 1
ClUIPIAZTI? < o GellATI < 7 (4.32)
Substituting € = €, = ﬁ in (4.32) leads to
sup [AIT| < ——.  sup U2 < 2e5e.C = 2 (4.33)
= ’ = 3C€x L = —. .
teln] 40 efo,ty) 4ep
The uniform bound desired on Y (¢) can be written as
4656* 1 \2
sup Y (t) < min{ - 2c3€6,Cl, (—) }
t€[0,t1] ) A 40,
2
. c5e3 1 }
= — . 4.34
i { 8C.cict’ 1602 (4:34)
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Then for Y'(0), we set the smallness condition as follows,

Y(0) < min { Cg—; 2ese.C,, (L)z}

i 8C,
2
. c5C3 1 }
= — . 4.35
i { 32C.cic2’ 64C? (4:35)

Assuming that (4.31) and (4.35) are satisfied by Go, Fr, Y (0), we aim at proving

sup Y (t) < M,
te(0,t1]

M = RHS of (4.34). First we observe that (4.32) and (4.34) hold at ¢ = 0, then as long as
(4.32) holds, and equation (4.28) gives

d /s4c3e,
SO0 4 eV + U 12 + 1437)7)

C36*

U7 + *HATTIIQ < CulllPrlP? + edllGoll ) (4.36)

Recall that here €, = ﬁ. Now (4.36) shows Y (¢) satisfies the differential inequality

7Y O+ eV (1) < C(IPr]” + ellGoll ),

where

. { i : }
¢4 := min .
462 b 2
4max{ 6%2 , cl} Cp

A direct integration shows that
C.
Y (t) < exp(—cat)Y(0) + a(IIFTH2 +e|GollFn)- (4.37)
Here we add one more smallness condition on Gy, Fr so that

o c3cq 1
Co oy [l s cofoli) < w95 LY s
o (e Pt ) < G =min e S g} (49

Thus, by (4.35) and (4.38), we derive from (4.37) that

cies 1

Y(t) < min (=22 =
()—mm(a%C*c%cg’ 16C2

) =M, Vtel0t]. (4.39)

Also for all t € [0, 4],

1
4C,°

Ul AZT|? < 8 = 4.40
WPIAGTI < 252 = e, (o)

3
Ll T

so we have proved (4.32) and (4.34).
Moreover, by integrating (4.36), and using the smallness conditions (4.35) and (4.38) we

arrive at

/0 A2 T2t < QY (0), 1) (4.41)
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for some generic constant Q(Y(0),¢1) depends on Y (0) and ¢;.

In addition, using the equations (4.1a) and (4.1b) on one hand, and estimates (4.34) and
(4.41), on the other, it is not difficult to infer that (9,U, §,T) is bounded in L%(0,t1; L2(M)%).

For the reader’s convenience, we summarize below the smallness conditions on G, Fr, Y (0)
identified from the analysis above, and the corresponding regularity in time and space they
induce on (U, T).

For the system of equations (4.1a)—(4.1b) under the boundary conditions (4.4), there exists
a positive constant C, > 0 independent of the data Gg, Fr, Ty, Uy and the time ¢, such that if

the following smallness conditions are satisfied:

1 6363 C3 1 4 2
sup |[Fr(t)l|zs < - =<~ wear Golzs+ sup [Fr(t)]ps < c=— (4.42)
tel0.a] =14 20,  8C, 64C2c2 T e L* = 8C.c,
and
C,
max{Y(OL—( sup HFT(t)HQ—Fe*HGoHip)}
Ca Nel0,t1]
20, c3cz€? 1 \2 cies 1
<min { —=—* =min{ —=5—, ——— 4.43
—mm{ a2 ’(SC*) } mm{32c*c§cg’ 6403}’ (4.43)
where
{350 sl
=min<{ —, — =m = =
C1 6780 ) C2 ax 5783 )
n{% ) ()
c3=ming —%-,¢1¢, € =min|(————, —
i 4rnax{4€i§,cl} 2¢p
1
and
4c2e, 1
Y(0) := 022 1Tl + crel|Uo,all* + crel| Uy |1 + | AT | (4.44)
1
with e, = ﬁ and ¢, denoting the Poincaré inequality arising in (3.10), then the following a

priori estimates are derived

(U,T) in L*(0,ty; H(M)*), T in L*(0,ty; H*(M)), (4.45)
(U, 0,T) in L*(0,t1; LA(M)*). (4.46)

We are now in position to apply a similar analysis to the approximate solutions Uy (¢), T (t)
defined in the next subsection by the fractional step method. We derive hereafter similar
estimates on Uy(t), Ty (t) with minor modifications on the smallness conditions and a different
choice of the auxiliary parameter e arising by application of the e-Young inequality used to
control coupling terms between the oceanic and SST components as in (4.25) and the key
quantity Y (¢) defined in (4.29).

4.2 A priori estimates on the approximate solutions

In this section, we start building approximate solutions which satisfies the a priori estimates

given in (4.11) under the smallness conditions (4.8)—(4.9). To build the approximate solutions,
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i
N

[0,¢1] into N intervals of length k =
successively define UJ'(t), Tj*(t), 1 < n < N, which are meant to be an approximation of

we first divide the time interval [0 For each k, we

Ulitn-1)kmk)s Tlin—1)knk):
UL + UL + BiUP + BoUp = Fy (TP, (4.47a)
{ UE((n— k) = U~ (n — D7) (4.47D)
and
Ty — e ATy + (Go + GL(UR) + Ga(Ty)) (8. Ty + 0, T) + (Go + Go(Ty) T
= Fr+ FrGi(Up) + FrGq (1), (4.48a)
TP ((n— DET) = TP H((n— 1)k7). (4.48b)
The initial and boundary conditions on the continuous approximate functions Uy (t), Tk (%)
given by
Ui(t) =Up(), Ti(t)=Tg() forte[(n—1)k,nk), 1<n<N,

are the same as those for the exact functions U and T (see (4.3)—(4.4)).

By analogy with what was done to the exact equations, we want to show that the approxi-
mate solutions Uy (), Tj(t) satisfy the a priori estimates (4.11) under the smallness conditions
given in (4.8)—(4.9). To begin with, we define Y} () like in Section 4.1,

4626

Vi(t) == —5- | Ulf? + erelUky | + [ AFTi 2

for a new € to be determined later.
Inspired by (4.35), we assume that at n = 0, when T} = Ty, U = Uy,

4026

Y9 = Y(0) == =25 0|12 + cxell U all® + exellUn,|I° + |1 AZTo

satisfies

20, c3ecze? 1 }

VY < mi { ,
RS T T G

(4.49)

We proceed then by induction to prove that under the smallness condition given in (4.8)—
(4.9):

8C.clcze? 1 }

Y (t) < M =: mi { ,
HOR T2 1602

1<n<N. (4.50)

At n = 0, the inequality (4.50) is satisfied because of the assumption on Y (see (4.49)).
Suppose that for 0 <1 <n-—1,

— 8C,.c2cse? 1
1 _ . *xC9C3
Y/ <M= mln{ R Ve } (4.51)

At n = [, repeating the calculations we did in Section 4.1 for (4.22), we arrive at

d

4¢3 N P
gt (G NURIP + el o + ex UL 1) + ol UF 3 < CulGollin + IAFTE %), (452)
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where c1, o, c3 are the same as in Section 4.1 and Cy here is again a constant that only depends
on M and ¢y, d, Sg while is independent of k.
For the SST equation, after multiplying (4.48a) by ArT}’ and integrating on M, we can

derive
d 1 n n
3147 Tk 12+ 1 Ar T |

C3€ CT
< Crl|Prl* + = UE (5 + THFTII‘EIIUH2

1
+Cr((|Gollzs + IPr|I ) | AZ T2

1 1
+ Crl|UR IPIAZTR PN UR 3 + Or | AZTE || ATy |12 (4.53)

The parameter € here is the same as that arising in the expression of Yj(¢) and the constant
C'r again only depends on M and €g, §, Sp but is independent of k.

Setting C\ = max(Cy, Cr), multiplying (4.52) by € and adding it to (4.53), we deduce the
following inequality after we application of the Poincaré inequality on the RHS:

d
dt

C3€ C* n 3 n n

+ (55 = 2Pl - CLUR IPIARTE 1) UZ 3
1

+ (1= Cucp(IGollfs + IPrllfe) = CLIAZTE | Ar Ty

< CullPrl* + el Gollf) + Cuel AZT . (4.54)

4c3e
(CSNTRI + exellU 12 + exellU 2 + 147712
1

As before, we want the coefficients of ||U}[|%,, and ||A7T}*||* in the LHS of (4.54) to stay

positive, so we required the smallness conditions (4.8) in Theorem 4.1 so that

C. 1 c3e 1
sup — [ Fr(t)|Ls < 5= Cuep(|Gollzs + sup ||FT( Nis) <5 (4.55)
tef0,t,] € 4 te(0,¢ 4
Because of the assumption (4.51) on Y} ' and (4.47b)—(4.48b), we have
c3€ 1
U P AZTE 2 i L 4.56
[OZIIARTEIR < 1 20, adTyl < o (1.56)
at t = (n — 1)k. Then as long as (4.56) holds, the inequality (4.54) implies
d s4c3e
= QM@W+q¢me+q¢%uF+mvnn)
036
MU + 5 HATTk I?
< C*(llFT||2 +ellGollFn) + Crell AZTE (4.57)

with

¢4 '=mind ————— —
4rnax{46g c }72% 7
cf’ 1

as in Section 4.1.
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We deduce from (4.57) that
d 1
aYk”(t) + eV (t) < Cu(|Fr|® + €l|Goll3n) + Cue|| AZTP M2 for t € [(n— 1)k, nk). (4.58)

Actually (4.58) holds for all Y}, where 1 <1 < n, so we rewrite (4.58) in terms of Yj(t) and
Tk (t — k) for t € [0, nk):

d 1
7 Tr(t) +eali(t) < C.(|I1Fr|? + €| GollFn) + Cuel| A7 T3 (t — )|
=1, + L. (4.59)

Integrating (4.59), we get

L I
ﬁ@gmeMHm+f+f for ¢ € [0, nk). (4.60)
4 4

Using the smallness condition (4.9), the first two terms in the RHS of (4.60) can be bounded
by M, where the expression of M is given in (4.50). For the third term in the RHS of (4.60),
we use the assumption on Ykl, 1 <1< n-—1. Namely, by (4.51) we have

1 — . (8C.c3cse? 1
Mﬂm—@WgMzmq C% nwﬁ for ¢ € [0, nk). (4.61)

Now we set € = €, = ;& so that %6 = %. Then

I .
ﬁglM:mm{
Cyq 4

2C*0563€3 1 }
c% 16402 )7

and therefore

8C, c2cq€? 1
Y5 (t) < mi { 20 } t k).
k( ) = Inin C% ) 1603 ) A2 S [0771 )

Restricting Y% (¢) to the interval [(n — 1)k, nk) we obtain

8C' c2cqE2 1
Y (1) < mi { 263 }, 4.62
which completes the induction. We have thus shown that
n . (8C.c3esE, 1
Kc@)grmn( = ,1603), <n<N, (4.63)

and (4.56), namely that for V¢ € [0, 1], it holds:

1 C3€4 C3Cy4
unr 2 A2Tm 2 < _ ,
IUEIPIARTEI? < 55 = 5t

L. 1
AT < i
By noting that the bounds in (4.56) and (4.63) are independent of k, we have thus proved that
the sequence (Uy(t), Tk (t)) is bounded in L>(0,ty; H*(M)*4).

Now we integrate (4.57) from t = (n— 1)k to t = nk and sum the resulting inequalities from

n=1to N, to arrive at

t1
/H&ﬂW&SQWWh% (4.64)
0
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where Q(Y(0),¢;) again is a generic constant that depends on Y'(0) and ¢; but not on % .
Finally, by using equations (4.47)—(4.48), on one hand and the estimates (4.63) and (4.64),
one the other, we deduce that

[0:Ukl£2(0,61;22 (M) + 10: Tkl 220,80 12 (M) < QY (0), £1). (4.65)

In other words, the sequence (0;Uy(t), 9;Tk(t)) belongs to a bounded set of L2(0,t; L?(M)?).

Remark 4.1 The difference between the bound we have on Y'(¢) in Section 4.1 and the
bound we have on Yj(t) as in (4.63) lies in the different choice of e. In Section 4.1, € = €, =
5 - 5, while in Yj(t), € is set to be €& = %-. Recall that

4C.  2c¢p’
¢y i=miny ————— 4.
42 bl
4max{ci%2,cl} 2¢p

As a consequence, the bounds obtained on the approximate solutions Uy, T} are not larger than
those obtained for the exact solutions U, T. The smallness conditions we need to bound Uy, T

are nevertheless smaller as €, < e,.

By now we have shown that the approximate solutions (Uy(t), Tk (t)) satisfies the a priori
estimates (4.11)—(4.12), and we are in position to apply the Aubin-Lions compactness lemma
(see [2,37]) to extract convergent subsequences from Uy (t) and Tj(¢). But in order pass to the
limit & — 0, we need one more estimate on the difference between Ty (¢) and Ty (¢t — k). This is
the purpose of the next lemma.

Lemma 4.1 The following estimate holds:

¢

lim | T (t) — Tr(t — k)||*dt = 0. (4.66)
k—0 k

To prove Lemma 4.1, we rewrite (4.47)—(4.48) in terms of Uy, Tk:
o Uy, + AUy, + B Uy, + BaUy, ZFU(Tk(t—k)), (4.67a)
Uk(0) = U, (4.67b)

0Ty, — er ATy, + (Go + G1(Uk)
+Go(T%)) (0 Tk + 0yTx) + (Go + G2(Tx)) Tk
= Fr + FrG1(Uy) + FrGa(Ty), (4.68a)
T1:(0) = Tp. (4.68b)
We multiply (4.68a) by 7% € H'(M) and integrate on M to deduce

<8tTk, Tb> < |(6TATK7 Tb) — ((Go + G1(Uk) + Gg(Tk))(aka + (9ka), Tb)
— ((Go + Go(Ti))Tx, T®) + (Fp, T®) + (FrG1(Us), T?) + (FrGy(T), T)|. (4.69)

We see that

RHS of (4.69) < [|[A7T[|* + (IGollzs + 1Ukll e + I Tell ez ) 1T e
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+ (IGollz + 1Tell ) 1 Tellzs + 1 P
I WUl + 1 Fe e I Tl T
< QY (0), )T 111 (4.70)

As before, here Q(Y(0),¢1) is some generic constant depending only on Y (0) and ¢;.
Now for arbitrary fixed ¢ in [k, t1], we integrate both sides of (4.69) from t — k to ¢

(T(t) — Ti(t — k), T°)
< /tik[nATTk(s)Hz + (1Gollza + 1U(8) Lz + 1T () |z Tk ()| 2

+ (IGollzs + 1T () )Tk ()L + [ Fr

I ErllpalUk ()l + 1Pzl o | T () e 1T e ds
t

<([ 1) ([ ar©.nras) i1

—k
< VEQ(Y (0), 1) | 7" 1. (4.71)

Now in (4.71) we substitute T° = Ty (t) — T)(t — k) and integrate on both sides with respect
to t from ¢ = k to t = t; and use the fact that Ty (¢) is uniformly bounded in time by some
constant Q(Y(0),t1), we infer that

/k () — Tu(t — Byt

<[ " VRQ(Y (0), )| T(t) — Th(t — Rt

1
2

<VR( [ 1) ([ @) imte) = Tute — ki)
< VEVEQ(Y(0), th). (4.72)

Passing to the limit & — 0 in (4.72) gives the desired estimate (4.66) and Lemma 4.1 is

proved.

4.3 Passage to the limit & — 0 and existence of solutions to the original problem

Since the estimates (4.63)—(4.65) are independent of k, we infer the existence of a couple
(U, T) such that

U e L®(0,t1; H (M)?), oU € L2(0,t1; L2 (M)?), (4.73)
T € L>(0,t1; H (M) N L0, t1; H*(M)), 0T € L*(0,t1; L*(M)) (4.74)

for which the following convergences up to a subsequence (not relabeled), hold:

(i) Up = U weakly-+ in L>(0,t1; H'(M)?) and 8,U, — 9,U weakly in L2(0,t1; L?(M)?),
as a consequence (see e.g. [37]), Uy — U strongly in L2(0,t1; H2z (M)3).

(ii) Ty = T weakly- in L>(0,t,; H'(M)) and weakly in L?(0,t,; H*(M)), and 8,T}, — 0, T
weakly in L?(0,t1; L?(M)). Therefore, Ty, — T strongly in L2(0,t;; H(M)).



Mathematical Analysis of the JN Model of ENSO 33

Besides the convergence on Ty (t), we denote Ty (t —k) by T}t (). For T}}(t), there exists some
function T in the same space (4.74) as T, for which an analogue of convergence (ii) holds with
Ty, (resp. T) being replaced by T} (resp. T'). Thanks to the Lemma 4.1, we see that in fact
T =T" and T}! converges to the same limit as Tf.

By interpolation (see e.g. [38]), we also have
U eC([0,t:); L2 (M)®), T e c((0,t:]; H(M))

and hence U and T satisfy the initial conditions (4.3).
By the linearity of G; and G2, we have

G1(Ux) = G1(U) strongly in L2(0,t1;L2(/\/())7
Go(Ty) — Go(T)  strongly in L(0,ty; H(M)).

Let U be in D(M)3, T be in D(M) and 1, ¢ be in D(0, ;). We then take the L2-inner product
of (4.67a) and (4.68a) with Uty and T respectively over M x (0,¢1), which gives

t1 - . ~
/ ((0uUk, U) 12 + (U, U) 12 + (B1Uy, + BaUy, U) p2)9(t)dt
0

- /0 (Go + Ga(T}),0,0)1, Ty ap(t)dt (4.75)
and

t1 . - -
/ ((8,5Tk, T>L2 — €T<ATk, T>L2 + <G0 (amTk + auTk)v T)Lz
0

+ ((G1(Uy) + Go(Ti)) (0: Ty + 8y Tx), T 12 + ((Go + Go(T))The, T) 12 )p(t)dt
_ /0 (P, T o 4 (PrGa(Uy), T o + (PrGa(T), T) 12 )p(t)dt. (4.76)

We now pass to the limit as k& — 0 in (4.75)—(4.76). The linear terms in (4.75)—(4.76)
converge to their corresponding limits in a straightforward fashion due to the aforementioned

convergences. Regarding the nonlinear terms, we first deal with the term

/O G (U T, T potb(1)dt.

By noting that this term can be rewritten as

/0 (G U) — Ga(U))0s T, T o (8)dt + / G (U)0 Tk, T) o w(t)dt, (4.77)

we obtain from what precedes that

/tl (G1(Up)8, T, T) L29)(t)dt — /tl (G1(U)O,T, T) 200(t)dt, as k — 0. (4.78)
0 0

Treating the other nonlinear terms in a similar way, we are able to conclude that (4.1) holds
(at least) in the sense of distributions, for the corresponding limits. Since (Uy,T}) belongs to
H'(M) x H?(M), as time evolves, the boundary conditions in (4.4) are well-defined and by
passing to the limit, & — 0, we infer that U and T satisfy the boundary conditions in (4.4).
We have thus proved the existence of solutions of the coupled system (4.1a)—(4.4) under the
assumptions (4.5)—(4.9). We turn next to the study of the uniqueness.
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4.4 The uniqueness

Let (Uy,T1) and (Us,T>) be two solutions of the coupled SWE-SST equations (4.1a)—(4.4)
which satisfy (4.11), then the differences U = Uy — Uy and T' = Ty — T satisfy the equations

U, + @U + BiU + BoU = Fy,
WT — ep AT + Go(0,T + 8,T) + (G1(Ua) + Go(T2)) (0. T + 8,T)
+(G1(U) + G2(T)) (0 Ty + 0,T1) + G2(T)T1 + G2(T2)T + GoT

= FrG1(U) + FrGao(T),

(4.79)

where we have used the linear dependence of G5 and G. Note that in (4.79), Fy = (G2(T),0,0),

and that the corresponding initial data are zero, i.e.,
U,z,y) =0, T(0,z,y)=0. (4.80)

We take the L2-inner product of (4.79) with (U, T) and estimate term by term as follows.
By integration by parts and the Cauchy-Schwarz inequality, we have

(U, U) >0, (BU,U)>ci||U|?, (BUU) =0, (481)

(Fu,U)rz < ||Fyllc2Ullc2 < CIT|* + U .

The use of the Ladyzhenskaya’s and Young’s inequalities give
(Go(0,T 4+ 0,T),T) 2
< | GollallT[ || T|| e
1 3
< ClGoll TN ([T 7
€T
< ClGol 1 ITI* + 76 17117 (4.82)
and
/ (G (Us) + Ga(T2))(0:T + 8,T) Ty
M
< C(|Uzlps + T2 lle)lI T g T s
3 1
< CUI0llgr + 1 T2lla)IT || 1T
er
< C(10: 5 + 1Tl )ITI* + Tl T 1 (4.83)
for which we have used (3.18).
By using (3.18) again and the Young inequality, we arrive at
| @)+ Gal))(0.7: + 8,1 Taady
M

< (Ul +ITIDNIVTa LTl s
< GO+ 17Nl m= (1T ]| 5
er
< CIT | (U112 + IT)1%) + EHTII?p (4.84)

and

(Go(T)Ty + Go(To)T, T) 2
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S COIT s ITIT N s + CNT2l L 1T T 2
€T
< CUT 5 + Il 3)ITI + 76 I T (4.85)

The remaining terms are estimated as follows
€T
(GoT, )z < |Golls I TINT || s < ClIGolZ4ITI* + 2 17117 (4.86)
and similarly

er
(PrG1(U),T)p> < C||Fr||7:IU|1* + TGIITIIfm,

) ,  er ) (4.87)
(FrG2(T), T2 < ClEr|LalI TN + 5 1Tz
Collecting all these estimates, we arrive at
d
FINUI* +2aallU)* < CITIP + (U],
(4.88)

d
TP+ exlI Tl < CAIGolLs + [ TallE + [1Uallbn + 1 Tall + [1GollZs
Tl + I Telz + I EIZ) AT+ 170%).

Using (4.11), the smallness assumption (4.8), and the vanishing initial data (4.80), we then
infer from (4.88) and the Gronwall’s lemma that for all ¢ in [0, #1],

We have thus proved the uniqueness of solutions. We are now ready to state our global well-

posedness result concerning the coupled system (4.1a)—(4.4).

Theorem 4.1 We assume that condition (C1) (see (3.6)) and assumptions (4.5)—(4.7) hold.
There exists a positive constant Cy, > 0 independent of the data Go, Frr, Ty, Uy and the time tq,
such that if the smallness conditions (4.8)—(4.9) are satisfied, then there exists a unique solution
(U, T) to the coupled system (4.1a)—(4.4), satisfying

(U,T) € L>=(0,t1; H(M)Y), T € L*(0,t;; HX(M)) (4.89)
and
(0:U,0,T) € L*(0,t1; L*(M)%). (4.90)

Remark 4.2 Let us recall that Fr in (4.1b) involves terms like Go(x,y) (see discussion
before (3.5) in Section 3.1) and thus terms of the form §,77(z)7Y (y) (see Table 3.1 and (1.6)—
(1.7)). The smallness conditions (4.8)—(4.9) express thus in particular a sufficient condition (not
necessary) for the key physical parameters of the JN model, §; and d (see Table 1), to satisfy for
the existence and uniqueness of global solutions to the JN model. In other words, the smallness
conditions (4.8)—(4.9) involve in particular key physical parameters of the JN model such as
those that control the travel time of the equatorial waves and the strength of feedbacks due
to vertical-shear currents and upwelling (see Table 1); those are central mechanisms in ENSO

dynamics.
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