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Some Properties of Tracially Quasidiagonal Extensions™

Yile ZHAO! Xiaochun FANG? Xiaoming XU?

Abstract Suppose that 0 - I —+ A — A/I — 0 is a tracially quasidiagonal extension of
C™-algebras. In this paper, the authors give two descriptions of the Ky, K7 index maps
which are induced by the above extension and show that for any ¢ > 0, any 7 in the tracial
state space of A/I and any projection p € A/I (any unitary w € A/I), there exists a
projection p € A (a unitary u € A) such that |7(p) — 7(7(p))| < € (|]7(@) — 7(7w(u))| < €).

Keywords Tracially topological rank, Quasidiagonal extension, Tracially quasidi-
agonal extension
2000 MR Subject Classification 46L05, 46135

1 Introduction

Let A be a unital C*-algebra, I be a two-sided closed ideal of A and 7m: A — A/I be the
quotient map. Then we have the short exact sequence

0—1—A-"5A/T—0. (%)

We denote the extension (%) by the pair (A, I). It is well known that the extensions of C*-algebra
were first studied by Busby [2] and the attension was not attracted until the development of
BDF theory (see [1]). The extension theory becomes more and more important since it describes
how complicated C*-algebras can be constructed. One of the applications is using associated
homological invariants to distinguish between C*-algebras.

As the extension theory is concerned, there is a special case called the quasidiagonal exten-
sion (see Definition 2.1) and many results have been obtained up to now. The tracial topological
rank of a C*-algebra (see [7]) and the tracially quasidiagonal extension (see [9] and Definition
2.2) were first raised and studied by Lin (see [10-12]). Thus, we can find more C*-algebras by
extensions and make it possible that new C*-algebras can be classified with K-theory. It is easy
to know that the tracially quasidiagonal extensions are more general than the quasidiagonal
ones. Here we only mention some facts related to this paper. Suppose that the extension (A4, I)
is tracially quasidiagonal. If A/I and I have tracial topological rank zero, then A has tracial
topological rank zero (see [6]). In [4], suppose that I has tracial topological rank no more than
one and A/I is a T AI algebra. It was showed that A has tracial topological rank no more than
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one if the extension is quasidiagonal, and A has the property (P;) if the extension is tracially
quasidiagonal. In [5], assume that I has tracial topological rank no more than one and A/I is
in a class of certain C*-algebras. Then A has tracial topological rank no more than one if the
extension is quasidiagonal, and A has the property (P;) if the extension is tracially quasidiago-
nal. Recently in [13], suppose that I and A/I both have tracial topological rank no more than
one. It was shown that A has tracial topological rank no more than one if the extension (A4, I)
is quasidiagonal, and A has the property (P;) if the extension is tracially quasidiagonal. From
these facts, we know that the tracially quasidiagonal extension of C*-algebras is meaningful
and applied widely.

Let 0 - I - A— A/I — 0 be a quasidiagonal extension of C*-algebras. Suppose that any
a € A/I is a projection (a unitary). Then @ has a projection lift (a unitary lift) in A. Therefore,
it means that the index maps Ky, K7 induced by the extension are both zero. Inspired by the
results above, it might become a very interesting question that what will happen if the extension
is tracially quasidiagonal.

2 Preliminaries

In this paper, we assume that A is a C*-algebra. The following conventions will be used:

N is the set of natural numbers;

A, is the set of all self-adjoint elements of A;

A is the set of all positive elements of A;

P(A) is the set of all projections of A;

U(A) is the set of all unitary elements of A;

PI(A) is the set of all partial isometries of A;

GL(A) is the set of all invertible elements of A.

For a,b € A, we write a =~ b if ||a — b|| < e.

For a C*-subalgebra C of A, we write a €. C if there is b € C such that ||a — b|| < e.

For a € A, we denote by Her(a) the hereditary C*-subalgebra of A generated by a.

Let a,b be two positive elements of a C*-algebra A. We write [a] < [b] if there is z € A
such that z*z = a, xz* € Her(b). We write nla] < [b] if there are z1,--- ,2, € A such that
x*x; = a, z;x;* € Her(b) and x121*, - -+ , z 2, are mutually orthogonal.

Let 0 < 09 < 01 < 1. Define fg; by

]-, tZUh
t—o

os (1) = 017_202, oy <t <oy,
0, 0<t< oy

Definition 2.1 (see [1]) Let A and I be as in (x). Then the extension (A,I) is called
quasidiagonal if there is a quasicenter approximate unit {r,}°, of I consisting of projections
such that

lim ||r,z —ar,||=0, VzeA.
n—oo

Theorem 2.1 (see [3]) Let I and A be as in (). Suppose that (A, I) is quasidiagonal. If
@i, ,a; are any finite elements in A/I, then for any quasicentral approzimate unit {r,}>>, of
I consisting of projections, we can choose a subsequence {rp, Y52, of {rn}oeq, which is clearly



Some Properties of Tracially Quasidiagonal Extensions 99

again a quasicentral approximate unit of I, and a1, - ,ar in A such that
m(ai) = @i, Tn@i = airn, k>1,i=1-- ]

Furthermore,

(1) ifa; € A/ for some i, then we can require that a; € Ay;

(2) if a; € P(A/I) for some i, then we can require that a; € P(A);
(3) if a; € U(A/I) for some i, then we can require that a; € U(A);
(4) if a; € PI(A/I) for some i, then we can require that a; € PI(A).

Definition 2.2 (see [7]) Let A and I be as in (). Then the extension (A,I) is called
tracially quasidiagonal if for any e > 0, n € N, 0 < 04 < 03 < 02 < 01 < 1, any finite subset
F C A containing a nonzero positive element a, there exists p € P(A) and a C*-subalgebra
C C A with 1¢ = p such that

(1) llzp — pz|| <€, Vz € F;

(2) pzp €. C, Vx € F
(3) n[l —pl < [p| and n[f7} ((1 —p)a(l —p))] < [/} (pap)];

)

(4) CN I =plp and the ea:tenszon (C,plp) is quasidiagonal.

Lemma 2.1 (see [8]) Ifa € Ay, such that ||a — a®|| < 1, then there exists a projection p
in the C*-subalgebra generated by a such that

lla = pll < 2[la — a?|.

Lemma 2.2 (see [8]) Let A be a unital Banach algebra and a be an element of A such that
Il —all <1. Then a € GL(A) and

o0
at = Z(l —a)".
n=0
Moreover, |ja™t|| < 1_”}_(1 and |1 —a™ | < 5 ‘_ al o

3 Main Results and Proofs

Now we begin to give our main results and their proofs.

Theorem 3.1 Suppose that the extension (A, I) is tracially quasidiagonal. Letp € P(A/I)
and Gy C Ko(A/I) be any finitely generated subgroup. Then for any e >0, n € N, 0 < 04 <
03 < 09 < 01 < 1, any finite subset F C A containing a nonzero positive element a, there is a
projection 1 € P(A) such that

(1) |rz —zr|| <€, Yz € F,

(2) nlr] < [1 1] and nlf2: (rar)] < [f22((1 = Pa(l - );

(3) there exists a pmjectzon p€ A andp” € w(r)(A/I)w(r) such that

_ _ €
1P —7(p) —p"|| < 3

(4) 90(Go) C Im(irs1 0 0p), where & : Ko(A/I) — K1(I), 8y : Ko(w(rAr)) — Kq(rlr) are
the index maps and tys1 : Ky (rIr) — Ky (I) is induced by rIr < I.
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Proof Since p € P(A/I), we can find b € A, such that
Bl<1, =) =p
Let Gy be a finitely generated subgroup of Ko(A/I). Then we can find p;,q; € M,,(A/I), i =

1,---,7, such that {[p;Jo—[g;Joli = 1, - - ,j} generates Go. Let m = max{ny,---,n;}. Ifp,;,q; ¢
M, (A/I), then we can replace p; and g; by p, = diag(p;,0,---,0) and g, = diag(g;,0,--- ,0)
—— ——

m—n; m—mn;
respectively. It still holds that [p;]o = [Pi]o and [g;lo = [7;Jo. Without loss of generality, we
assume that py, -+ ,D;,qy, -+ ,q; € M (A/I) for some integer m > 0.

Fori=1,--- 7, there exist self-adjoint elements a1, - ,a;,b1, - ,b; in M,,(A) such that

m(a;) =p; and w(b;) =7;.

Given e > 0, n € N, 0 < 04 < 03 < 02 < 01 < 1, for any finite subset F' C A containing a
positive element a, let F' = {an | (ait)mxm € {ai,b; |i=1,-- 7} UFU{b} and 0 < 6 <
min {17 g}, where § will be decided later. Since the extension (A, I) is tracially quasidiagonal,
there exists a C*-subalgebra C C A and s € P(A) with 1¢ = s such that

(1) |Isz —zs|| < 6, Yz € F;

(2") szs €5 C, Yo € F;

(3) nll — 8] < [s] and n[fZ: (1 - s)a(1 - 5))] < [/2 (sas)];

(4") C NI =sls and the extensmn (C, sIs) is quasidiagonal.
Let » =1 — s. Directly from (1’) and (2'), it follows that

(1) [|rx —ar|| <e, Yx € F,

(2) nlr] < [1 - r] and nlf22 (rar)] < [£23((1 — P)a(l - ).

By (2'), we can find ¢ € C.q such that
lsbs — c|| < é.
Without loss of generality, we may assume that ||¢[| < 1. Then
[ (s)p(s) — m(c)|| = [[w(s)m(b)m(s) — m(c)|| < 6.
It follows 7(c)?—(c) a5 m(s)pr(s)m(c)—m(c) =5 m(s)pm(s)m(c)—m(s)pm(s) =5 m(s)pm(s)pr(s)—
m(s)pm(s) ~5 w(s)pr(s) — w(s)pr(s) = 0 (by (1')).

By Lemma 2.1, there exists a projection p’ € 7(C) such that

l(c) =PIl < 86.

Since
[P — m(sbs) — m(rbr)|| = [|m(sbr) 4+ m(rbs)|| < max{|[x(sbr)|, || (rbs)|},
p s m(sbs) + m(rbr) (| (sbr)]|, [ (rbs)]| 225 O from (1))
~s m(c) + m(rbr)
~gs D+ w(rbr),
we have

lp—p — w(rbr)|| < 1006.



Some Properties of Tracially Quasidiagonal Extensions 101

It follows from (4’) that the extension (C, sls) is quasidiagonal. By Theorem 2.1, there exists
a projection p € C such that 7(p) = p’. We have

1P — 7(p) — m(rbr)| < 106.
Similarly, since
[7(rbr)]? — w(rbr) = w(rbrbr) — w(rbr)
~s w(rb*r) — w(rbr)
= n(r)pr(r) — = (r)pr(r)
again by Lemma 2.1, there exists a projection p” € m(r)(A/I)m(r) such that
|7(rbr) — D" < 26.
Thus
Ip = (p) = P"|l < 120.

Let & be sufficiently small ( < 55). Then the statement (3) follows, that is,

@3) Ilp—m(p) -7l < 5
Let s, = diag(s,s, -+ ,s). By (1), for 1 <i < j, we have
———

m

a; X5 Sm@iSm + (1 — sm)ai(1 — sm)

and
bi ~5 Smbism + (1 — sm)bi(1 — spm).
Since
[7r(smais,,ﬁb)]2 — T(8maiSm) = T($m@;iSmaiSm) — T(Sm@iSm)

5 ﬂ(sma?sm) — T(8m@;iSm)
= 7r(Sm)ﬁi,ﬂ(sm) - 7T(Sm)ﬁi,ﬁ(sm)
=0

and

[T (8mbism)]? — T(Smbism) = T(8mbiSmbism) — T(Smbism)
=7 w(smbfsm) — 7(8mbiSm)
= 77(5771)61'71-(3771) - W(Sm)ql'ﬂ'(sm)

by Lemma 2.1, there exist T;,7,; € P(w(M,,(C))) such that
T(8maism) ~25 Ti,  T(Smbism) ~2s Y-

Since the extension 0 — sIs — C — «(C) — 0 is quasidiagonal, the extension 0 — M,,(sIs) —
M, (C) = M, (7(C)) — 0 is also quasidiagonal and there exist z;,y; € P(M,,(C)) such that

w(x) =T, 7(yi) = ;-
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Moreover, we can find self-adjoint elements ¢;, d; € M, (I) such that
[$maism — ¢;i — x| <26,  |[Smbism — di — ys|| < 26.
Similarily, for ¢ = 1,--- , j, since
[1((1 = sm)ai(1 = sm))]* = (1 = sm)ai(l = sm))
(1 = sm)ai(1 — sm)ai(l —sm)) — (1 — sm)ai(l — sm))
5 (1= sm)ai(1 = sm)) = 7((1 = sm)ai(1 = sm))
(1= sp)5r(1 = 50) — (1 = sp)B(1 = $10)

Q

s
0

and

[w((1 - ) i(1=5)))* = 7((1 = 8)bi(1 = 5n))

T((1 = 8m)bi(1 — 8m)bi(1 — 8m)) — 7((1 — 8m)bi(1 — $pm))
rs m((1 — sm)b2(1 —8m)) — (1 = 8m)bi(1 — 81m))

=7(1 = $m) (1 — 8m) — (1 — 81)G; (1 — S

= O’

there exist elements T, 7, € P(m((1 — $3)Mm(A)(1 — s,,))) and self-adjoint elements z},y] €
(1 = $m) My (A)(1 = 8y) such that

(1= sm)ai(l = sm)) =26 T, T((1 = 8m)bi(1 — 8m)) =25 T3
m(x;) =T, 7(y;) =i
Therefore, we can find self-adjoint elements e;, f; € M,,,(I) such that
2 + ei — (1= sm)ai(l = sm)ll <26, |ly; + fi = (1 = sm)bi(1 = sp)|| < 20.
From the discussions above, it can be concluded that
ai —c; — e s v + g, m(ai) =7w(a; — ¢ —e;) = D; Fss Ti + Ty
bi —di — fi =56 yi + i, w(bi) =7w(bi —di = fi) = T; ~s5 Y; + i
Since
i Ns6 Ti +Tj, G5 56 Y + T
with ¢ sufficiently small, we have
@i + 7o = [Bio,  [F: + Filo = [@ilo-
By the following two commutative diagrams

Ki(n(C)) K;(C) Ky (sIs)

83 55
Ko(sls) —— Ko(C) —— Ko(7(C))

J1x LS*O\L hl*l Lsxl

Ko(I) —— Ko(A) — Ko(A/I)

Ky (A/T) Ky (A) K. (I)
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and

Ki(w(rAr)) Ki(rAr) Ki(rlr)

o7 5%
Ko(rlr) —— Ko(rAr) —— Ko(n(rAr))

Jox Lr*oi hg*i Lrxl

Ko(I) —— Ko(A) —— Ko(A/I)

K (A/T) Ky (A) K\(I),

for 1 <4 < j, we have

Lsx1(05([Ti]0)) + trs1(dg ([T7]o))
= 0o © h1.([Tilo) + o © ha.([T7]o)
= do([Ti]o + [77]o)
= 0o([Ti + 7o)
= do([Ps]o)

and

tx1 © 05 ([Filo) + traa © 05 ([Filo)
= o © h1«([Filo) + do © hax([Ti]o)
= do([7:]o + [@ilo)
= do([¥; + Tilo)
= 60([7;]0)-

Since the extension 0 — sIs — C — 7(C) — 0 is quasidiagonal, the index map 0§ is zero. We
have

do([Pilo — [@ilo) = tre1 0 05 ([Filo) — trs1 0 05 ([Filo) = tru1 © 05 ([To]o — [Filo)-
It shows that

(4) 60(Go) C Im(ys1 © 5f).

Corollary 3.1 Suppose that the extension (A,I) is tracially quasidiagonal. Let T(A/I) be
the tracial state space of AJ/I. Then for any e > 0, p € P(A/I) and 7 € T(A/I), there exists
p € P(A) such that

17(p) — 7(x(p))| <e

Proof Fix e > 0. For §, n € Nwith £ < £, 7 € T(A/I) and p € P(A/I), then from

Theorem 3.1 (2)—(3), we can find r, p € P(A) and p” € w(r)(A/I)m(r) such that

il <=rl. p-=() 7"l < 3.

Since n[r] < [1 — r], there exist v, ,v, such that v;v7 = r and v}v; € Her((1 —r)A(1 —r))
are mutually orthogonal. Thus,

7(®) = 7(x(p))| < |7(0) — 7(x(p)) — (@) + 7(P")
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It shows that
IT(p) — 7(n(p))| <e.

Theorem 3.2 Suppose that the extension (A, I) is tracially quasidiagonal. Letu € U(A/I)
and G1 C Kq1(A/I) be any finitely generated subgroup. Then for any e >0, n € N, 0 < 04 <
03 < 09 < 01 < 1, any finite subset F' C A containing a positive element a, there is a projection
r € P(A) such that

(1) ||re —xr|| <€, Vz € F;

(2) nlr] < [1 1] and nlf) (ran)] < [f52((1 = r)a(l = )];

(3) there exists a partial unitary v with v*v = vv* = 1—r and @ which is in U(x(r)(4/)7(r))
such that

— _, €
o — () — ] < 5

(4) 01(G1) C Im(trwo © 07), where 81 : K1 (A/I) — Ko(I) and 87 : Kq(w(rAr)) — Ko(rlr)
are the index maps, and tpvo : Ko(rIr) — Ko(I) is induced by rIr < I.

Proof Without loss of generality, we can choose b € A with ||b]] < 1 such that

7w(b) =w.
Let Wy € My, (A/I),--- ,u; € My;(A/I) be such that [w;]y,-- -, [W;]; are the generators of G1.
Let m = max{ny,--- ,n;}. f w; ¢ M,,(A/I), then we replace @w; by

U;

1
up =
mXxXm

and obtain [@;]; = [@;]1. Thus, it can be assumed that @y, --- ,u; € M,,(A/I) for some integer

m > 0.
For any 1 <i < 7, let v; be

(& ) € Ut ()

&

where a;, b;, ¢;, d; € M, (A), such that
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Tt follows that there exist b;, ¢;,e; € My, (I) such that

*
di:aiJrei

- b
! ¢ afte)’

Let F' = {an | (@it)mxm € {ai,bi,ci,af +e; |i=1,--- ,j}}UFU{b} and let ¢ >0, n € N,
0<oy<o03<0z<0; <1l Given 0 < § < min{5, 3}, since the extension (A4,I) is tracially
quasidiagonal, there exists s € P(A) and a C*-subalgebra C' C A with 1¢ = s such that

(1) ||sx — zs|| < 8, Va € F';

(2") sxs €5 C, Va € F';

(3) nll — 8] < [s] and n[fZ2 (1 — s)b(1 — s))] < [52(sbs)];

(4") €N I = sIs, the extension (C, sls) is quasidiagonal.

Write r = 1 — s. From (1')—(2'), it follows that
(1) lre —ar|| <e Vz € F,
(2) n[r] <[1 =] and n[f7} (rar)] < [f73((1 = r)a(l —r))].

= o4

and we obtain

From (1'), since sb — bs =5 0, we have
b~ sbs + rbr

and
u ~5 m(s)un(s) + w(r)un(r).

By (2'), we can find ¢ € C with ||c|| < 1 such that

lsbs — c|| < é.
Therefore
I (s)am(s) — ()] < llsbs — el < 6.
Since
m(c)*m(c) =5 w(s)u*m(s)w(c)
5 m(s)u m(s)mw(s)umn(s)
= n(s)u*n(s)un(s)
~s (s)
and
m(e)m(e)” =5 w(e)m(s)u*n(s)
~5 w(s)un(s)m(s)u*m(s)
= 7(s)un(s)u*n(s)
=5 7'('(8 ’
we have
[m(e)*m(c) = m(s)l| <36, [[w(c)m(c)” —m(s)]| < 3d.
Since § < %,

lr(e)*n(c) — m(s)]| <35 <1, |w(c)m(c)” —m(s)| <3< 1.
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It is known that 7(c)*m(c) and 7(c)w(c)* are invertible in C. Let w = w(c)|w(c)|~!, then
w € U(r(C)). Since
0 < n(s) — ()] < m(s) — 7(e)*n(c) < 36,

we have ||7(s) — |7(c)||| < ||7(s) — 7w(c)*n(c)|| < 1 and

[@ =7 ()| = [Im(e)|m(c)| 7t == (e
7 (s) = [m(c)| 7|
[m(s) — |m ()]l
1—{lm(s) = [m(c)]]
[[7(s) — ()7 (c)]]
1 —|jm(s) = m(c)*m(c)l
_ 36

1-36°

IN

IA

(by Lemma 2.2)

(f(x) =1 = is increasing on [0, 1))

That is

On the other side, since

and
[ (r)ar (r)][w(r)ur(r)]* =5 w(r)ua"n(r)
= m(r),
similarly, by the above discussions, there is a @’ € U(n(r)(A/I)m(r)) such that
0

— ot
| (r)am(r) =] < 135

It is from (4') that the extension (C, sIs) is quasidiagonal. By Theorem 2.1, there can be found

v € U(C) such that w(v) = w. Then

Therefore 25 5 85
e _7/ e
[a =) —wl <2+ =5+ 5 <=8 <

It follows that
(3) [[a—m(v) 7| < 5.

Fori=1,---,7, let

Sm_ .'. Y

mXm
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Sm O a; b; Sm 0\ _ [5mGism SmbiSm
0 Sm Ci a;""ei 0 Sm SmCiSm S7rLa;<S7rL+3mei3'rn '

From (1')—(2'), it is known that

then

|$mai — aism|| < 0, ||Smbi — bism]|| < 9,

lsmei — cismll < 8,  ||smdi — dism]| <.
We can find z; € M,,(C) such that ||sma;Sm — x;|| < d. Let

I L Smbism
Wi =\ s, cism SmTESm + Sm€iSm )
then ||w} — diag(sm, Sm)vidiag(sm, $m)|| < ¢ and
(wi)*w} Aoy diag(Sm, Sm)v; diag(sm, Sm)vidiag(sm, Sm)
2 diag(sma Sm)vaidiag(smv Sm)
= diag(sma Sm)'
It implies that
| (w})*w} — diag(sm, sm)|| < 36.
On the other side, we have
[[wi(w)” — diag(sm, sm)|| < 30
It is easy to check that w} is invertible in Ma,,(C). Let y; = wiw!|™!, then y; € U(Ma,,(C))
and 7(y;) = diag(w;, w]) for some w; € U(m(M,,(C))). Since

0 < diag(sm, sm) — [wi| < diag(sm, sm) — (w;)*(w;) < 36,

%

we have [|y; — w}| < 12%5. Then

36
1-3§"

Let w} = (1 — diag(sm, $m))v:(1 — diag(sm, sm)). By calculation, we have

ly; — diag(sm, $m)vidiag(sm, sm)|| < § +

H(w')*wi” = (1 — diag(sm, sm))l| < 30

and

lw! (wi!")* — (1 — diag(sm, sm))|| < 36.
1m—1

It follows that w! is invertible in Ma,, ((1 — s)A(1 — s)) and we put z; = wf |w|~*. Since

0 < (1 — diag(sm,sm)) — |w!'| < (1 — diag(sm, sm)) — (w)*(w) < 36,
we have |[2; — w/|| < 225 and 7(2;) = diag(w],w}*) for some w] € U(m(M,((1 — s)A(L — s)))).
Thus, we obtain
v; A5 diag(Sm, Sm )vidiag(Sm, Sm) + (1 — diag(sm, $m))vi (1 — diag(sm, sm))
Ry Uit (1 — diag(sm, $m))vi(1 — diag(sm, Sm))

N 35 Ytz
2o Yi is

which shows that
34 89

30 + <
1-36 1-36 1-3§
Applying the following two commutative diagrams of K-group

v — (yi + 20) |l <26 +
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Kl(ﬂ' C)) Kl(C) Kl SIS)

T &

Ky(sls) —— Ko(C) —— Ko(7(C))

J1x LS*O\L hl*l Lsxl

— Ko(A) —— Ko(4/1)

e e

K1 (A/T) K1 (A) Ki(I)
and
Ky (n(rAr)) Ky (rAr) Ky (rlr)
\ y
Ko(rlr) —— Ko(rAr) —— Ko(n(rAr))
— Ky(A) Ko(A/T)
Ki(A/I) K1 (A) Ki(I)
fori=1,---,7, we have

Lsx0(07 ([wil1)) + trao (67 ([wil1))
= 01 0 jiu([wil1) + 01 0 jax([wil1)
=61 ([wi +1 = sm]1) + 01 ([w) + sm]1)
= 61 ([diag(w; + 1 — smvwéJFSM)]l)
=51([d1ag( +wiy 1)
= 01 ([w; + wil1).

Since [lv; — (yi + 2)|| < 1255, we have

86

I (vi) = m(yi + 20l < T35

that is,
80

1-36°

Hdlag(al’ﬂ:) - diag(wh Wi ) dlag( Wy, Wy )H <
Let § be sufficiently small such that
[@]1 = [wi + wil1.

Therefore
S1([@]r) = d1([wi + wil1) = tex0 0 07 ([wil1) + trwo © ([wil1)-
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By (4'), since the extension 0 — sIs — C' — 7(C) — 0 is quasidiagonal, we see that the index
map 47 is zero and we have

It shows that
(4) 01 (Gl) C Im(Lr*O o (S{)

Corollary 3.2 Suppose that the extension (A, I) is tracially quasidiagonal. Let T(A/I) be
the tracial state space of A/I. Then for any € > 0, any w € U(A/I) and 7 € T(A/I), there
exists u € U(A) such that

(@) = r(m(u)|| <e.

Proof Let € > 0. Given § and n with nr < 5, by Theorem 3.2 (2)-(3), there exists a
projection r, a partial unitary v € A with v*v = vv* =1 —r and a unitary @’ € 7(r)(A/I)7(r)
such that

we have
(@ = rw)| < 5 + ()@ (r) - 7(x(r))]
= S+ It ()@ — V()|
< 5+ @ = 1) ()@ — V()|
< &+ 2r(x(r).
Since n[r] < [1 — 7], there are vy, --- ,v, such that v;v} = 7 and v v;(< 1 — ) are mutually

orthogonal. Therefore
(@) - 7(w)] < 5 +27(r(r))?

= 5 +2r(m(v}))’}

=502 (S )’

€ 2
_§+n7%
€ €
<§+§

= €.

That is, |7(7) — 7(u)| <.
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