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Abstract With the cohomology results on the Virasoro algebra, the authors determine
the second cohomology group on the twisted Heisenberg-Virasoro algebra, which gives all
deformations on the twisted Heisenberg-Virasoro algebra.
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1 Introduction

Deformation of a Lie algebra L means that one has a family of Lie brackets on L[[t]] :=
L ®y k[[t]], denoted by [, ], inducing a Lie algebra structure on the extended Lie algebra L[[t]].
As well-known, the second cohomology group H?(L, L) of L with coefficients in the adjoint
representation classifies the infinitesimal deformations.

The twisted Heisenberg-Virasoro algebra was first studied by Arbarello et al. in [1], where
a connection is established between the second cohomology of certain moduli spaces of curves
and the second cohomology of the Lie algebra of differential operators of order at most one.
Moreover, the twisted Heisenberg-Virasoro algebra has some relations with the full-toroidal Lie
algebras and the N = 2 super conformal algebra, which is one of the most important algebraic
objects in superstring theory.

By definition, as a vector space over C, the twisted Heisenerg-Virasoro algebra 7T has a basis
{Lm, Im,C,C1,Cs | m € Z}, subject to the following relations:

1
[Lm, Ln] = (’]’L — m)Lm+n + (5m+n,oﬁ(m3 — m)C,
[Im7 In] = 6m+n,0ncla (11)
[Lm7 In] = n—[m-i-n + 5m+n70(m2 - m)C2
Clearly the Heisenberg algebra H = C{I,,,C1 | m € Z} and the Virasoro algebra V =
C{L,,,C | m € Z} are subalgebras of T.
The structure and representations for the twisted Heisenberg-Virasoro algebra was studied

in [1-2, 13-15, 21], etc. However, the deformations on the twisted Heisenberg-Virasoro algebra
have not yet been considered.
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The twisted Heisenberg-Virasoro algebra is the universal central extension of the following
Lie algebra g, which is the Lie algebra of differential operators of order at most one. By
definition, the Lie algebra g := C{L,,, I, | m € Z}, subject to the following relations:

[Lm7 Ln] = (n - m)Lm+n;
Um, In] = 0; (1.2)
[Lm7 In] = nIm—Hz'

Clearly, g = D gm, where g, = C{Ly,, I}, is a Z-graded Lie algebra. Moreover, let

mEeZ

W = C{L,, | m € Z} be the Witt algebra and h = C{I, | p € Z} be a W-module with actions
Ly, - I = plyyyp, for any m,p € Z, then g is just the Lie algebra W x .

In this paper, we shall naturally begin with the computation of H?(g, g) for the Lie algebra
g and then give some deformations of g. As a by-product of the above computations, we also
determine the first cohomology group and universal central extension of one deformation of g.

2 The Witt Algebra and Its Cohomology

In this section we recall some cohomology results about the Witt algebra.
Kaplansky-Santharoubane [9] gave a classification of YW-modules of the intermediate series.
(1) Ag, b = > Cui: Lppvi = (@ + 7+ bn) vy,

i€Z
(i) A(a) = 3 Cv;: Lpvi = (i + m)vpm, if i # 0, Lyyvg = m(m + a)vpy,
i€Z
(iii) B(a) = > Cv;: Lyv; = t0qi if 4 # —my Liyv_p, = —m(m + a)vy,, for some a,b € C.
i€Z

If a € Z, then A, p = Ag,p. So we always suppose that a ¢ Z or a = 0 in A, . As in
[17], we denote by Fx = Ap, —»x, which is also called density module of the Witt algebra. The
following results mainly come from [4].

Proposition 2.1 (cf. [4, 19])

dim HO(W, Fp) = 17 =0,

O7 otherwise.

0, bé¢{0,—1,-2},
dim H'W,F) =<1, b=—1, —2

2, b=0.

Proposition 2.2 (cf. [4, 16]) dim H'(W, W) =0 and dim H'(W, W @ W) = 0.

(
Proposition 2.3 (cf. [3-4]) H*(W,C) =1 and H*(W,W) = dim H*(V,V) = 0.
Proposition 2.4 (cf. [4]) (1) Inviy (F\ ® F,) =0 unless p = —1 — A and F,, = F5; then
Invyy (Fa ® F5) is one-dimensional, generated by the identity mapping.
(2) HOW, FAx@F,) =0 if X\# 1 — p and X or pu are not integers.

(3) HY(W,Hom(Fy, Fy)) is two-dimensional, generated by the cocycles
C1 (Lm7 In) = mIm+n7 C2(Lma In) = Im+n-

(4) Invariant antisymmetric bilinear operators Fx x F, — F, between densities have been
determined by Grozman [6]. They are of the following type.
(a) The Poisson bracket for v =X+ u— 1, defined by

{fda? gda™"} = (A\fg' — puf'g)da= 070,
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(b) The following three exceptional brackets:

1 " " .
§(fg —gf")dx;

Fox Fo— Fog  given by (f.g) — (f"g' — ¢" f)da’;

FixFr—F_1 given by (f@é,gaé)%

and an operator .7:% X .7:% — F_s5 called the Grozman bracket.

5
3

3 Deformation Theory of the Lie Algebra g

In this section, we shall be interested in the classification of all formal deformations of g.
So we shall naturally begin with the computation of H?(g,g) (as usual, we shall consider only
local cochains, equivalently given by differential operators, or polynomial in the modes).

We shall use standard techniques in Lie algebra cohomology; the proof will be rather tech-
nical, but without specific difficulties. Let us fix the notations: set g = W X h as in Section 1.
One can consider the exact sequence

0=>Hh—->Wxh—->W-=0 (3.1)
as a short exact sequence of g-modules, thus inducing a long exact sequence in cohomology:
o= HY(g, W) — H*(g,h) — H*(g,0) — H*(g, W) — H*(g,h) — - (3:2)

So we shall consider H*(g, W) and H*(g, ) separately.
Lemma 3.1 H*(g,W) =0 for x=0,1,2.

Proof One uses the Hochschild-Serre spectral sequence associated with the exact sequence
(3.1).

Let us recall that, as a module on itself, W = F;. One gets: E§>0 = HP(W,W) = 0 as
well-known (see [4]).

Ey' = H'W, H'(h,W)) = H'(W,h" @ W) = H'(W,F_1 @ F1) = 0.

Moreover ES? = Invyy(H2(h) @ W) = Invy(A2h* @ W) = 0. The same argument shows
that Ey"' = 0, which ends the proof of the lemma.

From the long exact sequence (3.2) and Lemma 3.1 one has now: H*(g,g9) = H*(g,b) for
*=0,1,2.

We shall compute H*(g, h) by using the Hochschild-Serre spectral sequence and there are
three terms to compute.

(1) E3° = H?(V,H(h,h)), but H(h,h) = Z(h) = h = Fy as V-module. So E3° =
H?(V,Fy). It is one dimensional, generated by the cocycle ¢y defined by co(Lon, Ly) = (n —
M) Lyt

(2) ES? = HO(OW, H2(h, 1)), but H2(h,h) = Hom(h A b, ) as W-module. So E3* = 0.

(3) Ey' = H'OW, H'(h,b)) = H' (W, Hom(h, b)) = H' (W, Hom(Fo, Fo)).

From [4], one gets HY(W, H'(h,})) is two-dimensional, generated by the cocycles ¢; and ¢,
defined by ¢1 (L, I)) = mIpiyn and co(Lp,, L) = Ipgn.

We have to check now that these cohomology classes shall not disappear in the spectral
sequence; the only potentially non-vanishing differentials are ES'" — E3* and Ey"' — E3°.
Clearly E3° = H3*(V,h) = H3(V,Fy) = 0 (here we consider only local cohomology). Now
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EY"' is one-dimensional determined by the constant multiplication (see Proposition 2.4(1))
and direct verification shows that Eg’l — ES’O vanishes. So we have just proved that the
cocycles ¢;,7 = 0,1, 2 defined in the theorem represent genuinely non-trivial cohomology classes
in H*(g,9).

Theorem 3.1 For the Lie algebra g, one has dim H%(g,g) = 3. A set of generators is
provided by the cohomology classes of the cocycles c;,i = 0,1,2, defined as follows in terms of
modes (the missing components of the cocycles are meant to vanish):

Cl(Lmajn) - mIm+n7 CQ(Lma In) = Im+4n,
co(Lm, L) = (n —m) Lgn.

Remark 3.1 (1) The cocycle ¢y appeared in [4] and had been used in a different context
in [7], and was also considered and used in [18].

(2) The cocycle ¢; gives rise to the family of Lie algebras in [2].

Theorem 3.2 implies that there are some independent infinitesimal deformations of W (0),
defined by the cocycles ¢, ¢1 or ¢, so the most general infinitesimal deformation of W(0) is of
the following form:

[7 ]A7u7a = [7 ] + peo + Aep + acs.

So one has the following result.

Theorem 3.2 The bracket [, | u0 = [, ] + A1 + pco + acs, where [, | is the Lie bracket
on W(0) and ¢;, i = 0,1,2 the cocycles given in Theorem 3.2, defines a three-parameter family
of Lie algebra brackets on W (0).

[Lin; Ln] = (n = m) Lyt + p(m — 1) I,
[, I,] =0, (3.3)
[Lin, In) = (@ +n 4+ 2Am) Ly,

all other terms are vanishing.

Remark 3.2 (1) Set W(A) := W(0)_x0,0, then the Lie algebra W(A) can be realized as
W x b, where h = C{I, | p € Z} is a W-module with actions L,, - I, = (p — mA) L4, for any
m,p € Z.

(2) The Lie algebra g is just W(0) and the universal central extension of W (1) is called
W(2,2) (cf. [22]), which can be also realized from the so-called loop-Virasoro algebra G (cf.
[8]). Let C[t,t7!] be the Laurents polynomial ring over C and G := Vir ® C[t,t~!], then the
W(2,2) = G/(t?). The W(2,2) and its highest weight modules enter the picture naturally
during the discussion on L(3,0) ® L(3,0). Its highest weight modules produce a new class of
vertex operator algebras. Several papers studied its representation theory (cf. [8, 12, 22], etc.).

(3) Schrodinger-Virasoro algebras (cf. [20]) are more connected to W(A). In fact, W(0)
(resp. W (%)) is a subalgebra (resp. quotient algebra) of the original or twisted Schrodinger-
Virasoro algebra. Their representation theories were studied in [10-11, 20], etc.

(4) The structure and representations for the Lie algebra W (\) were studied in [5, 11], etc.

4 Computation of Some Cohomology Groups for W ()

Now, as a by-product of the above computations, we shall determine explicitly H!(L, L)
and H?(L,C) for £ = W (), although the following results were obtained in [5] by direct
calculations.
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Theorem 4.1 For L =W ()\) with A € {0, -1, -2}, H'(L, L) is one-dimensional, generated
by the cocycle c1; for L= W()\) with X = —1 (resp. —2), H*(L, L) is three-dimensional, gen-
erated by the cocycle c_1 (resp. c_3); for L =W(0), H' (L, L) is three-dimensional, generated
by the cocycles c1, co and l, where ¢y, ca, 1, c—1 and c_o are given by

Cl(Ln) =nl,, C2(Ln) = 1I,, Z(In) =1I,, C—l(Ln) = n2In7 C—2(Ln) = ngjn-

Proof By Lemma 3.1, one has H*(L, L) = H'(L,h). The space H*(L, h) is made from two
parts HY (W, h) and H'(h,b) satisfying the compatibility condition:

o([X,a]) = [X, e(a)] = —[a, ¢(X)] (3.7)

for X €e W and a € bh.

Clearly, one has [a,¢(X)] = 0 for X € W and « € h. Hence the compatibility condition
reduces to ¢([X,a]) = [X,c(a)] and thus ¢ € InviyyH!(h,h). Clearly InvyyH'(h,b) is one-
dimensional, generated by [ (see Proposition 2.4 (1)).

The result is then easily deduced from the previous computations : H* (W, h) = HX (W, F\) =
0if A & {0,—1,—2}, in the case of A = —1(resp. —2), H (W, h) = H (W, F,) is generated by
the cocycle c_1 (resp. c_3), and in the case of A = 0, HY (W, h) = H'(W, Fo) is generated by
the two cocycles ¢; and co.

We shall again make use of the exact sequence decomposition 0 — h — £ = W — 0, and
classify the cocycles with respect to their “type” along this decomposition; trivial coefficients
will make computations much easier than in the above case.

First of all, 0 — H2(W,C) ™ H? (£, C) is an injection. So the Virasoro class ¢ € H*(W,C)
always survives in H?(L,C).
For h = Fy, one has: H'(W, HY(h)) = H*(W,b*) = H' (W, F_1_)). By Proposition 2.1,
we know that
0, A {0,1,-1},
dim H'W,F_1-5) =41, A=0,1,
2, A=-—1.
The last term ES? = Invyy H2(Fy), but H?(Fy) = Hom(Fy A Fy,C) as W-module. So
Eg’Z =0if A# 0and Eg’Z = Invyy H?(Fp) is one dimensional generated by ¢ 2 as co.2(In, Im) =
n(5n+m,0.

Let us summarize our results.

Theorem 4.2 For L =W()), we have
(1) H>(W(0), C) ~ C3 is generated by the Virasoro cocycle and the two independent cocycles
co,1 and co 2 defined by (all other components vanishing)

CO,l(Lma In) = n26n+m,07

CO,Q(Ima In) - n5n+m,0-

(2) H3(W(—1),C) ~ C? is generated by the Virasoro cocycle and the two independent
cocycles c_1,1 and c_1 2 defined by

C—l,l(Lma In) - n5n+m,07

C—1,2(Lma In) = 5n+m,0-
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(3) HX(W (1), C) ~ C? is generated by the Virasoro cocycle and the cocycle c11 defined by
Cl,l(Lma In) = n35n+m,0-

(4) H?(W()), C) =~ C is generated by the Virasoro cocycle.
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