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Sharp Threshold of Global Existence for a Nonlocal
Nonlinear Schrodinger System in R3*

Zaihui GAN'  Xin JIANG? Jing LI

Abstract In this paper, the authors investigate the sharp threshold of a three-dimensional
nonlocal nonlinear Schrédinger system. It is a coupled system which provides the mathe-
matical modeling of the spontaneous generation of a magnetic field in a cold plasma under
the subsonic limit. The main difficulty of the proof lies in exploring the inner structure
of the system due to the fact that the nonlocal effect may bring some hinderance for
establishing the conservation quantities of the mass and of the energy, constructing the
corresponding variational structure, and deriving the key estimates to gain the expected
result. To overcome this, the authors must establish local well-posedness theory, and set
up suitable variational structure depending crucially on the inner structure of the system
under study, which leads to define proper functionals and a constrained variational prob-
lem. By building up two invariant manifolds and then making a priori estimates for these
nonlocal terms, the authors figure out a sharp threshold of global existence for the system
under consideration.
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1 Introduction

The main purpose of this work is to establish a sharp threshold for the blow-up and global
existence to the Cauchy problem of the following nonlocal nonlinear Schrédinger system in R :

0By + AEy + (|E1)? + |Bo|? + | Es|?) By

+ Ai(Ev, Es, E3) + As(E1, Es, E3) =0, (1.1)
10;Ey + AEy + (|E1|> + | Ex|> + | E3|) By
+ Bi(Ey, Ea, E3) + By(Eq, Es, E3) =0, (1.2)

i0,E3 + AEs + (| E1|? + | Ea|* + | Es|*) B
+ Cy(Eh, Es, E3) + Co(Ey, Es, E3) = 0,
E1 (O,$) = Elo(LE), EQ (O,$) = EQ()(J?), E3(0, :Z?) = Ego(:l?). (14)
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Here
Ar(Br, By, By) = ~BaF {15 6166 F (B2 — Faly)
(& + &) F(ErFa — FrB) + 6 F (B s — EyBs)) }, (15)

Ao(Fy, By, E3) = ng—l{ i [gQggf(ElEQ — E\E»)

— (& + &) F(E1E3 — E1E3) + &6 F (B2 B3 — E2E3)]}, (1.6)
Bi(Br, By, By) = ~ By 15 61 F (Fa By — By Ty)
(2 + &) F(ByEs — EoBs) + 616 F (B1 By — EEQ)]}, (1.7)

By(F, By, E3) = El}'—l{ i [glggf(EQEg — EyE3)

— (& + &) F(E1Ey — E1Es) + &6 F(E B3 — E1E3)]}, (1.8)

Co(Br, By, By) = ~BiF {5 06 F (B — T )

— (£ + &) F(E\E3 — E\E3) + 616 F (B B3 — EQEB)]}, (1.9)

Co(Br, B, By) = BoF ™| (g5 [606F (1 By — i)

— (& + &) F(E2E3 — E2F3) + &6 F (E1 By — E1E2)]}, (1.10)

F and F~! denote the Fourier transform and the Fourier inverse transform, respectively (see
[14, 16-18]),7 > 0, 6 <0, (Ey, B, E3)(t, ) is a pair of complex-valued functions from R* x R3
into C3, and E; (i = 1,2,3) denotes the complex conjugate of E;. Let E = (E, Fy, E3) and
& = (&1,&2,&3). Due to rotational invariance of (1.1)—(1.3), one can recast the system (1.1)—(1.3)
in the form of the following vector-valued nonlinear Schrédinger equations:

iE; + AE + |E|2E—|—i(E/\B) =0, (1.11)

B(E) = F~! <(E A (gAf(EAE)))} (1.12)

|§|2

Equations (1.11)—(1.12) provide the mathematical modeling of the spontaneous generation of a
magnetic field in a cold plasma under the subsonic limit. E denotes a slowly varying complex
amplitude of the high-frequency electric field, and B denotes the self-generated magnetic field
(see [4, 13, 24-25]). The gauge invariance yields that for any w > 0 and for j = 1,2,

Aj (e Ey, et By, et E3) = e A;(E1, B2, E3),

Bj(e“'Ey,e“! By, e E3) = e“!Bj(Ey, Es, E3),

C;(e“' By, et By e B3) = e“'C;(Er, Ea, E3).
Hence, it is natural to consider the solutions of the system (1.1)—(1.3) in the form F;(t,z) =
e“ly;(x) (i = 1,2,3) with the initial condition (1.4); w > 0 is a constant called frequency,
and (u1,usg,u3) is a pair of complex-valued functions with respect to x € R? which solves the
following nonlinear elliptic system:

n&1&3
€12 =0

— wu + Aul + (|U1|2 + |U2|2 + |U3|2)U1 — UQf_l |: ]:(’LLQﬂg — ﬂQUg):|
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(€2 4 2
+ upF ! _777%12—'—_%).7(111%2 - U2ﬂl)} —upF! [|€n|§2§35}-(ﬂ1“3 - “1ﬂ3)}
i 2 4 g2
+usF ! L |§T]|§2§35]:(u1ﬂ2 - ﬂluz)} +usF! [UET?_F_g;)F(ulHB B Hlug)}
+ U3]:_1 _|Z|§1§25]:(UQE3 - E2U3)} =0, (1'13)
— wug + Aug + (|ul|2 + |U2|2 + |U3|2)“2 —ugF ! [|§77|§1§25]:(61U3 N ulu3)}
(€2 4 ¢2
P N T A
i 2 g2
+u F! | |Z|§1§35]:(u2ﬂ3 — ﬂzu:«})} +ug Ft {77?227—5562)]:(51112 - U1E2)}
+u F _|Z|§2§35]:(51U3 - Ulﬂ?,)} =0, (L14)
—wug + Aug + (Jur|® + Juz|® + |us|*)us —uy F~! [|;7|§2§35}'(u1ﬂ2 - ﬂlu?)}
(€2 4 2
+u F _777%12—'—_%‘)?(61113 - m%)} —u F! [|;7|§1§25}-(U253 - 52”3)}
i 2 4 (2
+upF! _|Z|§1525]-'(51u3 - m%)] +upF ! {%F(%u?’ B uﬂg)}
+ ug F 1 _|g|§1§35]:(u1ﬂ2 - ﬂﬂ@)] =0. (1.15)

For the nonlinear Schrodinger equations without nonlocal terms, there have been many
works on the blow-up and global existence for their solutions. Ginibre and Velo [6] established
the local existence of the Cauchy problem in energy space H'(R™). Glassey [8], Ogawa and
Tsutsumi [20-21] proved that for some initial data, especially for a class of sufficiently large
data, the solutions to the Cauchy problem blow-up in finite time. On the other hand, the
authors proved that, for sufficiently small initial data, the solutions to the Cauchy problem
exist globally for all time (see [5, 7, 9-10, 12]). Thus in the course of nature, the topic to
explore sharp threshold for global existence and blow-up to the related Cauchy problem arises,
and it was mentioned by Strauss and Cazenave in their monographs [3, 22]. Furthermore,
for the nonlinear Schrodinger equations without nonlocal terms, the sharp threshold of global
existence and blow-up was studied extensively in [2, 15, 22, 26-27].

For the system (1.1)—(1.3), however, the sharp threshold of global existence and blow-up
seems to be elusive. In this paper, we will investigate the sharp threshold of global existence and
blow-up of solutions to the Cauchy problem (1.1)—(1.4). The main difficulty of the proof lies in
exploring the inner structure of the system (1.1)—(1.3) due to the fact that the nonlocal effect
may bring some hinderance for establishing the conservation quantities of the mass and of the
energy, constructing the corresponding variational structure, and deriving the key estimates to
gain the expected result. To overcome this, we must establish local well-posedness theory, and
set up a suitable variational structure depending crucially on the inner structure of the system
under study, which requires us to define proper functionals and a constrained variational prob-
lem. Fortunately, by building up two invariant manifolds and then making a priori estimates
for these nonlocal terms, we finally figure out a sharp threshold of global existence and blow-up
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for the system under consideration.

This paper is arranged as follows. In Section 2, we establish some basic facts including local
well-posedness, conservation laws of the mass and of the energy as well as variational structure.
In Section 3, we show the sharp threshold for global existence and blow-up of solutions to the
Cauchy problem (1.1)—(1.4). We will give the proof of Lemma 2.2 in Section 4.

For simplicity, we denote any positive constant by C' throughout this paper.

2 Preliminaries

In this section, we establish some basic facts including local well-posedness, conservation
laws of the mass and of the energy for the Cauchy problem (1.1)—(1.4), as well as the variational
structure for (1.5)—(1.7).

2.1 Local well-posedness

The Cauchy problem (1.1)—(1.4) can be recast in the integral equation below:
t
Ei(t) =U(t)Ei + i/ Ut —t)[(|B1]? + | Baf* + | Es|*)E; + K;(Ev, Eo, E3)|(#)dt',  (2.1)
0

where i = 1,2,3, U(t) = ¢'*” is the unitary group generated by the free Schrédinger equation
iE; + AE =0 in H*(R3?) (s € R), and K;(E1, F2, E3) has the following form:
Kl(E17E27E3)
= —Eg]:—l{ e [5153]:(E2E3 - E2E3) (f% + 53)}'(E1E2 - FlEg)

+&&H&&—Eﬁﬂ}+&F*{ (626 F (12 — F1 o)

€% =
—@+@HE&—&Eﬁf@H&&—&&M, (K-1)
K2(E17E27E3)

= —Es]:_l{ e [§1§2F(E1E3 — E\E3) — (6 + &) F(E2E3 — E2E3)

-%@H&@—&@M+&F% (61657 (2 T3 — Bz Fy)

€2 —
—(§ + &) F(E\Ey — E\E>) + &6 F(E 1 Es — E1E3)]}, (K-2)
K3(E17E27E3)

= _El]:_l{ |€|2 [§2§3F(E1E2 - ElEQ) (5% + fg)F(ElEB - E1E3)

+ 616 F (BoEs — EQEB)]} + E2]:_1{ [5152]:(E1E3 — By E3)

€% =
—ﬁ+@ﬂ%@—@&ﬂf@ﬂ&%—&&ﬂ. (K-3)

Let (EJ,E},F}) (j = 1,2) solve the Cauchy problem (1.1)~(1.4). We then need to make a
priori estimates for the term K;(E}, EY, EY) — K,;(E?, F3, E2) (i = 1,2,3). Direct calculation
yields

Kl(EivEévE?{) - Kl(E127E227E§)
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[5153]-'(E2E3 E_21E3) G+ &)F (ElE_2l_ ELEy)

Bt

+ &6, F(BLE) - E%Eé)]} +EF

WL_(S[&&}-(E%E_% — ETE;)

— (& +€&)F(BLE} - E\E})) + &, F(ESE) - E3EY)]}
~{ - B e PR - B3R - (6 + ) F(PIF - B EY)

+ &5 F(BRES - Ef E%)]} + B3 7 s b F(ERER - BTE3)

€12 =
— (& + &) F(B7E} — ETE}) + 16 F (B3B3 — B3ED)]} }. (2:2)
It is easy to verify that
- BF 1618 r(RVE] - BiEy| - { - B3| 18 £ (p2Eg - E3E3)| |
2 |§|2_5 23 23 2 |€|2_5 23 23
= (5} - 7 [ F (B E - )|
+ B3 8P (5 — EDER + BB} - )
+ (B} - E3) B} + B3 (5} — E})]}. (2.3)

Making similar estimates to (2.3), we can calculate the other terms of K;(FE{, E3, F3)—K;(E? E3,
E3) (i=1,2,3).

Note that ‘ ‘ngf_’%‘ <mnbyn>0andd<0. We obtain by applying the contraction mapping
principle that the solutions to the integral equation (2.1) is local well-posedness in H!(R?) x

HY(R3) x HY(R?) (see [6, 11, 16-19, 22]). That is, we claim the following result.

Proposition 2.1 Forn >0, § <0 and (E1o, B2, E30) € H'(R?) x HY(R?) x HY(R?), the
Cauchy problem (1.1)~(1.4) admits a unique solution

(E17E27 E3) € Xﬁ},loc([oﬂ T)) X Xi,loc([()?T)) X Xﬁ},loc([oﬂ T))
for some T = T(FEh0, Ea0, Esp), and for any 0 < Ty < Ty < T, the mapping

(Ero, Eao, E30)(€ HY(R?) x H'(R?) x H'(R?))
= (B1, Ba, E3)(t)(€ X1100(10,T)) X X 100(10,T)) x X5 1,.(0,7)))

is continuous. In addition, there holds either T = 400 or T < 400 and
T (1B e sy + N[ B2l sy + (| Bsll e es)) = +oc.

Here, for any interval I C R, 0 < % = 3(% — %) <1,s€eR,

Xo(I) = (CNL>=)(I; H*) N LYT; Hy),
X5 10c(D) = {u; u € X5(J), VJ cc I},
H = J(L%), Jo=(I—A)5.
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Motivated by the works in [3, 6, 11, 14, 19, 22|, applying Proposition 2.1 we have the
following result.

Corollary 2.1 The Cauchy problem (1.1)—(1.4), forn >0, § <0 and
(Er0, E20, E30) € H'(R?) x H'(R®) x H'(R?),
admits a unique solution
(Ey, B2, E3) € O([0,T); HY(R?) x H'(R3) x HY(R?))
for some T € (0, 400] with T = +o00 or T < +00 and

}i_)n%(HElHHl(R?’) + B2 g1 gsy + 1 £3| 71 (rs)) = +o0.

2.2 Conservation laws of the mass and of the energy

According to the structure of the system (1.1)—(1.3), we conclude the conservation laws of
the total mass and of the total energy.

Lemma 2.1 Let (Eq, Ea, E3) be a smooth solution to the Cauchy problem (1.1)—(1.4). Then
the total mass and the total energy are conserved:

[ B+ |EaP + | o)
R

— [ (BxaP + Bl + B (2.4)
H(E, Es, E3)
:/ (IVEL|? + |VE3|? 4+ |VE3|*)dx
]RS

1
— 5 0B+ 1Bl + Bl o

—/ (IELP | B2 + | Ev P | Es|? + | E2|?| Es|?)dw
R3

L[ & +8) By — By B2
o /R Ty VT - TP
L[ & +&) o+ )2
5 e s — BTy P
1 [ o0& +&) Ty — FoFs)[2
5 L BT - Fuas
+ Re/ 775152 F(EyEs — EyE3) F(E\Es — EyEs)dg
R3 |§| —9
+Re/ 7762“153 F(E1Ey = EvEy) F(E2Es — B> F3)d¢
R3 |€| -9
+ Re/ 775253 F(E1Es — EvE3)F(E\Ey — By By)d¢
R3 |§| —9

= H(E10, E2, E30). (2.5)
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Proof Multiplying (1.1) by Ey, (1.2) by Es and (1.3) by Ej3, taking the imaginary part
and then integrating with respect to € R?, we get

Im / (10, E1 E1 + 10, Es By + 10, E3 E3)dx
R3

+ Im (AE1E1 + AEQEQ + AEgEg)dx
R3

+ Im/ (|El|2 + |E2|2 + |E3|2)(E1E1 + EQEQ + E3E3)dx
R3

+ Im ElAl(El,Eg,Eg,)dl"i‘Im ElAQ(El,EQ,E:;)dx
R3 R3

+ Im EgBl (El s EQ, E3)d$ + Im EQBQ (El N EQ, E3)d$
R3 R3

+ Im Egcl(El,EQ,Eg)dJ? + Im EgOQ(El,EQ,Eg)dZE
R3 R3

=0, (2.6)

where A1 (El, EQ, Eg), AQ(El, EQ, Eg), Bl (El, EQ, Eg), BQ(El, EQ, Eg), Cl (El, EQ, Eg) and CQ(El,
Es, E3) are defined by (1.5)—(1.10) (see Section 1).
Direct calculation and rearrangement for these terms in (2.6) yield

_ _ 1
Im iatEjEdeE = Re/ 8tEjEdeZ? = —i/ |Ej|2d$, (27)
R3 R3 2dt R3
—Im Flng-l[ 77?53 F(EB.E; — EgEg)}dx
R €[> =6

+ Im E1E2./—"_1 [|;7|§1§35]:(E2E3 — EQEB):| dx
R3 -
= Im ElEQ.F_l |:|£_7|§1§36.F(F2E3 — EQEg):| dx
R3 -

+ Im E1E2]:_1 [ 77§1§3 ]:(EQE?, — E2E3):| dx
RS 1€[* —¢
_ = [ N8 s
— Im{zRe Rt [W = F(Es By EQEg)}}
—0. (2.8)

We can make the similar estimates for the other terms in (2.6) to (2.8). Hence the mass identity
(2.4) follows. We are now in the position to verify the energy identity (2.5).
Multiplying (1.1) by 20,E1, (1.2) by 20,E2 and (1.3) by 20;F3, taking the real part and
then integrating the resulting equations with respect to € R3, we obtain
2Re/ (i@tEl 815@1 + i@tEgﬁtFQ + i8tE38tF3)dx
R3
= 2Re/ [(—AEl)atF1 + (—AEQ)&FQ + (—AEg)atF;;]dZE
R3

— 2Re/ (|E1|2 + |E‘2|2 + |E3|2)(E18tF1 + EQatFQ + Egatﬁg)d$
R3
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— 2Re 6,5E1 Al (El, Eg, E3)d1‘ — 2Re atEl A2 (El, EQ, Eg)dx
R3 R3

— 2Re 815E2B1 (El, EQ, Eg)dd? — 2Re 8tE_2B2 (El, EQ, Eg)dZE
R3 R3

— 2Re 815@301 (El, EQ, Eg)dil? — 2Re Qth,OQ (El, EQ, Eg)dx (29)
R3 R3

We now calculate (2.9) term by term.

2Re / (10, E10, 1 + 10, E20yEo + 10, E30, E3)dx = 0, (2.10)
R3

2Re/ [(—AE)OEL + (—AE)0Es + (—AE3)0:E3)dx
R3

d
= /3(|VE1|2 +|VEy|? + |VE3|*)dx, (2.11)
R.

2Re/ (|E1|* 4 | E2)? 4 | E3)?)(E10:E1 + E20;Eo + F30,E3)dx
R3

1d
—— Eqi|* + |Bs|* + | E5|*)d
557 (Bl + [Baf+ |

+ % R3(|E1|2|E2|2 + | By ?|E3)? 4 | E2|?| B3|?)dz, (2.12)
2Re | OTiFF! [K”élf?' - F(E, B3 — B2By) | da

+2Re | OBy B3 F ! :é’lgl% P (BB — EEQ): da

— 92Re - Oy FoF  F! :|§77|§1§35I(E2E3 — E2E3): dx

— 92Re . O, FEsFyF ! :|§77|§1§35I(E1E2 — E1E2): dx

1d né1&3 = 5 .k
=3 f e BT ~ B FUELE — EVEn

1d né1&3 —— _
2dt /Rg €]z — 57 (2B — E2Es) F(E1E2 — E1Ep)dg

_ 4 e/ W83 By — Ty Es) F(E B — B ) dE. (2.13)
dt” Jgs €[> =0

Making the similar estimates to (2.13) for the other terms in (2.9) and employing (2.10)—(2.13),
we conclude the energy identity (2.5).

This finishes the proof of Lemma 2.1.

2.3 Variational structures

Let (up,uz,u3z) € HY(R3) x HY(R3) x H*(R3) be a pair of complex-valued functions. We
define two functionals S(uy, us, us) and R(uq, usz,us) as follows:

S(Ul, Uz, u3)

1
=3 /3(|Vu1|2 + | Vuo|? + |Vuz|?)dz
R
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w
5 [l + sl + us )
R3

/amﬁ+mﬁ+mmm
RS

- —/ (Jua Plua|® + |ua|?|us|?* + |uz|*|us]?)da
R3

1 1
- —/ Fl(ul,UQ,U3)df + ;Re FQ(u17u27u3)d£7 (2-14)
4 RS 2 ]R3

R(u1,uz,us)

= /3(|VU1|2 + |VU2|2 + |VU3|2)dx
R.

3
=3l bl s

3
- —/ (lua Pluzl® + [ua|*|us]® + |ug|*|us|?)dz
R3

2
3 1 Fy(uy,uz,us)
_2 |l F Z
4/]R3 1(U1,U2,U3)d€+ 26 . |€|2—6 dg
+§Re/ Fg(ul,uQ,U3)d§—5Re/ Mdg, (2.15)
2 R3 R3 €2 =4
where
Fi(uy,uz,us)
= 75 (€ + @)Fm — T
+ (& + )| F (urtis — uyus)|?
+ (& + &) F (uus — uaus)l?], (2.16)

Fy(u1,ug,us)

= L[&ﬁz}—(%us — uotiz) F(u1ts — Urug)

€2 — 4
+ &1&3F (uoliz — Uaus ) F (urliz — U1 uz)
+ §283F (Uruz — uitz) F (uils — Truz)]. (2.17)

A natural attempt to find the nontrivial solutions to the system (1.13)—(1.15) is to solve the

following constrained minimization problem:

d:= inf S(ul,UQ,U3), (218)

(u1,u2,uz)eM

where the set M is prescribed by
M = {(u1,u2,u3) € H'(R?) x HY(R?) x H'(R*)\ {(0,0,0)}, R(u1,us,u3z) =0}.  (2.19)

From (ug,u2,uz) € HYR3?) x HY(R3) x HY(R3), n > 0, § < 0, the Sobolev’s embedding
theorem and some properties of Fourier transform, it follows that functionals S(u1, ug, us) and
R(u1,uz2,us) are both well defined.

For the constrained variational problem (2.18), we claim the following result.
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Proposition 2.2 Forn > 0 and § <0, there holds d > 0.
Proof (2.14)—(2.15) and (2.19) yield for (u1,us,us) € M,

S(Ul, u2, u3)

1
- 6/ (|Vur|? + |[Vug|* + |Vus|?)dz

R?’
w

5 [l +uaP + fuaP)do

R?’

0 Fi(ui,u2,u3) 0 Fo(u1,u2,us)

_0 [ flunusus) g, Op [ f2luntsus) 2.20
6 e JEP—5 CtERe TR © (2:20)

where Fy(u1,us,us) and Fa(ug,us, usg) are given by (2.16) and (2.17), respectively. Noting that
(2.16)—(2.17), n > 0, § < 0 and the inequality Reab < 1(a* + b?), then making some suitable
rearrangement, we obtain for (uq, ua,us) € M,

0 Fi(ui,u2,u3) 0 Fo(u1,u2,us)
L0 e us) ey Op [ L2 U2 Us)
6 Jrs €[> =6 3 Jrs 20

Indeed, recall that Fy(uy,us,us) and Fa(uq,us,us) in (2.16)—(2.17). Since

¢ > 0. (2.21)

Re &1&F (Taug — ualiz)F (urs — Urusz)

< %ﬁﬂf(m% —us)” + %€§|f(ﬂzu3 — uz) |,
Re & &3 F (ualiz — Uous) F (uils — Uruz)

< %ﬁﬂf(uﬂz —wug)” + %€§|f(uzﬂ3 —Tauz)|?,
Re &6 F (Tus — wilis) F (uils — Uyuz)

< %§§|]'—(U152 —Wu)|* + %532,”:(51”3 —w)|?,

through regrouping and applying some properties of Fourier transform, we conclude that for
n>0andd <0,

0 Fy(uy,uz,us)

—Re — = "d

3 Jrs [€2P-06 ¢

J 1 U 2 2 — — 2
> 2 ) _
Z 5 /}R3 HEE e _5[(51 + &)\ F (urTe — Ty uz)|

(& + &) F (w1t — wus)|* (&3 + &3)|F (ugtis — Taus)|?]dE

0 Fi(u1,ug,us)
= - — =~ d¢&.
5 e e

Hence (2.21) is valid. (2.20) and (2.21) then yield
1
S(uy,uz,uz) > G /3(|Vul|2 + |Vus|* + |Vus|?)dz
R

w
+ 5/ (lur|® + [ua|* + fus|?)da. (2.22)
R3

On the other hand, for j, k = 1,2, 3, one has

3NE2+EY) s +&)  mE+ &) s o
1P 2(eP—op S Aer—g)’ WH=&TE (2.23)




Sharp Threshold of Global Existence for Nonlocal NSS

(2.23) together with R(u1,us,u3) = 0 and Gagliardo-Nirenberg inequality
il Fa sy < el Vuillizgsy luill o@sy, we € H'(R?), i=1,2,3

yields

(|V’LL1|2 + |VU2|2 + |VU3|2)dCL‘

»Moo\
»l>|c,o wlw\

(|u1|4 + [ua|* + |us|*)dz

|U1| ua|? + Jua [ us|? + [uz|*|us|?)da

1 F , U2,
/ 1w, uz, ug)dé — 50 » —1(|Z~|12 Ifgug)

Fo(u1,u2,us)

€% =

dg

w

— —Re/ Fg(ul,ug,ug)d€+5Re/ df
R3

[\)

\

|u1|4 + [ua|* + |us|*)dz

3
/ (|VU1|2 + |V’LL2|2 + |VU3| )dx)

(/ (ua]? + Jusf? + |u3|2)dx)2
R3

This implies

L L
([ 0Vl +19uaP + [Fusf)o) ([ (Gl + uaf? + uafiaz)* = .
RS R3
Combining Young’s inequality with (2.10) and (2.23)—(2.25) claims
S(ul,UQ,U3) >C>0.

This finishes the proof.
We further claim two identities.
Let

Y = {(E1, Ea, E3) : (|| E1, |z|Es, |2| B3) € L*(R®) x L*(R®) x L*(R?)}
NHY(R?) x H'(R?) x H'(R?).

Then we have the following Lemma.

141

(2.24)

(2.25)

(2.26)

Lemma 2.2 Let (Eyg, E29, F30) € ¥ and (E1, F2, E3) € C([0,T);X) be a solution to the

Cauchy problem (1.1)=(1.4) on [0,T). Putting

IO = [ PABP + B + o),
R

(2.27)
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one gets the following two identities:

S(Ey, By, Es) = S(Ei0, Fao, E3o), (2.28)
2

For convenience, we will prove this lemma in Section 4.

3 Sharp Threshold of Global Existence in R3

The goal of this section is to establish a sharp threshold for global existence to the Cauchy
problem (1.1)—(1.4). Motivated by the works [1-2], our arguments are based on the local well-
posedness theory established in Section 2.1. The main result reads as follows.

Theorem 3.1 Forn > 0 and § < 0, suppose that (E1o(z), Exo(z), Eso(z)) € HY(R?) x
HY(R3) x HY(R?) and

S(Eno, Ea0, E30) < d, (3.1)

where d is defined by (2.16). Then
(I) Let (|z|Ero, |7|F20, |x|E30) € L?(R3) x L?(R3) x L*(R3) satisfy

R(Elo, Ego, Ego) < 0. (32)

Then the solution (Ei(t,x), E2(t,x), E3(t,z)) to the Cauchy problem (1.1)~(1.4) blows up in
finite time.

(IT) Let
R(El(), EQ(), Ego) > 0. (33)

Then the solution (F1(t,z), E2(t,x), E5(t,x)) to the Cauchy problem (1.1)—(1.4) exists globally
ont € [0,+00). In addition, (E1(t,x), Ea2(t,x), E3(t,x)) satisfies that for any t € [0, 400),

Wl By (O)lI22 sy + 1 B2 22 @s) + B3O (8s))
1
+ 3 (IVEL N2 ) + IVE2 0 72zs) + IV Es () 7289
< 2d. (3.4)

We begin with a lemma in [23] to prove Theorem 3.1.

Lemma 3.1 (see [23]) For a scalar-valued function f, let |x|f and Vf belong to L*(R3).
Then f € L*(R3) and

/RS |fPdw < %(/R IVfIde)%(/Rg |x|2|f|2d:z:)%.

The following two propositions play an important role in the proof of Theorem 3.1.
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Proposition 3.1 Forn >0 and § <0, let

K= {(ul,UQ,U3) S Hl(RB) X Hl(RB) X Hl(RB), R(ul,uQ,ug) > 0, S(ul,UQ,U3) < d},
Ky = {(ul,UQ,U3) < Hl(RB) X Hl(RB) X Hl(RB), R(ul,UQ,U3) <0, S(ul,UQ,’U,g,) < d}

Then Ky and Ky are invariant under the flow generated by the Cauchy problem (1.1)—(1.4).

Proof Let (E1g, Fao, E30) € K1 and (Eq(t), Eo(t), E5(t)) be the solution to the Cauchy
problem (1.1)—(1.4) with initial data (E1o(x), Eao(x), Eso(z)). With (2.4)—(2.5) we conclude
for t € [0,7),

S(Er(t), Ea(t), E3(t)) = S(Evo, E2o, E30)- (3.5)
This together with S(FE1, Ea9, F30) < d yields
S(E1(t), Ea(t), E5(t)) < d. (3.6)
We are now in a position to show for ¢ € [0,T),
R(E1(t), Ea(t), E5(t)) > 0. (3.7)

This will be shown by contradiction. If (3.7) is not true, by continuity, n > 0, 6 < 0 and
R(Eho, E20, E30) > 0, there exists a t* € (0,T) such that

R(EL(E), Ba(t), Bs(t)) =0, (Ex(t"), Ea(t*), B (")) # (0,0,0). (3.8)
That is (F1(t*), E2(t*), E3(t*)) € M. On the other hand, (3.6) yields
S(E1(t%), E2(t*), Es(t")) < d.

This contradicts (2.16) and Proposition 2.2. Therefore, K is invariant under the flow generated
by the Cauchy problem (1.1)—(1.4).

Similarly, we can prove that K is also invariant under the flow generated by the Cauchy
problem (1.1)—(1.4).

We further state the following estimate.

Proposition 3.2 Forn >0, 6 <0 and A > 0, let ugy(z) = A2u(\x) (i = 1,2,3), and let
(u1,u2,uz) € HY(R?) x HY(R?) x HY(R?) \ {(0,0,0)} with (u1,us,u3) € Ko (Ky is defined by
Proposition 3.1). Then there exists 0 < p < 1 such that R(u1,,uz,,us,) =0 and

1
S(’Uq,’UQ, U3) — S(ulM,UQM,UBH) Z §R(U1, ug, U3). (39)

Here, S(u1,us2,us) and R(u1,us,us) are defined by (2.14)—(2.15), respectively.

Proof By (2.14)—(2.15), it is easy to write down the expressions of S(u1x,ua2x,usy) and

R(uix, uax, usy),

S(urx, uzx, usy)

1
_ —)\2/ (Vus]? + Va2 + [Vus|?)dz
27 Jus
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w
5 [ (ual? + usf + us )
R3

1
=X [ (el fual)do
R3

% / (larPluaf? + a2 + g ? s )

B %‘3 /Rs %V(Uﬂz — Tyug)|*d¢

- i)ﬁ /R?’ %V:(Uﬂs — Taus)[*d¢

— i)\?’ /R?’ %V:(Uﬁs — Ty ug)|*d¢

+ %)\3Re g %f@m — uoliz) F (w1l — Uy uz)dé

+ %)\3Re g %}-(ﬂﬂ@ — wyT3) F(uiliy — Ty ug)dé

+ %)\?’Re /R 3 %IF(W@ — gt F(uaTi — Taug)de, (3.10)

R(uix, uax, usy)

= )\2{/ (|VU1|2 + |VU2|2 + |VU3|2)dx
R3

3
- 1)\/ (lua|* + [ua|* + |us|*)dz
R3

3
- 5)\/3(|u1|2|u2|2 + [ua[Plus|? + |ug|®|us|*)da
R
3 22 -
+ =ARe LRSS ]:(ﬂg’u:; — ’U,Qﬂg)]:(ulﬂg, - ﬂlu:;)df

2 rs AZ[€]2 =4

3 7]/\25253 _ N7 = — %
+ 5)\Re /RS m}"(ulug — U1U3)]:(U1U2 — U1u2)d€

3 7]/\25153 — I = ——
+ 5)\Re /}R3 W}-(mw — u1T2)F (uglz — Usus)dE

77/\25152 _ N ————~
— )\5Re/3 m}—(ugim — ugliz) F(u1s — Tyuz)dé
R -

7]/\252552 — N = —
— MRe ﬁ}"(ulug — U1U3)]:(U1U2 — ’Uq’UQ)df
s (A[E]* —0)

AQ N
— A&Re/ (nigz]:(ﬂlug - ulﬂg)]‘-(’(@ﬂg, — ﬂgu:;)df
R3

A2[E[? —0)
3 N +& _
- ZA/D@ 777)\2?&12 — g) |F (urlls — Tyus)|?dé
3 N (€5 +€3) o

3 A\ (& +€3)
_ Z’\/s A~ (&1 +&5)

)\2|€|2 5 |]:(’U,1ﬂ3 —E1U3)|2d€
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0 A (&F + €3) 2
X[ BT F i, — ) ?d
5% [ G g — g
o, [ n\(E+&)

T2 fos DRl —5)2

0 N2(€2 + &2 _
+ 5)\‘/]1%3 wu—"(ulw - ’U,1U3)|2d§}

= )\2QA(U1,’IL2,’U,3). (311)

|]:(’UJ2ﬂ3 - ﬂQU3)|2df

From (u1,us2,u3) € HY(R?) x HY(R3) x HY(R3) \ {(0,0,0)} and (u1,us,u3) € Ko, it follows
that
Qx(ug,uz,uz) >0 as A —0 and Qx(u1,us,uz) <0 as A — 1.

By continuity, there exists 0 < 1 < 1 such that @, (u1,u2,u3) = 0, which together with (3.11)
implies for 0 < p < 1,

R(u1p, uay, uzy,) = 0. (3.12)
On the other hand, combining (2.14) with (3.10)—(3.12) yields

S(u1,uz,uz) — S(u1y, Uz, usy)
1

5 |VU1|2 + |VU2|2 + |VU3|2)dCL‘

—

]R3
1
~ 5 [l sl + s e
R3
1
—5/ (lua|Pfuz|® + |ua|*us|® + |ug|*|us|*)dz
R3
1 1
_Z/ Fl(ul,uQ,U3)d£—|—§Re FQ(ul,uQ,ug)d§
R3 R3
2
—“—/ (Vu]? + Vo2 + [Vus|?)dz
2 Jrs
3
[ Gl + gl e
]RS
U3
+ 7/ (Ju Plual® + |ut||us|? + |uzl?|us]?)dz
]RS
14 77/L2§1§2 _ S\ ————
— ~pPRe | LI Fyug — ugtis) Fuatls — U ug)d
S e/R3 2R =0 (Tpuz — ugliz) F(u1Tiz — Truz)dé
14 77/L2§2§3 _ S\ ————
— ~pPRe | 28 F g ug — uytis) Fuatly — U ug)d
S e/Rg 2R -0 (Wruz — uriz) F(urTiz — Tug)dé
1 3 77#25153 _ [ S—
_ E'u Re /RS WL}"(MW — uyU) F (uols — Uausg)dé
13 (6 + &3) — 2
- OESLT 00 Py, — d
+ K /3 20 | F (w1 — Wruz)["d€
13 nu (€5 4 &3) — 2
- IESS 1590 Fuytis — d
+ o H /3 270 | F (u2lts — Waus)["d€

Lo [ (& + &) e
+4,LL 43 M2|§|2—5 |.F(U1U3 U1U3)| df
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N | =

|
e L e

+

/

+

/

+

/N

|
/N N /N /N /N

+ o+

v
| ol +

= =W ool w

——

(%)

|Vur|? + |Vus|? + |Vus|?)dz

(Jus|* + luzl* + Jus|")da

=
w

(lua P |ual® + |ua]*|us|® + Juz|?|us]?)da

1
Fl (ula uz, Ug)df + S Re
2 Jos

=
w

N—

s p2IE[2 =0

s u?l¢]? =46

=W W W
|
N N~ N
N———

N—

Fy(uy,ug,uz)d§
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2 S
MBRG/ L&&]‘-(ﬂgu?, - UQﬂg)]:(’u,lﬂg, — 61U3)d§
R
2 .
MBRG/ M}—(ﬂl’u:«} - ulﬂg)]‘-(ulﬂg — ﬂlUQ)dg
R

2 e
,LLBRQ/ L&gg]:(ﬂﬂm — ulﬂQ).F(UQﬂg — ﬂQUg)df
R

s p2[E[2 =0

35 2

NTRQ ‘/Rs %}-(Ugﬂg — ﬂgu:;)]:(’u,lﬂg — ﬂlu2)d§
35 2

NTRQ ‘/Rs %}-(ﬂgu?, - UQEZ;)]:(’U,lﬂ:; — 61U3)d§
35 2

M—Re/ %}-(ﬂﬂm — ulﬂz)F(UQﬂg — ﬂQUg)df

R3 -

f [ (ual? + sl + s e
R3
(

‘.

3

=

plEP? =0

S N N Iy e

W22 =0

ol W 0|l W 0olwWw =W colw N

N— N N N N~

H2E* =6
np* (63 +&3)
e (B2[€]% = 6)?
nu* (€3 +&3)
re (H2€]% —0)?
e (& + &)
e (u2[€]% —6)?
|V |> 4 [Vua|? + |Vus|?)dz

|.7:(U152 — ﬂﬂtg)ﬁdf

Hk‘toa
>,
\

|]:(UQE3 — ﬂgu;),) |2d€

ﬂk‘tw »&‘tw
(=% (=]
\ \

| F(uitig — 51U3)|2d5

5~

R3

(lua|* + [ua|* + |us|*)dz

w

1
Fl(ul,UQ,’u,g,)df'i‘ —Re
2 Jgs

(lua|Pfuz|® + |ua|*us|® + |ug|*|us|*)dz

F>(u1,u2,us)dé

g [*ug]? + [ur[*us|® + ua|*|us|*)dz
2(¢2 2
+
#3/ (& +&3) | F(urTa —ﬂluQ)|2d§
R?)
2(¢2 2
+ _ _
MB /3 nu* (&3 +&3) | F(ustts — uQU3)|2df
R.

2(¢2 2
#3/ T (51 +§3)|F(ulﬂg —51U3)|2d§
R3
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1
— 5 [ el o+ fual o
R3

1
B §”3/ (lua [Pual® + ur [*|us|® + |uz|?|us]*)dz
R?)
L 3 (6 + &) — 2
_ - RSt T s2) _ d
W [ g T - T
L3 nu? (6 + €3) — 2
gH /Rz P | F(urs — wyus)|"dg
L [ (& +8) o
gH /RS 2T =0 | F (uaTs — waug)|“dE

pro [P (EF +&3)

4 Uy — T 2
TT e Gl — gy 7 e~ Tue)dE
3 2/¢2 2
WO [ B &) p )P
TIL o Gle — g2 (vt sl
38 2(¢2 2
+ HO ne” (& +§3)|]—"(u153 — Tyus)|2de

4 Jrs (n2[€]? = 0)?

1 2 S —
+ —MBRG/ M]‘-(ﬂgu?, - UQﬂg)]:(’u,lﬂg, — 61U3)d§
R

4 s p?lE[* =0
1 3 77/L2§2§3 _ N\ = =~
+ Z,u Re /RS m]—'(ulw — wu1U3) F(u1ls — Tyug)d
1 77/-’[’25153 — — \NT/. = = N
+ Z”BRQ Ag m?('&lﬂQ — Ul'LLQ)./—"(UQ'ng - u2u3)d§
3 2
1% 1) ny 5153 _ _ Y —
— TRQ ‘/]Rs W.F(UQUP, — ’UQ’U{;).F(U]_UQ — UlUg)dg
3 2
1% ) ny 5152 _ N = =
— TRG /]RS W.F(Ung - UQ'LLg)./—"(Ulug - u1U3)d§
3 2
7540 nu-€x€s _ =
— TRG /]RS W.F(U1U2 — UlUQ)./—"(UQ'ng - u2u3)d§.
For j,k=1,2,3, let
5(¢2 2 5(¢2 2
e (&5 + &;) e (&7 + &)
Gi(p) = #7 Go(p) = #
prlE* =46 (12|€]* = 6)
then , nut (65 + &) B2 |€]* — 56)
Gi(p) =

(1?[¢]* = 0)? ’
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(3.13)

which together with § < 0 and n > 0 implies G} () > 0 for p > 0. That is, G1(u) is an
increasing function of p. Similarly, we can check that Go(u) is also an increasing function with

respect to . Hence, Young’s inequality and (3.13) tell us for p € (0, 1),

S(Ul, uz, u3) - S(ulua U245 u3u)

1
> 5/ (|Vur|? + |[Vug|* + |Vus|?)dz
RS

3
- —/ (lua[* + Jua|* + [ug|*)dz
8 Jgs
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[ QP luaf? + Pl + s Plus ) o
R3

| W =] w

3
/ Fl(ul,UQ,U3)df+ -Re FQ(’U&,’UQ,Ug)df
R3 4 R3
5/ Fl(ul,UQ,U3) 5 FQ(Ul,UQ,Ug)
4o L2 e CRe [ 2L 8
4 Jrs (ISP —9) 2 Jes (EP—0)
1

= §R(U1,UQ, U3).

dg

This completes the proof of Proposition 3.2.
We are now in a position to give the proof of Theorem 3.1.

Proof of Theorem 3.1 We first show (I) by contradiction. Suppose that the maximal ex-
istence time T of the solution (FEj (t), F2(t), E5(t)) to the Cauchy problem (1.1)—(1.4) is infinity.
Then from Proposition 3.1 and (3.1)—(3.2), it follows that

R(El (t),Eg(t),E:;(t)) <0, S(El (t),Eg(t),Eg,(t)) <d. (314)

On the other hand, for i = 1,2,3, |z|E; € L*(R3) yields |z|E; € L?*(R?) (see [6]), then Lemma
2.2 yields

d2
= /3 |22 (| E1 | + | B2 + | E3|*)de = 8R(Ey, Es, E3). (3.15)
R
Let p« > 0 be such that
R(El,ua EQ,uv ES,u) =0, (316)

where (E1,, Eay, E3,,) is defined by Proposition 3.2. R(E, Es, E3) < 0 implies 0 < p < 1 from
Proposition 3.2. In addition, by (2.15)—(2.16), (3.5), (3.16) and Proposition 2.2, we have

S(E1, Es, E3) = S(Evo, B2, E30),  S(Evy, Eay, Esy) > d, (3.17)

which together with Proposition 3.2 and (3.14) leads to

R(FE1, Es, E3) < 2[S(FE10, F20, E30) — d] < 0. (3.18)

Let
8= 2[S(E10, FEs, Ego) — d] <0 (3.19)

and
J(t) = /R 2(1 B2 + | Eo? + | Es|?)da (3.20)

Then we observe by (3.15) and (3.18) that

d2J(t)
de?
Integrating (3.21) twice with respect to ¢, we obtain

= SR(El,EQ, Eg) < 85 < 0. (321)

J(t) < 8Bt + J'(0)t + J(0). (3.22)
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Hence for (E1, B2, E3) remaining in H!(R3) x HY(R3) x H(R?), there must exist a T* < +o00
such that

lim / 2B + | Eaf? + |Esf?)da = 0. (3.23)
t—T* R3
On the other hand, (2.4) and Lemma 3.1 yield
[ UEwP + |Enf? + Enf)do
R
_ /3(|E1|2 + | Baf? + | B3 [?)dx
R

1
2

4
<3 ( [ (VEP +VEP + [V EsPs)
R3
1
(/ |2?|(| 21| + | B2f* + |E3|2)dx) ; (3.24)
R3
which together with (3.23) concludes

lim [ (|VEL|? +|VEy* + |VEs*)dz = +oo0.
R3

t—T*

This completes the proof of Theorem 3.1(I).
We are now in a position to give the proof of Theorem 3.1(II). Since (E1g, E20, F30) € K3
from (3.1) and (3.3), by Proposition 3.1, we have

(E1(t), Ea(t), Es(t)) € Ky forallt €[0,T), (3.25)
where (F1(t), Ea(t), E5(t)) is the solution to the Cauchy problem (1.1)—(1.4). In other words,
R(El(t)aEZ(t)aEB(t)) > 07 S(El(t)vEQ(t)7E3(t)) <d. (326)

Then (2.4)—(2.5) conclude

w / (ELP + | Bof? + | Esl?)da

+ % /Ra(|v151|2 +|VEs]? + |VE3)?)dx
-5 [ G s P
-5/ <|(§3 - 533) 17 (uatls —Tpua)dg
E7E = —
+ 2;Re /R3 |€7|7§1€2 F(gus — Ugus) F(urTls — Wyug)dé
+ %Re /R 7 575253 F (s — unti) F s — Trua)d€
e [ P — ) P — T e
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< 2d. (3.27)

As n >0 and d <0, by Young’s inequality we have

w/ (B + |Bol? + |Es|2)da
R-?)
1
+§/ (|VEL|* 4+ |VE,|? + |VE5|?)dz
RS

< 2d. (3.28)

This leads to the boundedness of (Ey(t), E2(t), E3(t)) in H*(R?) x H(R?) x H'(R3) for any
t € [0,T). In particular, there must be T' = 400 by the continuity argument. Therefore, the
solution (F1(t), Ex(t), E3(t)) to the Cauchy problem (1.1)—(1.4) exists globally on ¢ € [0, +00),
and the estimate (3.4) follows immediately from (3.28).

This finishes the proof of Theorem 3.1(II).

4 Appendix
In this section, we give the detailed proof of Lemma 2.2.

Proof of Lemma 2.2 According to (2.4)—(2.5), noting the expression of functional S (see
(2.14)) and (2.16)—(2.17), we can establish easily the identity (2.28).

We are now in the position to check (2.29).

Since (F10, Fao, E30) € X, one has (Eq, Eo, E3) € X by Ginibre and Velo [6], where (Ey, Es, E3) €
C(]0,T);%) is a solution to the Cauchy problem (1.1)—(1.4). In view of (1.1)—(1.3) and (2.27),
one has

dJ(t — — — — — —
—di ) = / |2[2[(0Er B + E10,EL) + (0, E2FE2 + E20,E2) + (0, F3E5 + E30,E3)|dx
R3

= 2Im /R ) |z|2(10; E1 By + 10y BoEy + 10, E3 E3)dx
= 2Im g |z|*(~AE\E, — AE;Ey — AE3E3)dx
—2Im /RS |z|?(|E1|? + | E2|* + |Es|?)(E\Ey + E2Es + E3E3)dx
~ 9Im /]R e?(Bi s + By ds + BBy + By Ba + By + FyCa)ds, (A-1)

where Ay, A, By, B, C1,Cy have the same forms in (1.5)—(1.10). We now need to calculate
these terms in (A-1) carefully.

Im |$|2(—AE1F1 - AEQEQ - AEgEg)dZE

]RS
=2Im [ (2VE\E; +2VEyEs + 2V E3E3)dx, (A-2)
R3
Im/ |z|2(|E1|? + || Ea|? + | E3|?)(E1EL + EoEs + EsE3)dz = 0, (A-3)
R3
Im/ |$|2F1E2./—"_1 |: 775153 .F(EQEg - EQEB):| dx
RS I€[? —d
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+ Im/ |5L‘|2E2E3.7:_1 [ 775153 ]:(ElEQ — ElEg)_ dx
R® LIE]P =6 :
— Im/ |$|2E1E2]:_1 |£]|§1€36./—"(E2E3 — FQEg)- dZE
RS . - J
—Im/ 22 BB F ! "3153 F(E\Bs — B1Ey)|da
RS LIE]P =6 :
= Im/ |$|2E1E2]:_1 nglé-?’ ./—"(EQE:,) —EQEg)}dZE
R €12 =4
o = 1| 168 &= =]
+ Im |ZE| ElEQJ: |€|2 6.F(E2E3 - E2E3) dx
RS . - J
275 1] n&1&s = = 1
+ Im |CL‘| E2E3]: B} ]:(E1E2 — ElEg) dx
R L[E)P =6 :
o = 1| 168 &= =]
+ Im |ZE| EQEg]: |€|2 6.F(E1E2 — ElEQ) dx
RS . - J
_ 5 1 n&1&s = =
_ QIm{Re/RS \2|2EL Ex F [|§I2 = F (BT B> E;)|dz}
27 —1[_n&1&s = =
+21m{Re/Rs 2By B3 F [Iil"’ > F(E\Es ElEg)}dx}
=0. (A-4)

Making the same estimate as (A-4) to the rest terms in
—Im /Rz |z|?(E1 A1 + E 1Ay + EoBy + E2By + E3Cy + E3Cy)dx,
we can obtain
—Im - |z[2(E1A1 + E1A2 + E2By + EoBy + E3Cy + E3Cy)dx = 0. (A-5)

Combining (A-1)—(A-5) together leads to

dJ(t — — —
% =4Im [ [(¢VE1)E; + (¢VE2)Es + (¢VE3)Es]da. (A-6)
R3
Differentiating (A-6) with respect to t, after a careful computation and proper groupings, we

proceed as follows:

d2J(t — —
dté ) = 4Im s 1‘[(VE1)(%E1 + V(BtEl)El]dx
+ 4Im 1‘[(VE2)6,5E2 + V(BtEg)Eg]dx
R3
+ 4Im 1‘[(VE3)6,5E3 + V(BtEg,)Eg]dx
R3

= —8Im (diatE1VF1 + x@tE2VF2 + x@tE3VF3)da:
R3

— 12Im (FlﬁtEl + EgatEQ + FgatEg)dZE
R3

= 8Re/ (:z:i@tE1VF1 + $i8tEQVF2 + $i8tE3VF3)dJ?
R3
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+ 12Re /R ) (E1i0: By + E9i0; By + E3i0;Fs)dx
= 8Re /R ) 2(—AEVE, — AE;VE, — AE3VE3)dz
~ SRe /R S B2 + | B2 + | Bs[2)(E\VEy + EsVE» + EsVEs)da
+ 8Re /R WVEL(— A1 — Ao) + 2V Es(—B1 — Ba) + 2V Es(—C1 — Ca)]da
+12Re /R (~ABF, - ABT, - AB;Fy)ds
— 12Re /RS(|E1|2 B + |Es)(ByFr + By + ByFs)da
+12Re /R (Br(— Ay — As) + Fao(—By — Bo) + Fy(—Cy — Co)]da. (A7)

where Ay, As, By, Ba, C1,Co have the same forms in (1.5)—(1.10). Using integration by parts,
the Parseval identity and the properties of Fourier transforms, we attain the following estimates:

Re/ $(—AE1VE1 — AEQVEQ — AE3VE3)d5L'
R3

1
=3 /3(|VE1|2 +|VE,|* + |VE;[*)da, (A-8)
R

— Re/ z(|Er? + | E2)? + |Es|*)(E1VE) + E;sVEs + E3VE3)de
R3

3
_ 1/ (1B + | Baf* + | Eal*)da
R3
3
+§/ (B[ Bo|* + |E?| Bs|” + | E2|*| Bs|*)da, (4-9)
R3

Re /R (~ABVE, - ABVE; - A VE;)da

. /RS(WElF + VB + |VEs|)da, (A-10)
~Re /RS(|E1|2 B + B (ByFr + By + EsTs)da

== [ 4B+ Bl + Bl
- Q/RS('El'2'E2'2 + | By B[ + | Eof?| Bs ) da, (A-11)
8Re /}R3 [tVE1(—A; — Ay) + oV Ey(—B1 — Bs) + VE3(—C; — Cy)]dz
+12Re /R (B1 (= Ay — As) + Ba(—By — By) + Bs(—C1 — Cy)]da

= —6/ Fl(El,Eg,Eg)dx—i—lQRe/ FQ(El,EQ,E3)dCL‘
R3 R3

i (Eq, Es E Fy (B, By E
1( 1é 25 3)d$—86 2( 1é 25 3)
R [EP—0 R [EP—0
where Ay, As, By, By, C1, Cs have the forms in (1.5)—(1.10) and Fy, F5 are defined by (2.16) and

+46 de, (A-12)
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(2.17).
Before we show (A-12) one by one, we mention several key identities.

Lemma 4.1 Fori,j, k,l,s,p=1,2,3, the following identities hold:

= 1] NEkEl —
/RS oVEE;F [Iil"’ . 5f(ESE,,)} da
— [ Faves) oY rBE
= | F@VEE) =5 FBE)E,
= 7o kG == 7.
Re/RS F(BE, = Dby p = s F (B — BB de
—Re [ F(EE) L FEE - BE)
RS €> =6
+Re | F(E;E;) "f’“& F(E.E; — EJE;)dE.
R® §1> =
Re [ F(E.Ej) |€n|§k£l5€ -0 F(EiEj — EiEj)dé
R3 -
+he [ FEE), gg’“& < OF (B, — BLBL)de
R3 -
—Re [ ¢ 0.F(E.E;) ggkfl SF (BB — BiE;)dE
R3 -

nékél
€12 =6

We now calculate (A-12) term by term. From (1.5)—(1.10) it follows that

F(EsE; — EsE;)dE.

+Re/ f : Bgf(EzE])
R3

Re ‘/Rs [El(—Al — Az) + EQ(_B]_ — Bg) + E3(—Cl — Cg)]dx

= Re /]RS |£]|§1§36F(E1E2)F(E2E3 - EQEg)df

2 e
ke [ U DR (5 - Fu

—Re/ né283 F(E\B»)F(E\E3 — E1F5)d¢
R

s €7 =0
+Re /R é?i@f@l By — BT
Re /Rs %mﬂﬁl@ _ B Fy)de
e /Ra géf%ﬁf (E2Es — E-B5)dé
+Re /R gifzmna By - By Ty)de
Re /R %MHEQE ByE)de
+Re [ B F BT P52~ T B

+Re /R 3 lgélf?’ ST (1) F (B s — By Fs)dg
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2 2y ———
+ Re/ 77(5127—’_52)]:(F1E2)]:(E1E2 - F1E2)d€
R3 |€| -9

+Re /R éﬁ%mﬂafg BBy de

+Re /R 3 |€’7|§2f3 S F(BAEs) F(E\Bs — BABy)d

9 ey
- Re /]Rs %'F(FlEi)’)]:(EIEB - E1E3)d§

he AS %WF(EQEB - EQEg)df

+Re /R 3 |€’7|§152 5 F(BaBs) F(E\Bs — Br )

2 2y ———
e / 8+ 8) ) F(By Ty — ByEa)de
R3 |§| -0

+Re /R 3 lg’élfg = F(B2Es) F(B1 Bz — E\By)ds. (A-15)

Direct calculation and rearrangement for these terms in (A-15) yield

(A-15) = — Fl(El,EQ,E3)d€+2Re FQ(El,EQ,E:;)df, (A-16)
R3 R3
where Fl(El, EQ, Eg) and FQ(El, EQ, Eg) are defined by (216) and (217)

We continue to calculate the other terms in (A-12):

Re/ [I'VEl(—Al — Az) + vaQ(_Bl — Bg) + I'VEg(—Cl — CQ)]CL’,U
R3

n&iés
€[> — o
2 2

77§2§3 ]:(ElEg, — E1E3)}d$

= Re/ J?VElEQ./—"_l{ ./—"(EQE:,) - EQEg)}dZE
R3

—Re/ eVE FyF~!
R3

+Re / aVE EyF!
]R3

+Re/ ZZ?VElEg./T_l
R3

—Re / aVE E3F~!

+Re/ ZZ?VEQEg./T_l
R3

~Re / eV By By F~! F(E2Es — EQEg)}dx
R3

+Re / eV E, B3 F ! F(B\ B, — E1E2)}dx
]R3

{
{
{
{
+Re /R 3 xVFlEg}'_l{ 182 g, - E2F3)}dx
{
{
{
{

+ Re/ ZZ?VEQEl./T_l F(EQEg — EQEg)}dZE
R3
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_ = &) - T
Re/Rs oVEL B F {7|€|2_5 F(BLE» ElEg)}dx
+ Re/ ZZ?VEQEl./T_l{ |£_7|§2§36F(E1F3 — ElEg)}dZE
R3 -
+Re/ xVF3E1}"1{|;7|§1§36}'(E1F2 —ElEg)}dx
R3 -
_ = iy + &) £ T
Re/Rs oVEsELF {7|€|2_5 F(BLEs E1E3)}dx
+ Re/ ZZ?VEgEl./T_l{ |£_7|§1§26F(E2F3 — EQEg)}dZE
R3 -
+Re / xVF3E2}"1{|;7|§1§2 - F(EiEs —ElEg)}dx
R3 -
2 2
— Re/ J?VFgEQ.F_l{%F(EQEg — EQEg)}dZE
R3 -
+Re/ ZZ?VEgEQ./T_l{ 775153 F(ElEQ —Elﬁg)}dx
RS €12 =4
né1€3

R E\E
(S} RSJ:(:CV 1 2)|€|2—5

n(& + &)

F(EyE3 — EyE3)dé

— Re .F(ZZ?VE1E2) .F(E1E2 — ElEQ)d§

R §1> =
+ Re .F(J?VE1E2)|€|2 6./—"(E1E3 —ElEg)d§
R3 -
+ Re 3]—'(xVE1E3)|€|2 5]:(E1E2 —ElEg)df
5 -
- 2 2
— Re ./T(ZEVElfg)%F(ElEg — Elﬁg)df
R3 -
tRe [ FaVE ) 2 F(Byy — BTy
- )1 —5 23 — Lo kg
&l _
+Re [ FEVEEy), €17|21_2 ~F (1 By — EyEy)dg
- 2 2
— Re .F(IAVEQE:;)%F(EQE:; — EQEg)df
R3 -
+Re [ F@VEEs) 8 F(BF, - By By)de
- 2B3) e 5 182 140
&y _
+Re | FaVER) |€’7|21_3 = F(BaBs — EyBs)dS
- 2 2
— Re .F(IAVEQE1)%F(F1EQ — Elﬁg)df
R3 -
+ Re 3]—'(xVE2E1)|€|2 5]:(E1E3 —E1E3)df
A -
+ Re .F(ZZ?VEgEl) 775253 .F(E1E2 — ElEQ)d§

R? €12 =6

— Re .F(ZEVEgEl)%F(ElEg — Elﬁg)df
R3 -

155



156 Z. H. Gan, X. Jiang and J. Li

+Re | F@VEsE) |€’7|§1§2 S F(ExBs — BaBs)dS
R3 -
+ Re .F(Q?VE:;EQ) 775152 .F(E1E3 — ElEg)df

R €2 =6

n(&5 + &3)

— Re ]:(C,UVE3E2) ]:(E2E3 — E2E3)df

RS €2 =4
= 16183 = -
+ Re ./—"(QTVE:;EQ) |€|2 6./—"(E1E2 — ElEQ)d§ (A—l?)
R3 -

We first consider these terms including "5"521535. Using integration by parts, the Parseval identity

and some properties of Fourier transforms, we derive that

Re [ FaVE )18

R |§|2 — 5‘F(E2E3 - EQES)dg

+Re | FVE,T:) |;7|§1§3 S F (BB — BrEy)dS
R —
+ Re .F(vaQEl) |;7|§1§35]:(E2E3 — EQEg)df
R3 -
+Re [ FGVET) 18 5,5, - BT
€ . (.TVE?,EQ) |£|2 5]:(E1E2 — ElEg)df
R —

n&1€3
€2 =4
né183
€2 — 4
né1€3
€2 =6
n&1€3
€2 =6

= Re/ —iagf(VElEg) ]:(EQEE} — EgEg)df
R3

F(E\Ey — E1Ey)d¢

R3

F(EyFE3 — By E3)de

+ Re/ —i(?g]:(VEQEl)
R3

+ Re/ —iag]:(VE;;EQ) F(ElEQ — Elﬁg)df
R3

= Re/ 185]-'(VF1E2) |§77|§1§35F(F2E3 - EQEg)df
R3 -
4 Re / 0. F (VE, ) |§77|§153 F(B1B> — BiBs)d
R3 -
+ Re/ 10:F (VE2Er) |§77|§1§35]-'(E2F3 — EyE3)d¢
R3 -
+ Re/ 135}'(VF3E2)|;7|§;§35}'(E1F2 — ElEQ)d§
R3 -
=2 | 8.7 (VE,Ey) ’75153 F(EoBs — EoE3)d¢
2 Jrs 2 —9
¥ 85]:(VE1E2)T]§;§3]:(E2F3 — By Es)d¢
2 Jrs &2 =0
+= | 0:.F(VE,Es) ”5153 F(ErEs — By E»)d¢
2 Jrs &>~
+ = [ 0:.F(VESEs) ’75153 F(E\Ey — EyBEy)d¢
2 Jps &> — o
né1€3

+ 2 | 0eF(VELE)

2 R |§|2 — 5‘F(E2E3 - EQES)dg



Sharp Threshold of Global Existence for Nonlocal NSS

n&1€3

i
+ =
€% =4

2 Jr

0: F(VE,Ey)
3

]:(Eg E3 —

EyE3)d¢

85]:(VE3E2) 775153

i
"3 Je €z =0

./—"(E1F2 —

E E,)d¢

i
+ =

0 F(VEsEs) USLS
2 R3

€17 =6

By rearranging these terms in (A-18), we get

(A-18) =

/ (85}‘(VF1E2) + 85}"(VE2F1))

% (O F(VELEs) + 0e F(E1VE,))
]R3

% (¢ F(VEEs) + 0¢ F(E2V Es)) 255
R3

% (0 F(VESE3) + 0¢ F(E.VE3))
R3

]:(ElEg —

né1€3
1€[* —¢
né1€3
€2 — ¢
né183
€2 — ¢
né1€3
€] —

EyEy)dé.

]:(EQE:;

— By E3)d¢

F(EyE3 —

]:(El E2 —

1

5/]RS 8&'./—"( (ElEQ)) 776153

§1* = o

F(ELE5 —

EyE3)d¢

n&1&3
€[> =6

. O: F(V(E1Es))

f(EgEg, —

E>E5)d¢

né1€3
€[> =6

]:(El E2 —

EyE5)d¢

— ]:(E1E2 —

E E5)d¢

1 _
- [6F(Br ) g?% 5

.F(EQE:;
2 Jas

— ByE3)d¢

1 —
e - [g]:(ElEQ)]éﬁ%

2 Jps

F(ByE;5 —

EyE3)d¢

¢ - [€F(E2E3))]

2 Jgs

— F(ElEQ —

EyE5)d¢

J—
=
0
_.
o
w

D¢ - [€F (B2 E3))]

EE
. s (ke

W o

E1E»)d¢

[ FEu) |£]|§1§35F(F2 o

[\)

EyE3)d¢

€ 0 F(ELEs)

—2" F(E-.F
. P — o7 BePs -

S

w

EyE3)d¢

. F(E1Es) |;7|§1§35]:(E2E3

N

— EyE3)d¢

-\ n&i
X3 agf(ElEQ)&%f(EgEg

(SN ]

EyE3)dé¢

[ F(B2Ey) gélf?’ SF(ELEs

N

— E1E9)d¢

0. F(BE-E n&1&3
& OF R e

F(EL\Ey —

w N

EyE5)d¢

.F(EQEg) 776153 ]:(Elﬁg—

2 Jrs §1* = o

E\E»)d¢

5]:(E1E2

— E1E5)d¢

E>E3)d¢

B Ey)d¢
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1 inl — —
-3 /R3 §- 0cF (B2 E3) |§77|§1§35]:(E1E2 —FB1Ey)d¢
= —3Re m 775153 F(Bas — ByFa)de
R3 €12 =6

—3Re | F(E.Es) 77?53
RS €[> =6

—= SIS
_RGAS€~8§f(E1E2)K712%

— Re f . 85]:(E2E3)|£]|§;€36./—"(F1E2 — Elﬁg)df (A—lg)
R3 -

F(E\Ey — E1Ey)d¢

./—"(EQE:; — E2E3)d€

Let

né1€3
1§12 =6

—Re | €-0:F(EyE;) |§’7|§153 5]-'(F1E2 — By E,)dE. (A-20)
R3 -

F(E2E3 — ByE3)d¢

R3

Then

G=Re | F(ELE)0 - (g "5153 F(EyFEs — EQEB))dg
RS &> =6

E SIS = —
vhe [ a0 (¢ T~ B )
= = né1€3
= 3Re s ]:(ElEQ)W

— né1€s

+ 3Re s .7:(E2E3) |€|2 —5
n&1€3

s |€[2 =0

— 20Re |;7|§;§35]:(E2E3)]:(E1E2 — Elﬁg)dg
R3 -

+ Re |€’7|§1§3 5 F(BrE2)E - 0 F (Ba s — ExB)de
RS -

+ Re |;7|§1§3 SF (B2 L) - 0cF (E1 By — By Ea)de. (4-21)
R3 -

In view of (A-13)—(A-14), we conclude

n&1€3
s €[> =6

i I —
— 26Re /RS ﬁﬂfzﬂsg — EyBs)F(E\Ey — B1Bs)de,

F(E2E3 — By E3)dé

F(E\By — B Ey)d¢

— 20Re ]:(ElEg)]:(EgEg, — E2E3)df

2G = 3Re

F(EyEs — EyE3)F (B Ey — E1Ey)d¢

which then gives

G = gRe |§n|§1§35}'(E2E3 = B2Es) F(E\Ey — E1Es)d¢
R3 -

&16 S —
— 6Re /R ) €T|72 1_36)2}‘(E2E3 — By F3)F(E\ B — B1Bs)dE. (A-22)
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Note that (A-19), we thus obtain

(A-18) = —2Re / S (B E, — BB F(BrEa — BiBa)de
R

2 s |2 =6
513 = = ==
— 6Re /R ) ﬁ}'(EQEg — By B3)F(E Ey — By Ey)dE. (A-23)

Making the similar calculation for the other terms in (A-17) to that in the proof of (A-18), we
get

3 3
(A-17):—/ Fl(El,Eg,Eg)dé——Re/ Fy(Ey, B, E3)dé¢
4 Jgs 2 Jas

(B, By E (b, By E
+é (B, By, 3)d§—5Re 2(Er, B, E3)

de. A-24
3 e T P 0 S
From (A-7)-(A-12), (A-16) and (A-24), it follows that

d2J(t)
dt?

:8/ (|VE1|2+|VE2|2+|VE3|2)dx—6/ (B + [Bol* + | Bs|")da
R3 R3
- 12/ (|Er | B2 + | B | Es|® + | B2 || Es|?)da
RS

—6/ Fl(El,EQ,Eg)df—FlQRe/ F2(E1,E2,E3)d€
R3 R3

Fl(EléEZaEB)dg _ S5Re FZ(EI;E%EB)
I re [[* =0
= 8R(Eh, Es, E3).

+46 de

This completes the proof of Lemma 2.2.
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