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1 Introduction

Let F(t) be a local field with nontrivial non-archimedean value, where F is a finite field with
p elements and p is a prime number. We denote the completion of algebraic closure of F(t) by
F((t)). In this paper, we study the discrete criteria and Jgrgensen’s inequalities for a subgroup
of the special linear group SL(m, F((t))).

It is an important topic to study Mébius maps in non-archimedean spaces (see [1-2, 4-5, 7—
8]) especially the discrete criteria and Jgrgensen inequalities for subgroups of Lie groups. In [2],
Kato discussed the discrete criteria of groups of projective general linear group PGL(2,C,). In
[1], Armitage and Parker studied the Jorgensen inequality for discrete subgroups of SL(2,Q,),
and of SL(2,F(t)). In [6], Qiu, Yang and Yin gave the discrete criteria of SL(m,C,). Further-
more, the development of studying the moduli space of rational maps and the Kleinian group by
arithmetic method arises our interest in studying the group SL(m, F((t))). Hence, we concern
about the discrete criteria and Jgrgensen inequalities for SL(m, F(())).

The function field is different from the p-adic number field. The main difficulties that we
should face are to estimate the distance between the primitive roots of unit and the unit, and
show that there exists a finite number of extensions of degree d < n for some given positive
integer n. The character of the residue field of F((t)) is positive. We state our main theorem.

Theorem 1.1 Let G be a subgroup of SL(m,F((t))) with no parabolic element. Then the
group G is discrete if and only if any cyclic subgroup of G is discrete.

Theorem 1.2 Let K be a finite extension of F(t). If a discrete subgroup G of SL(2,K)
contains elliptic elements of finite order only, then G is a finite group.
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Jorgensen’s inequality is a necessary condition for the discreteness of subgroups of SL(2, C),
which has been widely applied in many aspects such as the algebraic and geometric convergence
of subgroups of SL(2, C) and the estimation of the volume of hyperbolic manifolds. It has been
generalized by many authors in various cases, and also plays an important role in the p-adic
analytic space. In [1], Armitage and Parker gave a version of Jorgensen’s inequality of discrete
subgroups for SL(2, F(t)). In this paper, we partially improve their results and generalize those
to SL(m, F((t))).

Theorem 1.3 Let A # —I be an element of SL(2,F((t))). Let B be any element in
SL(2,F((t))) such that B neither fizes nor interchanges the fived points of A. If G = (A, B) is
discrete with no parabolic elements, then min{|tr?(A) — 4|, |tr[A, B] — 2|} > 1.

Theorem 1.4 If a subgroup G of SL(m,F((t))) is discrete with no parabolic elements, then
for each g € G\ {I}, ||lg—I|| > 1.

2 Some Facts in F((t))

Let p > 2 be a prime number, and F(¢) be the function field of the non-archimedean value,
and F((t)) be the completion of the algebraic closure of F(t), namely F((¢)) = | F((t%)) We

n>1
denote the valuation group of F((¢)) by [F((t))*|, the integer ring by O, = {z | |z| < 1}, and the
maximal ideal by M = {z | |z| < 1}. The absolute value satisfies the strong triangle inequality

|2 — y| < max{]z[, [y}

for z,y € F((t)). If z,y and 2 are points of F((¢)) with |z —y| < |z — 2|, then |z — z| = |y — z|.
Given a € F((¢)) and r > 0, the open and closed disks of center a and radius r are defined
by

D(a,r)” ={z € F((t)) | |z —a| <7},
D(a,7) ={z € F((t)) ||z —a| <r}.

However, by the strong triangle inequality, topologically D(a,r)” and D(a,r) are closed and
open, and every point in disk D(a,r)” is the center. This denotes that if © € D(a,r)™, then
D(a,r)” = D(x,r)~ (vesp. D(a,r) = D(z,7)). If two disks D; and D5 in F((¢)) have non-empty
intersection, then Dy C Dy, or Dy C D;. For a set E C F((t)), denote diam(E) = sup |z —w|
the diameter of E in the non-archimedean metric. Especially, diam(D(a,r)) = r.

Let PY(F((t))) be the projective space over F((t)) which can be viewed as P'(F((t))) =
F((t)) U{oo}. The chordal distance on PL(F((¢))) can be defined by

|2 — wl
max{L, 2|} max{1, [w[}

po(z,w) =

for z,w € F((t)),

1

Pele) = el
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for w € F((t)) and z = oo, and
po(z,w) =0

for z = w = oo.
By the definition of the chordal distance and the strong triangle inequality, it is easy to show
that if |2 < 1, |w| < 1, then pu(z,w) = |z—w|, and if |2| > 1, |w| < 1, then py, (2, w) = E=2l =1,

[2]

— lzmw| _ 1_L|
T lEllw] Tl wl

and if |z| > 1, |w| > 1, then p,(z,w)
Lemma 2.1 The residue field O,/ M = F.
Proof For any z in the finite extension of F(¢), we can expand z = aits, k€ Z, and a;

ik
in some finite extension of F. If |z| = 1, then # = Y a;t5. Then x = apmod M. If z € F((t)),
i>0
then there exists a sequence {x,} convergent to z, where each x, is in some finite extension
of F(t). Without loss of generality, we can assume that |z, — z,,| < 1 for any n,m > 1. Let

Ty = > Aints, k € Z and 2, = Y ai,mté, k € Z. Thus agn = aom. This implies that
i>k i>k
|# — ao.n| < 1, namely z = ag,, mod M.

Lemma 2.2 Let d be an positive integer, and  be the primitive d-th root of unity, then
[(—1|=1.

Proof By Lemma 2.1, ( =a+u,a € F), |u| < 1. Since

ety (Bt (Dt -1

we have a? = 1 mod M. This implies that |a — 1| = 1.

Lemma 2.3 Let x € F((t)) with |z| = 1. Then the sequence {xP"} has a convergent
subsequence.

Proof If 2¢ = 1 for some positive integer d, then we draw the conclusion. If 2¢ # 1 for
any positive integer d, let x = a + u, where a € F, |u| < 1. By the structure of the finite field,
there exists a positive integer N such that a?" = a. Since the character of F is p, we have
" = o™ ™ = a4+ wP”™" . Thus |27 — a| = [ulP™" tends to 0, as k — oo.

Lemma 2.4 Let g(z) = 2" + a,_12""' +--- + ag be a polynomial in F((t))[z]. Given a
fized v > 0, if coefficients of g(z) satisfy |a;| < r™~%, then all roots of the polynomial g(z) are
in the closed disk D(0,r).

Proof If a ¢ D(0,r), then |a;a’| < 7"~!|a’| < |a"|. By the ultrametric property, |g(a)| =
o™ + an_1a" "t + -+ +ag| = |a"| > 0. Then all roots of the polynomial are in the closed disk
D(0, 7).

Lemma 2.5 Let
m—1
gn(z) = 2™+ Z Uin 7' (2.1)
i=0

be a sequence of polynomials in F((t))[z]. If all coefficients a;, tend to zero as n — oo, where
0 <i<m—1, then all roots of g,(z) tend to zero as n — oo.
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Proof For any r > 0, we can find a sufficiently large positive integer N such that for any
n > N, |a;,| < r"¢, since a;, tends to zero as n — oo, where 0 <i < m — 1. By Lemma 2.4 ,
all roots of g, (z) are in the closed disk D(0,r). Since r > 0 is arbitrary, all roots of ¢, (z) tend
to zero as n — oo.

3 Discrete Subgroups of SL(m, F((t)))

Since the product of all eigenvalues of g € SL(m,F((t))) is one, either the absolute value of
each eigenvalue of g is one or there exists at least one eigenvalue whose absolute value is larger
than 1. Thus each non-unit element g € SL(m, F((¢))) falls into the following three classes:

(a) g is said to be parabolic if
1) the absolute value of any eigenvalue of g is 1, and
2) g can not be conjugated to a diagonal matrix.

)

)
b) g is said to be elliptic if
1) the absolute value of any eigenvalue of ¢ is 1, and
)

(
(
(
(
(2) g can be conjugated to a diagonal matrix.

(c) g is said to be loxodromic if there exists at least one eigenvalue of g whose absolute value
is larger than 1.

For g = (a;;) in the matrix ring M(m, F((¢))), the norm of g is defined by | g|| = L max
Stsmy,lsgsm

{laij|}. Obviously, |g|| = 0 implies that each a;; = 0. It is easy to verify that |ag| = |a||/g]],
lg + Al < max{lg[l, [|al[} and [[gh] < |lglll|A]]

We say that a subgroup G of SL(m,F((¢))) is discrete if there exists 6 = 6(G) > 0 such that
each element g € G\ {I} satisfies ||g — I|| > J, where I denotes the identity.

Obviously, a subgroup G of SL(m,F((t))) is discrete if and only if any sequence consisting
of distinct elements g,, € G is not a Cauchy sequence. Since ||h~tg,h —h=tgh| < [|A7Y||lgn —
gllllk|l, we have ||h=tg,h—h~1gh|| — 0, when g, — g, as n — oco. This means that conjugation
does not change the discreteness.

We show that if G is a discrete subgroup of SL(m, F((t))), then the elliptic element in G is
of finite order.

Lemma 3.1 Let I denote the unit matriz and J denote a nilpotent matriz in M(m,F((t))).
Let A € F((t)) with |\ = 1. If f = X[ +J, then the sequence (fP") has a convergent subsequence.
Especially, if X =1, then (f?") is a periodic sequence.

Proof Since J is a nilpotent matrix, there exists a positive integer N such that JV = 0.
Thus for any positive integer &k > N, we have

Choose k = p™™ > N, then

nm nm

= (AL )P = N

By Lemma 2.3, {\*"} has a convergent subsequence. Therefore the sequence (f?") has a
convergent subsequence.
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Theorem 3.1 If the subgroup G of SL(m,F((t))) is discrete, then there is no elliptic
element of infinite order in G.

Proof Suppose that g is an elliptic element of infinite order in SL(m,F((t))). We can
assume that

A1

Am

where \; € F((t)) are eigenvalues of g with |\;| =1, 1 <i < m.

Therefore \{ # Al for any positive integers s,t. By Lemma 2.3, the sequence {\! n} has
the convergent subsequence. Thus {g”n} is the sequence consisting of distinct elements and
a convergent sequence. This contradicts the hypothesis. Thus there is no elliptic element of
infinite order in G.

Lemma 3.2 If g, € SL(m,F((t))) — I, as n — 0o, then all eigenvalues of g, tend to 1, as
n — oQ.

Proof The eigenpolynomial f,,(A) = |\ — g,| tends to polynomial (A —1)™, since g,, tends
to I. By Lemma 2.5, all eigenvalues \,, tend to 1.

Lemma 3.3 If there exists a positive number § = §(G) such that for any g € G, max{|\; —
1, A2 = 1], -+, A — 1|} = 8, where Ay, Aa, -+, A are eigenvalues of g, then G is discrete.

Proof If G is not discrete, then there exists a sequence {g,} tending to I, as n — co. By
Lemma 3.2, we know that eigenvalues A; , A2, -, Ap.p Of g5, tend to 1 which implies that G
is discrete.

Theorem 3.2 Let G be a subgroup of SL(m,F((t))) with no parabolic elements. Then G

is discrete if and only if any cyclic subgroup of G is discrete.

Proof = It is obviously true.

< By Theorem 3.1, we know that a subgroup G containing any elliptic element of infinite
order is not discrete, which yields that there only exist loxodromic elements or elliptic elements
of finite order.

If g is a loxodromic element, then let A be the eigenvalue of g with |A| > 1. By the ultrametric
property, we have |A — 1| > 1. If g is a elliptic element of the order n, namely g™ = I, where n
is the smallest positive integer, then we can assume that g has the form

A1

Am

where ); is an eigenvalue of g, 1 < i < m.
Since g™ = I, namely each eigenvalue \; of g satisfies A} = 1, by Lemma 2.2, we know that
A — 1] = 1. By Lemma 3.3, we can see that G is discrete.

Example 3.1 Let G be generated by elements f,, = z 4+ t", n > 0. Then G is not discrete
but any cyclic group of G is discrete.
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Proof Obviously, f, =z +t" — 2z, as n — co. We see that G is not discrete. Each cyclic

group is generated by element z + > a;t’, a; € Fp. Since each element f,, is parabolic, we
i>0
know that f, is of finite order which implies that the cyclic group generated by (f,) is discrete.

L

Lemma 3.4 The finite extension K of degree n of F(t) is K, (t7), where K,, is a finite
extension of F of degree < n, and m <n.

Proof Since K is a finite extension of F(t), we see that K is also a local field. We denote
the integer ring, maximal ideal and residue field of K by Ox = {z | |2| < 1}, Mg ={z | |2| < 1}
and Fg = Og/ Mk respectively.

By the proof of Lemma 2.1, we see that Fi is congruent to some finite extension of F. We
claim that Fk is some finite extension of F.

For any = € Fx, we can write 2 = a +u, a € F, |u| < 1. There exists a positive integer N
such that a?" =@ and 2P = 2. Hence 2P =a? " +uP" =a+uP = a+ u which implies
that u = 0. Hence Fx C F, namely Fi is some finite extension of F.

Since K is a finite extension of F(¢) of degree n, we see that Og = Fg(7), where 7 is the
uniformization element, and || = |¢|7. We claim that we can choose a uniformization element
T as tn.

Firstly, if we can expand 7 = t# + agtin + - - -, then 7 — agw? = t + u, where |u| < |t|=.
We write 71 = T — aom? = tom —i—agt%. Following this algorithm, let 7o = 71 —az7?, - - - S TMht1 =
Tk — o2 ..., This implies that |71 — t%| < |t|% Letting £ — oo, we see that
T — t%, namely tm € K.

If 7 = t# +u, where |u| < |t|#, m is prime to p, then there exists a positive integer N such

ka

Nk NE _
that m | p¥ — 1. We consider 77" = (t"w +u?" ). Since ‘%‘ < |t|P w, we see that
tm

1 w™F o o 1 ™ F 1 1
tm + 8t = N € Ox. This implies that tm + —xr— —tm, k — 00, tm € K.

tm tm

»*m M is prime to p, we see that

p -1
Ifr= (> tﬁ)u—katﬁ + v, where u € Ok, |v| < [t
i=1

= (pzl P )u+ a?" " tRE) 4P This yields that (5 + ") € Og. Furthermore,
i=1

by the proof above, we know that tw € Ox. This implies that p | m, since K is discrete valued

field. However, this is a contradiction.

Let 7 = t77 + u, where m is prime to p with lu] < |t|ﬁ Hence 77" = tw + uP'. By the
proof above, we know that tw € M. This implies that p | m, since K is discrete valued field.
However, this is also a contradiction.

In the end, we see that K = Fg(t7). Since [K : Fp(t)] = n, we see that n = [K: Fy,(t)] =
m[Fx : F,] which yields m <n, [Fx:Fp] <n.

Lemma 3.5 Given a positive integer n, there exists a finite number of extensions of degree
<n.
Proof Following Lemma 3.4, it is obvious.

Lemma 3.6 There exist only finitely many primitive roots of unity in K, (t%), where K,
is a finite extension of F of degree m.
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Proof Let A\=a+u€, [u| <1, a € F be a primitive root in K, (t7). If A* = 1, where s is
a positive integer which is prime to p, then there exists a positive integer N such that s | p?¥ —1
N
and a? =a.

Hence
N N Nk Nk Nk
)\pk:(a—i—u)pk:ap +u? =a+u? =A=a+u.

Let k — oo, and then u = u?" = 0, since |u| < 1.

Lemma 3.7 If ) is the eigenvalue of the elliptic element g of finite order, then < |tr(g)—2| =
1, where tr(g) denotes the trace of g.

Proof Let A\ be the eigenvalue of the elliptic element g of finite order, namely A is the
primitive root of unity. By Lemma 2.2, |\ — 1| = 1. Since trace is invariant by conjugation, we
2
have tr(g) = a +d = A + A~! which implies that [tr(g) — 2| = [N+ A1 - 2| = % =1.
If an eigenvalue of g is —1, then the other eigenvalue is also —1, since the determinant is 1.
Thus g can be conjugated to the diagonal matrix —1I, and thus g = h(—I)h~! = —hh™! = —I.

Theorem 3.3 Let K be a finite extension of SL(2,F(t)). If a discrete subgroup G of
SL(2,KK) contains elliptic elements of finite order only, then G is a finite group.

Proof Let K be a finite extension of K with []K : K] < 2. Then ]KP is also a finite extension
of F,(¢). Since F,(t) is locally compact, we know that K is locally compact. By Lemma 3.4,
we see that K C Kp(t%).

For some fixed element g € G\ {I}, we can assume that there exists an element h € G which
can not commutate with ¢ # 41, namely A2 # 1. Thus g, h can be respectively conjugated to

= (3 ). 7= (2 s

Then the commutator

_ = 371 [ad—bcA™? —abA\? +ab
9.} = ghg™"h = <cd —cdA"? —beX’ +ad) "

3.7, |bc(/\ — %)2 = 1. Since A2 is also a primitive root of unity and A\? # 1, we have IATA_|1‘ =

Therefore |bc| = 1.
Suppose that there exist infinitely many distinct elements h,, which can not commutate with

a, by
hn_<6n dn).

Since and, — byc, = 1 and |b,c,| = 1, we see that a,d, is also bounded. We also have

Therefore tr[g, h] = 2ad — be(A\? + £5) =2 —be[(A+ $)? —4] =2 —be(A — %)2 By Lemma
|

g, and let h,, have the following form

an,d, are bounded, since a, + d, is bounded.

Assuming that b,,, ¢,, are bounded. Then a,,, dy, by, ¢, are all bounded. Since F),(¢) is locally
compact, the sequence {a,, d,,, b,, ¢, } has convergent subsequences, Then h,, has the convergent
subsequence, which contradicts the discreteness of G.
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Suppose that {b,} or {¢,} is unbounded. Without loss of generality, we suppose that
by, — 00, as n — oo. Since |byc,| = 1, ¢, = 0, as n — oo. Consider the sequence {hih,,}.
Since

hah, — alan+blcn albn+bldn
Wn =\ qner + dicn  bper +did, )

we have tr[hih,| = a1an+bicn+bner +did,. Since by, ¢ are nonzero and ay,, d,, are bounded, it
follows aia,+bicp+b,c1+drd, — 0o, as n — oo. Therefore when n is sufficiently large, hih,, is
a loxodromic element which contradicts the fact that G has elliptic elements only. Hence there
do not exist infinitely many elements which can not commutate with g. Suppose that h € G
can commutate with g. Then h and ¢ can be conjugated to diagonal matrices simultaneously.
Since eigenvalues of h € G are primitive roots of unity in ]K, by Lemma 3.4, there exist finitely
many such h. Summing up, there are only finitely many elements in G.

But the result we proved above is not true for F((¢)), even for F, since they are infinite
extensions of F(t).

Example 3.2 The group SL(2,F) is discrete.

Proof Since each |x — 1| = 1, for any 1 # x € F, and the determinant of any element g is
1, we know that G is discrete.

4 Jgrgensen’s Inequality for SL(m,F((t)))

In [1], Armitage and Parker gave a version of Jergensen’s inequality in the non-archimedean
metric space, especially for SL(2, F(t)).

Theorem 4.1 (see [1, Theorem 4.2]) Let A be an element of SL(2,F(t)) conjugate to a
diagonal matriz. Let B be any element of SL(2,F(t)) so that, when acting on F(t) U {oo} via
Mobius transformations, B neither fizes nor interchanges the fized points of A. If G = (A, B)
is discrete, then max{|tr?(A) — 4/, [tr([A4, B]) — 2|} > 1.

According to the results, the discrete subgroup does not contain any parabolic element
which yields that a generator A € SL(2,F((t))) can be conjugated to a diagonal matrix. If the
subgroup G generated by —I and B € SL(2,F((t))), then the group G = {(—1)'B’} is very
trivial. Hence we do not consider —I as the generator.

The Jgrgensen’s inequality is built for SL(2, F((t))).

Theorem 4.2 Let A # —I be an element of SL(2,F((t))). Let B be any element in
SL(2,F((t))) such that B neither fizes nor interchanges the fived points of A. If G = (A, B) is
discrete with no parabolic elements, then min{|tr?(A) — 4|, |tr[A, B] — 2|} > 1.

Proof If [A, B] = I, then ABA=!B~! = I. This implies that AB = BA, which means that
B can fix or interchange the fixed point of A. This contradicts the hypothesis.

We assume that [A, B] # I. Let A and % be eigenvalues of A. If A is a loxodromic element,
we can assume that [A| > 1. Hence |A — 4| = [A| > 1, and then |tr*(A) — 4] = [(A + %)2 —4| =
|A— %‘2 = |\ > 1. If A is an elliptic element of finite order, then |A — 1| = 1.
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Let ¢ and (! be the eigenvalues of the [A, B], and then ¢ # 1. If [A, B] is a loxodromic
element, we can assume that |(| > 1. Hence |§—%‘ = |¢| > 1 which implies that |tr[A, B] — 2| =

|(¢+ %) —-2| = IC‘?‘P = |¢| > 1. If [A, B] is an elliptic element of finite order, then |( — 1| = 1.

In [3], Martin discussed the group generated by finitely many elements, and estimated the

maximum distance between the generator and the identity, and gave a version of Jgrgensen’s
inequality for the real Mobius transform in higher dimensions.

Theorem 4.3 (see [3, Theorem 4.5]) Let f and g be Mdbius transformations of S™.
If f and g together generate a discrete non-elementary group, then max{||g'fg=" — I||:i =
0,1,2,---,n} >2— /3.

Lemma 4.1 If g € SL(m,F((t))) and ||g—I|| < 1, then all eigenvalues of g are in D(1,1)".

Proof Let g = (b;;) € SL(m,F((t))). Since ||g — I|| < 1, we have |b;; — &;;] < 1, where
0;; = 1, if @ = j; otherwise d;; = 0, if 7 # j.

Then eigenpolynomial

A — b11 —b12 R _blm
_le )\ - b22 T _b2m
N —gl=] . : : :
_bm(m—l) A— bmm
(/\ — 1) +1—">b11 —b1s s —bim

—ba1 (A=1)+1—bao e —bam

The eigenpolynomial can be expressed as G(A—1) = (A= 1)" +a,,_1(A—1)" "L 4. +ay,
where the coefficient a; of eigenpolynomial G(A — 1) is a combination of the ¢;; = d;; — b;;
by product or addition. By the ultrametric property, we have |a;| < max{|c;;|} < 1. Since
|ai|ﬁ < 1, there exists a positive number 7 satisfying 0 < 7 < 1 such that |a;| < 7™~ *. By

Lemma 2.4, each eigenvalue of g is in D(1,1)

Theorem 4.4 If a subgroup G of SL(m,F((t))) is discrete with no parabolic elements, then
for each g € G\ {I}, |lg —I|| > 1.

Proof By Theorem 3.1, we know that each element in G is either a loxodromic element or
an elliptic element of finite order. If g in G is a loxodromic element, then at least one eigenvalue
A whose absolute value is larger than 1. Hence |\ — 1| = || > 1. If g is an elliptic element of
finite order, then each eigenvalue X satisfies |\ — 1] = 1.
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