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The Strong Solution for the Viscous Polytropic Fluids
with Non-Newtonian Potential
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Abstract The authors study an initial boundary value problem for the three-dimensional
Navier-Stokes equations of viscous heat-conductive fluids with non-Newtonian potential in
a bounded smooth domain. They prove the existence of unique local strong solutions for
all initial data satisfying some compatibility conditions. The difficult of this type model
is mainly that the equations are coupled with elliptic, parabolic and hyperbolic, and the
vacuum of density causes also much trouble, that is, the initial density need not be positive
and may vanish in an open set.
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1 Introduction

The motion of viscous polytropic fluids with nonnegative thermal conductivity under the
self-gravitational force and outer power can be described by the model of the fluids dynamic,
that is, the compressible full Navier-Stokes equations with non-Newtonian potential:

Orp + div(pu) = 0,

Or(pe) + div(peu) — kAe + Pdivu = g(Vu + VTu) 0 (Vu + VTu) + A(div u)? + ph,

O(pu) + div(pu @ u) — pAu — (A + p)V(divu) + VP + pV® = pf,

div[(|VO[ + ¢)* T V] = 47Tg(p - %0') p>2

in (0,7) x Q together with the boundary and the initial conditions

Ve - nlag =0, (1.5)
ulag =0, (1.6)
Ploa =0, (1.7)
(p, pe, pu)li=0 = (po, poeo, pouo)- (1.8)

Here the unknown functions p,e,u, P, ®, f are the density, specific internal energy, velocity,
pressure, non-Newtonian gravitational potential, outer power respectively, and h is a heat
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source. The physical constants u, A and s are the shear viscosity, bulk viscosity and heat
conductivity, respectively. p and A satisfy A + %u >0and g > 0.p > 2and € > 0 are
positive constants. In this paper, the internal energy e and the pressure P are assumed by
e =Cy0, P = Rpf = (v — 1)pe with positive constants Cy, R and v = C—Pf/ >1.QCR}isa
bounded domain with smooth boundary, n is the unit outward normal to 0f2.

When ® = 0, the problem has received many studies. We refer the readers to the papers [6-7,
9-11, 13] for some local or global smooth solution in the absence of vacuum. But in the presence
of vacuum, lots of results were obtained for viscous heat-conductivity compressible fluids with
the uniqueness and existence results by [1, 3-4]. Especially, in [2], Cho and Kim proved the
existence results for viscous polytropic fluids with vacuum. Very recently, the existence of local
strong solutions to problem (1.1)—(1.4) under the Dirichlet boundary conditions was proved
in [14].

The aim of this paper is to use the method in [2, 14] to prove the existence of unique local
strong solutions to (1.1)—(1.8) with inf py = 0. Here it should be noted that, in [2, 14], the
authors prescribed the Dirichlet boundary condition e|gpq = 0 instead of (1.5). Here for technical
reasons, their method could not deal with (1.5). We will use a Poincaré type inequality (2.17)
due to Lions [8] and some careful estimates to circumvent this difficulty.

Moreover, using the method in [14], we can prove a similar existence result with x = 0.
Since the calculations are similar, we omit the details here.

In Section 2, we consider a linearized problem with £ > 0 and derive some local estimates
for the solutions independent of the lower bound of the initial density, and in Section 3, we
prove the existence theorem when x > 0 by applying a classical iteration argument based on
the uniform estimates.

2 A Priori Estimates for a Linearized Problem with « > 0

In this section, we consider the following linearized problem with x > 0:

Op + div(pv) =0, (2.1)
By (pe) + div(pev) — kAe + Pdive = g(w + V) (Vo + V) + Mdive)® + ph,  (2.2)
O(pu) + div(pv @ u) — pAu — (AN + p)V(divu) + VP + pVP = pf, (2.3)
dv[(|VD|? + £) T VD] =47Tg(p— %T) p>2, (2.4)
(p, @, pe, pu)|i=0 = (po, Po, poco, poto) in €, (2.5)
(Ve - n,u,®) = (0,0,0) on (0,T) x 9%, (2.6)

where v is a known vector field on (0,7) x £ and ®( is dependent on py satisfying APy =
amg(po— %") (g is the initial mass). In fact, using the conservation of mass, we have [, pdz =
Jo podx = mg > 0.

Here we impose the following regularity conditions on the initial data, f and h:

po >0, poeWhHi(Q), 3<q<6,
eo € H*(Q), Veo-nlog=0, wup€ H*(Q)NH(Q), wuglog =0, (2.7)
(h, f) € C([0,T]; L*(Q)) N L*(0, T LUQ)),  (he, f) € L*(0,T; HH(Q)),
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and the natural compatibility conditions:

H T T . 2 5

— rkAeg — §(Vu0 + Viug) : (Vug + Viug) — A(divug)® = pg g1,

— pAug — (A + p)V(divug) + VP = pégg (2.8)
for some (g1, 92) € L*(Q), where Py = (y — 1)poeo. Roughly speaking, (2.8) is equivalent to
the L2-integrability of Vvper and \/puy at t = 0, as can be shown formally by letting ¢ — 0
in (1.2) and (1.3). Hence the condition (2.8) plays a key role in deducing that (es, u¢) €
L*(0,T*; H'(Q)) as well as (y/per, \/pur) € L>(0,T*;L*(Q2)) for some small time T* > 0.
This was observed and justified rigorously first by Salvi and Straskraba [12], and then by
Cho, Choe and Kim [1, 4-5] for barotropic fluids, and by Cho and Kim [2] for the polytropic
fluids. Naturally, the compatibility condition (2.8) is satisfied automatically for all initial data
po € Wh1(Q), eg € H?(Q), ugp € H?*(Q) N HL(Q), whenever pg is bounded away from zero.

For the known vector v, we assume that v(0) = up and

N
s (o)) + 87 0Oy + / lor sy + 0@ lra@dt < e (2:9)

for some fixed constants ¢y, 8 and time T such that
l1<cp<cr<co=pc, 0<T" LT
and
co = 2+ [lpollwra) + [l (€0, wo) |l m2() + (915 92) 1172 (02)-
Here it should be emphasized that throughout the paper, C denotes a generic positive constant

depending only on the fixed constants p, A, k, Cy, R, p, q, &, ||, mo, T and the regularity of h, f,
but independent of ¢g, ¢1,co and S.

The following lemma is proved in [2, 14].

Lemma 2.1 Assume that pg > 6 > 0 in Q. Then there exists a unique solution p to the
linear transport problem (2.1) and (2.7) such that

o) llwra) < Ceo,  lpe(t)llLag) < Cc3 (2.10)
for 0 <t <T* ATy =min(T*,T1), where Ty = 62_1 < 1. Moreover,
C™16 < p(t,x) < Ccey (2.11)

for 0 <t <min(T*,T1), = € Q.
The next lemma gives the estimates on the internal energy and hence on the pressure.

Lemma 2.2 Assume further that pg > 0 in Q0 for some constant § > 0. Then there exists
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a unique strong solution e to the initial boundary value problem (2.2) and (2.5)—(2.6) such that

t

/Q(pef +e* + (Ve)?)dx +/0 /Q(Vet)zdxds < caexp(Ceyer), (2.12)

le()l 20 < & exp(Ceger), (2.13)
t

[ 1) aords < chemp(Ceen, (2.14)
0

1
IVP®)z2() < €3 exp(Ceger),  [VP#) Lo < 6 exp(Ceger),
5
1Pe(t) |20y < €5 exp(Ceger) (2.15)

for 0 <t <T*ANTy.

Proof We only need to prove the estimates. Applying % to (2.2) gives

pest + pu - Ver — klAe; + (Pdivo), = u(Vo + VT0) : (Vg + V) 4 2X\div vdiv vy
+ (ph)t — prvVe — pvVe — pres.

Then multiplying this equation by e;, integrating over € and using (2.1), we have

1d
——/ pefdx—l—n/(Vet)zdx—i—/(Pdivv)t-etdx

= / (Vo +VT) : (Vo + V) + 2div vdiv vy
Q

+ (ph): — prvVe — pv Ve + div(pv)e] - epda,
and hence
1d 9 9
th/Qpetd:z:—l—/@/Q(Vet) dx
< C/Q(|Pt||v||ve||€t| + ploe|[Velled] + plv|[Vee|[e] + [Pl Vol |e]

+ plel[Vuelled] + [Vol[Vuelle| + [l [hllet])d +/ hiperda
Q
8
=> L. (2.16)
1=1

Making use of (2.9)—(2.11), we can estimate each term I;, 1 < < 8, as follows:
I = /Q el vl Velledda < [lpel| s vl @) [ Vell 2@ lletll oo
< Ce3||Vell 2o (lell L2 ) + Vel L2q))-
To estimate ||e;||2(q), we use the following Poincaré type inequality (see [8]):

lledlzz) < CllvpetllLz) + Ceoll Vel L2 (2.17)
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so that
I < Ceoc3 || Vel L2y (IIvpedll 2@) + 1Verll L2 )
K
< CESVellia) + g5 Verltaoy + C [ petda,
16 o

I, = / ploel|Vellecdz
Q

< lpllzoe o llvell ey I VellLz o lledl La )

< Cool| Vel 2o I Vel L2y (el L2 ) + Vel L2 o))

< OVl Lz Vel 2o (Ivped L2 @) + [ Verll o))

< CC§||V€||%2(Q)||\/:56t||%2(9) + ||VUt||%2(Q) + 1%||Vet||%2(n) + OCéHVUtH%z(Q)||V€||%2(Q)v

L= [ phl|Veleido
Q
1
< o7 lloll L@ Vel L2 Ivpetll L2

1
< Ocg el Vel 2o Vel L2
K
< Ceoci|lv/ped| T2y + E”vetH%?(Q)a

I = /Q ||| Vvl|e¢|da = /Q lpellel| Vol les| + plet||Vv||es|da
< Cllptll s 1Vl a@yllell Lo el Loy + | Vol Lo /Qpefdx
< Cc3llellrs)(lecll 2 + I Vel z) + Clloflwz.a /Qpefdx
< Caoelelmonlvperlszo + [ Vedlizn) + Clilwanco [ petda
< CgSllellFinq) + Cllvpedliz ) + %Ilvetllim),

s = / plel|Vaur| el de
Q

< CllpllLee @IVl L2 llell Ls et o)
< Ocgllell @IVl L2 (Ivpedl L2 ) + Vel L2 @)

K
< ch||€||§11(n)||\/ﬁ€t||%2(n) + ||VUt||%2(Q) + 1—6||V€t||%2(9) + CCévatH%?(Q)”eH%{l(Q)?

T — /Q (V0] Vr e |da
< OVl sl Vel L2 lledll s o)
< Ceo| Vol Za(y V01 2 o I V0 20y (I /erll gy + Vel 22a)
< Ceyet ¢ [[Vurll 2o (Ivpedll L2y + Vel 2y)
< Ocercal| Vorl[Faoy + Cllvpeellia + 15l Vel
= [ loilhlledds
Q

< llpells Il L2 lletl Lo )
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< Ceoc || hll o) (VP 2 ) + Vel z2o))
K
< Cege||hllTz i) + Cllvped Tz + E||V€t||%2(g)a
L= [ lpllnlieda
Q

< Clhtll -1 llpllLe=@)lledlar
< Cegllhall -1 (IVpedl L2y + Ve L2@)
K
< OCéHhtH%{fl(Q) + C||\/ﬁet||%2(n) + 1—6||V€t||%2(9)

Substituting these estimates into (2.16), we have

d
T petd$+I€/ Ve, |2dx
< Cleocs + [vllwzage) + Co||6’||H1(Q))/ peida + Cejcs|ellin g
+ Ccgercal| Vol 22y + Cogl Vurll7aollell F o) + CepeallbliZz(a) + CegllhalFr-r oy (2.18)

On the other hand, we have

d
— | €4 (Ve)?dz = 2/ ee; + Ve - Veudr

< Cllell 2o lledllLz) + ClIVellLz) | Vel 2 )
< Ceollell L2 (Iv/petll L2y + [ VerllLz@)) + Cli Vel L2 I Vel 2o

K
< §||V6t||%2(9) + Cc(2)||e||%,1(g) + C/Qpefdx. (2.19)

Combining this and (2.18), we deduce that

d
T pet + €% + (Ve) dx—|—/<:/ Ve, |*dx
< Cleoch + [0llwea(e) /Q pedda + i /Q peidz)” + (O + Oedl Vol Zage) el
+ cllellin o) + Ccfercal Vol Faq) + CeieslrlFa) + Ccbllhelfr-1(o- (2.20)

Set Y = [, pe; + e + (Ve)?dz, then

—y < (25 + Cco||Vvt||L2(Q + vllweza))Y + g V?
+ CCOCICZHVWHL?(Q) + CCOC%HhHL?(Q) + CCOHhtHHfl(Qy

Multiplying the above inequality by exp ( — Cft 3§ + Ccdl| Vo). 20 T+ [[vllwe. a()dr), and
using lim+ fQ pe?(s)dz < Ccj, integrating the resulting inequality, we deduce that
s—0

t
V() < (ch + cé/ V2ds 4 Ccicies + C’céc%) exp(Ceicy)

< (chcfcé—i—co/ des exp(CclcO)
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forOﬁtST*/\Tg/\T3,Wherecgzc2_6:T3<T2:cg4c2_4<T1:cgl.NowlettST*/\T4,
where Ty <

1
2Ccfcics exp(Cercy

3 Then it is easy to infer that
V(t) < Cchcicy exp(C’clcé) < epexp(Ceycy) (2.21)

for 0 <t <T*NTy.

This proves (2.12).

To obtain further estimates, we use the standard elliptic regularity theory to (2.2) and
obtain

Vel 1) < Cllphllz2) + llpetll 2y + [lpv - Vel L2y + [[Pdivol|L2q)
+IVo + V0| 2() + [(V0)? (|2 (0) + Vel L2(e))

1
< Clllpllwra@Ihll L2y + 110l = @y llvVPetllz@) + llollwra@ vl 2@ Vel L2 o)
+llpllwra@) Vol a@llel 2 ) + VollLsq) + Vel L2()

1
< Ccy+Cc; ||\/ﬁ€t||L2(Q) + CCOCQ||V€||L2(Q) + Ccoeq ||e||L2(Q) + C% + ||V6||L2(Q)
< cZexp(Cerch). (2.22)

This proves (2.13). Moreover

t t
[ 9eliraands <€ [ (Iohlu + e +llov- Vel + 1 Paiveo

% T 2 ozl 2
et ], )

t
<c / ol acen 102y + 10l Zsacen el + 10l Znacen 012 e 1€ 2
1120 | V0112 el 2y + (90 20y + [Vl Zy)ds
t
<c / (120 + Ellecl 2oy + EEIVel2 )

+ cllolieaolleliaq) + IVelZaqy + 1V0ll3ag))ds
< Sexp(Ceicy) (2.23)

for 0 <t <T*NTy.
This proves (2.14).
Finally, recalling that P = (y — 1)pe, we also deduce from (2.22)—(2.23) that (2.15) holds.
The next lemma gives the estimate on the non-Newtonian gravitational potential.

Lemma 2.3 Assume that pg > 6 > 0 in Q. Then there exists a unique strong solution ® to
the initial boundary value problem (2.4)—~(2.6) such that

||V(I)||W12(Q) < CC(), ||V(I>t||L2(Q) < ch (224)

Proof Multiplying (2.4) by ® and integrating over Q, we get
/ IVo[Pdr < /(|v<1>|2 +e)"7 VO Voda
Q Q

:—/47rgp—@-<1>dx§0/p-q>dx+0/<I>d:1c.
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If p > 3, we have

VO ()| ey < Cllpt) L1 (0);

if 2 < p <3, we have

IVe@)|lLr(0) < C||P(t)||L4§B3(Q) < C”p(t)HL%(Q);

combining above inequalities, we obtain

I92(O)lzr@) < Cllp®)l, ) < Caor P> 2.

)

Next, differentiating (2.4) with respect to time, multiplying it by ®; and integrating over 2, we

get
5 [ [90Pda < [ (VBP +6)'3 [0~ 1)IVOP +V0tda
- /Q[(W@P +e)'7 V], Vb,de
=~ | dmapida < Cllot) iz + ClI V120
Thus, we get

/ |V, |2dx < C’c%.
Q
Finally, let us estimate ||V®(t)|| g1 (o). We consider (2.4)
"2 |VD,| < div[(|VO|? + )" V] = 47Tg(p - T;?_T)
So ||V(I)(t)||H1(Q) < Cop.

The next lemma gives the estimate on the velocity, it was proved in [2, 14].

Lemma 2.4 Assume further that pg > 0 in Q for some constant § > 0. Then there exists
a unique strong solution w to the initial boundary value problem (2.3) and (2.5)~(2.6) such that

t
) gy + IV o + | lras) s < €, (2.25)
1
[Vu®)| ) < 3 exp(Ccher), (2.26)
t
[ I ayds < (2.27)

or 0 <t <T*ANTs, where Ts = o exp(—Cciei) A Ce;S.
2 0 2

Let us define ¢1, 8 and ¢ by ¢1 = Ccl, ca = 2exp(2C?cht) and f = 2 = %057 exp(2C2cl).

c1
Then we conclude from Lemmas 2.1-2.4 that

Ulp®lwra) + @@ lIw=2(@) + loe @)l Lae) + [@e®)lwr20) + le®) | r2(@) < Cch, (2:28)

t
(7 e Oz + [ (ler(s) s + e(s) oy s < O (2.20)

t
w3 ) + B u®)ll 20 +/0 (e () 1773 g2y + ()20 () ds < e (2.30)
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for 0 <t<T*ANTs.
Now using the same proofs as that in [2, 14], we obtain the following lemma.

Lemma 2.5 There exists a unique strong solution (p, e, u, ®) to the linearized problem (2.1)—
(2.6) in [0,Ty] satisfying the estimates (2.28)—(2.30) as well as the regularity

p € C([0,T.;Wh(Q)), pe € C([0,T.]; LU(R)),

® € C([0,T.; W*2(Q)), &, € C([0,T.]; W3(Q)),

(e;u) € C([0,T); H*(2)) N L*(0, Tu; W29(Q)),

(er,ur) € L2(0,Tu; HY()),  (Vper, /put) € L=(0, Ty; L2(K2)),

where Ty =T* NTs.

3 An Existence Result for Polytropic Fluids with k > 0

This section is devoted to proving the existence of a unique local solution with minimal
regularity when « > 0.

Theorem 3.1 Let k > 0, and assume that the initial data (po, o, uo, Po) satisfies (2.7)—
(2.8). Then there exists a small time T > 0 and a unique strong solution (p,e,u,®) to the
ingtial boundary value problem (1.1)—~(1.8) such that

peC(0,T;WH(Q)), pe € C(0,T); L)),

® € C([0,T];W?2(Q), &, € C([0,T); W),

(e,u) € C([0,T]; H*()) 0 L*(0, T; W>(Q)),

(er,ur) € L2(0,T; H'()),  (\per, /pur) € L=(0,T; L*(Q)). (3.1)

Proof Our proof will be based on the usual iteration argument and on the results (in
particular, Lemma 2.5) in the last section.

Let u® € C([0,00); H3 ()N H?(Q2))NL2(0, 00; H3(2)) be the solution to the linear parabolic
problem

wy —Aw =0 1in (0,00) x Q,
w(0) = ug in Q,
w=0 on (0,00) x 9Q.

Then we have

T,
sup (100 gy + B (Ol + / (I (0) 8y + 100 .0y )t < 1

Hence it follows from Lemma 2.5 that there exists a unique strong solution (p!,u!,el, ®1) to
the linearized problem (2.1)-(2.6) with v replaced by u°, which satisfies the regularity esti-
mates (2.28)—(2.30). Similarly, we construct approximate solutions (p¥, u*, e*, ®*), inductively,
as follows, assuming that u*~! was defined for k > 1. Let (p*, u*, e*, ®*) be the unique solution
to the problem (2.1)—(2.6) with v replaced by u*~! Then it also follows from Lemma 2.5 that
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there exists a constant C' > 1 such that

sup ([07(#)lwra) + 125 @) lw220) + loF Ol La@) + 125 @) |lwr2)

0<t<T.

+0<S;1<P (e )l (o) + ||“k(’5)||Hg(Q)mH2(Q Sup (Vprup, v/ pRer) ()| L2 a)
T _

+/0 et ud) (Ol 7 @) + 15, u*) () 2.0y dt < C (3.2)

for all k£ > 1. Throughout the proof, we denote by Ca generic constant depending only on ¢
and the parameters of the constant C', but independent of k.

From now on, we show that the full sequence (pk, uk, e”, <I>k) converges to a solution to the
original nonlinear problem (1.1)—(1.8) in a strong sense.

Let us define

_ _ _ —k+1
Sl = kL gk gkl gkl ok gkl kel gk R kel g

Then from (2.1)—(2.4), we derive the equations for the differences
I 4 div(* ) + div(pfat) = 0, (3.3)
PP 4 pM e Vet - AR = (Vu + VTuF) - (Vub + VTub)
+ A(div u®)? — E(Vuk—l + VTuk=1y (Vuk_l + VTukF=1) — A(divuh~1)?

pk—i-l ko pk+1(h L I v AL (v — 1)ekdiv uk_l)
— pPH @ . VeF + (v — 1) divar + (v — 1)efdiva), (3.4)

pk+1ﬂf+l + pk-‘rluk . vﬂk-i-l _ MAﬂkJ’_l o (A 4 /J,)V(le uk-‘rl)

= FFHL(f — VO — b — b1 k) — pkvgkﬂ _ gk gk
— (Y= )V(pMHIE T L ), (3.5)
div[([VOFHL|2 4 &) 2" VOk ! — (|VOF[2 4 £)"2" VO] = drgp L. (3.6)

Multiplying (3.3) by p**! and integrating over Q, we obtain

1d
/ P Pde = / div(p"uf)p e — / div(pa")p e
2dt 0 ;
< C’/ IVuF|[FFL2 4 [V ok |[aE| 55  + |p* || Vak| 75 de
Q

< C(IVurlwra@ 1P 1720
+ (VA" L2y + 1105 | e @)IIVT* || 20 12" | L2 ())-

Hence, by virtue of Young’s inequality, we have

d
37" ) < AZOIP" T2 ) + lVE 720, (3.7)

where

AL(t) = el VUt O llwrage) + Ce IV 123 () + 10" )7~ (@))- (3.8)
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Multiplying (3.4) by €1, integrating over Q and recalling that
e p" Tt 4 div(p* T u®) = 0, (3.9)

and using the Poincaré type inequality (2.17), we obtain

li/ pk+1|€k+1|2dx + n/ |V€k+1|2dx
2dt Jo o
<cC /Q B e 185+ (55 (Jub Ve | + [eF[divub ) M

+ pE ([T |[VeP| + [ [div u| + [eF||diva|) et

+ (IVuF| + [Vub =) VaR| [ + (58| [h[eM | da
< CI" Mz lef i @) (Vo8 o) + I1VE | 12(@)

+ ClIP" M | o e o VR | oy (VP& 2 + IVE T £2(@)

+ ClIP" | o ll€X ) oe oy VU 2oy (VP8 | 12g) + [VEF | 12())

+ C||Pk+1||%oo(g) Vo Lo 17| o @ I VeF | oy + ClIVUF || oo (o Vo320

16513 e e VP 2 ¥ e (0 [V 2200

+ C(IVub | s + IVU* ™ Ls @) I VI || 200y (Vo | gy + [V | 2())

+ 15 2o 1B ooy (VPP L2y + [VEF| 2 ()

Hence it follows from (3.2) that

d - _
&H V Pk“ekHH%?(Q) + “||V€k+l||%2(9)

<O M 2@ llef a1V A e L2 ) + IVE | 2(0)
+ CIP" M L2y IV P L2y + (IVE T | L20)) + IV || 220 1 VE T | 220
+ CIV P | 20y | VE [ 12(0) + CI VU (| Lo () [V PFF1E 22 )

By virtue of Young’s inequality, we have

d — _
EHV phtightt 17200y + k|| Ve 1720

< BF)(I8° 1220 + IV o1 [ 22q) + CIVE* 1720, (3.10)
where
B*(t) = C(1 + | V" L () + lef 7 ))- (3.11)

p—2

Furthermore, multiplying (3.6) by 3" and integrating over €2, and letting O(s) = (s2+¢) = s,
we get

/ div[([VEHH 2 + £) T VOr+! — ([VOF2 4 &)= VOr]  da
Q

:/Q{/Qe’[avq>k+l+(1—9)vq>k]d9}(v6’““)2dx
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by virtue of
O(s) = [(*+6) 7T s = (s> +e)F [(p—1)s® +e] 2 "7

Thus, we have
—k+1 —
|9 e < Ol g (312)

Furthermore, differentiating (2.4) in which one increases the index k and k + 1 with respect to
time, respectively, multiplying them by ®* and ®**!, then integrating over €2, we can easily
deduce that

_ —k+1
/|v<1> Pdz < ClFE 2y + CIVE ™ 22, (3.13)

Finally, multiplying (3.5) by "+ and integrating over 2, we obtain

1d

25/ P12 dx+u/ |V_k+1|2dx+(/\+u)/ \div 7+ [2dz

<C/| (TR A e T el i R P\ S i
+ [ It [ 4 (oM [l [Vt

Then it follows from (3.2) that

2dt” P22 ) + ull VER T[T
< ClP" 2@ (1 lLs @) + IV sy + luflls @)

[ oo @ I VRl 230 1T gy + 16 e IV Iz 185 oo

16512 e gy I o 0¥ 3 ) | VPP 2

+ ||Pk+1||%oo(g)||\/P’“TERH||L2(Q)||Vﬂk+l||L2(Q) 1P 20y €8] os (@) VT [ L2 ()
< OO+ [uflls@)lIp™ 2@ IVT |2y + CIVE™ 2o IV 2oy

+ OV | 2 VoA | gy + IV |2y |V 12 20

Hence by virtue of Young’s inequality, we have
d _ _
Vv P [Fa ) + plI V|2

_ — k1 _
< CEOUP Lo + IVE 12200y + VAT 22q))
+ CIVpE e [Fo ) + el VT[22 (g (3.14)

where

1
CE®) = C(1+ <+ luflo e )- (3.15)

Therefore, combining (3.7), (3.10), (3.13)—(3.14) and defining

—k+1
U = 7 T2 + VP ) T —II\/ R 22 () + VR T2
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we deduce that

d —k+1

_ JU—
&‘I’Hl + 5|W€k+1|\%2(9) + §||Vuk+1”%2(§z) +[Ve H%z(g)
< EF() U 4 30| V|72 (3.16)
where
EF(t) = O+ AF(t) + B*(t) + CF (). (3.17)

From (3.2), (3.8), (3.11) and (3.15), we see

t ~ ~ ~ ~

/ EF(s)ds < O+ Ct + Ce + Cet.
0
Hence choose T, < e < 1 so that we easily deduce
t
_ _ —k+1
oy [ Ve gy VT g + VE g ds

t
< cexp(C) /O IV 2 ds (3.18)

forogtgf:T*/\T**.
Now taking ¢ so that e exp(C') < § and hence

oo

o0 t
Z sup \I/]H_l(t) + Z/ E”VEk—H”%z(Q)
k=10<t<T k=10

— k41 ~

IV 2o ) + IV |20yt < C < cc. (3.19)

Therefore, we conclude that the full sequence (pk, er, uk, <I>k) converges to a limit (p, e, u, ®) in
the following strong sense

PP = p  in L0, T;L3(),  @F - @ in L*(0,T; H' (),
OF 5 @ in L=(0,T;WHP(Q), (¥, uF) = (e,u) in L*(0,T; H'(Q)). (3.20)

It is easy to prove that the limit (p, e, u, ®) is a weak solution to the original nonlinear problem
(1.1)—(1.8). Furthermore, it follows from (3.2) that (p, e, u, ®) satisfies the following regularity
estimate:

T
ess SHPAII(\/EW,\/ﬁet)(t)llmm+/O [(ees we) ()17 + I (e ) () [Fy2.a0ydt
0<t<T

+ sup_([[p@®)llwra) + 12(E)lwa2(@) + el La) + [ Pe()]Iwr2(0)
0<t<T

+ el + v g @)nm2@) < C-

This proves the existence of a strong solution. Then adapting the argument in [2, 14], we
can easily prove the time-continuity of the solution (p,e,u, ®). To prove the uniqueness, let
(p1,e1,ur, ®1) and (p2, €2, uz, P2) be two strong solutions to the problem (1.1)—(1.8) with the
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regularity (3.1) and we denote by (5,,7, ®) = (p1 — p2, €1 — €2, U1 —uz, 1 — P3). Then following
the same arguments as in the derivations of (3.7), (3.10) and (3.13)—(3.14), we can show

d _ — _ _
&(Hp”%ﬁ(ﬂ) +IVeTo o) + elvprelz) + vVoallZz (o))
+ el Vel 7 + 1l Valzq) + VO[22

< F)(IIpll720) + IVorel iz + Vel zq)

for some F(t) € L'(0,T). Therefore, in view of Gronwall's inequality, we conclude that p =

e=u=®=0in (0, f) x , which implies the uniqueness of strong solution. This completes
the proof of the Theorem 3.1.
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