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Waring-Goldbach Problem: One Square and
Nine Biquadrates*
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Abstract In this paper it is proved that every sufficiently large even integer N satisfying
one of the congruence conditions N = 10, 58,130, or 178 (mod 240) may be represented as
the sum of one square and nine fourth powers of prime numbers.
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1 Introduction

Let s and k£ be natural numbers and k£ > 3. The Diophantine equation
N=z+yl+ys+ - +yF (1.1)

belongs to the small stock of variants of Waring’s problem that have been studied by various
writers since the early days of the Hardy-Littlewood method. A heuristical application of that

method, based on a major arc analysis only, suggests that the number Ry s(N) of solutions to

(1.1) in natural numbers z, y1, - - , ys satisfies the asymptotic relation
1\s
r(o)r( ) o
Ry s(N) = T Srs(N)NE"2(1+ o(1)), (1.2)
r(3+7)

provided that s > %k Here the singular series is defined by

0o q q 2 k
e ar a s alN
Sra) =3 0 3 dne() (2e () (=)
=1 a=1 x=1 q =1 q q
q y
(a,9)=1
The first analysis of the problem was made by Stanley [9] in 1930. Following the pattern
laid down by Hardy and Littlewood [3-4] in their classic series “Partitio Numerorum”, she

established the asymptotic formula (1.2) for s > s;(k) where

513) =7, s1(4) =14, s1(5) =28, si(k)= 2’“‘2(%13 — 1) +O0(k), k>5.
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Later, Sinnadurai [8] verified (1.2) for R3(N), and Hooley [6] gave a different proof for this
result. Briidern and Kawada [2] gave a proof of (1.2) for Rs517(N) and Ry ¢(N), when k > 6
for s >7-2k% 4 3.

When k = 4, Briidern [1] proved that every sufficiently large integer can be represented as
the sum of one square and nine biquadrates, but he did not get the asymptotic formula for the
number of representations.

In view of Briidern’s result, it is reasonable to expect that for every sufficiently large even
integer N satisfying one of the congruence conditions N = 10, 58,130, or 178 (mod 240), the

equation
N=p*+pl+ps+--+p (1.3)

is solvable, where and below, the letter p, with or without subscript, always denotes a prime.

The congruence conditions are necessary here, because for prime p > 5, we have
p* =1 (mod 240)
and
p? =1 or 49 or 121 or 169 (mod 240).

Motivated by [7], the Hardy-Littlewood method enables us to obtain the following result.

Theorem 1.1 FEvery sufficiently large even integer N satisfying one of the congruence
conditions N = 10,58,130, or 178 (mod 240) may be represented as the sum of one square and

nine fourth powers of prime numbers.

2 Notation and Some Lemmas

As usual, ¢(n) stands for the Euler function and 7(n) for divisor function. The letter
¢ denotes positive constant which is arbitrarily small. Suppose that x is a sufficiently large

positive number. Consider an integer n with n =7 (mod 240), x < n < 2z, and write

1
We put
13 1312
= :1’ = —, = (—) 5
A= Ao A3 G A4 16
1372 91 13\2 78
Y =(15) mr *=*=(%)
and
Pp=pPY%, 1<j<7
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Let r(n) denote the number of representations of n in the form
n=pitpat
with
Pj<p; <2P;, 1<j<T7.
We define the exponential sum

gil)= Y elap?)

P;<p<2P;

and

q 2P 4
* an 5 (o) |
_ (8) = <i<T.
S*(q,a) E e( ), u;(58) /Pj log 1 di, 1<;<7
We have

7

r(n)z/ol(_

Jj=

gj(a))e(—ozn)doz. (2.1)

Let L = (log P)B, where B is a sufficiently large positive constant which will be determined
later and
a Pi a Pi I
m(‘]aa):(a_qﬁva_kqﬁ}a M= U U m(qva’)a

1 a=1
1<q<P7T (a,9)=1

m = (0,1]\ M.
We define the multiplicative function w(q) by taking

4p‘“_%, when v > 0 and v =1,

w(p't) = {

pe L when v > 0 and 2 <wv < 4.

Note that

Lemma 2.1 For (¢,a) =1, we have

(i) S*(¢,a) < g7 F=.

In particular, for (p,a) =1 we have

(i) 5" (p,a)| < ((k,p— 1) = L)pz + 1,

(i) S*(pl, ) = 0 for 1 > 7(p),
where

0+2, ifp?|lk, p£20rp=2, =0,
v(p) =
0+3, ifp°llk, p=2, 6>0.
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Proof For (ii), see [11, Lemma 4.3]. For (i), see Chapter VI, Problem 14 in [12]. For (iii),

see [5, Lemma 8.3].

Lemma 2.2 We have
[ w@Plgs(e)Pda < Q2P
n
where

4e
q*w(q)
v = C M.
() 5 Pla— 1] for a € M(q,a) CM

Proof See [7, Lemma 2.5].
Lemma 2.3 For a« € M(q,a), 1 <¢g< %2, (a,q) = 1, we have

¢“w(q)? P(log P)*

Z elap) < Pste 4
P<p<2P (1+P4|a— E|)
q

[N

Proof See [7, Lemma 3.3].

Lemma 2.4 We have

Proof See [7, Lemma 4.3].

Lemma 2.5 For1 <i<7, we have

/

Proof See [7, Lemma 4.4].

:

7
5:(e) [T 95(@)

3 Auxiliary Estimates

We introduce v(x) to denote the set of integers n = 7 (mod 240) with # < n < 2z such that

r(n) = &(m)3(m)| > (T] 7) P~*(0g P)*, (3.1)
j=1
where :
S - @) e
(*S(n)—qg1 ; v (q) ( q )
(a,q)=1
and
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Lemma 3.1 (i) The singular series &(n) is convergent and S(n) > 0.
(il) The singular integral

(lf[ ) Ylog P)~7

Proof Let L(g,n) denote the number of solutions of the congruence
ul +us+---+ur=n (modq), 1<uj<gq, (uj,q) =1

Then we have

where

E, = S*(p,a (— —n).
’ Z )
By Lemma 4.3 in [11] and Lemma 2.1 (ii), we have

B, < (p—1)(Byp+1)".

It is easy to see that
|E,| < (p—1)" forp>29.

277

For p =2,3,5,---,23, we can verify by hand that L(p,n) > 0. Hence we have L(p,n) > 0 for

every prime.

Let
q

z Elhdle(— ),

a 1

»-Q

Note the fact that A(g,n) is multlphcatlve in ¢ and by Lemma 2.1(iii), we have

(1+ZA )H1+A(p,n)).

p>3
By Lemma 2.1(ii), for p > 1000, we have

(p—1)Byp+1)7 _ 1000

Al < =, 2y =2

and

1000
IT a+awm= [T (1-=5)>e>o0

(3.2)
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It is easy to verify that

1+ZA = (1%6")) (3.4)

and

L(p.n)
(p—1)7
Now by (3.2)—-(3.5), we have &(n) > 0. In view of Lemma 2.1(i), we obtain

<<Zq

1+ A(p,n) = for p # 2. (3.5)

2+6
d S

The proof of (i) is completed.
By change of variable, we get

(2P)" -3
we = [ T,

Pl log z

From Fourier integral formula, we have

(z12023 - - 7)1

J(n) =
(n) /© (logn)(log x2)(log x3) - - - (log x7)
where 1 = n—x9—x3—- - -—2x7, and where the region ®© is the set of points (z2, 23, -+ ,27) € R™

such that

d$2d1133 s d$7,

Pl <a; <(2P)*, 1<j<7.
Let ©¢ be the set of points (xe,x3, - ,27) € R™ such that
4 4 .
Pj <xj§2Pj, 2<5<T.
It is easy to see that ©¢ C ©. Consequently, we have
J(n) > (PEPE--- PH ™1 (log P)—7/ dwodas - - - day
Do

> ([1#)P*(ogP)". (3.6)

Jj=1

By [10, Lemma 4.2], we have

2P; 4 .
u;(B) :/ ) 4 < - . 1<i<T (3.7)
p, logt (14 8|P})log P

Hence we obtain

1
1 Py~ —d
(log / Hl 177,57

) Y(log P)~7 (3.8)

(

In view of (3.6) and (3.8), (ii) is proved.

T :j\] i ::\,
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Lemma 3.2 Let V = card(v(z)). For any A > 0, we have
V < z(logx) 4.

Proof Define

q
mo(qaa‘):(g_%ag'i_%}a Moy = U U gﬁo(q,a)

1<¢<L a=1
(a,q)=1

mo = (0,1] \ 9.

By (2.1), we have

= M() E(n). (3.9)

As an application of the Siegal-Walfisz theorem and summation by parts, for a € My(g,a) C

Moy, we have

g;(a) = u; (a - 9) +OPLTY), 1<j<T. (3.10)

(u’)‘; 1 o =t =t
(3.11)
Write . .
(5%(g,0)) a
6(Q,n) = — -
@ = ; " (q) ( ")
~ (a,q)=1
and PR
@ = |7 (TLu(3)e(-omas
—FT j=1
From Lemma 2.1(i), we get
q%—Fs 1
|S(n) — &(L,n)| <<q;q¢7(q) <7 (3.12)
In view of (3.7), we have
7
~ p;
[3(n) Ln|<</ ij:[ 1+|B|P4)1ngdﬁ
< (HPj)P_4L_1. (3.13)

Jj=1
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From (3.11)—(3.13) and Lemma 3.1, we have
7
M(n) = 6(n)3(n) + O(( I1 Pj)P_4L_1). (3.14)
y (3.1), (3.9) and (3.14), for n € v(z) we have

|>(H ) Ylogz)~®

j=1
and

> B>V (11[ P;) P~ (log2)~*. (3.15)

nev(x)

On the other hand, by Cauchy-Schwarz inequality, we obtain

2:wmw=§j%mm=/'ﬂj% ) Y me(-anda

nev(x) nev(x) nev(x)
- Rt :
<<(/ }ng( / ‘ Z e an}da)
mo ]:1
2 1
< V3 (/ oz)‘ da) ° (3.16)
mo
where |n(n)| = 1.
From (3.15)—(3.16), we conclude that
7 5 7
V < P¥(log x)? H / H da. (3.17)
, mo | 52

Jj=1

Write

T:/mo jlf[lgj(a)Q

By Lemma 2.3, for a = % + B € m, we have

e, (@) PlogP)!
(1+ Plla = 2)3

g1 (o) < pl=a

q—é—kapl-i-a

(1+ Pt — 2|)3

< plrmte g

< Plmmte (3.18)
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and for a € M N mg, we have

gi(a) < Plmste 4

We have
T = / +/ ‘ g;(a
( mo () m mgﬂﬂﬁ) jI;[ J( )
=T+ To,

As a consequence of (3.18)—(3.19), we get

1, 7 2
T < (Pl‘iﬁ)?/O ‘ng(a)
j=2

and

T, < P?(log P)*L™s / ()2
mo ﬂDﬁ

By Cauchy-Schwarz inequality and gg(«) = g7(«), we have

[ et j]lgj<a>\ da
= [ @) 1 (|gj<a>|11j12|gz<a>|)%da

By (3.21) and Lemma 2.4, we get

T, < Pt [] P
j=2

From (3.22)—(3.23), Lemmas 2.2 and 2.4-2.5, we have

Ty < (f[l ) P~4(log P)1°L~%.
i

281

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Therefore by (3.17), (3.20) and (3.24)—(3.25), we have

7’«:([]1)) 1(log P)10L" %

and

V < P¥(log x)? (HP) (ﬁ ) logP)loL_’

=1 j=1
< P*(log P)12L_§ .

Take B = 9(A + 12) and Lemma 3.2 is proved.

Let s(n) be the number of representations of n (z < n < 2x) as the sum of a square and
two biquadrates of prime numbers. Let k(z;1) denote the number of integers n = I (mod 240)
(x <n <2zl e{3,51,123,171}) such that s(n) > 0. Here our aim is to find a lower bound
for k(z;1).

Lemma 3.3 There is an absolute constant C' > 0 such that

x

k(x;l) > oz 2)C

where 1 € {3,51,123,171}.

Proof By Cauchy-Schwarz inequality, we have

2
( 3 qm)gmm) 3y S (3.26)
z<n<2x r<n<2x
n=l (mod 240) n=l (mod 240)

By noting (I — 2,240) = 1 and Dirichlet Theorem of prime numbers, we have

Z s(n) > Z 1> z(logx)™3. (3.27)
r<n<2zr z<p’+4pitpi<ox
n=l (mod 240) plz\/ll—_22(m(§’d240)

It follows from (3.26)—(3.27) that

-1
E(x;1) > 2*(logx)~° ( Z 82(n))
r<n<2x
n=l (mod 240)

>>x2(logx)_6( Z SQ(n))_l. (3.28)

r<n<2x

Write

r<n<2x

Then H(z) is equal to the number of solutions of equation

@ < p+py +p5 = pi +ps5 +pg < 2. (3.29)
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Write
H(z) = Hi(z) + 2Hz(x), (3.30)

where Hj(z) is the contribution to H(x) of those solutions of (3.29) for which p; = ps and
Hjy(x) is the contribution for which p; > pa.
By [5, Theorem 4], we have

1 4
Hy(z) < x? / Z e(omfl)‘ da < z(logx)“", (3.31)
0 "1<n<ap

where (1 is a positive constant.

Let f(n) denote the number of representations of n as the form

nzx‘f—l—x%—xé—xj

with z; < (4P)% (1 < j < 4). From [5, Theorem 3], we have

Hs(x) < Z 7(n)f(n) < z(logz)°?, (3.32)

1<n<z

where Cs is a positive constant.
Take C' = max {C1,Cs2} + 6. Lemma 3.3 follows from (3.28) and (3.30)—(3.32).

4 Proof of Theorem 1.1

Take A = 2C'in Lemma 3.2, where C' is the constant in Lemma 3.3. Let h € {10, 58,130,178},
h = N (mod 240) and
o 44 2 2, 4, 4_N
() = {n|n=N—p}—pt—pl pi=h—9 (mod240), p} +p}+pi < 5 }.
For n € A(h) (§ < n < N), we have n = 7 (mod240), N —n = h — 7 (mod 240) and

s(N —n) > 0. Hence

k(g h— 7) = card(2U(h)).

By Lemma 3.3, we have

card(A(h)) > N(log N)~°. (4.1)
Then by Lemma 3.2, we get
> 1< N(logN)™*¢. (4.2)
neA(h)

n satisfies (3.1)

Upon comparison of (4.1)—(4.2), we know that every sufficiently large integer N satisfying the
congruence condition N = h (mod 240), h € {10, 58,130,178} may be represented as the sum

of one square and nine fourth powers of prime numbers. The theorem is proved.
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