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Abstract This paper deals with the uniform large deviations for multivalued stochastic
differential equations (MSDEs for short) by applying a stability result of the viscosity
solutions of second order Hamilton-Jacobi-Belleman equations with multivalued operators.
Moreover, the large deviation principle is uniform in time and in starting point.
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1 Introduction

Let (9, F, F:,P) be a probability space satisfying the usual conditions and (W;);>o be a
standard dj-dimensional Brownian motion. In this paper we are concerned with a large devia-
tion principle (LDP for short) for a family of diffusions generated by the following multivalued
stochastic differential equation (MSDE for short) perturbed with small noises:

dX,(t) € b(t, Xn(t))dt + —o(t, X, ())dW (t) — A(X,(t))dt, X,(0) =z € D(A), (1.1)

1
vn
where b : R — R? and o : RY — R%*% are measurable functions, A is a multivalued map
R? — 28" with domain D(A) := {z € R% A(x) # 0} and graph Gr(A) := {(z,y) € R¥ : z ¢
R? y € A(x)}, maximal monotone.

Let us introduce the mathematical formulation of (1.1). Consider the case with n = 1. By
a solution we mean a pair (X, K) of (%#;)-adapted continuous processes satisfying:

(1) X(0) = z and for all t>0, X(t) € D(A) a.s

(2) K is of locally finite variation and K(0) =0 a.s.,

(3) dX () = b(X(t))dt + o (X (¢))dW () — dK (t), 0<t < 00 a.s.,

(4) for any pair of continuous functions («, §) such that («(t), 5(t)) € Gr(A), Vt € [0, +00),
(X(t) — a(t),dK(t) — B(t)dt)>0 a.s.
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This type of stochastic equations has been solved by Cépa in [1] by using a fixed point method
and standard iterations. Recently Zalinescu [2] investigated the optimal control problem and es-
tablished existence and comparison principle results of viscosity solutions for the corresponding
Hamilton-Jacobi-Bellman (HJB for short) equations. Based on this result, we aim to present
a PDE approach to the large deviations for diffusions perturbed with small random noises like
(1.1). This principle was proved for the first time in [3-4] by the weak convergence approach.
Compared with the probabilistic proof in [4], the main goal of this paper is to present a vis-
cosity approach, which contributes to exploring possible applications of the recent theory of
Hamilton-Jacobi-Bellman equations with multivalued maximal monotone operators developed
in [2], and to studying in a more general context the connection between viscosity solution
theory and the LDP theory.

Using viscosity method in large deviations is not new and among the early works we mention
[5], where the analytic method is applied to asymptotic behaviors of perturbed diffusions. There
is a large literature of large deviations results using this method (see, to name a few, [6-11]).
In the book [6], Feng and Kurtz expanded the viscosity solution tool in a remarkably general
setting. We aim at carrying out the method to establish a uniform LDP for the corresponding
MSDEs in the space C([0,7] x D(A); D(A)), which, to the best of our knowledge, has never

been done in this way before.

To prove the LDP in the path space level, according to the well developed procedure, one
needs to prove that the finite dimensional distributions satisfy an LDP and that the laws in the
path space are exponentially tight. It is in the first step that the viscosity solution comes to
play a role. Roughly speaking, the Laplace integrals of the solution processes at a single time
turn out to satisfy some nonlinear second order HJB equations in the viscosity sense. According
to the well-known equivalence between LDP and Laplace limit, to establish the LDP at a single
time of the sequence of the generated diffusions, we need to prove a result concerning the
stability of the viscosity solutions of the associated HJB equations. With the LDP at a single
time established, the finite dimensional LDP will be a consequence of the Markov property
and some convergence result (see Section 4 and Subsection 5.1). To obtain the exponential
tightness we need to prove an exponential compact containment result, which can be obtained
through using an exponential moment estimate (see Propositions 2.3-2.4). With the LDP in
finite dimensional case well established, we finally prove the LDP of the solutions processes
uniform in time and starting points in C(D(A) x [0, T]; D(A)).

Compared with the usual SDEs, there is an additional multivalued maximal monotone
operator A in (1.1). A remarkable example of A is the subdifferential of a proper, convex lower

semicontinuous function ¢ defined by
Op(z) == {z €RY (y —x,2) + p(x)<ep(y), Vy € R},

in which case (1.1) becomes a stochastic variational inequality. The singularity and unbound-
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edness of A cause quite a few tricky problems. For example, in proving exponential tightness
of the solution process, one usually uses uniform Holder continuity modulus estimates to find
compact sets in the case of usual SDEs, but in respect of multivalued case we cannot get any
Holder continuity result for the solutions. To overcome this difficulty, we will turn to Puhalskii’s
criterion for exponential tightness, an analogue of Aldous’s condition for tightness. Correspond-
ingly, due to the existence of A, the viscosity solution results of the HJB equations cannot be
obtained as easy extensions of those in SDEs’ case. For example, in order to prove the stability,
we need to use relaxed semi-limits of the viscosity solutions.

Compared with [12], where diffusions generated by stochastic equations with nonlinear, m-
dissipative operators are considered, here the nonlinear operator A is generally multivalued and
we do not assume that D(A) = R?, and the method of [12] does not apply to our case.

We now give an outline of the paper. After presenting some notations and standing assump-
tions in Section 2, we present some estimates concerning the solutions of multivalued SDEs in
Section 3 and a stability result for viscosity solutions of second order HJB equations carrying
multivalued operators in Section 4, and by using these two results, the LDP of path level is
established. In Section 5 the C-exponential tightness result is established for the solution pro-
cesses starting from a fixed point and finally, with the help of this intermediate result, we obtain
the LDP uniformly in initial values. We also give a detailed proof of the comparison principle

in Section 6 for corresponding HJB equations, which have different form from that in [2].

2 Preliminaries and Estimates

2.1 Notations about A

Let us recall some definitions and properties of maximal monotone operators. For more
general details we refer the readers to [13].

A multivalued operator A : R% — 2R is called monotone if

(y1 —y2, 21 — 22)>20,  V(21,51), (2, 92) € Gr(A).
A monotone operator A is called maximal monotone if and only if

(x1,11) € Gr(A4) © (y1 — Y2, 1 — 22)>0,  V(z2,y2) € Gr(A).

g

Proposition 2.1 For a mazimal monotone operator A on R%, the following hold:
(1) D(A) and Int(D(A)) are convex subsets of RY, and moreover, Int(D(A)) = Int(D(A)).
(2) A is locally bounded on Int(D(A)), i.e., for every compact subset T' of Int(D(A)),

U A(x) is bounded.
zel

Proposition 2.2 (see [1, Proposition 4.1, Proposition 4.4]) Suppose that (X, K) is a pair

of continuous and (F;)-adapted processes satisfying (4) in Section 1, i.e., for any continuous
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functions (a, B) with
(a(t), B(t)) € Gr(A), Vte|0,+00),

then the measure
(X(t) — a(t),dK(t) — B(t)dt)>0, a.s.

Moreover, there exist v > 0, u>0 such that for all 0<s < t<T,

/ (X (), dK (M) 21K} — / X (F)ldr — yult - 5),

where |K|; denotes the total variation of K on [s,t].

Also, suppose if ()~(, I~() is another such pair, then
(X (t) — X(t),dK(t) — dK())>0, a.s.

2.2 Large deviations

For reader’s convenience we also recall the definitions of the large deviation principle and
exponential tightness here (see [6, Chapter 4]). Let (X, d) be a separable metric space and (Y;,)

a sequence of random variables on a probability space (€2,.%,P) with values in X.

Definition 2.1 A function I : X — [0, 00] with compact level subsets {x; I(x)<r} for every
r € [0,400) is a rate function.

(Y,,) is said to satisfy the large deviation principle with a rate function I if there exists a
measurable map I : X — [0, 00] such that for any Borel measurable set F,

1 1
— inf I(z)<liminf —logP(Y,, € F)<limsup —logP(Y,, € F)< — inf I(z).
n

rzeF° n—00 n—oo T zeF
Definition 2.2 {Y,,} is said to be exponentially tight if for every r < oo, there exists a
compact subset I',. of X such that

1
limsup — log P(Y,, € I'Y)< — 7.
n

n—oo

Definition 2.3 A sequence of stochastic processes X,, that is exponentially tight in D([0,T); X)
(the Skorohod space of cadlag functions over [0,T)) is called C-exponentially tight if for each
e>0andT >0,

lim sup 1 log P(sup d(X,,(t), X, (t—))>€) = —o0,

n—oco T t<T

where d is the metric on X.

2.3 Assumptions

Throughout the paper we make the following assumptions:

(H1) o and b are continuous and satisfy that for all z,y € R?, ¢, >0,

lo(t, ) = a(s,y)| V [b(t; x) = (s, y)|<L(|t — 5] + |z —y]),
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lo(t, )| Vv [b(t, 2) | <L'(1 + |z),

where L, L' > 0 are constants.
(H2) 0 € Int(D(A)).
Note that (H2) is not a real restriction since the general case Int(D(A)) # () can be reduced

to this one by a linear transformation (see [2]).

2.4 Some estimates about the solution

As is noted in Section 1, to pass from finite dimensional distribution LDP to the path
space level LDP, we need to prove the exponential tightness. To this aim we first establish an

exponential moment estimate for the solutions, which may be of independent interest.

Proposition 2.3 Let X,,(t,x;s) be the solution to (1.1) and set X, (s) := X, (0,x;s). Then
there exist constants c1,co > 0 independent of n such that for all n,
E sup e"cl(10g(e+|X”(S)|2))2§e"62.

s<T

Proof Take 8 >0, o > 0 and

g(w) = (log(e +a2))2.

Set
TR = Inf{t<T; | X, (t)] > R}.

Then by Ito’s formula and Proposition 2.2,

enBe MR g(| X (sATR))
SATR o
:enﬂg(lml)_a/ nBe=" g(| X,y ()] )em e 9IXn (D) gy
0

1

SATR
A —argnfe” “Tg(|Xn(r)]) + X, () ———
+ /0 nPe e og(e + [ Xn(r)] )e—|— X, ()2

1
(0, b X)) + = (X (1), 7, X (1)) AW () = (X (r), A (1))

SATR —ar 1
8 [ gt T Oy 1, 1)

T Xn(r)P
Xn(r) ®Xn(r)
(e +[Xn(r)[?)?
e+ |Xn(r)|2 —2X,n(r)® Xn(r))dr

2(e + | Xn(r)?)?

r(oo™(r, X, (r)))dr
SATR o

+6/ Berenfe g(lX"(T)I)tr(oo*(r, Xn(r)))(
0

+log(e + | Xn(r)[*)

SATR o
<enfallal) _ a/ nBe=0" g (| X (1) Jem 91X () gy
0

SATR Car
+ 6L’/ npe=oremfe " 91Xn (D Jog (e + | X, (r)|?)dr
0
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SATR Car 10g(€ + |X (T)|2)
+4 e—arenﬁc g(|Xn(r)]) n
0 \/ﬁﬁ e+ |Xn(7.)|2

(Xn(r), o(r, Xn(r)))dW (r)
) /OWR nBe=m e a(1Xa()D Jog(e + | X (1) |2)dr
+8L"” /OSMR nBZe=2omenfe T aUXn (| X, (r))dr
+6L"7 /SATR Be~erenBem 9(Xn (M1 4 log(e + | X, (r)|?)]dr
0

6
=: ZL(S)

Note that

SATR ar
I,(s) = _a/ nBe=0" g(| X ())& I () gy
0
SATR o
b@@ﬂA nfe=or B o 1Xa ™D g(1 X, () )dr,
SATR o
h@gcw¢aé npe”orente aIXn N g (X, (r) )dr,
SATR o
k@ﬁWA nf%e 27 nBe” 91X (M) g1 X, ()] )dr,

SATR o
Io(s)<12L [ gt a0y 1, 1)

Thus by taking expectations we get

Eenfe R g(| X, (sATR)])

SATR o
<enballal) _ aE/ nBe= g(| X (r) )6 91X () gy
0

121

SATR Car
+ (6L 48917 4+ Clpn) + B [ ne (X, (e o0 gy,
0

Taking
a=(6+88L +12L")L' + C(~,u) +1,

we have
SAT
Eenfe “CN R g(IX o (sATR)]) + E/ " nﬂe—argﬂXn(T)|)en,8e*‘”g(|Xn(T)\)drgenﬂg(\w\). (2.1)
0

Now take « satisfying (2.1) for § = 2. With this « it is trivial to see that (2.1) holds for =1
as well. Applying BDG’s inequality to I3(s) with the same o and 8 = 1 gives

1

SL/ TATR Car 5
ESEgIB(S)Sﬁ(E/O 2ne2oTe2ne g(|X"(T)|)g(|Xn(r)|)dr)

SgL/eng(M)’
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where the last inequality follows from (2.1) with 5 = 2.
Hence we have

E sup ene—a(s/\rn)gﬂXn(s/\TR)\)S(SL/ + 1)en(log(e+\w‘2))2 .
s<T

Letting R — oo gives

E sup enc*a(S)g(|Xn(s)\)§(8L/ + 1)en(log(c+\z‘2))2'
s<T

aT

Now by taking ¢; = e™®" and co sufficiently large we complete the proof.

From this result we deduce easily the following proposition.

Proposition 2.4 For every M > 0, there exists a compact set I'yy C D(A) such that

1
limsup —logP(3t € [0,T], s.t. X, (t) ¢ Tpy)< — M.
n

n—oo

Proof Take

Tar:={|z|<r} N D(A)

where r will be specified later. Note that for every ¢, X,,(t) € D(A) a.e. Applying the above

proposition we get
1
—logP(3t € [0,T], s.t. X,,(t) ¢ Tar)
n

1
S—logP( sup | X, (t)] > r)
n t€[0,T

1 1ng( sup enerloa(eHXu(OF)* enc1<log<e+r2>>2)
n t€[0,T)

Sl 10g e e (log(c+r2))2en02
n

=cy —c1(logle +12))*’< — M

provided that

1 M+02}

r =eXx -
p{2 C1

The next result follows from standard calculations and we omit the proof.
Proposition 2.5 Suppose that X, (t,z;s) and X, (t,y;s) are solutions to (1.1) with initial

values x, y at t respectively. Then under (H1)—(H2), there exists a constant C > 0 independent
of n such that

E sup |Xn(t7 €Z; 5) - Xﬂ(tv Y; S)|2§O|$ - y|2
set,T]
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3 HJB Equations and Viscosity Solutions

Now we prepare some materials about the viscosity solution of second order HJB equa-
tions with multivalued maximal monotone operators. Given a multivalued maximal monotone

operator A with domain D(A) and a Hamiltonian
H:[0,1]xRYx R xR? x .79+ R,
suppose that H is elliptic, i.e.,
M,N €% M>N = H(t,x,r,p, M)<H(t,z,r,p,N), Y(t x,p),

where .#? stands for the space of all real positively definite matrices. Consider the Cauchy

problem
ou ) S
N + H(t,z,u, Du, D*u) € (A(z), Du) in (O,—T)x D(4A), 51)
u(T,-) = h(") on D(A).

Identify A, (resp. A*) as the lower (resp. upper) semi-continuous envelope of A. The follow-

ing definition is adjusted from [2].

Definition 3.1 Let A be a multivalued mazimal monotone operator with domain D(A).
Define for any x € D(A) and y € RY,
A*(z,y) = lim sup (z,w),
40 (z,w)€D= (2,)

A* s = 1 i f ) )
(ZE y) EIJI})l (z,w)ngs($7y)<Z w>

where D.(x,y) = {(z,w); z € A(z'), 2’ € D(A), |z —a'| <e, ly—w| <e}.
Definition 3.2 (1) u € USC([0,7] x D(A)) (the space of upper semicontinuous functions

on [0,T] x D(A)) is called a viscosity subsolution of (3.1) if u(T,-)<h(-) on D(A) and for any
o € CH%([0,T) x D(A)),

(Zf (t,x) + H(t,z,u, Dp(t,z), D*p(t, x))> A, (x, Do(t, x))

provided that (t,z) € (0,T) x D(A) is a local mazimizer of u — .

(2) u € LSC([0,T] x D(A)) (the space of lower semicontinuous functions on [0,T] x D(A))
is called a viscosity supersolution of (3.1) if w(T,-)>h(-) on D(A) and for any ¢ € CV2((0,T) x
D(A4)),

08 (,2) + H(t,,u, Dolt, 2), D1, 2)) < A", Dplt, )

provided that (t,x) € (0,T) x D(A) is a local minimizer of u — .

(3) w is called a viscosity solution if it is both a subsolution and a supersolution.
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Remark 3.1 As usual, the term local maximizer (resp. local minimizer) in the above defi-

nition can be replaced by global strict maximizer (resp. global strict minimizer).

We will need the following stability result.

Theorem 3.1 Suppose that H,, H € C([0,T] x D(A) x R x R? x .#9), h,,h € C(D(A)),
n € N, and u,, is a subsolution (resp. supersolution) of (3.1) with the Hamiltonian H,, and final

value hy,, with {u,(t,z), (t,x) € [0,T] x D(A),n € N} being uniformly bounded. Suppose that

lim H,=H inC([0,T] x D(A) x R x R% x .7%).

n—roo

Let u* and u, be the superior and inferior relaxed semi-limit of u respectively, i.e.,

u*(t,x) = lim sup{um(s,y) : |s —t[ + |y — 2] <n™", (s,y) € [0,T] x D(A), m>n}
i (t, ) == lim inf{um(s,y) : |s —t| + |y — x| <n™, (s,y) € [0,T] x D(A), m>n}.
n—oo

Similarly we define h* and h,. Then u* (resp. uy) is a subsolution (resp. supersolution) of (3.1)
with Hamiltonian H and final value function h* (resp. hy).

Moreover, if the comparison principle holds for the limit equation (i.e., any subsolution is
less than any supersolution) and u, is a solution of (3.1), then u* = u, =: u is continuous and

is a solution of (3.1).

Proof Suppose that ¢ € C2((0,T) x D(A)) and (tg, 7o) € (0,T) x D(A) are such that

0= (u"—@)(to,x0) > (u* — p)(t,x), V(t,z) € (0,T)x D(A)\ (to,zo)-

Then it is clear by [14, Lemma 2.10] that there exists a sequence (t,,x,) in a compact subset

U, (to,xo) C [0,T] x D(A) such that

lim (t,,zn) = (to,x0), Um uy(tn, ) = u*(to, x0),
n— 00 n— 00

and for all n,

n tna n) = n ta .
(un — @) (tn, Tn) (tﬁm)g%m)(u e)(t z)
Since
dp
E(tm%z) + Hn(tna znvun(tna zn)a D‘P(tna :En)v DQ‘P(tnvxn))ZA*(xnv D(p(tn, zn))a (3 2)
By sending n — oo, we get
0 .
-, (to, To 0;Zo, W (lo, o), Dp(to, To), V" p(to, To))=Ax(To, Dp(lo, To .
2 (1o, a0) + H(t (to, o), Dg(to, x0), D*@(to, x0))>Ax (20, Dp(to, o)) (3-3)

ot
and

W (T, )<h*(-) on D(A).

This proves that u* is a subsolution with final value function A*. A similar argument shows
that u, is a supersolution. If moreover the comparison principle holds, then v*<u,. But u*>u,

by definition. Hence u* = u, = uw and the proof is completed.



294 J. G. Ren and J. Wu

4 LDP in Time

Consider the following equation

(4.1)

{dX(s) € b(s, X (s))ds + o(s, X(s5))dW (s) — A(X (s))ds, s € [t,T],
X(t) = 2 € DA

We denote by (X (¢, z;s), K(t,x;s)) its unique solution. Let h be a bounded continuous function

on D(A). Then by [2, Theorem 4] the function

u(t,x) .= E[h(X(t,z;T))], (t,x) € [0,T] x D(A)

is the unique viscosity solution of the following PDE:

ot

{% + H(t,z, Du, D*u) € (A(x), Du) in (0,T) x D(A),
u(T,-) = h(") on D(A)

with
H(t,x,q, M) := %tr(ao* (t,x)M) + (b(t,z),q).

Consequently if A > 0 then the logarithmic transformation of w,
v = clogu,
is a viscosity solution of (4.2) with
1 * 1 * 12
H(t,xz,q, M) := 5‘51"(00 (t,x)M) + 2—C|0 q)* + (b(t, x),q)

and the final value condition v(T,-) = clogh(-).
Applying the above observation to the solution X, (¢, x;s) of

v (4.3)

{an(s) € b(s, Xn(s))ds + icr(s X, (8)dW (s) — A(X,(s))ds, s € [t,T],

Xn(t) =z € D(A),

we see that if h is a bounded continuous function defined on D(A) then the function
1
un(t,x) := ——log E[exp{—nh(X,(t,z;T))}] (4.4)
n

is the unique viscosity solution to

{% + Hy(t,2, Du, D*u) € (A(x), Du) in (0,T) x D(A),

w(T,-) = h() on D(A),

(4.5)

where
1 1
Ho(t, 3,0, M) = o—tr(o0™ (1, 2) M) = S0 (1 z)q|* + (b(t, ), q).
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Applying Proposition 2.5, we get that for every n>1 and every (t,z) € [0,7] x D(A), there

exists a constant L > 0 satisfying
|un(t, @) — un(t,y)|<Llx —yl. (4.6)

Moreover, it is obvious that for each n, u, is a viscosity supersolution of (4.5) with n replaced
by n+1. Thus uy,+1<u, by the comparison principle of (4.5) (see Section 6) when o is bounded.

Similarly, u,>wu for all n where u is the viscosity solution of

% —|—H(t,;v,Du) € <A(£L’),Du> in (OaT) X(—A‘)’ (4 7)
u(T,-) = h(") on D(A)

with
1
H(t,il?,q) = —§|U*(t,$)q|2 + <b(tv$)7q>

Hence the function @ = lim wu,, is well defined.
n—oo
Note that the comparison principle holds for the equation when ¢ is bounded (¢ = 0 in
Section 6). By Theorem 3.1 @ is a viscosity solution of (4.7). Since the viscosity solution to

(4.7) is unique, we have u = u and therefore have proved the following proposition.

Proposition 4.1 Suppose ||o||<M for some constant M > 0. Let uy be defined in (4.4)

and u be the unique viscosity solution of (4.7). Then for every (t,x) € [0,T] x D(A),

nh_)rr;o un(t, ) = u(t, z).

Moreover, since {u,} is a sequence of decreasing functions, the convergence holds uniformly on

compact subsets of D(A) with respect to x.

Since
1 * 2 _ 1 2
310" @l = inf {(a,0@)z) + 5|2},

by [15, Theorem 4] (note that a time reversible is necessary to use this result), we have

T
ult, ) :inf{%/t |25%ds + h(X7,(T)), = € L2([0,T],Rd1)}

1 T
— inf {inf{§/ |z2ds; = € L2([0, T],R%) s.t. X7, (T) = y} + h(y)},
t

yERY

where X? is the unique solution of
{de)w(s) € b(s, X7, (s))ds + (s, X7 ,(s))zsds — A(X7 ,(s))ds, s € [t,T],

X7,(t) = = € D(A). (4.8)

Theorem 4.1 Let 0 <t <ty and x € D(A) be fized. Then under (H1)—(H2), {X,(t, z;t2)}
satisfies the LDP with a good rate function I given by

1 [t
Iy 4, (z;y) := inf {5/ |z|?ds; z € L2([0,T],R%) s.t. Xi,(t2) = y}
¢

Here It 1, (z;y) is considered as a function of y, which depends on the parameters t,t2 and x.
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Proof It will be convenient to use the notations
un(t,x) = Vo (T —t,hyz), wu(t,x) =V (T —t, h;z).

By Proposition 2.4, for every ¢t € [0,7], {X,(t)} is exponentially tight. Hence by Bryc
formula (see, e.g., [16, Corollary 1.2.5, 6, Proposition 3.8]), the theorem is proved when ||o||<M
for some constant M > 0.

Now we aim to prove the theorem without the assumption ||o||[<M. Tt is clear that for

|z|<r, 7 >0, ||lo(t,z)||<m(r) for some m(r) > 0. Denote by X5 the solution to (4.3) in this

case, and respectively by u%m), u(™) in place of uy,,u.

Trivially, for every (¢,z) € [0,T] x D(A),

sup | XZ(t, x;8)P<C(1 + |z]?).
set,T]

Then as we have seen in Proposition 4.1, for every r > 0, 3mg(r) such that for m>mq(r),

lim w{™ (t, ) = u™(t,2) = u(t,z) uniformly on compact subsets of D(A).
n—oo

Thus it suffices to prove

lim sup |un(t,z) — ul™(t,z)| = 0. (4.9)

n—o0 ‘w‘ST

Set Qy := {w; sup |X,(t,x;5)| >m}. Then on Q — Oy,
set,T]

Xﬂ(t7$7 ) = Xf(zm)(tvxv ) on [th]
and thus for 0 < t < t5<T,

—n (m) (¢ q: —n T —n x; —n (m) (¢ g
Ele h(X3™ (8, 7t2))] = Efe h(Xn(t, 7t2))] —Ele h(Xn(t, ’tz))Xﬂl] + Ele h(X3™ (¢, ’t2))X91]-

This yields that

1 —n T —n (m) (¢ g
— L rog (e OG-S g )

<~ log Ble~ M) =y, )
1 —n xZ; —n x;
< — - log(E[eMXn(tzit2))] _ Fle—nh(Xn(tzita))y o 1)

and further,

E[e—nh(XT(Lm)(t,z;tQ))XQI] )

1
Vi(ta —t, hyx) — - log (1 + Elenh(Xn(t.2:%2))]

<ul{™(t,z)

E[e—nh(Xn(t,z;tg))XQI] )

1
<Va(t2 —t, hyz) — o log (1 T T Eenh(Xa(taita)]
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But by Proposition 2.3, for every r > 0, there exists m>mg(r) sufficiently large such that
P(Ql)ge—3"”h”’

which implies that for such m,

E [e—nh(Xflm) (t,r;tg))xgl]

Ele 052 x0,] _ —njn
E[e—nh(Xn (t7$§t2))] |

—n|h]]
<e 3 E[e—nh(X*yl(tP’E;tz))] -

Therefore for small s > 0,
1
Valts =t i o) — —e "I <uf (8, 2) Vi (82 — , by ) + 7200,

and (4.9) follows.

Before approaching to finite dimensional case, we now state the following proposition, which,
similar to [11, Proposition 7.7], can be proved by using exponential tightness and Proposition
4.1.

Proposition 4.2 For every (t,z) € [0,T] x D(A) and every n>1, 0<t < t2<T, V,(t2 —

t,h;-) is continuous on D(A). Moreover, suppose that {hy} is a sequence of uniformly bounded

continuous functions converging to a continuous bounded function h. Then

lm V,,(ta — t, hp;x) = V(ta — t, h;x)

uniformly on compact subset of D(A).

Starting from the above results, we can go by Markovian property from one dimensional

distributions to finite dimensional distributions. More precisely we have the following theorem.

Theorem 4.2 Assume that (H1)—(H2) hold. Letm be an integer and0 < t1 <ty < -+ <t
be arbitrarily fized numbers. Then the sequence {XZ*(t1), XZ(ta), -, XF(tm)}, where XT is the
solution of (4.3) with initial value x starting at 0, satisfies the large deviation principle with a

good rate function given by

Iyt it (T591, Y2, 0+ 5 Yim)
: 1 fm 2 d z -
= inf {5 |zs|"ds; zs € R? s.t. X{ oy (tiv1) = Yigr, 1=0,1,--+ ,m — 1}.
0
Here we have set to =0 and yo = x.

Proof Let f(x1,72, - ,2,) be a bounded Lipschitz function on (R?)™. For every n define

inductively by

fmm(xla' t 7xm) = f(xlax%' T 7xm)7

1 @
fmk(xla . 7xk) — logE[e—’l’bfn,k+1(1317"'$k;Xn(tk+l)) | Xﬁ(tk) — xk]7 k=1,---,m—1.
n
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By the Markov property we have
_% log B(e™ "l (X0 X2y — Vi (11 £ 1. ).
Define again f successively by
fm(xlv T 7xm) = f(zlaa:?v T ,$m),
fe(zr, - x) = V(b1 — te, for1(x1, - 2k, ), 2k), k=m—1m—2,--- 1.

Since fy,m—1 and f,—1 are respectively viscosity solutions to (4.5) and (4.7) with final value
functions f, ., and f,, by the comparison principle we know that {f, m—1}n is a decreasing

sequence of uniformly bounded and continuous functions, and converges uniformly on compact

subsets of D(A) to fy,—1 according to Proposition 4.2. This in turn implies that {f, m—2}n is a
decreasing sequence of uniformly bounded, continuous functions, and that for every n, fy m—2 is
the viscosity solution to (4.5) with final value function f, ,,,—1. Thus again by Proposition 4.2,
{fn,m—2} converges to f,,—o uniformly on compact subsets of D(A). Continuing this process
we finally have that

lim 1 log E(e_"[f(xz(tl)“"’Xﬁ(tm))]) =V, f1;2) = fo(z),

n—oo N

from which we deduce easily

folz) = inf {inf{% /Otm |zs|2ds;X;(ti) = xz} + flay, - ,$m)}-

Z1,T2," " ;Tm z

Now we can obtain the conclusion by [16, Theorem 1.2.3].
To prove the LDP of {X,,} in D([0,T], D(A)), we need to prove the following C-exponential
tightness result. This is obtained through the use of the exponential compact containment

proved in Section 3.

Theorem 4.3 The sequence { X, } is C-exponentially tight in D([0,T], D(A)), the Skorohod

space over [0,T].

Proof Since almost all sample paths of X, are continuous, it suffices to prove that {X,,} is
tight in D([0,T], D(A)). By the above theorem and [6, Theorem 4.1], it remains to prove that
for A € R and s > 0, there exist random variables &, (s, A) satisfying that for 0<t<t + s<T,

E[en/\(lXi(tJrS)—Xi(t)I2A1)|g‘t]§E[eEn(sxk)|g‘t] (4.10)
and

1
lim lim sup — log E[ef"(#N] = 0. (4.11)

520 psoo N

Let 7 > 0 be large enough such that by setting Q; := {w : sup |XZ(s)| > r}, we have
s€[0,T]
according to Proposition 2.3,

P(Q)<e ",
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By Ito’s formula,
E[e/\n(lXi(tJrS)—XZ(t)I2A1)|g‘t]
- E[e/\n(lXﬁ(tJrS)—Xi(t)lel) x| F + E[e/\n(\Xfi(t+8)—Xﬁ(t)\2A1) - Xa-0, |-

x x 2
<E[e" . xq,|Z] + E[eMXn ()= X2 Ly o %]

t+s
= B oy |7+ Bexp (= [ (X0 = X200, X20)aw ()
t+s
[ (20 = X200 b0 XEQ) + oo (X70) )

~2 [0 - x4k 00}) o

2

<E[e"M - xq, | 7] + "0 E | (exp {4rv/n / T - X000, X300 ()

+exp {4/\n /tt+S<X,f(t) —XT(1), dK§(1)>}) Yoo,

=1 + 1 +Is.

s

Note that since

() = exp (WA [ (X2 - X001 X2 0)aW )

ni2

is an exponential martingale with respect to %, we have E[¢(t + s)|%#;] = 1 and furthermore,

I2<enC()\7r,L')s

Now for r > 0 and ¢ sufficiently small we set
D = {ax, 0<a<1— %, ze€d(D(A)N B(O,T‘))}.

Then D: is a nonempty compact convex subset of Int(D(A)) satisfying d(z,D%) < er for every

x € D(A) N B(0,r).
Set

lr(¢) == sup sup |yl.
zeDs yeA(x)

By Proposition 2.1, A is locally bounded on Int(D(A)). Thus the function
(0,e0) 2 = I,(g)

is well defined for some ¢y > 0 and decreasing.
Define
@ (s) := inf{e € (0,20) : I,(e)<s™ 7}
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Then
HII(lJ qr(s) =0, l-(s+ qT(s))gs_% for every s > 0.
5—>

Now fix s sufficiently small such that s + ¢.(s)<eo. Let Y,* be the projection of XZ(¢) on
DET ) Then Y= € Int(D(A)) and on the set Q —

t+s

[ e - xaw.akzo)
t
t+s t+s
- [ o -viacors [0 - X0.ax0)
t t

t+s
<IXE(E) — Y| KEE + / (Y~ X2(1),dKE (1))
t

S a0 - X,k -y [ vy - X,
t t
<(s+ qr(s))r|KZ|0H 4 2rs3,
where z € A(Y;") is arbitrarily fixed and we used the fact |2|<s~2. Thus by taking
€n(s,A) == log(e"CAmEDs L ey g+ exp {4n|A|[(s + g, (s))r| K2|$ + 2rsF ]+ nC (A, 7, L')s }),

we get (4.10).
To prove (4.11), observe that by Proposition 2.2 there exist constants v and p independent
of n such that on ) — Qq,

2 T
K*%.<C(r,p,y, L' +—/ XE(), o, X2(1))dWw (1).
||T(M”Y)%/ﬁo<()( (0))dw (1)
Therefore
Eetr (0N <1 4 e"COL)s L Eexp{dn|A|[(s + ¢r(s))r|KZ|9 + 27“5%] +nC(\,r L')s}
4 8v/n T
<1+ €O LB exp (Tfuus Falo)r [ 0,00 XN D) ) xa-a,]
0

~exp(4n|A|[(s + ¢ (8))C(r, u,y, L") + 27‘5%] +nC(\, 1, L")s)

<14 " OIS - exp{4n[O(r, 1, Ay, L) (s + o (s) +2rs2)]},

where the last inequality follows from the fact that for every constant c and a; := X (sup |x2 (u)|<r)5
u<l

the process

T

exp{e [ (Xx0an o XEONWD - 5 [ alXz ORI, X201}

re(0,T]
is an exponential martingale with respect to .%,. and that according to the locality of stochastic
integrals (see e.g. [17, Chapter 4, Lemma 2.11]), the following holds:

C2

exp {c / X200 X)W () - / X0l X)) o,
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T

r C2
— exp{c / (X3 e, o (1, X)W () — 5 / al X (1) Pl (1, Xz @)IPdl fxa-o,.

Hence with this estimate it is easy to see that

1
lim lim sup — log Eeé»(5:)

520 nooo N

< lim (C(Ar, L')s +4C(r, i, A7, L')(s + g, (s) +7s%)) = 0,
S—r

Combining Theorems 4.2-4.3, and using [6, Sections 4.4, 4.7] we arrive at the following

theorem.

Theorem 4.4 For each x € D(A), let X denote the solution of (4.3) with t = 0. Then
{X2*} satisfies the LDP in C([0,T], D(A)).

Remark 4.1 Using Theorem 4.2 and a standard procedure as explained in [18, Chapter 5]

it is possible to write down the good rate function as

I(f) = %inf{/OT |zs|2ds; f= X;},

where X7 is the solution to (4.8), starting from x at 0, and f € C([0,T], D(A)).
5 Uniform Large Deviation Principle

Our final purpose is an LDP uniform both in time and in initial conditions. To this end we

need to consider the multi-point motion. Let m be an arbitrary positive integer and x; € R,

i=1,---,m. Set x = (z1,---,2,,) and
o(t.xy) b(t,x1) A(xy)
e x) = | b 2) (%) = (t,z2) A () = Ale2)
o(t, ) b(t, 2m) Alrm)

Then o™ and (™ are functions defined on (R%)™ and A(™) is a multivalued maximal operator
with domain D(A)™ and they satisfy the assumptions (H1)-(H2) in Section 2.
We consider the following MSDE:

(m) m (m) L m (m) m
dX,™(t) € b (t, X, (t))dt+ﬁcr( )(t, X" (0)dW (1) — AX ) (t))de, 5.1)

x{™(0) = x € D(A)™.

Denote its solution by X,(Zm)(x7 -). Then using Theorem 4.4, we have the following result.

Theorem 5.1 {X\™(x,-)} satisfies the LDP.

As what we have just done in Section 5, to pass from the finite multi-point motion LDP to

the LDP on C([0,T] x D(A), D(A)) we have to prove the exponential tightness in this latter
space. This will be done with the help of the following lemma.
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Lemma 5.1 Let E be a separable Banach space and suppose that for every x € D(A),
{&(2)} C E is exponentially tight and there is a constant C' independent of n such that

El&n(2) — En(y)ls<C" |z —y[™.

Then {&,(-)} C C(D(A),E) is exponentially tight. Here C(D(A),E) is endowed with the locally

uniform topology.

Proof For an integer >0 set
L. := D(A) n{x, |x|<r}.

By [19, Chapter 1, Theorem 2.1], for every r > 0 there exists a constant C,. independent of n

such that

B[ p S =&l

n
T#Y |z —yl>
z,yEL,

for all n. Thus by Chebeyshev’s inequality we have for all € > 0,
P( swp (@) - &uly)2e) <05 Cr, . (5:2)

0<|z—y|<d
z,yE€Ly

Take a dense subset G = {z;}2, C D(A) and set
G, =GNL,.
Let M>1 be arbitrarily fixed. For each i take a compact E; C E such that
P(&n(a;) ¢ Bi)<e M.
Taking 6, ; = 2~ 24Mr+1) (2 we have by (5.2)

P sup  [6(2) — Galy)s227) <2700,
|I_y|§57‘,i

z,yEL,

Let

I:= {f € C(D(A),E) : Vri, f(z;) € E; and sup  |f(@) — fW)e < 2—1'}'
|fglf~{|%gr,i
x,y r\Lr—1

We claim I' € C(D(A),E) is relatively compact.

Taking the claim for granted we have

P& ¢ T)<P@i Gue) ¢ E)+P(3n swp  [6u(o) -~ &u)l227)
T—Y|X0r5
1;yeLT\L7‘—1

L) L)
S22—2Mni + Z 2—4Mnri§2—Mn’

i=1 ri=1
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from which we deduce
lim sup log P, ¢ T)< — Mlog2.

n—oo

Hence we are done by the arbltrarlness of M.

Now we prove the claim. For this we have to prove that I, is relatively compact in C(L,., E)
for every r where I',. is the set consisting of the restriction to L, of the elements of I'. Obviously,
I, is an equicontinuous family and hence it only remains to prove that {f(z), f € I'.} is

relatively compact in E for every « € L,.. In fact, let z € L, be fixed. Write
G’r‘ - {zrlvxTzv o }

with 71 < re < ---. To simplify notations we set yi := x,, and Fj, := E,,. For ¢ > 0, take first
an integer k; > 2¢7!
bounded, there exists a finite 5-net {B(e;, 5) }N containing FJ,. It follows that {B(e;, )},

is a finite e-net containing {f(z), f € I'.}. Hence {f(x), f € I';} is relatively compact. Now

and then an integer ko such that |x — yi,| < 0, k,. Since Fj, is totally

the relative compactness of I',. follows by Arzela-Ascoli Theorem and the proof is complete.

Next we prove the following lemma.

Lemma 5.2 For the sequence of solutions of (4.3), {X,(-,-)}52, is exponentially tight in
C(D(A);C([0,T], D(A))).

Proof By Itd’s formula and Proposition 2.2, we have

| X (z,t) = Xp(y, )" <|z — y|"™ + My + C’n/o | X (x,8) — X (y, s)|"ds, (5.3)
where
—n} / [Xa(2,5) = Xy, 9)|"s80(Xa(,5) — Xy, )
(0(Xn(z,5) —o(Xn(y, s)))dW. (5.4)

Taking expectation gives
t
E[|Xn(z,t) = Xu(y, )["]<[|z —y|" + Cn/o E[|X(z,t) — Xn(y,1)["]ds.

By Gronwall’s lemma,
E[| X, (2,1) = X (y, )" <[ — y|"e™.

Using (5.4), Doob’s inequality and BDG inequality, we have
t
B[ sup (Mool <Cn [ BIX0(o.5) - Xo(0.5) s
0<s<t 0

SCneCnt|x o y|2n

Hence

E[ sup |Mn7s|}§0n%ecm|x —y|™
0<s<t
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By (5.3) we have

sup Xy (z,8) — Xn(y, s)"
0<s<t

t
<|lz—y|"+ sup |M,s|+ C’n/ [ sup | X, (x,u) — Xp(y,u)|"|ds.
0<s<t 0 0<u<s

Taking expectation we have

E[ sup |X,(z,5) = Xuly,9)"]
0<s<t

¢
<eM|z —y|" + C’n/ E[ sup | X, (z,u) — X, (y,u)|" |ds.
0 0<u<s

By Gronwall’s lemma we have

E| sup [Xa(2,s) = Xo(y, )| | <ea = y|".
0<s<t

Hence by Lemma 5.1, the family {X,,}72 is exponentially tight in C(D(A),C([0,T], D(A))).
Lemma 5.2 combined with Theorem 5.1 shows that {X,(-,-)}52; satisfies the LDP in

C(D(A),C(]0,T], D(A))). But

¢(D(A),c([0,T], D(4))) = C(D(4) x [0,T], D(A)),

so we have completed the proof of the following theorem, which is the main result of the present

paper.

Theorem 5.2 {X,,} satisfies the LDP in C(D(A) x [0,T],D(A)).

Remark 5.1 We have a similar remark as Remark 4.1 and, consequently, have a variational

expression of the rate function as

T
I(f) == inf{%/o |z(s)?ds, f. = XZ, Va GW}
for f € C(D(A) x [0,T], D(A)).
6 Appendix

Proposition 6.1 Suppose that u and v are respectively viscosity subsolution and superso-

lution to HJB equation:

ou . —
e + H(t,z, Du, D*u) € (A(x), Du) in (O,—T)x D(A), 6.1)
u(T,-) = h(") on D(A)

with
1
H(t,xz,q, M) := —§|U*(t,gc)q|2 + (b(t,x),q) + gtr(oo* (t,z)M), 0<c< 0.
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Assume that ||o(t,z)||[<M for some M > 0, u,v are bounded from above and either u or v is

Lipscthiz continuous with respect to x. Then u<v on [0,T] x D(A).

Proof Through a transformation v — e u we consider the following HJB equation:

ou 2
“Xu+ =+ H(t,x, Du, D*u) € (A(z), Du), (6.2)

u(T,-) =e*h(-) on D(A).

Here A > 0 is a constant.
Assume that u and v are subsolution and supersolution of (6.2) respectively. Suppose there
exists (to, o) € (0,7] x D(A) such that Iy := u(to, o) — v(to,zo) > 0. For ¢ > 0, define

uf(t, ) = u(t,r) —elz)?, v(t2) :=v(t,z) + el

For a > 0 and (¢,z,s,y) € ((0,T] x D(A))?, set
(I)Otﬁ = us(ta :Z:) - UE(Sv y) - dja(ta Z, s, y)v

o) loto (1 1
\Il(t,x,s,y) = §(|x—y|2—|— |t_5|2)+%(¥+g>.

Note that for 6§4|i—00|2 and every a > 0,

(I)a,s(t()azﬂat()az@) > 07 hm (I)Q,E(tvxvsvy)go'

%\/é\/|w|\/\y\—)oo

Thus there exists ¢ := (£,7,5,7) € ((0,T] x D(A))? (here and in what follows ¢ and 7,7, 3,7
depend on «, ¢ but for simplicity we drop the subscripts) such that

Noei=®,.(0) = sup o (t, 2, 8,y) < +00.
((0,T]xD(A))?

One then gets

lo 1 !
Ng.e>u(to, o) — v(to, z0) — 2¢|mo|? — ZOZEO >0, Vfﬁﬁ' (6.3)

Note that @ = N, is decreasing. Then the limit liIJrrl M, exists and is finite. Moreover,
—r+00

— a _ - —
Ng .20 Q) = Noo + J(7 =77 + [ = 5P,

which yields that

: = =2 7 =2 —
aglfwa(|x gl*+t—3]°)=0. (6.4)
Since
D4, ()20, (1,7,5,7),
we get

| R
5]
|
=
[\v]
AN
(o4
ol
5]
N—
|
<
—~
ol
<
S—
+
™
)
&=l
[\v]
<
o
S—
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<Lz =yl + (7 + [y)) |7 - 7],
which yields that
a|T —g|<2L 4 2¢(|z| + [7]). (6.5)

If for some fixed e<egg, there exists an increasing unbounded sequence «, such that ¢4, - V
San.e =T. Then one can find = € D(A) such that (ta, e Tay s San.erYan,e) = (1,2, T,7). By
(6.3),

l ~ ~
EOS lim No,, e <limsup(u(ta,, e; Ta,,e) = V(San,er Yan,e)) <u(T, r) —v(T,7)<0

This contradicts the assumption [y > 0. Therefore for e<e(, there exists a. > 0 such that for
a>a., (€ ((0 T) x D(A))2.

Take e< 2
such that

By applying [20, Theorem 3.2 | at the point ¢, we can find matrices Q, R € S¢

8|w 8lzol?

8 C 1 —_
(B_\IJ(O D, ¥ (C) + 27, Q+2E( |<g|>2 +[)) P%u(t,f),

ov — _ ® 2=
(= 55 © D@ 227, R 22" +1)) € Pizn(. ),

where PL2E g the same as in [2, 20] and

D(A)
(8’2 _%) <3a(£1 _II). (6.6)

Then since u (resp. v) ia a viscosity subsolution (resp. supersolution), we have

_,\u(f,i)+%—f(2)+H(f,§,a(f— Y) + 2¢T, Q+2€( |®|2_+I))2A*(E,a(5—§)+2&:i),

—/\U(E,y)——(Z)+H(§,y,a(f—y)—2sy,R—2s(y|§y ))<A( a(T —7) — 2¢7).

Note that for 7,7 € D(A) (see [2, Lemma 2]),

A (T, (T —7) + 2eT) = r*ieri‘f(i)@*, a(T —7) + 2¢T),

A (Y, (T —Y) —2eY) = sup (y",a(T —7) — 27).
y*€A(Y)
Then by simple calculation one gets
AT, (T — ) + 2eT) > A% (Y, (T — 7) — 2¢e7).

By subtraction we get

~ M@, ) - v(5.7) — <2 (
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Applying (6.5) here gives

7))

ol

Sl + Ae(( o+ ) A7) — of
S%IU*@T)[@(T —7) + 27" + %la*(?@)[a(f —7) — 27

+ (bt 7) — bE Y@ — )| + 2¢[(b(F, 7). T) — (b5, 7). 7

+ g[tr(aa* T, 7)Q) — tr(0o™ (5,7)R)] + 4cM2de
<16M2L*T — 7| + 36 M2 (|| + |7|%) + 4cM?de + %LQQ(E — 3|+ T —7|)?

+ Lafz — g|([t = 5| + [T — 1) + 2¢[Z|(1 + [2]) + 2¢[7](1 + [71])
<(Bc+2)L%a(ff - 51> + [z~ g°) +ellzl* + 1+ [z])* + [71° + 1+ [7])°]

+ (16M?L? + o) [T — g|* + 36 M**(|7> + |7|*) + 4cM?de
<Be+2)L2a([t =32+ [T —7*) + 3¢(1L+ [7* + [7]?)

+ (16M2L% 4 o) [T — 7> + 36 M2 (|Z|* + [7]*) + 4cM?de.

By taking A\ = (3 + 36M?) we get
%)\log(?,c + ) 2a(f—3P+ 7 —3?)
+ (16M2L% 4 )T — 7> + (3 + 4cM?d)e,

which tends to 0 by sending o — co and then ¢ — 0. Hence we get a contraction and u<v on

(0,T) x D(A).
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