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Problems of Lifts in Symplectic Geometry

Arif SALIMOV! Manouchehr BEHBOUDI ASL?
Sevil KAZIMOVA'!

Abstract Let (M,w) be a symplectic manifold. In this paper, the authors consider the
notions of musical (bemolle and diesis) isomorphisms w® : TM — T*M and w* : T*M —
T M between tangent and cotangent bundles. The authors prove that the complete lifts of
symplectic vector field to tangent and cotangent bundles is w’-related. As consequence of
analyze of connections between the complete lift “wrns of symplectic 2-form w to tangent
bundle and the natural symplectic 2-form dp on cotangent bundle, the authors proved that
dp is a pullback of ‘wras by wh. Also, the authors investigate the complete lift ‘@7« of
almost complex structure ¢ to cotangent bundle and prove that it is a transform by L
of complete lift “prar to tangent bundle if the triple (M, w, ) is an almost holomorphic
2l-manifold. The transform of complete lifts of vector-valued 2-form is also studied.
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1 Introduction

Let M be an n-dimensional C°°-manifold and Tp (M) (T'5(M)) be the tangent (cotangent)

vector space at a point P € M. Then the set
T(M)= U Te(M) (T*(M) = U TH(M))

is, by definition, the tangent (cotangent) bundle over the manifold M. For any point P of
Tp(M) (T5(M)) such that PeTp(M) (Pc TE(M)), the correspondence P — P determines
the natural tensor bundle projection 7 : T(M) — M (w : T*(M) — M), that is, 7(P) = P.
Suppose that the base space M is covered by a system of coordinate neighborhoods (U, z?),
where z¢,i = 1,--- ,n are local coordinates in the neighborhood U. The open set 7=*(U) C
T(M) (m=1(U) C T*(M)) is naturally diffeomorphic to the direct product U x R™ in such a
way that a point P € Tp(M) (P € T5(M)) is represented by an ordered pair (P,v) ((P,p))
of the point P € M and a vector (covector) v € R"™ (p € R™) whose components are given
by vi(p;) of P in Tp(M) (T%(M)) with respect to the frame (coframe) d; (dz?). Denoting
(z%) by the coordinates of P = 7(P) in U and establishing the correspondence (z, 1) — P €
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7 YU) ((z*,p;) = P € 7~ Y(U)), we can introduce a system of local coordinates (z¢,2%) =
(2%, 7)) ((¢,3) = (2%, p;)), i = n+1,---,2n in the open set 7~ (U) ¢ T(M) (' (U)
T*(M)). We call (¢, 2%) = (z7), J =1,---,2n ((z',7) = (&7)), J =1,---,2n the induced
coordinates in 7= Y(U) C T(M) (==1(U) C T*(M)).

A manifold M of dimension n = 2m is symplectic if it possesses a nondegenerate 2-form
w which is closed (i.e., dw = 0). For any manifold M of dimension n, the cotangent bundle
T3 (M) is a natural symplectic 2n-manifold with symplectic 2-form @ = —dp = dz’ Adp;, where
p = p;dz" is the Liouville form (basic 1-form) on T*(M).

In Riemannian geometry, the musical isomorphism (or canonical isomorphism) is an iso-
morphism between the tangent and cotangent bundles of a Riemannian manifold given by its
metric. There are similar isomorphisms on symplectic manifolds. Let now (M,w) be a sym-
plectic manifold. Then the musical isomorphisms w® : TM — T*M and w* : T*M — TM are

given by
Wt al = (2f,2") = (2, V) > 7K = (xk,EE) = (2% = 62", pp = wpit?)
and
wh: T8 = (2 75) = (2%, pp) = 2T = (@F, %) = (27 = 6iak v = wpy),
where wikwkj = (5}, (5;i is the Kronecker symbol. The Jacobian matrices of w? and w® are given,

respectively, by

L Al Ak

(=A==t
Al Ak

ozk ok 0

- (Bxf) B (VS iWhs Wki) (1)
and

Al AL

<wﬁ>*=A=<A§<>:( : )
AL AL

9z 50

The theory of prolongations (lifts) of tensor fields from base manifold to its tangent and
cotangent bundles was developed by Yano and Ishihara [18] (also, see for example [1-2, 4]). The
main purpose of this paper is to study the transform (pullback and pushforward) of lifts via
the musical symplectic isomorphisms. A similar problem for Riemannian manifolds was solved
in [3] (also, see [13]).

2 wb-Related Vector Fields

Let f be any function on symplectic manifold (M, w). If © X7 is the complete lift of vector
field X from manifold M to its tangent bundle T'(M) which is defined by

CXT Cf :C (Xf)a cf = Usasfa
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then has components (see [18, p.15])

Cy.. _ X'
X1 = <,U585Xi) (21)

with respect to the coordinates (z,2%) = (a7, v%).
Using (1.1) and (2.1) we have

~ 5k 0 X?
e oxr =G exh = (i 0 ) (hx)

VP0iwgs Wi
Xk
- <Xiv58iwks + W U0, X >
Xk
- <vs(Xi8iwks + wWis O X + w0 X ) — vswisﬁkXi>

Xk
B <USLkas - piakXi) ’ (22)
where L x denotes the Lie derivations.

On the other hand, the complete lift X7+ of vector field X from manifold M to its
cotangent bundle T*(M) is defined by

“Xr-(v2) = y(Lx 2),
where vZ and y(LxZ) are functions in T (M) with local expressions
% =piZ', A(LxZ)=pilX, 2],

and the complete lift “ X7+ has components (see [18, p.236])

Xk
c = .
Are = (—Piasz)

with respect to the coordinates (z,2") = (2%, p;).
From (2.2) we obtain

0
by Cyv_ _C
(W), "Xy =" Xp- (USLXLUks) ’

ie., if Lywps = 0, then (w?), X7 =% Xp-. A symplectic vector field X is a vector field
on (M,w) which preserves the symplectic form, i.e., Lxw = 0. Thus we have the following

theorem.

Theorem 2.1 Let (M,w) be a symplectic manifold, © X7 and © X1~ be complete lifts of a
vector field X to tangent bundle T(M) and cotangent bundle T*(M), respectively. If X is a
symplectic vector field, then © X1 and © Xp- is wl-related, i.e., (w®). “Xp = Xp-.

Since every Hamiltonian vector fields Xy (1x,w = dH) is a symplectic vector field (Lx,w =
dotx,w+dix, odw = d?H = 0). From Theorem 2.1 we immediately have the following

corollary.

Corollary 2.1 If Xy is a Hamiltonian vector field, then ©(Xg)r and ©(Xg)r- are w®-

related.
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3 Pullback of Cwr

Let (M,w) be a symplectic manifold of dimension n = 2m. It is well known that in the
cotangent bundle T*(M), there exists a closed 2-form

O =dp = dp; Adat,

where p = p;da’, ie., T*(M) is a symplectic 4m-manifold. If we write & = @k pdaz™ A dazF,

1
s=@=( 5 %)

The complete lift “wr of w to tangent bundle 7'(M) is a 2-form and has components of the
form (see [18, p.38])

then we have

CwT _ <’U 85601'3‘ w(;-j) (31)

Wij

with respect to the coordinates (z,2") = (%, v").
We now consider the musical isomorphism wf : T*M — TM. Using

1
(dw)srr = g(aswkl + Opwis + Olwsi) =0,

]

(3.2)

ji is i
wij = —wji, wY=-w’ Wwws =43,

from (1.2) and (3.1) we see that the pullback of “w by w# is a 2-form (w#)* “w on T*(M) and

has components

((Wﬂ)* CWT)kl = AiAzj(ch)IJ
= AL Al (Cwr)i; + ALA] (Cwr);; + A};A;(CwT)ij
= 0,,0] v O0swij + Ps(Okw" )0 wij + 61,ps (Orw’® )w;j
= 0°Oswii + Ps(Opw™ )wit — (1w )wi;)
= prw Oswiy — ps(w* Opwir — w* Owji,)
= piw™ (Oswis — Opwar + Orwar)
= 3pyw" (dw)sp = 0,

(@) Cwr)g = A4l (Cwr) 5 = Sw'wi; = 60! =} |

(@A) “wr)y = AR (Cwr)y; = wlwy = 678 = —of .

(W) Cwr)g =0
l
@) Cuor = (@ Corin) = ( 3 ).

From here follows that the pullback (w#)* “wr coincides with the symplectic form @ = dp =
dp; A dx’. Thus we have the following theorem.
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Theorem 3.1 Let (M,w) be a symplectic manifold. The natural symplectic structure dp =
dp; A da® on cotangent bundle T*M is a pullback by w® of complete lift of w to tangent bundle
TM, i.e., (w)* Cwr = dp.

A diffeomorphism between any two symplectic manifolds f : (M,w) — (N,w) is called

symplectomorphism if f*w = w, where f* is the pullback of f. Since d“wr =¢ (dw)r = 0 (see
[18, p.25]), from Theorem 3.1 we have the following corollary.

Corollary 3.1 The musical isomorphism w* : (T*M,dp) — (T M, wr) is a symplectomor-
phism.

4 Transform of Tensor Fields of Type (1,1)

Let (M,w) be a symplectic manifold with almost complex structure ¢ (¢? = —I). If the 2-
form w satisfies the purity condition w(¢X,Y) = w(X, ¢Y), i.e., (wop)(X,Y) = —(wop)(Y, X),
then the triple (M, w, @) is called 2-manifold according to the terminology accepted in [6] (also,
see [16, p.31]). We call

QX,Y) = (o p)(X,Y) = w(pY, X)

the twin 2-form associated with w.

Let C be a complex algebra and w* = (w; ,,), v1,v2 = 1,---,r be a complex tensor field
of type (0,2) on holomorphic (analytic) complex manifold X,.(C). Then the real model of w* is
a tensor field w = (wj,5,), 1,52 =1,---,2r on M such that

w(pX1, X2) = w(X1, pXo)

for any vector fields X7, X5. Such tensor fields are said to be pure with respect to . They were
studied by many authors (see [5, 7-9, 12-14]).
The ®-operator applied to a pure tensor field w is defined by (see [10, 15])
(Ppw)(X, 11, Y2) = (0 X)(w(Y1,Y2)) — X(w(p¥1,Y2))
+ w((LYI @)Xv YQ) + W(Ylﬂ (LYZQO)X)

and has the local expression
(Pow)kij = @' Omwi; — O(w o ¢)ij
+ wmOipy' + wim; 01", (4.1)
where ®,w is a tensor field of type (0,3), Lx is the Lie derivation with respect to X and
(w0 P)ij = iwm;.

Let M on be given the integrable almost complex structure ¢. For complex tensor field, w* of
type (0,2) on X, (C) to be C-holomorphic tensor field, it is necessary and sufficient that ®,w = 0
(see [11, p.57]). Let M now be a manifold with non-integrable almost complex structure ¢. In
this case, when ®,w = 0, w is said to be almost holomorphic. If the symplectic 2-form w of
A-manifold (M, w, J) satisfies the almost holomorphicity condition ®,w = 0, then it is called an
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almost holomorphic symplectic 2-form. We call 2-manifold admitting such a 2-form an almost
holomorphic 2l-manifold.

Let ¢ = cpja ® dz’ be a field of tensor field of type (1,1) in U C M. The complete lift
Cora of ¢ to tangent bundle is completely determined by “ o7 (¢ X) =¢ (¢(X))ra. In an
analogous way, the complete lift “ o7 of ¢ to cotangent bundle is completely determined by

“orem(°X) = (o(X))r-mr +v(Lxep),

where y(Lx ) is a vertical vector field on T*M with components

WLxep) = Zps (Lx¢);0;
The complete lift of ¢ to tangent and cotangent bundles are given, respectively, by (see [18])

c _(cC n_( ¢ 0
erw = (o = (i o)

and

c — ((Ciom V) — ¥5 0_)
erey = (Cer-ar)y) (ps(ajwf— i03) @l

with respect to the induced coordinates (z7,27) = (27,v7) and (27, 27) = (27, pj).
Using (1.1)—(1.2), (3.2) and ¢} wink = ¢}'Wjm, for transform of Cory by wt : T*M — TM
we have

(Wh* Corn = ((@r-m)7) = (A AL (Corm)k)
or
@ren)] =@ (@rem)l =0,
(@rem)) = wjiw o, = ¢,
v® (&-sz)@f + wﬁusas@f + wjips((91011“)90?~C

\_/l
Il

(&T*M 1

0* ((Pyw)ijs + Ou(w © ©)js — wisdjip}) + wjips (W™ ) o4
= 0% (Ppw)ijs — Pidj ] + V° 0P} Wims) + wjips (O™ )},

0% (Ppw)ijs — Pidj o) + v° (O] )wms
+ 0° 07 (Owms) + Wjmps (1™ o}
= 0% (Ppw)ijs — Pi0jp; + PmOipy’

+ 0° (Owms) P} + Wmkps(O10™*)
=07 (Pyw)ijs +Pm(al80j 95¢01")

+ 0% (Oms )] — WM ps (Bromi)
= v¥(Puw)ijs + P (01" — 959")

+ 0 (Owms )@ — " (Oiwmi) @)
= 0% (Ppw)ijs + Pm (010} — 0501").
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Thus, if ®,w = 0, then the transform (wﬁ)* Corar of oy coincides with € -, Thus we

have the following theorem.

Theorem 4.1 Let (M,w, ) be a symplectic A-manifold and w* : T*M — TM be a musical
isomorphism between cotangent and tangent bundles. If the symplectic A-manifold is an almost
holomorphic (®,w = 0), then the complete lift prpr is a transform of Coram by W¥, i.e.,

(Wh* “orm = premr.

In the case of integrability of ¢, the complete lifts o7y and ©pp- s are complex structures
on tangent and cotangent bundles, respectively (see [18, p.37, p.256)), i.e., (T* M, @r-5r) and
(TM,C ¢rp) are complex manifolds. Since A= = A (see (1.1)~(1.2)), the condition

@))* “orm = (A{AF Cora)i) = (Br-a)1) = orom
in the Theorem 4.1 can be written in the following form
“orm o (Why = (W o “oren,
where (w#), = (AL). From here it is clear that the mapping w* : T*M — T'M is a holomorphic.
Thus we have the following corollary.

Corollary 4.1 Let (M,w,p) be a holomorphic symplectic A-manifold. If ¢ is an integrable

almost complex structure, then the musical isomorphism w® (or w®) is a holomorphic mapping.

On the other hand, from (4.1) we obtain

(Puw)kij = P Omwij — Ok(w 0 ©)ij + Wm0l + wWimd;pp
= ¢ (Omwij — Oiwm; — Ojwim) + (Biwm; )y
+ (Ojwim )Py + wmjOipr" + wimOjpr" — Ok(]" wmy)
= @1 (Omwij + Oiwjm + Ojwmi)
+ 0 (o' wmj) + 05(9K wim) — Ok (7" wmj)
= 33 (dw)mij + 0ij + 05 (0] wimk) — Okij
= 3¢, (dw)mij + i + 0;Qix + Oxlji
= 3(k" (dw)miz + (dQ)iny),

which on symplectic 2-manifold (dw = 0) has the form
(Puw)(X,Y1,Ys) = 3(dQ)(Y1, X, Ya),

where 2 = w o ¢ is the twin 2-form. Thus we have the following theorem.

Theorem 4.2 A symplectic A-manifold (M,w, @) is holomorphic if and only if the twin

2-form Q2 = w o p is closed.
From Theorems 4.1-4.2 we have the following corollary.

Corollary 4.2 If Q = wo ¢ is a closed twin 2-form on A-manifold (M,w, @), then € o«
is a transform of €ory by musical isomorphism w* @ T*M — T M.
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5 Transform of Skew-Symmetric Tensor Field of Type (1,2)

Let S = Sfj O ® dz' @ da’ be a vector valued 2-form on a symplectic manifold (M,w). The
symplectic 2-form w is called a pure with respect to if

w(S(X,2),Y)=w(X,S(Y, 7)), Sjwm; = S Wim. (5.1)

Since
S(X,Y) =-S(Y, X),

from here follows
w(S(Z,X,),Y)=-w(S(X,2),Y)=—-w(X,S5(Y,2)) =w(X,S(Z,Y)),
or
SiiwWmg = Sij Wim.- (5.2)
The Yano-Ako operator applied to a pure tensor field is defined by (see [10, 17])

(Psw)(X1, Xo,Y1,Ya)
=(Ls(x1,%,)w) (Y1, Y2) = (Lx, (w0 5))(Y1, X2, Y2)
— (Lx, (wo 9))(X1,Y1,Y2)) + (w0 S)([X1, Xo], Y1, Y3)
and has the local expression
((I)Sw)jihs = Sjr'?amwhs - (8jS}Ti)wms - Sﬂajwms - (az ﬁ)wms
= S7h0iwms + WmsOn ST} + Whm0s 57} .

The objects (Psw)jins are components of tensor field of type (0, 4) if and only if w is pure with
respect to S.
The complete lift ©.Srps of S to tangent bundle is completely determined by (see [18])

“Sram(CX,CY) = (S(X,Y)rm
for any vector fields X.,Y on M, and has non-zero components

(CStam)}; = (CSTM);Z = (“Srm)ls = S (“STm)}; = v 0m S
with respect to the induced coordinates
(27, 27) = (27, 07).
Now, we consider the transform of ¢ Sz by
W TPM = T M,

ie.,

(W*)* CSrar = ((Sr-a0) ) = (A T AKX AT (CSran)¥p) -
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Using (3.2) and (5.1)—(5.2) we have

(Srear)fs = S
(“Srean), = (CSrean)ls = (“Sra)2 5 = (“Sr- )2

[ Jt 7

(OSpem)l = A £A§A§(CSTM)@ = Whm Oy WP S

Ji m

:0’

%

%

= WP ST = WM W, S = 67 S = ihs
(CST*M)% =A %AJEA;D(CSTM)EWP = whmwkj(SfS]ZL)
= Wrmw" S = WPwnpSTh = 65,57 = 7.,
(OSpenn)ty = AL AR AP (CSpa)p + A L AR AV (C Sy
+ A LA AT(OSran)iy + A AT A (CSran)T
= 0% (Omwns )85 08 SP + whm Y 670 0,55,

+ whmé‘;‘cps (6iwps)slgz) + WhmPs (ajwks)éfslrg)

= v*(S}; OmWhs + Whm0sS5}) + WintPs (O;w") h (5.3)
+ wimkps(9;w**) S}

= v°(S8} Omwhs + wWhm0sS5}) — pswts(aiwmt)s;%
— wWFpg(0jwmk) S

= v*(S} Omwhs + whmsS3;)
— vt(81-(,Lz,nt);5';7,1I — vk(3jwmk)5,’3
= v*(8}; OmWwhs + Whm0sSy;
— (Oiwms)Sjy, — (0jwms)Sy;)
= 0*(Psw)jins + v°(0;S1; ) Wms
+ % (0:57), )wms — v° (On S} )wms
= v*(Psw)jins — Pm(0; iy + 0iSpy + OnST}).

On the other hand, it is well known that the complete lift € S7.; of skew-symmetric tensor
field of type (1,2) to cotangent bundle has components of the form (see [18 , p.245]):
(CSpenn)t; = I ,(CST*M)% = (CST*M)%
= (CSrean)l; = (CSpean)l; =0,
(CST*M);% = Ji‘ha (CST*M)% =S,
(CSten)l = —pm (05 S} + 0:Ss + O ST).

From here and (5.3) follows that if (®sw)jins = 0, then (wF)* €Srpr = Sp«pr. Thus we have

the following theorem.

Theorem 5.1 Let w be a pure symplectic 2-form with respect to the skew-symmetric tensor
S of type (1,2) on a symplectic manifold (M,w), and let © Sy and ©Sp-pr be complete lifts
of S to the tangent and cotangent bundles, respectively. If the symplectic 2-form satisfies the
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Yano-Ako equation

S}?@mwhs — (058} )wms — S} 0jwWms — (&Sﬂ)wms

_ Sﬁaiwms + wmsahS’;’; + whmass;’? =0,

then the complete lift © St.y is a transform of ©Spar by a musical isomorphism w® : T*M —
TM.
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