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Abstract Let (M,ω) be a symplectic manifold. In this paper, the authors consider the
notions of musical (bemolle and diesis) isomorphisms ωb : TM → T ∗M and ω♯ : T ∗M →

TM between tangent and cotangent bundles. The authors prove that the complete lifts of
symplectic vector field to tangent and cotangent bundles is ωb-related. As consequence of
analyze of connections between the complete lift cωTM of symplectic 2-form ω to tangent
bundle and the natural symplectic 2-form dp on cotangent bundle, the authors proved that
dp is a pullback of cωTM by ω♯. Also, the authors investigate the complete lift cϕT∗M of
almost complex structure ϕ to cotangent bundle and prove that it is a transform by ω♯

of complete lift cϕTM to tangent bundle if the triple (M,ω, ϕ) is an almost holomorphic
A-manifold. The transform of complete lifts of vector-valued 2-form is also studied.

Keywords Symplectic manifold, Tangent bundle, Cotangent bundle, Transform of
tensor fields, Pullback, Pure tensor, Holomorphic manifold

2000 MR Subject Classif ication 53D05, 53C12, 55R10

1 Introduction

Let M be an n-dimensional C∞-manifold and TP (M) (T ∗

P (M)) be the tangent (cotangent)

vector space at a point P ∈ M . Then the set

T (M) = ∪
P∈M

TP (M) (T ∗(M) = ∪
P∈M

T ∗

P (M))

is, by definition, the tangent (cotangent) bundle over the manifold M . For any point P̃ of

TP (M) (T ∗

P (M)) such that P̃ ∈ TP (M) (P̃ ∈ T ∗

P (M)), the correspondence P̃ → P determines

the natural tensor bundle projection π : T (M) → M (π : T ∗(M) → M), that is, π(P̃ ) = P .

Suppose that the base space M is covered by a system of coordinate neighborhoods (U, xi),

where xi, i = 1, · · · , n are local coordinates in the neighborhood U . The open set π−1(U) ⊂

T (M) (π−1(U) ⊂ T ∗(M)) is naturally diffeomorphic to the direct product U × Rn in such a

way that a point P̃ ∈ TP (M) (P̃ ∈ T ∗

P (M)) is represented by an ordered pair (P, ν) ((P, p))

of the point P ∈ M and a vector (covector) ν ∈ Rn (p ∈ Rn) whose components are given

by νi(pi) of P̃ in TP (M) (T ∗

P (M)) with respect to the frame (coframe) ∂i (dxi). Denoting

(xi) by the coordinates of P = π(P̃ ) in U and establishing the correspondence (xi, νi) → P̃ ∈
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π−1(U) ((xi, pi) → P̃ ∈ π−1(U)), we can introduce a system of local coordinates (xi, xi) =

(xi, νi) ((xi, x̃i) = (xi, pi)), i = n + 1, · · · , 2n in the open set π−1(U) ⊂ T (M) (π−1(U) ⊂

T ∗(M)). We call (xi, xi) = (xJ ), J = 1, · · · , 2n ((xi, x̃i) = (x̃J )), J = 1, · · · , 2n the induced

coordinates in π−1(U) ⊂ T (M) (π−1(U) ⊂ T ∗(M)).

A manifold M of dimension n = 2m is symplectic if it possesses a nondegenerate 2-form

ω which is closed (i.e., dω = 0). For any manifold M of dimension n, the cotangent bundle

T ∗

P (M) is a natural symplectic 2n-manifold with symplectic 2-form ω̃ = −dp = dxi
∧dpi, where

p = pidx
i is the Liouville form (basic 1-form) on T ∗(M).

In Riemannian geometry, the musical isomorphism (or canonical isomorphism) is an iso-

morphism between the tangent and cotangent bundles of a Riemannian manifold given by its

metric. There are similar isomorphisms on symplectic manifolds. Let now (M,ω) be a sym-

plectic manifold. Then the musical isomorphisms ωb : TM → T ∗M and ω♯ : T ∗M → TM are

given by

ωb : xI = (xi, xi) = (xi, νi) → x̃K = (xk, x̃k) = (xk = δki x
i, pk = ωkiν

i)

and

ω♯ : x̃K = (xk, x̃k) = (xk, pk) → xI = (xi, xi) = (xi = δikx
k, νi = ωikpk),

where ωikωkj = δij , δ
i
j is the Kronecker symbol. The Jacobian matrices of ωb and ω♯ are given,

respectively, by

(ωb)∗ = Ã = (ÃK
I ) =




Ãk

i Ãk
i

Ãk
i Ãk

i





=
(∂x̃K

∂xI

)
=

(
δki 0

νs∂iωks ωki

)
(1.1)

and

(ω♯)∗ = A = (AI
K) =

(
Ai

k Ai

k

Ai
k Ai

k

)

=
( ∂xI

∂x̃K

)
=

(
δik 0

ps∂kω
is ωik

)
. (1.2)

The theory of prolongations (lifts) of tensor fields from base manifold to its tangent and

cotangent bundles was developed by Yano and Ishihara [18] (also, see for example [1–2, 4]). The

main purpose of this paper is to study the transform (pullback and pushforward) of lifts via

the musical symplectic isomorphisms. A similar problem for Riemannian manifolds was solved

in [3] (also, see [13]).

2 ω
b-Related Vector Fields

Let f be any function on symplectic manifold (M,ω). If CXT is the complete lift of vector

field X from manifold M to its tangent bundle T (M) which is defined by

CXT
Cf =C (Xf), Cf = vs∂sf,
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then has components (see [18, p.15])

CXT =

(
X i

vs∂sX
i

)
(2.1)

with respect to the coordinates (xi, xi) = (xi, νi).

Using (1.1) and (2.1) we have

(ωb)∗
CXT = (ÃK

I
CXI

T ) =

(
δki 0

νs∂iωks ωki

)(
X i

vs∂sX
i

)

=

(
Xk

X ivs∂iωks + ωkiv
s∂sX

i

)

=

(
Xk

vs(X i∂iωks + ωis∂kX
i + ωki∂sX

i)− vsωis∂kX
i

)

=

(
Xk

vsLXωks − pi∂kX
i

)
, (2.2)

where LX denotes the Lie derivations.

On the other hand, the complete lift CXT∗ of vector field X from manifold M to its

cotangent bundle T ∗(M) is defined by

CXT∗(γZ) = γ(LXZ),

where γZ and γ(LXZ) are functions in T ∗(M) with local expressions

γZ = piZ
i, γ(LXZ) = pi[X,Z]i,

and the complete lift CXT∗ has components (see [18, p.236])

CXT∗ =

(
Xk

−pi∂kX
i

)

with respect to the coordinates (xi, xi) = (xi, pi).

From (2.2) we obtain

(ωb)∗
CXT =C XT∗ +

(
0

vsLXωks

)
,

i.e., if LXωks = 0, then (ωb)∗
CXT =C XT∗ . A symplectic vector field X is a vector field

on (M,ω) which preserves the symplectic form, i.e., LXω = 0. Thus we have the following

theorem.

Theorem 2.1 Let (M,ω) be a symplectic manifold, CXT and CXT∗ be complete lifts of a

vector f ield X to tangent bundle T (M) and cotangent bundle T ∗(M), respectively. If X is a

symplectic vector f ield, then CXT and CXT∗ is ωb-related, i.e., (ωb)∗
CXT =C XT∗ .

Since every Hamiltonian vector fieldsXH (ιXH
ω = dH) is a symplectic vector field (LXH

ω =

d ◦ ιXH
ω + dιXH

◦ dω = d2H = 0). From Theorem 2.1 we immediately have the following

corollary.

Corollary 2.1 If XH is a Hamiltonian vector f ield, then C(XH)T and C(XH)T∗ are ωb-

related.
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3 Pullback of C
ωT

Let (M,ω) be a symplectic manifold of dimension n = 2m. It is well known that in the

cotangent bundle T ∗(M), there exists a closed 2-form

ω̃ = dp = dpi ∧ dxi,

where p = pidx
i, i.e., T ∗(M) is a symplectic 4m-manifold. If we write ω̃ = 1

2 ω̃KLdx
K

∧ dxL,

then we have

ω̃ = (ω̃KL) =

(
0 δlk

−δkl 0

)
.

The complete lift CωT of ω to tangent bundle T (M) is a 2-form and has components of the

form (see [18, p.38])

CωT =

(
vs∂sωij ωij

ωij 0

)
(3.1)

with respect to the coordinates (xi, xi) = (xi, vi).

We now consider the musical isomorphism ω♯ : T ∗M → TM . Using

(dω)skl =
1

3
(∂sωkl + ∂kωls + ∂lωsk) = 0,

ωij = −ωji, ωij = −ωji, ωisωsj = δij ,

(3.2)

from (1.2) and (3.1) we see that the pullback of Cω by ω♯ is a 2-form (ω♯)∗ Cω on T ∗(M) and

has components

((ω♯)∗ CωT )kl = AI
kA

J
l (

CωT )IJ

= Ai
kA

j
l (

CωT )ij +Ai
kA

j
l (

CωT )ij +Ai
kA

j
l (

CωT )ij

= δikδ
j
l v

s∂sωij + ps(∂kω
is)δjl ωij + δikps(∂lω

js)ωij

= vs∂sωkl + ps((∂kω
is)ωil − (∂lω

sj)ωkj)

= ptω
ts∂sωkl − ps(ω

si∂kωil − ωsj∂lωjk)

= ptω
ts(∂sωkl − ∂kωsl + ∂lωsk)

= 3ptω
ts(dω)skl = 0,

((ω♯)∗ CωT )kl = Ai
kA

j

l
(CωT )ij = δikω

jlωij = δikδ
l
i = δlk ,

((ω♯)∗ CωT )kl = Ai

k
A

j
l (

CωT )ij = ωikδ
j
l ωij = −δkj δ

j
l = −δkl ,

((ω♯)∗ CωT )kl = 0

or

(ω♯)∗ CωT = (((ω♯)∗ CωT )KL) =

(
0 δlk

−δkl 0

)
.

From here follows that the pullback (ω♯)∗ CωT coincides with the symplectic form ω̃ = dp =

dpi ∧ dxi. Thus we have the following theorem.
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Theorem 3.1 Let (M,ω) be a symplectic manifold. The natural symplectic structure dp =

dpi ∧ dxi on cotangent bundle T ∗M is a pullback by ω♯ of complete lift of ω to tangent bundle

TM , i.e., (ω♯)∗ CωT = dp.

A diffeomorphism between any two symplectic manifolds f : (M,ω) → (N, ώ) is called

symplectomorphism if f∗ώ = ω, where f∗ is the pullback of f . Since dCωT =C (dω)T = 0 (see

[18, p.25]), from Theorem 3.1 we have the following corollary.

Corollary 3.1 The musical isomorphism ω♯ : (T ∗M, dp) → (TM,C ωT ) is a symplectomor-

phism.

4 Transform of Tensor Fields of Type (1, 1)

Let (M,ω) be a symplectic manifold with almost complex structure ϕ (ϕ2 = −I). If the 2-

form ω satisfies the purity condition ω(ϕX, Y ) = ω(X,ϕY ), i.e., (ω◦ϕ)(X,Y ) = −(ω◦ϕ)(Y,X),

then the triple (M,ω, ϕ) is called A-manifold according to the terminology accepted in [6] (also,

see [16, p.31]). We call

Ω(X,Y ) = (ω ◦ ϕ)(X,Y ) = ω(ϕY,X)

the twin 2-form associated with ω.

Let C be a complex algebra and ω∗ = (ω∗

v1v2
), v1, v2 = 1, · · · , r be a complex tensor field

of type (0, 2) on holomorphic (analytic) complex manifold Xr(C). Then the real model of ω∗ is

a tensor field ω = (ωj1j2), j1, j2 = 1, · · · , 2r on M such that

ω(ϕX1, X2) = ω(X1, ϕX2)

for any vector fields X1, X2. Such tensor fields are said to be pure with respect to . They were

studied by many authors (see [5, 7–9, 12–14]).

The Φϕ-operator applied to a pure tensor field ω is defined by (see [10, 15])

(Φϕω)(X,Y1, Y2) = (ϕX)(ω(Y1, Y2))−X(ω(ϕY1, Y2))

+ ω((LY1
ϕ)X,Y2) + ω(Y1, (LY2

ϕ)X)

and has the local expression

(Φϕω)kij = ϕm
k ∂mωij − ∂k(ω ◦ ϕ)ij

+ ωmj∂iϕ
m
k + ωim∂jϕ

m
k , (4.1)

where Φϕω is a tensor field of type (0, 3), LX is the Lie derivation with respect to X and

(ω ◦ ϕ)ij = ϕm
i ωmj .

Let M on be given the integrable almost complex structure ϕ. For complex tensor field, ω∗ of

type (0, 2) on Xr(C) to be C-holomorphic tensor field, it is necessary and sufficient that Φϕω = 0

(see [11, p.57]). Let M now be a manifold with non-integrable almost complex structure ϕ. In

this case, when Φϕω = 0, ω is said to be almost holomorphic. If the symplectic 2-form ω of

A-manifold (M,ω, J) satisfies the almost holomorphicity condition Φϕω = 0, then it is called an
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almost holomorphic symplectic 2-form. We call A-manifold admitting such a 2-form an almost

holomorphic A-manifold.

Let ϕ = ϕi
j∂i ⊗ dxj be a field of tensor field of type (1, 1) in U ⊂ M . The complete lift

CϕTM of ϕ to tangent bundle is completely determined by CϕTM (CX) =C (ϕ(X))TM . In an

analogous way, the complete lift CϕT∗M of ϕ to cotangent bundle is completely determined by

CϕT∗M (CX) =C (ϕ(X))T∗M + γ(LXϕ),

where γ(LXϕ) is a vertical vector field on T ∗M with components

γ(LXϕ) =

n∑

i=1

ps(LXϕ)si∂i.

The complete lift of ϕ to tangent and cotangent bundles are given, respectively, by (see [18])

CϕTM = ((CϕTM )IJ ) =

(
ϕi
j 0

vs∂sϕ
i
j ϕi

j

)

and

CϕT∗M = ((CϕT∗M )IJ) =

(
ϕi
j 0

ps(∂jϕ
s
i − ∂iϕ

s
j) ϕ

j
i

)

with respect to the induced coordinates (xj , xj) = (xj , vj) and (xj , xj) = (xj , pj).

Using (1.1)–(1.2), (3.2) and ϕm
j ωmk = ϕm

k ωjm, for transform of CϕTM by ω♯ : T ∗M → TM

we have

(ω♯)∗ CϕTM = ((ϕ̃T∗M )JL) = (Ã J
IA

K
L (CϕTM )IK)

or

(ϕ̃T∗M )jl = ϕ
j
l, (ϕ̃T∗M )j

l
= 0,

(ϕ̃T∗M )j
l
= ωjiω

klϕi
k = ϕl

j ,

(ϕ̃T∗M )jl = vs(∂iωjs)ϕ
i
l + ωjiv

s∂sϕ
i
l + ωjips(∂lω

ks)ϕi
k

= vs((Φϕω)ljs + ∂l(ω ◦ ϕ)js − ωis∂jϕ
i
l) + ωjips(∂lω

ks)ϕi
k

= vs(Φϕω)ljs − pi∂jϕ
i
l + vs∂l(ϕ

m
j ωms) + ωjips(∂lω

ks)ϕi
k

= vs(Φϕω)ljs − pi∂jϕ
i
l + vs(∂lϕ

m
j )ωms

+ vsϕm
j (∂lωms) + ωjmps(∂lω

ks)ϕm
k

= vs(Φϕω)ljs − pi∂jϕ
i
l + pm∂lϕ

m
j

+ vs(∂lωms)ϕ
m
j + ωmkps(∂lω

ks)ϕm
j

= vs(Φϕω)ljs + pm(∂lϕ
m
j − ∂jϕ

m
l )

+ vs(∂lωms)ϕ
m
j − ωksps(∂lωmk)ϕ

m
j

= vs(Φϕω)ljs + pm(∂lϕ
m
j − ∂jϕ

m
l )

+ vs(∂lωms)ϕ
m
j − vk(∂lωmk)ϕ

m
j

= vs(Φϕω)ljs + pm(∂lϕ
m
j − ∂jϕ

m
l ).
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Thus, if Φϕω = 0, then the transform (ω♯)∗ CϕTM of CϕTM coincides with CϕT∗M . Thus we

have the following theorem.

Theorem 4.1 Let (M,ω, ϕ) be a symplectic A-manifold and ω♯ : T ∗M → TM be a musical

isomorphism between cotangent and tangent bundles. If the symplectic A-manifold is an almost

holomorphic (Φϕω = 0), then the complete lift CϕT∗M is a transform of CϕTM by ω♯, i.e.,

(ω♯)∗ CϕTM =C ϕT∗M .

In the case of integrability of ϕ, the complete lifts CϕTM and CϕT∗M are complex structures

on tangent and cotangent bundles, respectively (see [18, p.37, p.256]), i.e., (T ∗M,C ϕT∗M ) and

(TM,C ϕTM ) are complex manifolds. Since Ã−1 = A (see (1.1)–(1.2)), the condition

(ω♯)∗ CϕTM = (Ã J
IA

K
L (CϕTM )IK) = ((ϕ̃T∗M )JL) =

C ϕT∗M

in the Theorem 4.1 can be written in the following form

CϕTM ◦ (ω♯)∗ = (ω♯)∗ ◦
CϕT∗M ,

where (ω♯)∗ = (AI
J ). From here it is clear that the mapping ω♯ : T ∗M → TM is a holomorphic.

Thus we have the following corollary.

Corollary 4.1 Let (M,ω, ϕ) be a holomorphic symplectic A-manifold. If ϕ is an integrable

almost complex structure, then the musical isomorphism ω♯ (or ωb) is a holomorphic mapping.

On the other hand, from (4.1) we obtain

(Φϕω)kij = ϕm
k ∂mωij − ∂k(ω ◦ ϕ)ij + ωmj∂iϕ

m
k + ωim∂jϕ

m
k

= ϕm
k (∂mωij − ∂iωmj − ∂jωim) + (∂iωmj)ϕ

m
k

+ (∂jωim)ϕm
k + ωmj∂iϕ

m
k + ωim∂jϕ

m
k − ∂k(ϕ

m
i ωmj)

= ϕm
k (∂mωij + ∂iωjm + ∂jωmi)

+ ∂i(ϕ
m
k ωmj) + ∂j(ϕ

m
k ωim)− ∂k(ϕ

m
i ωmj)

= 3ϕm
k (dω)mij + ∂iΩkj + ∂j(ϕ

m
i ωmk)− ∂kΩij

= 3ϕm
k (dω)mij + ∂iΩkj + ∂jΩik + ∂kΩji

= 3(ϕm
k (dω)mij + (dΩ)ikj),

which on symplectic A-manifold (dω = 0) has the form

(Φϕω)(X,Y1, Y2) = 3(dΩ)(Y1, X, Y2),

where Ω = ω ◦ ϕ is the twin 2-form. Thus we have the following theorem.

Theorem 4.2 A symplectic A-manifold (M,ω, ϕ) is holomorphic if and only if the twin

2-form Ω = ω ◦ ϕ is closed.

From Theorems 4.1–4.2 we have the following corollary.

Corollary 4.2 If Ω = ω ◦ ϕ is a closed twin 2-form on A-manifold (M,ω, ϕ), then CϕT∗M

is a transform of CϕTM by musical isomorphism ω♯ : T ∗M → TM .
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5 Transform of Skew-Symmetric Tensor Field of Type (1, 2)

Let S = Sk
ij∂k ⊗ dxi

⊗ dxj be a vector valued 2-form on a symplectic manifold (M,ω). The

symplectic 2-form ω is called a pure with respect to if

ω(S(X,Z), Y ) = ω(X,S(Y, Z)), Sm
il ωmj = Sm

jl ωim. (5.1)

Since

S(X,Y ) = −S(Y,X),

from here follows

ω(S(Z,X, ), Y ) = −ω(S(X,Z), Y ) = −ω(X,S(Y, Z)) = ω(X,S(Z, Y )),

or

Sm
li ωmj = Sm

lj ωim. (5.2)

The Yano-Ako operator applied to a pure tensor field is defined by (see [10, 17])

(ΦSω)(X1, X2, Y1, Y2)

=(LS(X1,X2)ω)(Y1, Y2)− (LX1
(ω ◦ S))(Y1, X2, Y2)

− (LX2
(ω ◦ S))(X1, Y1, Y2)) + (ω ◦ S)([X1, X2], Y1, Y2)

and has the local expression

(ΦSω)jihs = Sm
ji ∂mωhs − (∂jS

m
hi)ωms − Sm

hi∂jωms − (∂iS
m
jh)ωms

− Sm
jh∂iωms + ωms∂hS

m
ji + ωhm∂sS

m
ji .

The objects (ΦSω)jihs are components of tensor field of type (0, 4) if and only if ω is pure with

respect to S.

The complete lift CSTM of S to tangent bundle is completely determined by (see [18])

CSTM (CX,C Y ) =C (S(X,Y ))TM

for any vector fields X ,Y on M , and has non-zero components

(CSTM )hji = (CSTM )h
ji
= (CSTM )h

ji
= Sh

ji, (CSTM )hji = vm∂mSh
ji

with respect to the induced coordinates

(xj , xj) = (xj , vj).

Now, we consider the transform of CSTM by

ω♯ : T ∗M → TM,

i.e.,

(ω♯)∗ CSTM = ((S̃T∗M )HJI) = (Ã H
MAK

J AP
I (

CSTM )MKP ) .
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Using (3.2) and (5.1)–(5.2) we have

(S̃T∗M )hji = Sh
ji ,

(C S̃T∗M )h
ji
= (C S̃T∗M )h

ji
= (C S̃T∗M )h

j i
= (C S̃T∗M )h

j i
= 0,

(C S̃T∗M )h
ji
= Ã h

mAk
jA

p

i
(CSTM )mkp = ωhmδkj ω

piSm
kp

= ωhmωpiSm
ki = ωkjωmkS

m
hi = δjmSm

hi = Si
jh,

(C S̃T∗M )h
ji
= Ã h

mAk
j
A

p
i (

CSTM )m
kp

= ωhmωkjδ
p
i S

m
kp

= ωhmωkjSm
jp = ωpiωmpS

m
jh = δimSm

jh = S
j
hi,

(C S̃T∗M )hji = Ã h
mAk

jA
p
i (

CSTM )mkp + Ã h
mAk

jA
p
i (

CSTM )mkp

+ Ã h
mAk

jA
p
i (

CSTM )mkp + Ã h
mAk

jA
p
i (

CSTM )m
kp

= vs(∂mωhs)δ
k
j δ

p
i S

m
kp + ωhmδkj δ

p
i v

s∂sS
m
kp

+ ωhmδkj ps(∂iω
ps)Sm

kp + ωhmps(∂jω
ks)δpi S

m
kp

= vs(Sm
ji ∂mωhs + ωhm∂sS

m
ji ) + ωmtps(∂iω

ts)Sm
jh (5.3)

+ ωmkps(∂jω
ks)Sm

hi

= vs(Sm
ji ∂mωhs + ωhm∂sS

m
ji )− psω

ts(∂iωmt)S
m
jh

− ωksps(∂jωmk)S
m
hi

= vs(Sm
ji ∂mωhs + ωhm∂sS

m
ji )

− vt(∂iωmt)S
m
jh − vk(∂jωmk)S

m
hi

= vs(Sm
ji ∂mωhs + ωhm∂sS

m
ji

− (∂iωms)S
m
jh − (∂jωms)S

m
hi)

= vs(ΦSω)jihs + vs(∂jS
m
hi)ωms

+ vs(∂iS
m
jh)ωms − vs(∂hS

m
ji )ωms

= vs(ΦSω)jihs − pm(∂jS
m
ih + ∂iS

m
hj + ∂hS

m
ji ).

On the other hand, it is well known that the complete lift CST∗M of skew-symmetric tensor

field of type (1, 2) to cotangent bundle has components of the form (see [18 , p.245]):

(CST∗M )hji = Sh
ji , (

CST∗M )h
ji
= (CST∗M )h

ji

= (CST∗M )h
j i

= (CST∗M )h
j i

= 0,

(CST∗M )h
ji
= Si

jh, (CST∗M )h
ji
= S

j
hi,

(CST∗M )hji = −pm(∂jS
m
ih + ∂iS

m
hj + ∂hS

m
ji ).

From here and (5.3) follows that if (ΦSω)jihs = 0, then (ω♯)∗ CSTM =C ST∗M . Thus we have

the following theorem.

Theorem 5.1 Let ω be a pure symplectic 2-form with respect to the skew-symmetric tensor

S of type (1, 2) on a symplectic manifold (M,ω), and let CSTM and CST∗M be complete lifts

of S to the tangent and cotangent bundles, respectively. If the symplectic 2-form satisfies the
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Yano-Ako equation

Sm
ji ∂mωhs − (∂jS

m
hi)ωms − Sm

hi∂jωms − (∂iS
m
jh)ωms

− Sm
jh∂iωms + ωms∂hS

m
ji + ωhm∂sS

m
ji = 0,

then the complete lift CST∗M is a transform of CSTM by a musical isomorphism ω♯ : T ∗M →

TM .
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