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Blow up for Systems of Wave Equations in
Exterior Domain
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Abstract In this paper the author studies the initial boundary value problem of semilinear
wave systems in exterior domain in high dimensions (n > 3). Blow up result is established
and what is more, the author gets the upper bound of the lifespan. For this purpose the
test function method is used.
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1 Introduction and Main Results

In this paper, we consider the initial boundary value problem of semilinear wave equations

in exterior domain:

uy — Au = |vfP, inR* x Q°,

v — Av = |u]9, inR* x Q°

u(0,z) = eup(x), u(0,2) =euy(x), in Q°, (1)
v(0,2) = evg(x), ve(0,2) =evg(z), in Q°,

u(t, x) |aQ_ 0,

’U(tv‘r) |3Q: 0,

where u(t, x),v(t, ) are unknown functions of the variable t € R and 2 € Q°¢. Q is a smooth
compact obstacle in R"(n > 3), and Q¢ is its complement. Without loss of generality, we
assume that 0 € Q@ & Bg, where Bg = {z | |z| < R} is a ball of radius R centered at the
origin. The smallness of initial data can be measured by the constant € satisfying 0 < ¢ <1
and ug, uy, vg, v; are compactly supported nonnegative functions, i.e.,

ug, u1,vo,v1 > 0, Vo e QF
up,v9 0, VYxeQ°, (1.2)

supp{uo, u1,v0,v1} € Bg.

This problem can date back to the famous Strauss’ conjecture (see [19]): For the Cauchy
problem of the semilinear wave equation with small initial date

uy — Au = |ulP, (t,z) € Rt x R",
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there exists a critical power p.(n), which is the positive root of the following quadratic equation:

which means that blow up happens when 1 < p < p.(n), global solutions exist if p > p.(n).
Strauss’ conjecture was first investigated by John [7] and recently ended after decades by a
series of hardworking (see [4-5, 9, 14, 16-17, 20-24]).

For the initial boundary value problem of a single wave equation in exterior domain, Zhou
and Han [25] gave the lifespan estimation of the solutions when 1 < p < p.(n) and n > 3. The
case 1 < p < p.(2) was considered by Li and Wang [13]. Lai and Zhou [10-12] showed the blow
up of p = pc(3), p = pe(n), n > 5 and p = p.(2), moreover, they gave the lifespan estimate from
above for the first two cases. For dimension one, Lai [8] got the blow up for initial boundary
value problem with a nonlinear memory. For global existence we refer the reader to [1, 6, 18].

The Cauchy problem for high dimension (n > 4) systems was considered by Georgiev,
Takamura and Zhou [3].

For high dimension (n > 3) systems, there exists a curve F(p,q) = 0 which separates the
domains of existence and blow-up of the solutions in the (p,q) plane (see [15]). And we are
concerned for the blow-up and the lifespan T'(e) of the solutions. More precisely, the blow-up
happens when
q+2+% p+2+% n—1

) — > 0.
pg—1 pg—1 } 2

F(PaQ)ZF(p,q,n):max{

We establish our theorem as follows.

Theorem 1.1 Let Q C R™ (n > 3) satisfy the exterior ball conditions and the exponents
p,q > 1 satisfy F(p,q) > 0. Suppose that problem (1.1)~(1.2) has a solution (u,u), (v,v¢) €
C([0,T), HY(Q°) x L3(2°)) such that

supp(u, ug, v,v¢) C {(t,z) | |[z| <t + R} N (RT x Q°).
Then T < oo, and there exists a positive constant C' which is independent of € such that

T(c) < Ce™ 7o, (1.3)
Here and hereafter, C' and C; denote positive constants and may change from line to line.

2 Preliminaries
To prove our theorem, we first introduce a lemma.

Lemma 2.1 Let 1 < p < q and X,Y € C*([0,m0]). Assume that 7y is large enough and
X, Y satisfies the following ordinary differential inequalities: Y7 < g

X"(7) = Cor =Dy (1)JP,
Y"(1) > Cor~ ™=V |X (7)]4,
p(n—1) (21)
X(1) > Cornti=—"=7—,
Y(r) > Ch.
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Then there exists a positive constant Co independent of Cy such that
0 < Co,

when F(p,q) > 0.

It is easy to prove this lemma by exchanging p,q and set T = 7, F(t) = Y (¢), G(t) =
X(t), a=n(g—1),=np—-1), s=n+1-— @ > 1 in Lemma 2.1 of [15]. Then the
blow-up condition can be rewritten as

pln(g—1)~2) +nlp—1)—2< (n+1- D) g -1y,

which is equivalent to F'(p,q) > 0 when p < q.
The following lemmas are from [2, 21, 25].

Lemma 2.2 There exists a function ¢o(x) € C%(Q°) satisfying the following boundary value
problem:

Ago(xz) =0, in Q°,
do(x) laa= 0, (2.2)
|z] = 00,  do(x) — 1.

Moreover, ¢o(z) satisfies that Vo € Q°, 0 < ¢o(z) < 1.

Lemma 2.3 There exists a function ¢1(x) € C%(Q°) satisfying the following boundary value

problem:

Agy () = ¢1(x), in QF,
¢1() [oo= 0, (2.3)

|x| = 00, ¢1(z) — e’ “dw.
Sn—1

Moreover, there exists a positive constant Cs such that ¢1(x) satisfies thatVa € Q°, 0 < ¢1(x) <
_n-1

C3(1+ |z))~ "2 -el®l.

We define a test function ¥y (z,t) as
Pi(t,z) = ¢1(x)e™, V>0, z€ Q. (2.4)
Then we have the following lemma.

Lemma 2.4 Letp>1, p/ = p%l. Then Vt > 0,

(n—1)p’

/ [y (t, )P dz < Cy(t + R)" == . (2.5)
Qen{|z|<t+R}

Moreover, we have the following lemmas.

Lemma 2.5 Letp>1, p/ = ﬁ and Q satisfy the condition in Theorem 1.1. Then Vt > 0,

(n—1)p’

/ (G0 (2)]” 7 [ (6, 2)]P dar < Cs(t + R)"1 - (2.6)
Qen{lz|<t+R}
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Lemma 2.6 Letp > 1. Then Vt > 0,

/ Uit )de < Colt + R)“T. (2.7)
Qen{|e|<<t+R}

3 Proof of Theorem 1.1

We give the proof of Theorem 1.1 in this section. We first define functions
Foft) = [ ult.2)o0(w)i,

Fift) = [ ult.o)un(e )da,

Go(t) = | _vlt,z)én(z)da,

Ga(t) = [ vlt,a)in (o,

where u(t, z),v(t,x), ¢o(x),¥1(t, x) are defined as before. The assumptions on u(t,x), v(t, x)
imply that Fy(t), F1(t), Go(t),G1(t) are well-defined C? functions for all £ > 0. We want to
derive nonlinear ordinary differential inequalities of those new functions as the form in Lemma
2.1, then we can easily proof Theorem 1.1.

We need one more lemma as below.

Lemma 3.1 Let (ug,u1), (vo,v1) satisfy (1.2). Suppose that problem (1.1) has a solution
(u,uz), (v,v) € C([0,T), H(Q°) x L?(Q°)), such that

supp(u, ur, v, v¢) C {(t,2) | 2| < t+ R} N (RT x Q).

Then we have for all t > 0,

Fi(t) > %(1 - e_Qt)E/C[uo(x) + up(x)]¢1 (x)dx + e_QtE/ uo(z)g1 (x)de >eCr >0, (3.2)

c

Gi(t) > %(1 - e_Qt)a/c[vo(x) + v1(2)]¢1 (z)dx + e_Qta/ vo(z)¢1(x)dz > eCs > 0. (3.3)

c

Proof We multiply the first equation in (1.1) by the test function ¥4 (¢, x) and integrate
over [0,t] x Q°, then use integration by parts and Lemma 2.3.
First, it is easy to verify that

t
/ 1 (uge — Au — v|P)dadr = 0.
0 Jae

Noticing that ¥ = —11, we have
t t

/ ¢1uttd5€dT=/ / [(Y1ur)e — Preug]drde
o Jae cJo

t
z/ /¢1utdrdx+/ Py
Qe Jo Qe

t
dx
0
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t

Il
S~

¢
[(Y1u)e — Yrpu]drde +/ Prug| da
Qc JO c 0

t t
/ /z/Jludex—i—/ wlu‘ dx—i—/ brug| d
Qc Jo c 0 Qc 0

X

t
= / / Yrudrdr + U1(u+ up)de — e o1 (up + up)da.
C O QC

QC
And

t ¢
/ Y1 Audadr = / / [V (1 Vu) — Vb - Vuldadr
QC C
’ Ot t
= / Y1 Vu - ndSdr — / Vi1 - Vudadr
o Joo 0o Jae
t
= —/ Vi - Vudadr
o Jae
t
= —/ / [V(Viru) — Aru]dedr
O C
t

¢
= / Avyudedr — / Vipiu - ndSdr
0 Jae 0 Joq

t
= / Prudadr.
o Jac

So we get

t
/ Y1 |v|Pdedr = / Vi(u+w)dr —e [ é1(uo + up)de,
0 Jae Qe

QC
where

d
1 (u+ ug)dr = — / (ru)de — Prudx + Prudx
QC dt QC QC QC

c(lit/ (Yru)da + 2 N Prude

:dFl()

2, (1)
a 1)

Because of ¥ > 0, we have

dF (1)
dt

+2F (¢t / w1|v|pdxd7+6/ o1 (ug + uq)da
QC
€ o1 (up + ul)dx.
QC
Multiplying the above inequality with e%*, one has

QtF t
M Z thé‘ ¢1 (UQ + ’Uq)dil?
dt 0

Then integrating over [0, t], we get

thFl (t) — F1 (0) Z (e2t — 1)5 ¢1 (UQ + ul)d:z:,

QOc

N =

343
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where F1(0) = [, ugth1(x,0)dz = € [, ¢prupde. Hence we get (3.2), and (3.3) can be obtained

in a similar way.

Next we show that Fy(t), Go(t) satisfy the ordinary differential inequalities as in (2.1). For
this purpose, multiplying the first equation in (1.1) by ¢o(x) and integrating over Q°. We
note that for a fixed ¢, u(-,t) € H}(D;) where D; is the support of u(-,t). Hence we can use
integration by parts and Lemma 2.2.

First

doluw — Au — |v[Pldx = 0,
QC
where

d? d?Fy(t)
de = — dz =
o Pousrdr ETE /QC poudx ETER

doAudz = / [V(poVu) — Voo - Vu|dz

Qc

Qc

= / doVu - ndS — Vo - Vudz
o0 Qe

= — Vo - Vudz
QC

- /C[V(ngou) — Agou]dx

=— Vou - ndS + Apoudz
l9) Qe

=0.

So we get

d2Fy(t) /
= v|Ppoda.
dt2 Qe | | 0

By the Holder inequality, we get the estimate of the right hand side

1 p-1
’/ U¢0d$’ = ’/ P ¢y” da
¢ Qen{|z|<t+R}
L % N
(f vogPaz)” ([ 67 [F'dz)’
Qen{|z|<t+R} Qen{|z|<t+R}

1 1
( / v o) " ( / dodr) ",
Qen{|z|<t+R} Qen{|z|<t+R}

P p—1
‘/ v¢0dx’ < (/ |U|P¢de)(/ ¢de)
= Qen{le|<t+R} Qen{je|<t+R}

= ( /Q |U|p¢0dx) ( ~/Q°ﬂ{|w|§t+R} ¢de) "

IN

i.e.,

So we have
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where
/ ¢mxg/ 1dz < Vol{ Biy n} = Vol(BY)(t + R)"™.
Qen{|z|<t+R} {|z|<t+R}

Therefore

d
IS ‘/ el e
0 (Vol(BY)(t + R)")P—1 — (¢t + R)—1)"

where k = (Vol(B7))~=1 > 0. Thus

d?Fy(t) -

k(t =G (2)]P. 3.4
@ = (t+R) |Go(t)| (3.4)
Similarly, we get
d2Gy(t
ol > ke + BT EIIREL (35)

where &’ = (Vol(B}))~(@=Y > 0. So Fy(t), Go(t) satisfy the ordinary differential inequalities as
n (2.1). We use the Holder inequality again to estimate the lower bound of Fy(t) and Go(t).

’/ v¢1dx’ = ‘/ v%%%_% 'wldff’

: Qen{lz|<t+R}

(/Qcﬂ{lrlgt.;.R} |U|P¢)Od$) v (Acm{zst+R} X ¢1|P)
< (/Q Ivlpcbodx)p(/mm{zst%} |¢O_ﬁ1/)1|p’)?’

1
P’

IN

A

which implies

ool < L) 75)

So we have

F
o / [o[P goda

dt2
e

_% A p—1
I wmer)
Qen{|z|<t+R}
_ G ()]

_711 ! p
(f 607 "l
Qen{lz|<t+R}

Noticing G1(t) > eCgs > 0 by (3.3) and Lemma 2.5, we get

>

d?Fy(t)

o > Coel(t+ Ry~ (-0(5-1), (3.6)
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where Cy = 0505_(’)_1) > 0. Integrating on [0, ¢], we have

dF()(t) - dF()(t) Cgé‘p (n—1)p _(n—21)p

t n— _ n
dt dt t:O+n_ (n—l)p[( +R) ’ R )
2
dFy(t) Cye? o (n=1p
> _ .
- dt t:o+n_(n—1)p(t+R) ’
2

Integrating once more and we reach the final estimate

mezéﬁ@+RW+“ﬁ?ﬁ+f¥%Qtw-rfmmy (3.7)

Co

where § = — —
[n— (n 21)P][n+1_ ( 21)P]

> (. It is easy to check that

(n—1)p

p>l=n+1- 5

> 1. (3.8)

Hence the following estimation is valid when ¢ is large enough:

1 n— -
Fy(t) > §5ap(t+R)”+1‘( e (3.9)
Similarly, we have
1 n-1)q
Go(t) > 55'5q(t+R)”+1_( 2 > Oyyet. (3.10)
Therefore, we establish the following inequalities:
F(t) > Crot ™"~ D|Go(t)]?,
Gy (t) = Crot "=V Fy (1)),
(3.11)

Fo(t) > Clogptn+1—(n—1)q—2’
Go(t) Z Ollé‘t.

Set X (1) = e*Fy(t), Y (1) = €’Go(t), 7 = € in (3.11), where a,b,d are constants which
should be determined later. (3.11) becomes
X”(T) > CloEa_Zd_pb+nd(p_1)T_n(p_1)|Y(T)|p,
Y//(T) > Ologb—2d—pa+nd(q—1)7_—n(q—1) |X(7.)|q’

X(r) > Croerto-dint1=C502) i1 ~(n-1)q-2

3

Y(T) > 011€b+1_d7'.
To use Lemma 2.1, we need
a—2d—pb+nd(p—1)=0,
b—2d—pa+nd(g—1)=0,

W—lm):Q

p+a—d(n+1— >
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and take Cy = C1g, C, = C11e"71~%. Solving this system, we get

_nlpg—1)—2(1+p)
(pg—1)F(p,q)

po Mpa—1) —2(+4q)
(pg—1DF(p,q)
1

F(p,q)

d:

And by Lemma 2.1, we have

i.e.,

70 = 9T, < Cy,

1
T. < Coe” T,

This completes the proof of Theorem 1.1.
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