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Abstract Given ¢ a subharmonic function on the complex plane C, with A¢dA being a
doubling measure, the author studies Fock Carleson measures and some characterizations
on p such that the induced positive Toeplitz operator T}, is bounded or compact between
the doubling Fock space Fg and F;° with 0 < p < oo, where p is a positive Borel measure
on C.
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1 Introduction

Suppose v is a positive Borel measure on C, denoted by v > 0. We call v is doubling, if

there exists some constant C' > 0 such that
v(D(z,2r)) < Cv(D(z,r))

for z € C and r > 0, where D(z,7) = {w € C : |[w — z| < r}. Throughout the paper, we
assume that ¢ is a subharmonic, real-valued function on C, and ¢ is not identically zero with
v = A¢dA doubling, where dA is the Lebesgue area measure on C. Denote by p(-) the positive
radius such that v(D(z, p(2))) =1 for z € C. See [15] for details.

Suppose H(C) is the collection of all holomorphic functions on C. For 0 < p < oo, the space
is the family of all Lebesgue measurable functions f on C such that

P
L¢

1

9o = ([ e 70da) " < .
C
The doubling Fock space F£ is defined to be
F£ = Lg NH(C)
if 0 < p<ooand

F5° = {1 € HO) [ f oo = sup| () < oo].
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It is well known that, F£ is a Banach space under || - ||, for p > 1, and qu is an Fréchet space
under d(f,g) = ||f — gl|; 4 for 0 < p < 1. The doubling Fock space has been studied in [5, 7,
11, 15-16, 19]. It is always called the generalized Fock space. When ¢(z) = $|z|*> with o > 0,
qu is the classical Fock space FP, which has been studied by many authors, see [6, 9, 13, 18,
24] for example. And for another special case that ¢(z) = 5|z|> — 2 In(A + |2|?) with suitable
A > 0, where m is a positive integer, Fg is the Fock-Sobolev space FP'™ studied in [2-4, 17,
23]. For ¢(z) = |z[*™, F} is the Fock space in [20] and [21]. If n = 1, the Laplacian of the
weight function ¢ in [10] and [22] satisfies the doubling measure hypothesis.

As far as we know, these doubling Fock spaces were first introduced by Christ [5]. In 2003,
Marco, Massaneda and Ortega-Cerda [15] studied the interpolating and sampling sequences for
the doubling Fock spaces. After that, Marzo and Ortega-Cerda [16] gave quite sharp pointwise
estimates of the Bergman kernel associated to these spaces. Let K(-,-) be the reproducing
kernel for Fg The orthogonal projection P from Li to Fg can be represented as

Pf(z) = / K(z,w)f(w)e 2*™dA(w), zeC.
C
Given p > 0, Toeplitz operator T}, on Fg is defined to be

T.f(z) = /(CK(z,w)f(w)e_%(w)du(w), z€C,

if it can be well (densely) defined.

The behaviors of positive Toeplitz operators on Fock spaces have been studied by many
authors. In 2010, Isralowitz and Zhu [13] discussed the characterizations on p > 0 such that
T, is bounded, compact and in Schatten classes on the classical Fock space F2. Wang, Cao
and Xia [23] studied the same problems on the Fock-Sobolev space F%™. In [9], Hu and Lv
characterized the boundedness and compacteness of 7, from one Fock space FZ to another
F® for 1 < p,q < co. Mengestie [18] extended them between FP? and F2° with 1 < p < oc.
With some weight ¢ satisfying M;dd®|z|* < dd°p < Madd®|z|* for fixed constants My, My > 0,
Schuster and Varolin [22] obtained the necessary and sufficient conditions such that T}, is
bounded or compact on FL for 1 < p < oo. Given 0 < p,q < oo, the corresponding problems
were solved from F2 to FZ in [10], and between FZ and F2° for 0 < p < oo in [14]. With
1 < p < o0, Oliver and Pascuas [19] studied the characterizations on p for which 7, is bounded
or compact on the doubling Fock space Fé’ .

Carleson measures have been extensively applied to various problems in Hardy (and Bergman)
space theory. On the classical Fock space, Carleson measures were first introduced in [13]. The
reference [4] is the first one where the so-called Carleson measures for Fock-Sobolev spaces were
studied. See also [9-10, 17, 22].

In this paper, with 0 < p < oo, we are going to obtain some characterizations on those
p > 0 such that Toeplitz operators T}, is bounded or compact from F£ to F7° and from F o
to F qf , respectively. We also introduce Fock-Carleson measures for the doubling Fock space.
Our results extend those in [4, 9-10, 13-14, 17-19, 22]. In Section 2, we will introduce Fock
Carleson measures with some characterizations in terms of averaging functions and Berezin
transforms. In [10], on those Fock spaces induced by ¢ with Mydd®|z|? < dd®p < Madd®|z|?,
we proved that the (p, ¢)-Fock Carleson measure does not depend on the precise value % when
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p < q. This phenomenon seems quite inconsistent with the well-known results in Bergman
(and Hardy) space theory. Our analysis in Section 2 shows that this independence of % can
only occur for weights ¢ for which p(-) is bounded above and below with positive constants.
In Section 3, given 0 < p < 00, we are going to discuss the boundedness and compactness of
T, from qu to Fg° and from Fj° to qu , respectively. It is worth to mention that, expect for
[10, 14], all research mentioned above is about p-th Fock spaces with p = 2 or 1 < p < oo.
However, since qu is not a Banach space for 0 < p < 1, the Banach space technique in [9, 13,
18-19, 22] is invalid in this case. Also, the proof in [10, 14] depends strongly on two points:

FoCF, VO<p<gq and Pf=f VfeF], p>0. (1.1)

However, these two points are not available for doubling Fock spaces. For example, for ¢(z) =
|z|*, Constantin and Peldez [8] concluded

FINES #£0, FIE? 40,

when p # q.

We always use C' to denote positive constants whose value may change from line to line
but does not depend on the functions being considered. Two quantities A and B are called
equivalent if there exists some C such that C~'A < B < CA, written as “A ~ B”.

2 Carleson Measures

In this section, we are going to introduce the Fock Carleson measure, which will be used in
the following sections. First, we list some notations and preliminary results. These results can
be found in [12] and [15].

Recall that, ¢ is a subharmonic, real-valued function on C, which satisfies dv = A¢dA a
doubling measure, and p(+) is the positive radius such that v(D(z, p(z))) =1 for z € C. Given
r > 0, write D"(z) = D(z,7p(z)). There exists some constant C' > 0 such that for z € C and
w € D"(z),

1

~p(2) < p(w) < Cp(2). (2.1)

Moreover, for fixed r > 0 we have my, ms > 0 such that

D"(z) C D™"(w),D"(w) € D™"(z) whenever w € D"(2), (2.2)

which follows from the triangle inequality. Given r > 0, we say a sequence {ax}3>; in C is an
r-lattice if {D"(ax)}x covers C and the disks of {D% (ax)}r are pairwise disjoint, see [15] for
details. For m > 0, there exists some positive integer N such that

1<) Xpmr(ay(2) <N, z€C. (2.3)
k=1

For our later use, we need the concepts of averaging function and Berezin transform. Given
w > 0, the average of i is defined as

pr(z) = p(D"(2))/A(D"(2)), ze€C.
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For 0 < p < oo and 0 > 0, there is some C' > 0 such that for f € H(C) and z € C, we obtain

e %) ¢ Pe—P¢ ’ ) ]
7()le sAw%m(Lmuw a4) (2.4)

Thus, in a way similar to Lemma 2.2 in [9], we get
L 1@ pantz) < 0 [ 1@ O )aac). (25)
For t > 0, we set the t-Berezin transform of u to be
) = [ bt autu), e,

where k; . (w) = K(w, 2)/| K (-, 2)||+,¢ is the normalized Bergman kernel for Fj. When ¢(z) =
1]z[%, the t-Berezin transform is closely connected with the heat flow as mentioned in [1].

We also need some other spaces. Let 0 < p < co. The space L;(du) is the family of all
p-measurable functions f on C such that

11

The space LP is defined as

pbdp = (/C |f(Z)|pe_p¢(z)du(z))% < oo.

1
LP =< f is Lebesgue measurable on C : || f||» = flIPdA) " < oot
C

and [P consists of all sequence {b;}72; C C™ with

bkl = (Do 106l )" < oc.
k=1

To prove the main results, we need some lemmas. Lemma 2.1 lists some well-known results
about the Bergman kernel for Fg. Most of them can be seen in [12, 16, 19]. We only need to
show the statements of (3) and (4) for p = co. Notice that 1/p =0 if p = cc.

Lemma 2.1 The Bergman kernel K(-,-) satisfies:
(1) There exist positive constants C and € such that

d(w)+¢(z) ew] €
e e_(g)

K (w, 2)| < CW = (2.6)
forw,z € C.
(2) There exists some rog > 0 such that
e (w)+6(2)
|K (w, 2)| ~ O (2.7)

whenever z € C and w € D™ (z).
(3) For 0 < p < o0, we have

2 _
K (-, 2)|lp,o =~ e?@p(z)» 2, 2 €C.

(4) For 0 < p < o0, ky . — 0 uniformly on compact subsets of C as z — oc.
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Proof Given z € C, by [19], there holds
1K (-, 2) g 2 ).
This, together with (2.4), we have

|K (w, 2)[e™®W) = e?)=0(W)| [ (7 w)|e™?(2)
Ced(2)—d(w)

< — |K(-,w)|le"?dA
A(D?(z2)) /1)5(z)
6()=(w)
Ce /|K w)le=?dA

Necb(Z) p(z )

for z € C. Hence, by (2.6) and (5) in [15, p. 869, if |z]| is large enough, we have some 8 € (0, 1)
such that

oo,z (w)] = | K (w, 2) ™" p(2)? = |K (2, w)|e” ) p(2)?

lz—w| )

< Cp(2)e=0) p(u) e~ (55

< C|Z|Be¢’(w)p(w)_1e_(‘zp‘(‘ﬁu‘)e

for w € C. This tells us the statement (4) is true. The proof is completed.

Next, we are going to introduce (vanishing) (p, ¢)-Fock Carleson measures. When n = 1, all
the spaces studied in [4, 9-10, 13, 17, 22] are special cases of ours here. When p = ¢ > 1, this
is just the Fock Carleson measure discussed in [19].

Definition 2.1 Let 0 < p,q < oo and let 1 > 0. We call v a (p, q)-Fock Carleson measure
if the embedding operator i : Fg — Lg(du) is bounded, i.e., there exists some constant C such
that for f € F?,

([ 1M1 au(z))" < e

And also, we call v a vanishing (p, q)-Fock Carleson measure if

lim | 1;(2)[%e P du(z) =0,

Jj—o0
whenever {fj}j‘?‘;l is a bounded sequence in qu that converges to 0 uniformly on any compact
subset of C as j — oo.

The following three theorems characterize (vanishing) (p, ¢)-Fock Carleson measures for all
possible 0 < p,q < oco. The proof is similar to that of Theorems 3.1-3.3 in [9], we omit them
here.

Theorem 2.1 Let 0 < p < g < o0, and let p > 0. Then the following statements are
equivalent:

(1) p is a (p,q)-Fock Carleson measure.

(2) ﬁtp2(1_%) is bounded on C for some (or any) t > 0.
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(3) ﬁ5p2(1_%) is bounded on C for some (or any) § > 0.
(4) The sequence {ﬁr(ak)p(ak)Q(l_%)}k is bounded for some (or any) r-lattice {ay}r. Fur-
thermore,

1) o sup fig(2)p(2)*0 ) )28,

11K ~ n 2(
il s pagom = Sup it (2)p(2) Sup

= sup fir(ax)p(ak
Theorem 2.2 Let 0 < p < q < 00, and let u > 0. Then the following statements are
equivalent:
(1) p is a vanishing (p, q)-Fock Carleson measure.
fin(2)p(=)"1
ﬁg(z)p(z)Q(l_%) — 0 as z — oo for some (or any) 0 > 0.
ﬁr(ak)p(ak)Q(l_%) — 0 as k — oo for some (or any) r-lattice {ay}i.

5 0 as z — oo for some (or any) t > 0.

Theorem 2.3 Let 0 < ¢ < p < o0, and let p > 0. Then the following statements are
equivalent:

(1) p is a (p,q)-Fock Carleson measure.

(2) pisa vanishing (p, q)-Fock Carleson measure.
(3) fir € Lv-a for some (or any) t > 0.
(4) Jis € Lv-a for some (or any) 6> 0.
(5) {Air(ar)plar) 7"

}k L € 54 for some (or any) r-lattice {ar}32 . Furthermore,

]| ~ll, e~ 18l e = {7 @)p(a) 72} e

FPHLQ(d) )

Remark 2.1 In the setting of classical Fock spaces, 1 is a (p, ¢)-Fock Carleson measure for
some p < ¢ if and only if p is a (vanishing) (p, ¢)-Fock Carleson measure for all possible p < ¢
(see [9]). This is still available for F2 with M;dd®|z|* < dd°p < Madd®|z|?, which can be seen
n [10]. Now, Theorems 2.1-2.2 tell us that this phenomenon can only occur when p(-) ~ 1.
Theorems 2.1-2.3 extend the results in [4, 9-10, 13, 17, 19, 22]. From these theorems above,
wis a (p, q)-Fock Carleson measure if and only if it is a (¢p, tq)-Fock Carleson measure, ¢ > 0.
So (p, q)-Fock Carleson measure can be simply called E—Fock Carleson measure, and written as

||u||§ = ||4| for simplicity.

P
Fl—L1(¢.n)

3 Toeplitz Operators

In this section, for 0 < p < co, we are going to characterize those p > 0 for which Toeplitz
operators 1), are bounded and compact from F qf to Fg° or from FZ to F , respectively. To
study the compactness, we need Lemma 3.1. Part of this lemma can be seen in [12, Lemma
3.1].

Lemma 3.1 Let i be a t-Fock Carleson measure for some t > 0. Toeplitz operator T), is
well-defined on F, for all0 < p < co. Moreover, T}, is compact from F} to Fj for0 < p,q < oo,
where R > 0 and pur(E) = fEm{z:\zKR} dp for measurable set E C C.

Proof In a way similar to the proof of [12, Lemma 3.1], we can conclude that T}, is well-
defined on Fé’ for 0 < p < o0, and 7}, is compact from Fé’ to F(Z for 0 < g < co. To prove the
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compactness of T}, for ¢ = oo, we suppose that {f; }j‘)‘;l - qu is a bounded sequence, and f;

uniformly converges to 0 on compact subsets of C as j — oo. By Montel’s theorem, we only
need to show

lim [Ty filloo,s = 0- (3.1)
Jj—oo
In a way similar to the proof of (2.5), we obtain
| T fi(2)| =)

< 00 / 1)K (2, w)le 22 dpu(an)
|lw|<R
<ceo [ 5 )1 (2 w)]e™ 2, (w)dA(w).
|w|<C1(147r)R

Since p is a t-Fock Carleson measure, Theorems 2.1-2.3 tell us that there exists some t; € R
such that

sup i (2)p(2)"* < .
zeC

Thus

T fi(2) e

< C(sup, () )e ) | 15 ()| [K (2, w) €2 p(w) ™ d A(w)
zeC lw|<C1(147)R

< Q90 / 15 ) 1K (2, w) e 260 p(w) =1 dA(uw).
lw|<C1(1+7)R

Notice that, for p,s > 0 and real number k, there is C' > 0 such that

/ p(w)ke_p(‘i’?g‘)sdA(w) < Cp(2)*2, zecC (3.2)
C

(see [12, Lemma 2.1]). This, together with (3.2) shows

1T il oo
< Csupp(z) ! / [£5(w)]e# p(w) = 1o~ (T d A (w)
zeC lw|<C1(1+7)R

<O swp e ) p(w) | (w)] sup p(z) ! / p(w) e~ (55 dA(w)
lw|<C1(1+47)R z€C C

<C sup  |fj(w)| =0
lw|<Cr(1+r)R
as j — oo. Hence, (3.1) is true. The proof is ended.

In this position, we will characterize the boundedness and compactness of positive Toeplitz
operators from qu to F7° or from F3e to F£ with 0 < p < co. Now, we state the main results
as follows. These three theorems extend the main results in [9-10, 13-14, 18-19, 22]. However,
the approach (Banach space technique) in [9, 13, 18-19, 22] is invalid in this case of 0 < p < 1.
Also, part of the proof here is different from that in [10, 14], because those two points are not
available in the present case, see (1.1) for details.
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Theorem 3.1 Let 0 < p < oo, and let p > 0. Then

(1) Ty, F — Fg° is bounded if and only if p is a p%—Fock Carleson measure. Furthermore,

1Tl e = Nl e (3:3)

(2) T, qu — Fg° is compact if and only if p is a vanishing #—Fock Carleson measure.

Proof (1) First, we assume that T, : qu — F° is bounded. For z € C, Lemma 2.1 yields
Fa(2)p(=) "7 < Tk (2)] €=
< Ol Tukp zlloc,

< C||Tu||F£—>Fg°||kp>Z”py¢
< C||Tu||F£—>Fg°- (3.4)

This, together with Theorem 2.1, shows that u is a #—Fock Carleson measure, and

~ _2
[l 2, 2 sup fia(2)p(2)" % < C||Tpllpep)—rge- (3.5)

Pl zeC ¢
On the other hand, suppose that u is a #-Fock Carleson measure. Then ﬁgp_% is bounded

on C for § > 0, which follows from Theorem 2.1. Given f € F? by (2.4), we get
F@)Ie™? < Cp(z) ¥ fllpor =€ C. (3.6)
Given z € C, since K(-,2)f(-) € H(C), applying (2.5) to the weight 2¢, we have
Tuf(2)] < C/C K (w, 2) f (w)]e™ > g (w)dA(w). (3.7)
(3.6), Lemma 2.1 and Theorem 2.1 imply
T, f (2)]e™ ")

< Cllfllp,¢/Cﬁs(w)p(w)_%IK(z,w)le_W’dA(w)

< Csup fis(w)p(w) ™7 | fllp,ge =" /«: K (2, w) e * ) dA(w)
< Cllpll 2 1 1p.0-

p+1

Therefore, 1), is bounded from F. qf to F3°, and

1Tl o) Fse < llpll 2, -

This, combined with (3.5), gives (3.3).
(2) Suppose that p is a vanishing #—Fock Carleson measure. By Theorem 2.2, we know

ﬁg(z)p(z)_% —0 asz— oo.

Setting ug as in Lemma 3.1, 7),,, is compact from qu to F7°. Moreover, p—pp >0, Ty pp 18
bounded from F?(¢) to Fg°, and for r > 0,

SIS

lim sup(si — i) (2)p(z) " = 0.

R—o0 e
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Thus, (3.3) and Theorem 2.1 tell us

||T# - TMR||F£—>F°°(¢) = ||T#—MR||FP—>F°°(¢)

~|lp = prll_z;
—_—

~ sup(u — pr)r(2)p(2)”
zeC

LA

—0

357

as R — oo. So we can conclude that 7}, : Fg — F3° is also compact. Conversely, we assume

that T), : Fj — F° is compact. Then fisp~» is bounded for § > 0. Notice that {kp,- : 2z € C}
is bounded in Fg. So {Tyukp. : z € C} is relatively compact in FZ°. For any sequence

{zr}p2, C C with jlig)lo zj = oo, there exists a subsequence of {7}k, .; }32; converging to some

h in FZ°. Without loss of generality, we may assume
jli)r{)lo | Tyukp,z; — Plloo,g = 0.
We only need to show h = 0. For any w € C, (3.7) implies
by (0] < [ by, (0K ()= is(u)d A
< sup s(u)p(u) ¢ /C (1)l () (0, )™ d A ).

By Lemma 2.1 and (3.2), we have

Jw—u|

/ |K (w, u)?p(u)?e ™2 dA(u) < Ce*™) p(w) 2 / 255 dA(w) < o),
(® (®

So, for any £ > 0, there is some R > 0 such that
/ |K (w, u) | p(u)?e 22D d A(u) < 2.
|[u|>R
Since kp, . — 0 uniformly on compact subsets of C as z — oo, we get
Ty @ < ([ [ Yot e, () (w2 A (w)
lul<R  Jlu|>R
<t [ ) ke (K (w0 A w),

|[u|>R

while j is large enough. By Holder’s inequality, Lemma 2.1 and (3.2), we obtain

/ P e, (R )]

|z

< Cepley)' ([ =t da)
C

< Ck,

1

_ " 2(2 p) _ w 2
< ([ nPowie aaw) ([ e @ e 0 aaw)
lu|>R

(3.8)
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where C' is independent of j and . Therefore

T Tk, () = .
On the other hand, (3.8) implies

Tim Tk, (w) = h(w)
for w € C. Hence, h = 0, which means

T [Tk, s = 0.
This, combined with (3.4), yields that as j — oo,

ia(2)p(2) 7 < ClTukp,z; (2)]e ™) < [Tk, [loo.6 = 0.

Thus,

Tim iz (2)p(2) "7 = 0.
We conclude that p is a vanishing ——Fock Carleson measure, which follows from Theorem

2.2. The proof is complete.

Theorem 3.2 Let 0 < p < 00, and let u > 0. Then the following statements are equivalent:

(1) Ty : Fg° — FY is bounded.

(2) Ty : Fg® — F} is compact.

(3) f, € LP for some (or any) t > 0.

(4) fis € L? for some (or any) 6 > 0.

(5) {ur (ar)p(ak) }kzl € P for some (or any) r-lattice {ar}72 .
Furthermore,

1Tl eemsr = ellor = [Bsllzs = |[{Br(ar)plar)? ),

(3.9)

Proof By [12, Lemma 2.4], we get the equivalence of (3), (4) and (5). To prove (1)=(5), we
suppose that 7T}, is bounded from F3° to Fé’ . Given any bounded sequence {\ }; and ro-lattice

{ak}r, where rg as in Lemma 2.1, set

z) = Z Mieko.a, (2)plar), =€ C.

In a way similar to [10, Lemma 2.4], we have f € Fg° and | f|loc,p < Csup|Ag|. Since T), is
k

bounded from F 5 toF £ ,wehaveT), f € F qf . Khinchine’s inequality and Fubini’s theorem show

/(le (@)T (20) ()P) e A)
<c /C /0 ‘Zm(t)Akp(ak)T#(kQ,ak)(z)‘pdte-W(ﬂdA(z)
k=1

= 0/01 ”T#(gwk(t)/\kp(ak)kzak)

p
] at,
p,é
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where 9, is the k-th Rademacher function on [0, 1]. Since 7}, : Fge — F, qf is bounded, the

inequality above is no more than

1
C [ sy

> P
D wOMplar)hzan|| < CUTullhoe, oy sup Nel
k=1 ’

Since the balls { D" (a)}x cover C, (2.3) gives

/(le (ar) T (k2 ) (2) )% TRdA(z)
>cz/ il Zukp (@) Tlka (D) e A(2)

>C Z /D Nk @) Ty (k) (2)Pe PP dA(2).

70 ak)
By (2.4), we know
@) Ty s )P

<C IAkp(ar) Ty (k2,0 ) (2)Pe PPN dA(2).
Dro(ak)

These yield

/(ZW@P (ar) Ty (F2,0, ) ()] )g PIdA(z)

> 0> APl Ty o) (o) P00
k=1

Notice that Lemma 2.1 shows
Tirg (a1)P < Cp(ag)P|Ty(ka,a, ) (ag)[Pe PP,

Setting S = |\x|P, we know {0 }x € 1°°. Hence

< C”TMHpgo_)Fg Sgp |ﬁk|

Therefore
{Tiro (ar)Pplar)®}p2, €1

and
{7iro (ar)p(ar)? Yellir < ClI Tl poe s - (3.10)
To prove (3)=-(2), we need to give

1Tull e —rz < Clifts| e (3.11)
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for some 6 > 0. We deal with the case 1 < p < oo first. Fixed § > 0, (3.7), Lemma 2.1 and
Holder’s inequality show

p
AP < I, /C Rs(w) K (1, 2)fe e *OdA(w))

<Clflr.., /C s (w)P | K (w0, 2)e W92 |d A (1)

-1
X (/ |K(w,z)e_¢(w)e_¢(z)|dA(w)>p
C
< I [ As(wPlK (w2 e dAw)
C

for f € F°. By Fubini’s theorem and Lemma 2.1, we get

1T, fIE, < ClIFIP.. / ()7 p(w) ™~ dA(w) / oot aa ()
<clflr., /C As(w)PdA(w).

We now deal with the case p < 1. For some r-lattice {a)}; and f € Fg°, (2.1) and (2.4) show
P
T W (3 [ e )
" (ax)

< I, ¢Z ([ w2 )’

DT ak

~ — w p
<A 3 AP plany™( sup | (w,2)feo)
k=1

weD" (ay)

< C”f”go,(z;Zﬁr(ak)pp(ak)Qp_2/D - |K(w,z)|Pe—p¢(w)dA(w).
e mr ar

By the triangle inequality, we have m; > 0 such that D"(ax) € D™ (w) if w € D™ (ay).
Hence, (2.1) and (2.3) yield

|Tuf(z) |pe—p¢(Z)

< C||fIZ, yo PP Z / Tim,r (W) p(w)?P 2| K (w, 2)[Pe P d A(w)

mr )

< ONI e ™ | B () a2 K (,2) e~ Aw),

Fubini’s theorem and (3.2) give

||T#f||P7¢ < O||f||£o7¢[Cﬁmlr(w)pe_p¢(w)p(w)2p_2/C e P3| K (w, 2)[PdA(z)d A(w)

|z—

< U [ fomrtwppty—2aatu) [ oty e () aaco

C
< Clf 15 g 1w lIZ0
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Therefore, (3.11) comes true. Taking pup as in Lemma 3.1, then

and

p—pr=>0
HTH - TNRHFg"—)Fg = HTM—MRHFOO(@—)F;’
< |[(p = pr)sllLe
— 0,

if R — oo, since fis € LP. Lemma 3.1 gives that 7),, is compact from Fg° to FP(¢). So

T, : F§® — F} is also compact.

g00o

The estimate (3.9) follows from (3.10)—(3.11). The proof is completed.
By Theorems 2.3 and 3.2, we obtain the following corollary.

Corollary 3.1 Let1 < p < oo, and let p > 0. Then the following statements are equivalent:
(1) Ty : Fy — Fg° is bounded.

(2) Ty : Fj — Fg° is compact.

(3) v is a E5-Fock Carleson measure.

(4) p is a vanishing JE5-Fock Carleson measure. Furthermore

1Tl = Nl e

Acknowledgement The author would like to thank the referees for making some very
d suggestions.

References

1]
2]
[3]

[4]

(7]
(8]
[9]
(10]

(11]

Bauer, W., Coburn, L. and Isralowitz, J., Heat flow, BMO, and the compactness of Toeplitz operators, J.
Funct. Anal., 259, 2010, 57-78.

Cho, H. R., Choe, B. R. and Koo, H., Combinations of composition operators on the Fock-Sobolev spaces,
Potential Anal., 41(4), 2014, 1223-1246.

Cho, H. R., Choe, B. R. and Koo, H., Fock-Sobolev spaces of fractional order, Potential Anal., 43, 2015,
199-240.

Choe, H. and Zhu, K. H., Fock-Sobolev spaces and their Carleson measures, J. Funct. Anal., 263, 2012,
2483-2506.

Christ, M., On the 9 equation in weighted L? norms in C!, J. Geom. Anal., 1(3), 1991, 193-230.

Coburn, L. Isralowitz, J. and Li, B., Toeplitz operators with BMO symbols on the Segal-Bargmann space,
Trans. Amer. Math. Soc., 363(6), 2011, 3015-3030.

Constantin, O. and Ortega-Cerda, J., Some spectral properties of the canonical solution operator to & on
weighted Fock spaces, J. Math. Anal. Appl., 377(1), 2011, 353-361.

Constantin, O. and Peldez, J., Integral operators, embedding theorems and a Littlewood-Paley formula on
weighted Fock spaces, J. Geom. Anal., 26(2), 2016, 1109-1154.

Hu, Z. J. and Lv, X. F., Toeplitz operators from one Fock space to another, Integr. Equ. Oper. Theory,
70, 2011, 541-559.

Hu, Z. J. and Lv, X. F., Toeplitz operators on Fock spaces F?(p), Integr. Equ. Oper. Theory, 80(1), 2014,
33-59.

Hu, Z. J. and Lv, X. F., Hankel operators on weighted Fock spaces, Sci. China (Math.), 46(2), 2016,
141-156.



362
(12]
(13]

[14]
(15]

[16]
(17]

(18]
19]

[20]
[21]
[22]
23]

[24]

X. F. Lv

Hu, Z. J. and Lv, X. F., Positive Toeplitz operators between different weighted Fock spaces, Taiwanese J.
Maith., 21(2), 2017, 467-487.

Isralowitz, J. and Zhu, K. H., Toeplitz operators on the Fock space, Integr. Equ. Oper. Theory, 66(4),
2010, 593-611.

Lu, J. and Lv, X. F., Toeplitz operators between Fock spaces, Bull. Austr. Math. Soc., 92, 2015, 316-324.

Marco, N., Massaneda, X. and Ortega-Cerda, J., Interpolating and sampling sequences for entire functions,
Geom. Funct. Anal., 13(4), 2003, 862-914.

Marzo, J. and Ortega-Cerda, J., Pointwise estimates for the Bergman kernel of the weighted Fock space,
J. Geom. Anal., 19, 2009, 890-910.

Mengestie, T., Carleson type measures for Fock-Sobolev spaces, Complex Anal. Oper. Theory, 8(6), 2014,
1225-1256.

Mengestie, T., On Toeplitz operators between Fock spaces, Integr. Equ. Oper. Theory, 78, 2014, 213-224.

Oliver, R. and Pascuas, D., Toeplitz operators on doubling Fock spaces, J. Math. Anal. Appl., 435(2),
2016, 1426-1457.

Schneider, G. and Schneider, K., Generalized Hankel operators on the Fock space, Math. Nachr., 282(12),
2009, 1811-1826.

Schneider, G. and Schneider, K., Generalized Hankel operators on the Fock space II, Math. Nachr., 284(14—
15), 2011, 1967-1984.

Schuster, A. and Varolin, D., Toeplitz operators and Carleson measures on generalized Bargman-Fock
spaces, Integr. Equ. Oper. Theory, 72(3), 2012, 363-392.

Wang, X. F., Cao, G. F. and Xia, J., Toeplitz operators on Fock-Sobolev spaces with positive measure
symbols, Sci. China (Math.), 44(3), 2014, 263-274.

Zhu, K. H., Analysis on Fock Spaces, Graduate Texts in Mathematics, 263, Springer-Verlag, New York,
2012.



