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Convergence of Solutions of General Dispersive
Equations Along Curve*

Yong DING! Yaoming NIU?

Abstract In this paper, the authors give the local L? estimate of the maximal operator
S} - of the operator family {S¢ ¢} defined initially by

St (@) ="V f(y(z, 1)) = (21) 7 / @O EHIED Fe)de,  f € S(R),
R

which is the solution (when n = 1) of the following dispersive equations (*) along a curve
v:
{i@tu +o(vV=A)u=0, (x,t)€R" xR, (%)
u(z,0) = f(x), fe SR,
where ¢ : Rt — R satisfies some suitable conditions and ¢(y/—A) is a pseudo-differential
operator with symbol ¢(|£|). As a consequence of the above result, the authors give the
pointwise convergence of the solution (when n = 1) of the equation (x) along curve ~.
Moreover, a global L? estimate of the maximal operator Sj, is also given in this paper.

Keywords L? estimate, Global maximal operator, Dispersive equation, Curve
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1 Introduction and Main Results

Let f be a Schwartz function in S(R™) and set

Sif(x) = A f(x) = (2m) ™" / ST EHIE® ey (z,8) € R™ x R,

n

where f(&) = Jon e 7 f(z)dz is the Fourier transform of f. It is well known that u(z,t) :=
Sif(z) is the solution of the following Cauchy problem for the Schrédinger equation

iiu —Au=0, (z,t) €R" xR, (1.1)
u(z,0) = f(x), [feSER™). ’
In 1979, Carleson [2] proposed a problem: Determining the optimal exponents s for which

}i_%eitAf(x) = f(z), ae. xz€R"” (1.2)
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holds whenever f € H*(R"). Here H*(R™) (s € R) denotes the non-homogeneous Sobolev
space, which is defined by

m@)={res Il = ([ a+ierrifora)’ <o)

When n = 1, Carleson [2] proved that the convergence (1.2) holds for f € H*(R) with s > 1.
Dahlberg and Kenig [6] showed that Carleson’s result is sharp. For n > 2, Bourgain [1] proved
that (1.2) holds for s > 1 — ;- and the necessary condition is s >  — 1 for n > 4. For more
results on the convergence (1.2), see [13, 19, 23, 25], for example.

One may also consider the problem of nontangential convergence of e*® f — f. That is, for

a>0and f € H® (R™), for which s such that

. itA _ N . .
iy,iiélg(}l(g)) "2 f(y) = f(x), ae xzeR”, (1.3)
y,t)—(xz,

where I'o(z) = {(y,t) € RY™ : |y — 2| < at}. If s > 2, by Sobolev imbedding, then

sup |2 f(2)] < Ol |l s rn)-

zER™
teR

Thus, by a standard argument, (1.3) holds for s > %. However, Sjogren and Sjolin [17] proved

that (1.3) fails in general when s < Z. In fact, in [17], the authors proved that there is an

f € H3(R") and a strictly increasing function v : Ry — R, with v(0) = 0, such that

limsup |2 f(y)| = oo for all z € R™.
(y,1)—(2,0)
lz—y|<~(t)
>0

Lee and Rogers [14], Cho, Lee and Vargas [3] considered the pointwise convergence problems
along the curve (y(x,t),t). Suppose that v : R x R — R is a continuous function and satisfies
the following conditions: There exist constants C; (i = 1,2,3), independent of z, y and ¢, t/,
such that

(A1) Holder condition of order o (0 < < 1) in¢:

(1) =z, t)] < Cilt — ']
(A2) Bilipschitz condition in x :
Colr —y| < |y(z,t) —v(y, 1) < Cslz —yl.

For 7 satisfying the above conditions and f € S(R™), define the operator family by

~

. . Exitle|?
et f(y(z,t)) == (2m) 71 /Rel’Y(I»t) EHUET Fe)de,  (a,t) e R x R.
For xg,tp € R, and R, T > 0, denote

B(xo,R) = {{,U € R; |{E — CL‘Q| < R}, IT(tQ) = {t eR; |t — tol < T}

Cho, Lee and Vargas obtained the following result.
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Theorem A (see [3]) Let 0 < o < 1. Assume that v satisfies the conditions (A1)—(A2) for
x,y € B(xo, R) and t,t' € Ip(to). If s > max{% - a, i}, then

sup. [e"4 f(y(x, 1)
telr(to)

<C 5(R)- 1.4
pecoion < O i@ (14)

As a consequence of Theorem A, they obtained the pointwise convergence along curve .

Theorem B (see [3]) Let 0 < a < 1. Suppose that for every xo € R, there exists a
neighborhood V' of (9,0) such that (Al) holds for (x,t), (z,t') € V and (A2) holds for all
(x,t), (y,t) € V. Then for s > max{% - a, i},

}i_%eimf(v(x,t)) = f(z), ae xzeR. (1.5)

In the present paper, under more general conditions, we will discuss the local and global L?
maximal estimates of the operator family {S; 4 ,}+ter which is defined by

&mﬂw:éW*mﬂwam=@ﬂ*/émﬂ&wmﬁmﬁ,fe&m, (1.6)
R

where v and ¢ : RT — R satisfy some suitable conditions and ¢(v/—A) is a pseudo-differential
operator with symbol ¢(|£]).

Recently, for a curve v which satisfies the conditions (A1)—(A2), in [7] we gave some weighted
local and global L? maximal estimate for the operator family (1.6) when symbol ¢ satisfies some
growth conditions. In particular, taking ¢(r) = r?, we showed that (1.5) holds if f € H*(R) for
s>+ and £ < a <1 (see [7]), which improves a conclusion in Theorem B, where (1.5) holds
for s > % only.

We would like to point out that the operator S; 4~ is associated closely with a class of
general dispersive equations. In fact, when ~(x,¢) = x for any ¢ € R, then ¢*(V=2) f(z) is the
formal solution of the following general dispersive equation defined by

{i@tu +¢(vV=Au =0, (x,t)€R" xR,
n (1.7)
u(z,0) = f(x), f e SR™).

Many dispersive equations can be reduced to this type, for instance, the half-wave equation
(¢(r) =), the fractional Schrédinger equation (¢(r) = r* (0 < a,a # 1)), the Beam equation
(p(r) = V14 1%), Klein-Gordon or semirelativistic equation (¢(r) = V1 +72), iBq (¢(r) =
rvV1+712), imBq (¢(r) = =) and the fourth-order Schrodinger equation (¢(r) = r* + 1)
(see [4-5, 8-12] and references therein).

An important motivation of discussing the operator family {S 4 - }+er is to give the point-
wise convergence along curve « of the solution of the equation (1.7). To be precise, we will
identify the exponents s for which

lim e"*V=2) f(y(z,1)) = f(z), ac. zER (1.8)

t—0
holds whenever f € H*(R) and ¢, v satisfy some suitable conditions.
It is well known that, by a fundamental idea in harmonic analysis, the problem whether the
pointwise convergence (1.8) holds can be reduced to a local L? estimate for a local maximal
operator of the family {S; 4~} defined by

Sef(x) = sup |[Segf(2)]- (1.9)
telr(to)
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Therefore, the first aim of the present paper is to give a local L? estimate of the maximal
operator S  for the v and ¢ satisfying some growth conditions.

Theorem 1.1 Let 0 < oo < 1. Assume that v satisfies the conditions (A1)—(A2) for z,y €
B(zg, R) and t,t" € Ir(ty), and ¢ satisfies the following conditions:

(H1) There exists m > 2, such that |¢'(r)| ~ r™=L and |¢"(r)| ~ r™=2 for all r > 1.

(H2) There exists m > 2, such that |p) (r)] < r™=3 for all v > 1.
If s > max{% — a, %}, then

1155~ fllL2(B(2o,R)) < CrIf | o (R)- (1.10)

Remark 1.1 There are many elements ¢ satisfying the conditions (H1)—(H2), for instance,

r(a>2), (1+73)% (a>2), VI+r¥and 72 +r* rv/1+72 and so on. Hence, Theorem 1.1 is
an extension of Theorem A. The following result is an immediate consequence of Theorem 1.1.

Theorem 1.2 Let 0 < o < 1, and ¢ satisfies the conditions in Theorem 1.1. Suppose that
for every xo € R, there exists a neighborhood V' of (xo,0) such that v satisfies (A1) for (x,t),
(z,t') € V and (A2) for all (z,t), (y,t) € V. Then (1.8) holds for s > max {3 —a,1}.

Remark 1.2 Obviously, Theorem 1.2 is an extension of Theorem B. In fact, let ¢(r) = r2.

Then (1.8) is just (1.5).

Remark 1.3 Let vy(z,t) = for any ¢t € R. Then (1.8) is just

%ir% V=R f(z) = f(z), ae zER. (1.11)
e
By the result of Theorem 1.2, when ¢ satisfying the conditions (H1)—(H2), the pointwise con-
vergence (1.11) holds for f € H*(R) with s > 1. In this sense, Theorem 1.2 is an extension
of Carleson’s classical problem on the pointwise convergence (1.2) in [2]. In particular, when
¢(r) =r* (a > 2), in one spatial dimension (n = 1), the pointwise convergence of the fractional
Schrédinger equation
lim eit(_A)%f(:z:) = f(z), ae. xz€R"” (1.12)
t—0
holds for f € H*(R) with s > 1. Recently, in the case when dimension n = 2 and a > 1, Miao,
Yang and Zheng [15] showed that (1.12) holds for f € H*(R?) with s > £, which improved the
result that (1.12) holds for s > § in [19].

On the other hand, we discuss the necessity of local maximal estimate (1.10) and give the
following result.

Theorem 1.3 Suppose that 0 < « < 1, v satisfies the conditions in Theorem 1.1 and ¢
satisfies the following condition:

(H3) There exists m > 2, such that |¢p(r)| S r™ for all r > 1.
Then (1.10) holds only if s > max {1 —a, 1 }.

Our second aim in this paper is to strengthen the local estimate (1.10) to the global L2
estimates for the maximal operator S7 _ .
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Theorem 1.4 Let 0 < o <1 and v satisfies the conditions (A1) and

(A3) [7(z,t) = v(y, )| = Calx — y| for x,y € R and t,t" € Ir(to).

Suppose that function ¢ satisfies the following conditions:

(K1) There exists my > 1 such that |p®) (r)| <r™=8 (8 =10,1,2) for all 0 < r < 1.
(K2) There exists my > 1 such that o) (r)] < rm2=8 (8 =0,1,3) for all v > 1.
(K3) There exists mg > 1 such that |¢" (r)| ~ ™22 for all r > 1.

If f € H(R) with s > 2 for £+ <o <1 ors>min{%2 22(1 _1)} for0<a <31, then

155, llz2@) < Cllfll e w)- (1.13)

Remark 1.4 Assume that ¢ and « satisfy the conditions in Theorem 1.4. From the proof
of Theorem 1.4, for 0 < o <1, (1.13) holds when s > %2.

Remark 1.5 There are some functions ¢ which satisfies the conditions (K1)—(K3), for
instance, 7 (a > 1), (14+72)% (a > 1), V1 +r% and 2 + 7, rv/1 4+ r2 and so on. In particular,
taking ¢(r) = r* (a > 1) and 7y(x,t) = 2, which satisfies the conditions (A1) with o = 1 and
(A3) for z,y € R and t,t' € Ir(to) = [0, 1], we may get that

< Clfllas )

sup [ ()]
te(0,1]

L2(R)
holds for f € H*(R) with s > § which is consistent with Sjolin’s result in [20].

The proofs of Theorem 1.1, Theorem 1.3 and Theorem 1.4 are given in Section 2, Section 3
and Section 4, respectively.

2 Proof of Theorem 1.1

2.1 Proof of Theorem 1.1 based on Lemma 2.1

In this subsection, we first complete the proof of Theorem 1.1 by using Lemma 2.1. The
latter will be proved in the next subsection. Performing a change of variables, z = z¢ + Ra’
and t = tg — T+ 2Tt', we may assume B(zg, R) = [—1,1] and Ip(to) = [0, 1]. In this case, the
local maximal operator S  defined in (1.9) is

Sgf(@) = sup |Speqf(z)], z€R.
0<t<1

Thus, to get (1.10) it suffices to show that for s > max {% - a, i},

155 ~fll2=1,17) < Clflars w)- (2.1)

Choose a nonnegative function ¢ € C§°(R) such that suppp C {£: 1 < [¢] <2} and

oo

> oe27F) =1, ¢#0.

k=—o00

~

Set @o(€) = 1= 3. ¢(2746), then gy € CF“(R). Denote Fof(€) = po(6)7(€) and Pif(€) =

©(27%€) f(€) for k; 1. Rewrite

St f (@) = Ston(Pof) (@) + Y St (Prf) (@). (2.2)

k=1
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Therefore, by (2.2), we obtain

S5 f(@) <S5 (Pof)(@) + > S5 (Pef)(@). (2.3)
k=1

Noting that ¢o € C5°(R), by Hélder’s inequality, we have

1164 (Pof)(@)| < C ’ QII/Do\f(&)Idf < C||Pof || 2w)-
<

Thus, we get [S; _ (Pof)| < C[|Pof[|L2ry from which it follows

155 A (Pof)llz2(-1.17) < ClPofll L2 (my- (2.4)

Lemma 2.1 Assume that 0 < o <1 and v : [0,1] — R satisfies the conditions (A1)—(A2).
Suppose that ¢ satisfies the conditions (H1)—-(H2). If s > max{% - a, %}, then for all k > 1,

155 (P )l 2(=1,1)) < C2°|| Pef || 2r)- (2.5)
Hence, by the estimates (2.3)—(2.4), to get (2.1) it is sufficient to prove Lemma 2.1.

2.2 Proof of Lemma 2.1

The proof of Lemma 2.1 is based on Lemma 2.2, which is an immediate consequence of
Lemma 2.1 in [3, p.979]. Recall that

Stoer @) = (2m) 1 [ enteesneled fieyag,

where « is a continuous function defined on B(xg, R) x It (to).

Lemma 2.2 Suppose that X\ > 1, 0 = max{3 — a, 1} and q,r > 2. Let D = {I} be a

collection of intervals of length \*=™ such that I C Ir(to) and > x1 < 4. Assume that ¢
IeD
satisfies (H1)=(H2), and assume that

IS¢~ fllLa(Bo,r),Lr (1)) < CA N fllL2(r) (2.6)

with C uniform in I € D provided that f is supported in AN = {¢: % < |¢] < 2A}. Then,
there exists C = C(B, |||/ Lo (B(zo,R) x Ir(to))) Such that

150y, 6 f OllLaB@o,r),Lr U 1) < CA N fllL2(r)s (2.7)
IeD

whenever f is supported in A(N).

We now give the proof of Lemma 2.1. For A > 2, let A(\) = {¢: § < [¢| < 2}, Define an
operator Lg , by

Lgng(z,t) = (2m) 7" / e DEFEg(e)d¢  for supp(g) C A(N).
To prove Lemma 2.1, it suffices to show that

I Lorgllrzroe(—1ayxr) < CAP 2705 gl 1y (2.8)
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holds for any I € D in Lemma 2.2. Since suppg C A(X) = {£: 3 < [¢] < 2A} with A > 2, we
may choose 9 € C§°(R) such that

< ¢ <2}

(suppg) C suppt) C A(1) = {g : %

>| =

and Y(§) =11if ¢ %(Supp g). Thus, write

§

Ly~g(z,t) = (2m) 7" /eh(m)fﬁt‘ﬁ(lgl)g(ﬁ)w(X)dg.

Denote by L,  the adjoint operator of Ly . Then it is easy to see that

sAPE) = (2w)‘1¢(§) / / e @OEED (1 1) dadt, A > 2

and

Ly Ll Flz.t) = / / K.y, ) F(y, )dydt’

where
F(a,y,tt) = /ei(vw)—v<y7t'>>s+i<t—t'>¢><\s\>¢2(g)dg,
By duality argument, to get (2.8), it remains to show that

max{l—a,l
Loy Lly o F (2, )| 12 120 (=11 x 1) < CAZ0xt2 ’4})|\F||L3Lg([—1,1]x1)a A>2. (2.9)

2.3 Proof of (2.9) based on Lemmas 2.3-2.4

Making a change of variables, we have
k(x’%t’t/) = ,\/ei/\(v(ﬂﬂ,t)—v(y,t/))£+i(t—t/)¢(/\\E\)1/,2(5)(157 (2.10)

where A > 2 and ¢ € C5°(R) with suppy C A(1) = {£: 3 < [¢] < 2}. Now we give two
lemmas, which play an important role in verifying (2.9). Their proofs will be given in the next
subsections.

Lemma 2.3 Assume that 0 < « <1, v: [0,1] — R satisfies the conditions (A1)-(A2) and
¢ satisfies (H1). Let X > 2 and I C [0,1] be an interval of sidelength \1=™. If |x — y| > CgA=¢
for some Cg > Inax{4c—c;}, 1}, then for t,t' €I,

lk(z,y,t,t)] < CA1+ Az —y|) 2. (2.11)

Lemma 2.4 Assume that 0 < a <1, v: [0,1] — R satisfies the conditions (A1)-(A2) and
¢ satisfies (H1). Let A\ > 2 and I C [0,1] be an interval of sidelength \*=™. Then for t,t' € I,

Az 1
|k(x,y, t, 1) < Cmax{ : T — } (2.12)
|z —ylz |z -yl

The following lemma is an immediate consequence of Proposition 0.5.A. in [24, p. 16].
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Lemma 2.5 Assume that K(x,y) be measurable function on R™ x R™. Denote

Tf(x) = . K(z,y)f(y)dy.

Assume 1 < p < oo. If there exist A >0 and B > 0 such that
/ |K(z,y)|de < A, ae. yeR”

and
[ K@y < B ae zer

then
11
ITfllzrmny < A7 B || f|| Lo(mnys (2.13)
1,01
where st = 1.

Now we verify (2.9). We divide the interval [—1, 1] into essentially intervals {J; } of sidelength
with CgA™¢ so that [—1, 1] = UJg. Thus, we have

L Lig o F (@, )1 22 pov (1,1 ¢ 1)

< | [ vttt

2

2

L2L§° (i xT)

L2Le° (JyxI)

<23 | [[ oot 0 e
2
#2303 [ @bt @R

=:E; + Eo, (2.14)

L2L§° (Jyx 1)

where 3; is an interval containing J;, and the length of 3; is bigger than 4Cg\~%. Moreover,
the notation &’ ~ k means that the distance dist (Ji, Jir) > 4CsA™* between the intervals Jj
and Jy .

Case I 5 <a<1. In this case, (2.9) is in the following form:

1

2
1

Lo L F (2, ) 201,151 < ON2 [ F || L2 3 ((—1.0)01)- (2.15)

We first estimate E;. Since k(z,y,t,t') < CX by (2.10) and the length of J, ~ A™%. As [3,
p. 988], applying the disjoint of the supports, by Lemma 2.5 and noting that 0 < 2(1 —«a) <1,
we have

By < OO Loy o1y < CMIF T2 08 (—11yxry- (2.16)

As for Eg, note that dist (Ji, Jir) > 4CsA™% when k' ~ k. Similar to [3, p. 988-989], by Lemma
2.3 and Lemma 2.5 and note that the fact [[A(1 4+ X|-|)~2 ||L[172 g S C\z, we have

Ey < CAIF 172 12 (- 1.1)x1)- (2.17)
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Hence, by (2.14) and (2.16)—(2.17), we get (2.15).

Case Il 0<a< % In this case, we need only to show that

max — sz 1
Lo Ly F (@, )| L2 L5e (—1,17501) < CAPET202H Bl 1o 11y 1y (2.18)
Noting that
1 )\% N
2 _dr < OME, Wye[-1,1], (2.19)
-1 |z —ylz

and when 0 < a < %,
1 1
/ min|e — y|~ %, Abdz < CAI20, vy € [=1, 1], (2.20)
—1

Thus, by (2.12), (2.19)—(2.20) and the fact |k(x,y,t,t')| < CA, we have

1
/ sup |k(z,y,t,t)|de < oxmax1=203}  yy e [21 1] (2.21)
_1trel
and
1 1
/ sup |k(z,y,t,t')|dy < CAmei=2002} -y e [—1,1]. (2.22)
_1ttel

Thus, (2.18) follows from Lemma 2.5 combining (2.21)—(2.22). Summing up all the above
estimates, we complete the proof of the estimate (2.9).

Hence, to finish the proof of Theorem 1.1, it remains to prove Lemmas 2.3-2.4.

2.4 Proof of Lemma 2.3

We need the following two lemmas.

Lemma 2.6 (Van der corput’ Lemma) (see [22, p.309]) Let ¢ € C°(R) and ¢ € C*(R)
satisfy that |¢" (§)| > X > 0 on the support of 1. Then

| / e Ep(€)ae| < 10N H{|[ylloo + ¥/I12}-

Lemma 2.7 (see [18]) Let I denote an open integral in R. For g € C§°(I) and real valued
function F € C°°(I) with F' £ 0, if k € N, then

/eiF(w)g(x)dx = /eiF(m)hk(x)dx,

I I

where hy, is a linear combination of functions of the form g*)(F")=F=" [ FUa) with 0 < s <
q=1
k, 0<r<kand2<j,<k+1.

Proof of Lemma 2.3 By the condition (H1), there exist positive constants C; (i =
4,5 .-+ ,7) so that for r > 1 and m > 2,

Car™ < ¢/ ()] < G, Cor™ ™ <19 (r)] < Crr™ 2. (2.23)



372 Y. Ding and Y. M. Niu

Denote g(§) = ¢*(§) and F(&) = M(y(x,t) —v(y,t")E + (t — t')p(A[E]). We have
K(z,y,t,t') = A / P& g(e)de.

Note that
FI(&) = My(@,t) = y(y. ) + A(t — )¢ (A[€])sgn(€)
and
F(€) = N (t — t')¢" (NE]).

Choose a large positive constant Cy such that Cy > max { 4052”&71

,1}, and a small positive con-
stant Cy such that C1g < min {W’ 1}. We verify (2. 11) by dividing three cases according
to the value of |z — y|, respectively.

Case I |z —y| > CoA™ 1|t — t/|. Noting that + satisfies the condition (A1), t,t' € I,
m > 2 and Cg > %, e ~|z — y| since [z — y[ > CsA™, we have

(e t) =1, ] < Calt — 1 < A <O < Do~y < Loyl < Doy
8
Since |y(y,t') — v(z,t')| > Ca]z — y| by the condition (A2), we get
/ / / / 3C,
Note that Al¢| > 1 since A > 2 and suppg = suppe C A(1) = {&: 1 < [¢| < 2}. Applying
(2.23) with m > 2, we have
At —1)¢"(Al€])sgn(E)]
< CAlt =t g
2m—1
< O52mT A — ] < Cs Nz —y| < 9A|x—y|. (2.25)
Cy 4
By (2.24)-(2.25), we get
C
[F'(&)] = Aly(z,t) — vy, t')] — [A(t — )¢/ (AlEsgn(§)] = 72/\|21? —yl- (2.26)

On the other hand, using (2.23) again with m > 2, and noting that M|z — y| > CoA™ |t — t/|, we
have

|[F"(€)] < CoXN2INE|™ 2|t —t/] < Cr2m2A™t —t'| = CA™|t — '] < CA\|z —y|. (2.27)

Applying Lemma 2.7 for £k = 1 and (2.26)—(2.27), we obtain

) F//
‘/em(g)g@d |F/ §+/| ) ”g Lag < e -y

Note that Az — y| > CgA'=* > 1 since |z — y| > CgA™, 0 < a < 1, A > 2 and Cg > 1. Hence
it follows that

e, y, £, )] < CAQz = y)) ™ < CAL+ Az —y) ™ < CAN1+ A —y]) 2,
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which is the desired inequality.

Case II |z —y| < CipAN"™ "1t —t/|. From the above estimate, we have
Ci
[y(z,t') = y(z,t)| < o el

Applying the condition (A2) and noting that Cg > Cl , Co <
'], we get

92—
4C +C and )\|ZZ? y| < 010Am|t—

Ay(z, t) = (g, t)] < Ay(y, t') = v(@, )] + Ny (z,t') —~(z,t)]
C
< CsMz —y|+ =\ |z — o
Cs

4
< %Mx _ y|

(4C5 4+ C3)Chp
4

Note that A|¢] > 1 by A > 2 and suppg = suppv) C A(1) = {£: & < [¢] < 2}. Thus by (2.23)
with m > 2, we have

IN

A=t < C 27Nt — 1. (2.28)

IA(t =)' (N|€])sgn(€)] > CaAlt — '[N He™ ™t > 20527 ™A [t — 1']. (2.29)
By (2.28)—(2.29), we get
[F(&)] > |\t —t)d (MEDsgn(€)] — Alv(z, t) — (v, t’)l > Cy27mN" |t =] (2.30)

On the other hand, since A[¢| > 1 and suppg = suppt) C A(1) = {£: § < [¢] < 2}, by (2.23)
with m > 2, we have

[F"(©)] = A2t = t'[|¢" (A€ < CrA™[t — t'[[¢]" 72 < CA™ |t = ¢/]. (2.31)
Applying Lemma 2.7 for k = 1, by (2.30)—(2.31), we obtain

Noting that Az — y| > CsA'=* > 1 and /\|x —y| < Cro\|t — t'|, we get

[k(a, y,t.8)] < CANz = y)) ™" < CAL+ e —y) ™ < CA(L+ Na —y)) 7.

Case III Clo)\m_1|t —t'| < |z —y| < CoA™~ 1|t —#|. Noting that A|¢| > 1 and suppg =
suppvy C A(1 {{ L < 2}, applying (2.23) with m > 2, we have

[F"(©)] = X[t = '||¢" (N = CA™ [t — t/]¢|™ = > CA™|t —#/

(2.32)
Noting that ||g]|lec < C and ||¢’||1 < C, by Lemma 2.6 and (2.32) we have
| / T Og(e)de| < COM It =) H(llglo + lg'll1) < C™Jt —¢])”

On the other hand, by Az — y| > CsA'™® > 1 and C1o A" |t — /| < Mz — y| < CoA™|t — /|, we
have

1

S]]

-

k(. )] < ANt —#]) 72 < OA(Az — ) "* < CAQL+ Az —y]) "2,

which is just (2.11).
Summing up all the above estimates, we show (2.11) and complete the proof of Lemma 2.3.
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2.5 Proof of Lemma 2.4

Recall that
FI(&) = Ay(z,t) = v(y, 1)) + At — t')¢" (A[€])sen (&)

and

F'(€) = N2 (t — t")¢" (N[¢]).
Choose a large positive constant C7; such that Ci; > 40—021.

Case I |z —y| < Cii|t —t'|* In this case, we need to prove that
(2, y,t,t')| < Cla —y| 2. (2.33)
Since A|¢| > 1 and suppg = suppv C A(1) = {£: 1 < |¢] <2}, by (2.23) with m > 2, we have
[F"(€)] = N[t = '||¢" (AIED] = CeA™ [t — t'[[]" 72 = CA™ [t — t/]. (2.34)
Note that ||g]lcc < C and ||¢’||1 < C on the support of g. By Lemma 2.6 and (2.34) we have

| [ @ge)e| < o) H(lgle + gl < O Fe -t (239)
R

On the other hand, noting that A > 2, m > 2 and (C11)~% |z — y|& < [t — ], by (2.35) we get
byt )] < ON= %[t — ¢} < ONI= %o — g% < Cla— y| .

Case Il |z —y| > Cy1|t —t/|*. In this case, we need to show that

[N

A

_ (2.36)
|z —y[2

|k(@,y,t,t')] < C

Subcase II-a |z —y| < +. In this case, we have

[k(z,y,t,t")| < CX < c’\;l’
lv —yl|?

which is just (2.36).

Subcase II-b [z —y| > ;. In this case, we choose a large positive constant Ci such

that C1a > 1[11&)({40502:%1 ,1}. We prove (2.36) by considering separately two cases |z —y| >
Clg)\m_1|t — t/| and |5L‘ — y| < 012)\m—1|t — tll.
If |x —y| > C12A ™7t — #/|, then by the condition (A1) and noting that t,t' € I, [t —t'|* <

1 4ac
oo lr —yland C11 > 51, we get

C C
(. t') = (@, 1)) < Cult = #]* < Z=|o =yl < 2|z — ).
C11 4
Thus, since ~ satisfies (A2), we have

vz, t) = v(y, 1) > [ (y, t') = v(@,t")] = |y(z, t') —y(z,t)| > %Ix —yl. (2.37)
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Note that A|¢| > 1 and suppg = suppty) C A(1) = {£: 3 < [¢] < 2}. Thus by (2.23) with
m > 2, we have
At —1)¢' (A€)sgn(€)] < CsAlt — '[N g™~ < Cs2m It — 1|
052m—1
<

Mo =yl < o~y (238)
y (2.37)—(2.38), for £ on the support of g, we get
C
[F'(&)] = Alv(,t) = y(y, ') — [A(E — )¢ (AE])sgn(€)| > 72/\|17 —yl- (2.39)

On the other hand, note that A|{| > 1 and suppg C A(1) = {¢: 1 < [¢| < 2}. Thus by (2.23)
with m > 2, and |z — y| > C12A™ 7|t — t/|, we have

[F"(©)] = N[t = t'[|¢" (ME])] < CrA™ [t — t'] < CA|z — ). (2.40)

Applying Lemma 2.7 for k = 1, by (2.39)—(2.40), we obtain

i F// g(¢ B
| [er e < [ LlEaes [EONONge < orja -y,

which, combining with the fact Az — y| > 1, yields

A3

|z —y|z

k(2 y, t,t)] < CANz —y)) ™' SCANz —y)) "2 =C (2.41)

If |z — y| < C12A™ 7|t — /|, noting that A[¢| > 1 and suppg C {¢:
(2.23) with m > 2 we have

% <l < 2}. then by

[F"(©)] = X%|t = ¢'||¢" (NN = CA™ [t — ][]~ > CA™ |t —1/]. (2.42)

Since ||g]|oo < C and ||¢'||1 < C, by Lemma 2.6 and (2.42) we have

Nl=

| [er9gtere] < it =) E(lgloe + 1) < COMe )"

Since Az — y| < C12A™ |t — t'|. Hence it follows

=

A
ERTE:

1

[,y t,)| < CAN™ [t = #[)7% < CA(Na —y[)~*

Summing up all the above estimates, we show (2.36). Hence, by (2.33) and (2.36), it follows
(2.12), and we complete the proof of Lemma 2.4.
3 Proof of Theorem 1.3

To prove Theorem 1.3, we first prove the following proposition.

Proposition 3.1 Let I be an interval and v : I — R™ be a continuous function. Assume
y(x,t) = x —v(t) and there exists a point to € I, dy > 0 and € > 0 such that (to,to+¢) C I and

diam{wv(7) : 7 € [to,t]} > do|t — to|*



376 Y. Ding and Y. M. Niu

for all t € (to,to+¢€) and 0 < a < 1. Assume that ¢ satisfies the condition (H3). Then (1.10)
holds only if s > max{3 — a,0}.

Proof By the condition (H3), there exists a positive constant Cy > 0 so that for r > 1
and m > 2, [¢(r)| < Cor™. Fix A > max {Cioa_% ==, (2)™}. Choose a nonnegative function

) CoT?
¢ € C§°(R™) with suppyy C {¢ : & < [{] < Z}. Denote [¢(£)d¢ =1 > 0 and Flo) =
e=it0¢(€) (A= ), and by simple calculation, we have

£ 1|2z mny < CAZFo, (3.1)

where C' is independent of . Making a change of variables, it is easy to see that
eit¢(x/j)f(7($,t)) = (2m) AW /ei(t—to)cb(\k%E\)eikﬁw(r,t)-%(f)dg (3.2)
Therefore, if [t — to| < (CoA)™!, then
(¢ = ) (IATED] < [t — to] Corlg|™ < J¢|™ < T
Thus,
(277)-”%‘/ i(—t0)8 (AT €D g ) dg‘ (27) " AR ‘ /cos (¢ — to)d(IA ™€) df‘

~ (27) ”)\m‘/sm (t — to)p(IA ™ €]) )b dg‘
L (B

)(2w)-"A%z. (3.3)

If |t — to| < (CoM)~" and z is contained in min {do(Co)~®, 15 }A~™ -neighborhood of the set
{v(r) : 7 € [to, to + (CoA)™ }} we have

o < —AmATm
Az, 0)- €] < TARATHIE < el < oo
Hence it follows
(2m) | [ O F @ FEOCpe)de] < [pam) AL (34
y (3.2)-(3.4), we get
. —1 1 n n
[PV f(y (1)) 2 (\/§2 - $5) @M T = e (3:5)

When [t — tg| < (CoA)~! and x is contained in min {do(Cp)~*, 0 }/\ m -neighborhood of the
set {v(7) : T € [to, to + (CoN)~m ]}, we have [e"(V=2) f(~(z,t))] > e . Hence it follows

Sy f(@) = sup [Sppqf(@)| = crm. (3.6)

telr(to)

Since  is contained in min {do(Co)~%, 10})\ m -neighborhood of the set {v( )T € [to,to +
(OO/\)‘m]}, (of length > do(Co\)™ %"‘) which has measure > A\~ if @ > L and > A~ "% A~
if v < 1. Assuming the local estimate (1.10), then by (3.1) and (3.6), we obtain

ATAT T max{\"Tr AW} < OATa T (3.7)
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where C' depends on n, m and [ only, and does not depend on A. Taking A large enough in
(3.7), s > max {% —a, O} is necessary since the local estimate (1.10) holds in this case. Hence,
we complete the proof of Proposition 3.1.

Now let us turn to the proof of Theorem 1.3. We first prove that s > i is necessary for the
local estimate (1.10). Fix A > 10. Assume ¢ and [ defined in the proof of Proposition 3.1 and
denote f(€) = (A2 (€ — Ae1)), and by simple calculation, we have

1| £rs (mny < ONSTT (3.8)
where C is independent of A. Let v(z,t) = x — (t%,--- ,0) and performing a change of variables
two times, we obtain

. " . 1 1 o
e VIR f(y(, 1)) = (2m) "N / elt@(IAZ E-AC) A2 (1 =t72)€ ) g (3.9)

where © = (x1,7) € R x R™. By the condition (H3), there exists a positive constant Cy > 0 so
that for r > 1 and m > 2, |¢(r)| < Cor™. Noting that

AFE+ Aer| > Per| — [A2E = AT (A2 —[¢]) > 1
and
INZE+ Aeq| < [AZE|+ [Aer| = A% + A < 2

by the support of ¢ and A > 10, therefore, if [t| < (2A) ™™ &, then

[E6(IAEE + Aer])] < [EICOINIE + Aer|™ < [l Co(2N)™ < <.

Thus, we have

(2m)7"A% /eiw(lﬁﬁﬂeﬂw@dg‘ > (‘/52_ D)em) At (3.10)

Let ¢; is a small constant such that ¢; < %. When [¢£] < §, [t] < (2/\)_’”%, 0 <z < g5 and

1
7| < 922 we have

100 >
N — 7)€ < W@ — 0 D] < Py — 0T < e < g
Hence it follows
(277)—”,\% /eit¢(M%§+A61‘)(eiA%(fl_tavE)f — 1)(€)dée
< (2m) A / A (21 — 19, 7) - €ob(€)de < %(%)-"A%z. (3.11)
By (3.9)—(3.11), we get
@D p )] = (L - Ly emin = o, (3.12)
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where ¢ = (‘/3_1 - 5)(2 )_”l Hence, when [t| < (2)\)‘mL and x is contained in domain

2 10 6Co
{z:0< 21 < &, 17 < Do } which has measure > A\="7"), we have |e*®(V=2) f(y(z, t))| >

eA? and it follows that

sup [e®2 f(y(z, 1)) > A%, (3.13)
0<t<1

Assuming the local estimate (1.10), then by (3.8) and (3.13), we obtain
AEATIT < ONTE, (3.14)

where C' depends on n, m and [ only, and does not depend on A. Taking A\ large enough in
(3.14), s > % is necessary since the local estimate (1.10) holds in this case. Hence, we complete
the proof of Theorem 1.3.

4 Proof of Theorem 1.4

4.1 Proof of Theorem 1.4 based on Lemmas 4.1-4.2

In this subsection, we give the proof of Theorem 1.4 applying Lemmas 4.1-4.2. The proof
of the latter will be given in the following subsections.
Let t(z) : R — Ir(to) be a measurable function. Set

Tf(z) :/Reiv(r,t(z))-Eeit(r)qb(lél)f(g)dg’ f € S(R).

By linearizing the maximal operator, to prove (1.13), we need to show that
([Irr@ra)’ < il (41)
where s > 22 if L <o < 1ors>min{%2,22(L 1)} if 0 <a <1 Choose a nonnegative
function ¢ 6 Ccge ( ) such that supp ¢ C {5 1 <€l <2} and
> e =1, ¢#0.
k=—oc0

Set (&) =1 — 3 p(27%¢) and it follows that ¢ € C§°(R). Rewrite
k=1
Tf(zx)= /ReiV(z’t(I))'f’Lit(zW(‘5‘)@0(§)f(§)d§ + Z/Reiv(m(z))-£+it(r)¢(|£|)¢(2—k§) A(g)dg
k=1

= Tof(z)+ Z Ty f(z (4.2)
By Minkowski’s inequality, we get
ITfllz2e) < I Tofllz2@) + D 1Tk llz2w)- (4.3)

Define the operator Ry by

Ryg(z) = N~° Reiv(rﬁ(z))'feit@)‘ﬁ(lfl)gp(%)g(g)dg, geS[R), N>2. (4.4)
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Lemma 4.1 Suppose that ¢ and v satisfy the conditions in Theorem 1.4. Then
1Tofllz2®) < ClifllL2)- (4.5)

Lemma 4.2 Suppose that ¢ and v satisfy the conditions in Theorem 1.4. If s > =2 for
% <a<lors> min{%, %(é —1)} for0<a< %, then there exists 0 > 0 and C > 0, such
that for all N > 2,

IRNgllL2@) < CN gl L2w)- (4.6)

By estimate (4.3), to get estimate (4.1) it is sufficient to show Lemmas 4.1-4.2. Therefore,
to finish the proof of Theorem 1.4, it remains to show Lemmas 4.1-4.2

4.2 Proof of Lemma 4.1 based on Lemma 4.3

Denote
Log(x)=/e”(r’t(z”'Ee“(g”)‘“'f')wo(i)g(f)d& g€ S(R).
R

We first assume that

I Logll2®) < CligllL2(m) (4.7)

~

holds and complete the proof of Lemma 4.1. Noting that Ty f(z) = Lo(f)(z), and by (4.7), we
get

ITofllzz®) = I1Lo(F)llzz®) < Cllfllzzwy = CllfllL2®)- (4.8)

Next, we verify (4.7). Taking function p € C5°(R) such that p(z) =1 if |z| < 1, and p(z) =0
if |z| > 2. For M > 1, define the operator

Lomg(z) = p(%) /Re”(””’t(g””'fe“(””)“b("5‘)wo(S)g(é)d& g € S(R).

It is easy to see that the adjoint operator Lgﬂ a of Lo ar is given by

L ah(€) = o€ /

p(i)e—iv(m(w))-Ee—it(w)aﬁ(lél)h(x)d% M>1.
R

M

Thus, we have
o hl2. :/ oo(E /p LY g v 42) €= it@) DD (1)
1Lt = [ (#0@) [ o(57) (x)dz)
y . .
« (o€ /p Y ) e (wtw))-€o—it@)o (€N b (y)dy ) dé
( 0(¢) " (M) 2 )

: / / Ko (2, y)h(x)h(y)dady, (4.9)
RJR

xz Y i —y(x,t(x i —t(x
Ko(z,y) ::p(_)p(_) /Re<v<y7t<y>> Y@ t@D)EFHiEw)—t)D(ED 52 (¢) de
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Lemma 4.3 Suppose that ¢ and v satisfy the conditions in Theorem 1.4. Then

| Ko(z,y)| < CJo(z —y), (4.10)
where
@) 4
Jo(z) = ' |x|§max{ Ci ’(02>2’1}’ (4.11)
T L |$|>max{(2T)a 4 1} '
(1+ |2)?” Cy " (C2)*

and the constant 0 < Cy < 2072

We first assume that Lemma 4.3 holds and complete the proof of Lemma 4.1. Note that
p € C°(R) and Jy € LY(R). Thus by (4.9)-(4.10), invoking Holder’s inequality and Young’s
inequality, we obtain

1Z6, arhll72my < 0/(Jo «[h])(2)|h(@)ldz < CllJoll i@ lIhlZ2@) < CllAIZ: )

Thus, ||Lo,mgllz2®) < Cllgllr2r) by duality, where C' is independent of M. Let M — oo, we
obtain || Log| 2y < CllgllL2m) Thus to complete the proof of Lemma 4.1, it remains to prove
Lemma 4.3.

4.3 Proof of Lemma 4.3

Since ¢ € C5°(R), (4.10) is obvious for the case |z — y| < max { (2g 02)2 ,1}. So, below

we only consider the case [z — y| > max {7 QT) (Ci)Z ,1}. Rewrite

Ko(w,y) = / il )= (.)€ W2 (¢ de
R

_|_/ eih(yﬂf(y))—V(wﬂf(w))]&(ei(t(y)—t(w))¢(\£\) _ 1)@%(§)d§
R

=: Ko1(x,y) + Koz2(z,y).

—

The estimate Ko is simple. In fact, noting that Ko1(z,y) = @3 (y(z,t(x)) — v(y,t(y)) and

ot € C3°(R), it follows
1

Koo < O ) 2 PP 1

Notice that Cy < 2072 and [t(y) — t(z)|* < (27)* < Culx — y| since t(z),t(y) € Ir(to), and
|z —y| > (ZT) . Thus, by the conditions (A1) and (A3), we have

[v(@, t(z)) —v(y, t(y)| = [z, t(x)) — v(y, t(@))| = [y (y, t(z)) —v(y, t(y))]
> Colz —y| — C1Cylz — 9|

Cs
> = 5 |z — yl. (4.13)
y (4.13) and [z —y| > ¢ )2, we have

(Cz)2|x —yl

Iy (@, t(z) — vy, t(y))* > i

lz —y| > |z —yl.
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From this and combining with (4.12), when |z — y| > max { (22&, (042)2 ,1}, we get
(Ko (z,y)] < O (4.14)
’ (1 4z —yl)?
Next we prove
[Ko2(z,y)| < c— L (4.15)
’ (1 4z —yl)?

Assume p defined as above, and set » =1 — p. For 0 < ¢ < %, we set

Koo (,y) = / i1t 0) = () (i)~ @) (IE]) _ 1)¢g(5)¢(f )dg . / PO (¢)de,

€

where P(€) = [1(y, t(y) — 2z, 1(@)))¢ and Q) = (¢! —H=DPIED — 1)B(€)(£). We fist
prove

1
Kooe(z,y)| < C——F——. 4.16
| 0,2, (ZE y)| (1 + |(E — y|)2 ( )
Integrating by part two times, we have
1 .
Kooe(z,y) = — /e‘P@Q” de. 4.17
02 = ) @) k9 OF )

Noting that

= Y (ei(t(y)—t(w))¢(\f\)_1)(61)(¢(§)>(ﬁ2)(@3(§))(ﬂ3)

B1+pP2+B3=2 c

and by (4.17) and (4.13), when |z — y| > max{%, (042)2 ,1}, we have

! i "
(. 1) — A (e, 1) P / [P @ONlQ"(€)ldg

co ! 3 /|(ei<t<y>—t<w>>¢<|5|> 1))

[Koz2.e(x,y)| <

(6(5)™ |30 lae

_ 2
|$ y| B1+B2+B3=2
1
<C—-r—-—"-—— I 4.18
=Tz —y])? Z B1,B2,83> ( )
B1+P2+B3=2

where

Loy pops /|(ei<t<y>—t<w>>¢<|5|> _ 1)) (¢(§))(62)‘|(¢3(5))<63>|d§,

Noting that the following estimate holds: For 0 < |£| < 1,

(el —t@)eE) _ 1) (B < ¢|¢|™ P for By = 0,1, 2. (4.19)
In fact, for 0 < |£] < 1, by the condition (K1), we have

|l =t@NUED _ 1] < |¢(y) — t(a)||B(|€])] < Cle|™, (4.20)
|(ei(t(y)—t(z))¢(\6\) -1 = |ei(t(y)—t(z))¢(\6\)||t(y) —t(z)||6' (j€))] < C|e[™ (4.21)
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and

|(e!FW=t@NSUED _ 1) | < | EW=t@NSUED |14 (y) — t(2)|?|¢ (|€])|?
+ [ =HENAED 2(y) — t(a) 6" (€])]
< Clo(IENI* + Cle" (IED] < Clgl™ . (4.22)

Thus (4.19) holds from (4.20)—(4.22). In a way similar to the above estimate (4.19), by the
conditions (K2)—(K3), for 1 < || < 2, we may get

|(ei(t(y)—t(f))¢(|£|) _ 1)(ﬁ1)| <C for /1 =0,1,2. (4.23)

From the definition of 1, we have

(B2)

W(ﬁ)) ’ ‘ <ClE| P for By =1,2. (4.24)
£

Next, we estimate I, g, g, by two cases, respectively.

Case I B2 =0. By (4.19), (4.23) and noting that 51 < 2, and m; > 1, we have

I3,1.82.85 < C/ €[™=frdg + ¢ e <cC le™~2de +C < C. (4.25)
e<|€|<1 1<fg]<2 |§1<1

Case IT 8, =1or 8, =2. Notice that e < |[{| <1 by e < [¢{] <2 and 0 < € < 3. Thus,
by (4.19), (4.24) and noting that 81 + 52 < 2,0 < e < % and my; > 1, we have

Ig, g, 55 < / || Pr|g|7P2de < g (PitBe) < gemim2 — gemitl < (4.26)
e<|g|<2e

Hence, (4.16) holds from (4.18) and (4.25)—(4.26). Letting € — 0 in (4.16), we get (4.15). Then

by (4.14)—(4.15), when |z — y| > max{@gza, (042)2,1}, we get

1

Ko(z,y)| < Cor———.

(4.27)
Thus, we complete the proof of Lemma 4.3.

4.4 Proof of Lemma 4.2 based on Lemmas 4.4-4.5
Recall that

Ryg(a) = N7 [ 0D set@niDy( L ge)ds, g e SR), N =2,

We verify (4.6) now. Taking function p € C§°(R) such that p(x) =1 if |z| < 1, and p(z) = 0 if
|x] > 2. For M > 1, define

—s €z iy(z,t(x))-€ it(x 5
Ramale) = N ( %) [ ermsengunstn (£) e, ge st
R
It is easy to see that the adjoint operator RE\EM of Ry, is given by

—s T —iy(z,t(x))-& —it(z
(€)= Np( ) [ (e et ), > 1,
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since
IRyl = [ [ KnGephia)hy)dod, (4.28)
where
I (Y -2 [ v tm) =@ t@) i) —t@)o(eD 2 ( £
Kn(z,y) = (M) (M)N /Re 4 (N)dg'

Denote w = t(y) — t(x) and let
In(z,y,w) = N°2 [ (0@t =(et@))e+iws(eD, (5 )d§

for z,y € R, =27 < w < 2T and N > 2. To prove Lemma 4.2, we need the following lemma.

Lemma 4.4 Let In(z,y,w) be defined as above. Suppose that ¢ and ~y satisfy the conditions
in Theorem 1.4.
For 0 < o < 1, we have the following estimate:

sup |IN({E,y,LU)| < CJN(ﬂC—y), (429)
lw|<2T
where
Nl—ZS’ |5L‘| S C7C8]\/'mg—17
JN(CC) - {(N|$|)_2N1_25, |$| > C7CSNm2_1- (4.30)
Moreover, for % < a <1, we have the following estimate:
sup |IN(x7y7w)| < CJN(ﬂC—y), (431)
lw|<2T
where
1
Nl—Qs 0 < =
’ < |$| =N’
(4.32)

In(@) = | NFED(Nal) N2, < < o] < CrONm,
(Nlz])72N1=22, |z] > CrCgN™2~1,
Here C7 and Cy are large constants independent of N.

Lemma 4.5 Let Jy be defined as above. Suppose that ¢ and ~y satisfy the conditions in
Theorem 1.4. If s > == for % <a<lors> min{%, %(% — 1)} for0<a< %, then there
exists § > 0 and C > 0, such that for all N > 2,

[ In L) < CN™2, (4.33)

We first finish the proof of Lemma 4.2 using Lemmas 4.4-4.5. The latter will be proved
in the following subsections. Noting that p € C§°(R), and by (4.28)—(4.29), (4.31) and (4.33),
invoking Holder’s inequality and Young’s inequality, we have

/WNWL|%<C/LMWMNMNM<CWMHIWW®<CN%MMW>

From this we get ||Riy yhllr2) < ON7°||hl|ra). Thus, [|Ryargllr@y < CN~°llgllr2r) by
duality, where C is independent of N and M. Lettmg M — oo, we obtain IRngll2m) <
CN~°||g|lr2w)- (4.6) follows. Thus, we complete the proof of Lemma 4.2 based on Lemmas
4.4-4.5.
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4.5 Proof of Lemma 4.4
Now we verify the estimate (4.29) and (4.31). Recall that

In(z,y,w) = N~2 ei(v(yﬂf(y))—v(w7t(w)))£+iW¢>(\f\)@2(é)dg
) ) N
for z,y € R, 2T < w < 27 and N > 2. Performing a change of variables, we have
In (2, w) = N1=28 / N ()= () e+ iwd(NIED G £) e,

where z,y € R, —2T < w < 2T,N > 2 and G(£) = ©?(€). It is obvious that for all z,y €
R, 2T < w < 2T and N > 2,

|In(z,y,w)| < CN'™25, (4.34)

Below we give more estimates of Iy (z,y,w). By the condition (K2), there exists mo > 1 and
Cs > 0 such that |¢/(r)] < Csr™2~1 for » > 1. Denote
8T 4Cy(2T)"

Cs = ma—1 Cr = C5Cs, 1 Cg = — ——— 1.
6 %23);2{|§| }7 7 maX{ 5V6, }7 8 ma'x{027 0702 3 }

Now we give the following estimates of In(z,y,w) for z,y € R, =27 < w < 2T and N > 2:

@ _ Nz -yl
< S A
C;CgN™2
“, Nz—y|
- C,OgN™2

w
C(N|x —y|)"2N1=25, w: ’ﬁ

[N (2, y,w)| < (4.35)

CNFGD(Njz —y) 5 N2, wi| 2
G (Ve - y) RN, w: |2

Let FI(§) = N(v(y, t(y)) = 7(z,1(2)))§ + wo(NE]). Thus, we have

Iy (e, w) = N2 / FOG(E)de,

F'(§) = N(v(y,t(y)) — v(=, t(2))) + Nsgn(§we' (N[E]),
F"(€) = N*w¢"(N[¢]),

F® (&) = N3sgn(&)wop® (N¢]).

If | &% < NMevlthat is [t(y) — t(x)]* < ENE Byom + satisfying the conditions (A1),

CrCgN™27 C7CsN™2
(A3) and noting that mg > 1, N > 2 and Cs > 40015207;) , we have

Niyv(y, t(y)) —v(@, t(z))] > N|v(y, t(y)) — v(z,t(y))| = Nly(z, t(y)) — v(z, t(x))]

Ci(2T)*N|x —y| _ 3Cs
> CoN|x —y| — > —=Nlz —y|. 4.36
> CyNlz -y CCaNm T 2 1 lz —yl (4.36)
Noting that N|¢| > 1 since N > 2 and 1 < [¢] < 2, by (K2) we get
| Nsgn(§)wd' (N€])] < CsN|w|(Ng[)™ 7 < C5CsN™2|w| < CrN"™2|w]. (4.37)
Since |55 < 1 and 0 < a < 1, we have |35|* < % Hence it follows |55| < %

(equivalently, CrN™2|w| < %Nkv —y|), and noting that Cy > % we have

2T C
|Nsgn(§)we'(NIE])] < FSNIZB —yl < ZQNliB —yl.
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Therefore, by(4.36)—(4.37), we have

[F' (&) = Nv(y, t(y)) — (. t(x))| — [N sgn(§) wg' (N[¢])] > %le —yl- (4.38)
Since ¢ satisfies (K2)—(K3), we have

|[FD(€)] < CN™2|w| for j = 2,3. (4.39)

By the fact NTr lel < 0277&8 and Lemma 2.7 for k = 2 and (4.38)—(4.39), we get

i FOl PN | FO)
/ eF“)G(f)df\Sc/l<m<z mor e (gD e )

C(Nla — y) QZ(W L) < el -l

N|z—yl

from which it follows the first estimate in (4.35). On the other hand, when |2T‘ > CCNTE
noting that N™2|w| > (0708) —2L__ Nm2(1=3)(N|z —y|)= by |w| > (%) , combining with

this, we get
[F"(&)] = CN?w|(N )™ > CN™ |w| > CN™ =& (N — y|)= >
Noting that |G|l < C and |G’||1 < C on the support of ¢, by Lemma 2.6, we have
[y (e,y,0) < ONFETD(N]z —y)) =3 N2,

This is just the second estimate in (4.35).
We now give the proof of Lemma 4.4. We divide the verification of (4.29) and (4.31) into
three cases according to the value of |z — y|.

Case I 0 < |z—y| < 5. Note that (4.34) holds for all z,y and 0 < a < 1. Hence it

follows (4.29) and (4.31) when 0 < |z —y| < +
Case IT |z—y| > C7CgN™2~1.  Since ‘%| < 1, it follows that |z —y| > C7CgNm2_1|%‘a

for all 0 < o < 1. Equivalently, || % for all 0 < < 1. Thus, the first inequality

in (4.35) holds for all 0 < @ < 1. Hence we get (4.29) and (4.31).
Case III % < |z —y| < C;CsN™271 that is 1 < N|z —y| < CrCsN™2,
Subcase ITI-a Noting that (4.34) holds for all z,y and 0 < « < 1, it follows (4.29).

Subcase III-b % < a < 1. Note that % > 1 and —% > —2 by % < a < 1. Thus, by
(4.35), it follows (4.31).
Summing up all the above estimates, we complete the proof of Lemma 4.4.

4.6 Proof of Lemma 4.5

We first prove that for 0 < a < 1, when s > %2 there exists § > 0 and C' > 0, such that
for all N > 2,

[ Tn ] Ly < CN72. (4.40)
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Noting that ms > 1, N > 2 and C7Cs > 1 by C7 > 1 and Cg > 1, we write

/|JN(x)|dx . / Ty ()| dz +/ \Jy (2)[dz = Dy + Ds.
‘1‘507081\7”1271 |$|>C703N7n271

By (4.30), we see that
D; < 0/ N'728dg < C;CgN™ I N1728 = CrCg N™27%, (4.41)
0<|z|<C7CgN™2—1
As for Do, by (4.30), we obtain

Dy < CN—HS/ |z|2de < ON~™2725, (4.42)
‘$‘>C708Nm271

Since mgo > 1, thus, by (4.41)—(4.42), when 0 < a < 1, we have
||JN||L1(R) S CNm2_2S = CN_Zé,

where 20 = s — %52 > 0 since s > %2 and mo > 1. Thus, we complete the proof of estimate
(4.40).

Let us now return to the proof of Lemma 4.5. Noting that ms > 1, N > 2 and C7Cs > 1
by C7 > 1 and Cg > 1, we write

[ i@l = [ oy Il

L
N

+/ |JN(x)|d:1c+/ | Iy (z)|dz
%<‘1‘SC7C$N”"271 |z|>C7CsN™2—1

=:E1 + Es + E3.

CaseI ; <a<lands>"2 By (4.32), we have

E; < c/ N'=%dz < ON™%. (4.43)
0<|z|<w
As for Eq, by (4.32) we get
E,<C N™(Ga=3)(N|z|) 2« N1 "2 dg
‘1‘§C708Nm’271
— CNm2(i—%)—i+l—25/ ||~ 20 dz
|z|<C7CgN™2~1

< CN™2(za—2)"2a T1-2s N (m2=D)(1-55) = ON "2 25, (4.44)
Finally, we consider E3. By (4.32), we obtain

E; <C (N|z|)2N'~2%dz
‘$‘>C708Nm271

= CN_1_2S/ |z|"2de < ON~™272, (4.45)
|z|>C7CsN™2~1
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Since my > 1, thus, by (4.43)—(4.45), when § < o < 1, we have
m2 _ _
HJNHLl(R) <CN7= 2 =.CN 25,

where 26 = 2s — %52 > 0 since s > 2 and mg > 1.

Case II % <a< % and s > %(é - 1). As for E5, when % <a< % by (4.32), we get

By < 0/ N2 =) (N]a])~ 2 N1=25dg
+<|z|<C7CgN™2—1

11y 1 _ .
:ONm2(2a 2)—aat1 25/ |;1;| 2o dx
+<|z|<C7CgN™2—1

< ON™2(za—2) =2 t1-2s o =1 = O N2 (5125, (4.46)

By (4.32), from the proof above, we know (4.43) and (4.45) also hold. Since mqy > 1, by (4.43)
and (4.45)—(4.46), when < a < %, we have

HJN”LI(R) < CN 3 (G-D-2s _. CN_%,

where 26 = 2s — 22 (L — 1) > 0 since s > Z2(1 — 1) and my > 1.

Case III o= 3 and s > Z2(1 —1) = 22,

When 7 satisfies the condition (A1) with a = 3, then v satisfies also the condition (A1)
with a = % — 0 for any 0 < 6 < %. Thus, from the above proof, it is easy to check that Lemma
4.5 holds for s > %(%1_9 — 1) with 0 < 0 < %. Hence, when o = %, Lemma 4.5 follows for
5> 2.

Summing up all the above estimates, we complete the proof of Lemma 4.5.
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