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On Generalized Algebraic Cone Metric Spaces and
Fixed Point Theorems*
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Abstract In this paper, the author first introduces the concept of generalized algebra-
ic cone metric spaces and some elementary results concerning generalized algebraic cone
metric spaces. Next, by using these results, some new fixed point theorems on generalized
(complete) algebraic cone metric spaces are proved and an example is given. As a conse-
quence, the main results generalize the corresponding results in complete algebraic cone
metric spaces and generalized complete metric spaces.
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1 Introduction

Cone metric spaces were introduced by Huang and Zhang [1], as a generalization of metric
spaces. The distance d(z,y) of two elements = and y in a cone metric space X is defined
to be a vector in an ordered Banach space E. In [1], Huang and Zhang proved that there
exists a unique fixed point for contractive mappings in complete cone metric spaces. Later on,
by omitting the assumption of normality in the results of [1], Rezapour and Hamlbarani [2]
obtained some fixed point theorems, as the generalizations of the relevant results in [1]. Since
then, many interesting results about cone metric spaces and fixed point theorems were studied
by a number of mathematicians (see [3-7]).

In 2013, Liu and Xu [8] introduced the concept of cone metric spaces with Banach algebras,
replacing Banach spaces by Banach algebras as the underlying spaces of cone metric spaces. In
this way, they proved some fixed point theorems of generalized Lipschitz mappings with weaker
and natural conditions on generalized Lipschitz constant L by means of spectral radius. In
2014, Xu and Radenovié¢ [9] deleted the superfluous assumption of normality in [8] and also
obtained the existence and uniqueness of the fixed point for the generalized Lipschitz mappings
in the setting of cone metric spaces with Banach algebras. Later on, Tootkaboni and Salec [10]
introduced the concept of algebraic cone metric spaces and replaced the condition “p(L) < 17

+oo
by “> ||[L™]| < 400" in the fixed point theorems.
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Generalized metric spaces are the generalization of metric spaces. Some fixed point theorems
of contractive mappings on generalized complete metric spaces have been proved. For further
information, see [11-12].

In this paper, we first introduce the concept of generalized algebraic cone metric spaces and
some elementary results concerning generalized algebraic cone metric spaces. Next, by using
these results, we prove some new fixed point theorems on generalized (complete) algebraic cone
metric spaces and give an example. As a consequence, our main results generalize the following
two fixed point theorems.

Theorem 1.1 (see [10]) Let (X,d) be a complete algebraic cone metric space with respect
to the algebraic cone P. Suppose that the mapping T : X — X satisfies the generalized Lipschitz
condition

d(Tz,Ty) < Ld(z,y)

for all z,y € X, where L € P such that Z IL™|| converges. Then T has a unique fized point
=0

i X. For any x € X, iterative sequence {T”x} converges to the fixed point.

Theorem 1.2 (see [11]) Let (X,d) be a generalized complete metric space and let J : X —
X be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for each given
element x € X, either
d(J"z, J" M x) = oo

for all nonnegative integers n or there exists a nonnegative integer ng such that
(1) d(J"z, J"z) < 400 for all n > ng;
(2) the sequence {J™x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X : d(J™z,y) < +o0};
(4) d(y,y*) < 2z d(y, Jy) for ally €Y.

2 Generalized Algebraic Cone Metric Space

Throughout this paper, let A always be a real Banach algebra with a unit e. The following
theorem is well known.
Theorem 2.1 Let A be a Banach algebra with a unit e and L € A. If Y ||L"|| < 400,
n=0

then e — L is invertible and (e — L)~1 = > L".

Remark 2.1 In Theorem 2.1, if the condition “ %" ||L™]| < +oco 7 is replaced by ||L] < 1,
n=0

then the conclusion remains true.
Remark 2.2 If §0||L"|| < 400, then [|[L™]] — 0.
n—=
Now we recall some definitions and results about cones.
Definition 2.1 Let E be a real Banach space. A subset P of E is called a cone if

(1) P is non-empty closed and P # {0};
(2) aP + BP C P for all non-negative numbers «, 3;
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(3) PN —P = {0}.

For a given cone P, one can define a partial ordering (denoted by <) with respect to P by
u < v if and only if v —u € P. The notation v < v indicates that © < v and u # v, while u < v
stands for v — u € int P, where int P denotes the interior of P. From now on, it is assumed that
intP # (). Note that intP + intP C intP and AintP C intP for all A > 0.

Lemma 2.1 Let E be a real Banach space with a cone P. If u < v and v < w, then u < w.

Lemma 2.2 Let E be a real Banach space with a cone P. If 0 < u < ¢ for all 0 < ¢, then
u=0.

Lemma 2.3 Let E be a real Banach space with a cone P and {a,} C E. If ||ay| — 0, then
for each 0 < ¢, there exists N € N such that a,, < ¢ for alln > N.

Next, we introduce the definition of generalized algebraic cone metric spaces.

Definition 2.2 A subset P of A is called a algebraic cone if
(1) P is a cone and e € P;
(2) P2=PPCP.

From now on, let P always be an algebraic cone of A. We introduce a new element “oo”,
which satisfies

(1) 0o+ 0o = o0;

(2) a+o00=00+a= o0 forall a € 4;

(3)a-c0=00-a=o0forallae P\{0};

(4)0-00=00-0=0;

(5) 00+ 00 = 0.

And we introduce a new partial ordering (also denoted by <) such that

(1) a < oo for all a € A;

(2) 0o < o0

(3)ifa,be A, a<bifand only if b —a € P.

Definition 2.3 Let X be a non-empty set. Suppose that the mapping d : X x X — PU{occ}
satisfies

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) =d(y,z) for all x,y € X;

(3) d(z,2) < d(x,y) + d(y, z) for all x,y,z € X.
Then d is called a generalized algebraic cone metric on X, and (X, d) is called a generalized
algebraic cone metric space.

If every two points in (X, d) have a distance in P, then d is called an algebraic cone metric
on X, and (X, d) is called an algebraic cone metric space.

Definition 2.4 Let (X, d) be a generalized algebraic cone metric space and {x,} be a se-
quence in X. Then

(1) {x,} converges to x if for every ¢ € A with 0 < ¢, there is a natural number N such
that d(x,,,x) < ¢ for alln > N. It is denoted by nh_}ngo Ty =T OT Ty —> T
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(2) {zn} is a Cauchy sequence if for every ¢ € A with 0 < ¢, there is a natural number N
such that d(zn,2m) < ¢ for alln,m > Nj;
(3) (X,d) is a generalized complete algebraic cone metric space if every Cauchy sequence is

convergent.

Lemma 2.4 Let (X,d) be a generalized algebraic cone metric space. If {x,,} is a convergent

sequence in X, then the limit of {x,} is unique.

Proof If z,, — x and x,, — y, then for every ¢ € A with 0 < ¢, there is a natural number N
such that d(z,,r) < § and d(z,,y) < § for alln > N. Thus d(z,y) < d(zp, z) +d(z,,y) < c.
By Lemma 2.2, we get d(z,y) = 0.

3 Decomposition

Let {(X4,da) | @ € A} be a family of disjoint algebraic cone metric spaces. Then there is a
natural way of obtaining a generalized algebraic cone metric space (X, d) from {(X,,do) | @ €
A} in the following manner. Let X be the union of {X, | o € A}. For any x,y € X, define

d(w,y) = do(z,y), if z,y € X, for some a € A,
Y= o, if 2 € X, y € Xp for some o, f € A with a # .

Clearly, (X, d) is a generalized algebraic cone metric space. Moreover, if each (X,,d,) is also
complete, then (X, d) is a generalized complete algebraic cone metric space. The main purpose
of this section is to show that the above procedure is the only way to obtain generalized
(complete) algebraic cone metric spaces.

Let (X, d) be a generalized algebraic cone metric space. Define a relation ~ on X as follows:
x ~ y if and only if d(x,y) < co. Then ~ is obviously an equivalence relation on X and X is
decomposed uniquely into disjoint equivalence classes X, a € A. We call this decomposition
of X the canonical decomposition.

Theorem 3.1 Let (X,d) be a generalized algebraic cone metric space. Suppose that
X =U{X, | aeA}

18 the canonical decomposition and

do =d|x, xx.

for each € A. Then

(1) (Xa,da) is an algebraic cone metric space for each a € A,

(2) for any o, B € A with a # B, d(x,y) = oo for all x € X, and y € Xg,

(3) (X,d) be a generalized complete algebraic cone metric space if and only if (Xa,ds) is a
complete algebraic cone metric space for each o € A.

Proof (1) and (2) are clear.

(3) Suppose that (X, d) is a generalized complete algebraic cone metric space and {x,} is a
dn-Cauchy sequence in X,. Then {z,} is a d-Cauchy sequence in X. Thus there exists x € X
such that {z,} is d-convergent to x. Since for sufficiently large n € N, d(z,,z) < co and the
limits of sequences are unique, x € X, and {z,} is d,-convergent to x.
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Conversely, suppose that (X,,d,) is a complete algebraic cone metric space for each a € A
and {z,} is a d-Cauchy sequence in X. Then there exists N € N such that d(z,,z,) < oo
for all n,m > N. Hence there exists a € A such that z,, € X, for all n > N and {z,} is a
d,-Cauchy sequence in X,,. Therefore, there exists z € X, such that {z,} is d,-convergent to
x. Obviously, {x, } is d-convergent to x.

4 Fixed Point Theorems

In this section we prove some new fixed point theorems on generalized (complete) algebraic
cone metric spaces.

Theorem 4.1 Let (X, d) be a generalized algebraic cone metric space and X = U{X, | a €
A} be the canonical decomposition. Suppose that T : X — X is a mapping such that

d(T(x),T(y)) < oo,
whenever x,y € X and d(z,y) < oo. Then T has a fixed point if and only if
To =T|x., : Xo = Xao
has a fixed point for some o € A.

Proof Let x( be a fixed point of T'. Then there exists a € A such that x¢y € X,. For each
r € X4, we have

d(Tx,xo) = d(Tz, Txo) < cc.

This implies Tx € X, for all z € X,. Therefore, zq is a fixed point of T,,. The converse is
clear.

Furthermore, we can obtain a local version of Theorem 4.1 as follows.

Theorem 4.2 Let (X, d) be a generalized algebraic cone metric space and X = U{X, | a €
A} be the canonical decomposition. Suppose that T : X — X is a mapping. If there exists a € P
such that

d(Tz,Ty) < a,

whenever x,y € X and d(xz,y) < a, then T has a fized point if and only if for some subset
Y C X such that d(x,y) < 2a for all z,y €Y, the restriction

Tly:Y Y
has a fized point.
Proof If zy is a fixed point of T, let Y = {z € X | d(x,x¢) < a}. Then
d(z,y) < d(z,z0) + d(zo,y) < 2a
for all z,y € Y. For each x € Y, we have
d(Tz,x0) = d(Tx, Txo) < a.

This implies Tx € Y for all € Y. Therefore, xg is a fixed point of T'|y. The converse is clear.
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Theorem 4.3 Let (X,d) be a generalized algebraic cone metric space and X = U{X, |
a € A} be the canonical decomposition. Suppose that the mapping T : X — X satisfies the
generalized Lipschitz condition

d(Tz,Ty) < Ld(z,y),

o0
whenever z,y € X and d(z,y) < oo, where L € P such that >, ||L™| converges. If there exists
n=0

xo € X such that d(zg, Txg) < 0o, then for some a € A, the restriction
To =T|x., : Xo = Xa
satisfies the generalized Lipschitz condition.

Proof Since d(xg, Txg) < 0o, both 2y and Tz belong to the same X, for some a € A.
For each x € X,

d(Tx, Txo) < Ld(x,z0) < 00
Thus T X, C X, and T, satisfies the generalized Lipschitz condition.

Theorem 4.4 Let (X,d) be a generalized complete algebraic cone metric space. Suppose
that the mapping T : X — X satisfies the generalized Lipschitz condition

d(Tz,Ty) < Ld(z,y),

o0

whenever x,y € X and d(z,y) < oo, where L € P such that > ||L"| converges. Then for each
n=0

giwen element x € X, either

d(T"z, T"2) = 0o

for all nonnegative integers n or there exists a nonnegative integer ng such that
(1) d(T™z, T 'z) < oo for all n > ny;
(2) the sequence {T"x} converges to a fixed point y* of T}
(3) y* is the unique fixed point of T in the set Y = {y € X : d(T™x,y) < oo};
)

(4) d(y,y*) < (e — L)~ td(y, Ty) for all y €Y.

Proof Consider the sequence {d(T"x, T"*'z)}, n = 0,1,2---. There are two mutually
exclusive possibilities: Either
(a) for all nonnegative integers n,

d(T"z, T z) = oo,

or
(b) there exists a nonnegative integer ng such that

d(T™x, T ) < oo.

If (a) does not hold, let xyp = T™ 2z and X = U{X, | @ € A} be the canonical decomposition.
It follows from Theorem 4.3 that

To=T|x, : Xa = Xao



On Generalized Algebraic Cone Metric Spaces and Fized Point Theorems 435

satisfies the generalized Lipschitz condition, where X, is the complete algebraic cone metric
space containing xg. By Theorem 1.1, the sequence {T"xz} d,-converges to a fixed point y* of
T,. Then the sequence {T™x} converges to a fixed point y* of T. Now if z is another fixed
point of 7" in the set Y = {y € X : d(T™x,y) < oo}, then

d(y*,z) =d(Ty",Tz) < Ld(y", z).
That is

(e — L)d(y",z) <0.

Multiplying both sides above by (e — L)~ = Y L™, we get d(y*,2) < 0. Thus d(y*, z) = 0,
n=0
which implies that y* = z. Forally € Y,

d(y,y*) < d(y, Ty) + d(Ty,Ty") < d(y,Ty) + Ld(y,y").
Then
(e—L)d(y,y*) < d(y,Ty)

for all y € Y. Multiplying both sides above by (e — L)™' = > L", we get
n=0

d(y,y*) < (e — L) d(y, Ty)
forally e Y.

If the cone P satisfies that a=! € P for every invertible element a € P, we have the next
theorem.

Theorem 4.5 Let (X,d) be a generalized complete algebraic cone metric space. Suppose
that the mapping T : X — X satisfies the condition

d(Tz,Ty) < Ld(z,y),

whenever x,y € X and d(z,y) < C, where C, L € P such that C' € intP and > ||L"|| converges.
n=0

Then for each given element x € X, either
d(T"z, T"'z) & C

for all nonnegative integers n or there exists a nonnegative integer ng such that
(1) d(T"x, T x) < C for all n > no;
(2) the sequence {T"x} converges to a fixzed point y* of T}
(3) y* is the unique fived point of T in the set Y = {y € X : d(y*,y) < C};
(4) d(y,y*) < (e — L)"Yd(y, Ty) for ally € Y.

Proof Since Z ||IL™|| converges, e — L is invertible and (e — L)™' = > L™ > 0. Thus
n=0 n=0
e— L > 0. This implies a — La = (e—L)a > 0, i.e., La < a for all a € P. Consider the sequence

{d(T"z, T 2)}, n =0,1,2---. If there exists a nonnegative integer ng such that

d(T™x, T ) < C,
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then we have
d(Tmot e, T x) = d(TT™x, TT" ' 2) < Ld(T™x, T"V'2) < LC < C.
By mathematical induction, we get
d(Tmot g, T ) < L'd(T™x, T 2) < O
for all 7+ € N. Thus
d(Tmz, T 'z) < Zl: d(T™ g, T )
i71
< Z Lrrimimno oy, oty
1=1
< prno ( i Li)d(T"Ox, Trotlg)
i=0
=L""" (e — L)y td(T™z, T™ )

for any | € N. By Lemma 2.3 and the fact that ||[L"~" (e — L)~ td(T™0x, T 1) — 0, we
have that for any 0 < ¢, there exists N € N such that

d(T"z, T z) < Lm0 (e — L)~ Yd(T™0z, T ) < ¢

for all n > N. Hence {T"z} is a Cauchy sequence. By the completeness of X, there exists
y* € X such that T"x — y*. Furthermore, we have

d(Ty*,y") < d(Ty", T"x) +d(T"z,y")
< Ld(y*, T"_la:) +d(T"x,y")
< d(y*,T”_lx) +d(T"z,y")

for sufficiently large n € N. Therefore, d(Ty*,y*) < ¢ for any 0 < c¢. This implies that
Ty* = y*. The rest proof is similar to that of Theorem 4.4, we omit it.

Remark 4.1 (a) Theorem 1.1 is a special case of Theorem 4.4. This can be seen as follows:
If X is a complete algebraic cone metric space, then d(z,y) < oo for all z,y € X, and

Y={yeX : d(T"z,y) < o} = X.

It follows from Theorem 4.4 that T has a unique fixed point in ¥ = X.
(b) Since generalized complete metric spaces are generalized complete algebraic cone metric
spaces with Banach algebra R, Theorem 1.2 is a special case of Theorem 4.4.

Example 4.1 Let A = R?. For each(x1,z2) € A4,
(21, z2)|| = [22] + |22l
The multiplication is defined by

vy = (z1,72)(Y1,92) = (T1y1, T1Y2 + T291).
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Then A is a Banach algebra with unit e = (1,0). Let P = {(z1,22) € R? | 21,22 > 0}. Let
X = (RU{w})? and the metric d be defined by

(lz1 = wils|w2 = y2l), when = (21,22), y = (y1,%2) € R?,

(0, |22 — y2|), when = = (w, z2), ¥y = (w,y2), T2, Y2 € R,
d(z,y) = ¢ (|21 —111,0), when 2 = (z1,w), y = (y1,w), 21, y1 €R,

(0,0), when z = (w, ),y—(w,w),

0, other situations.

Then (X, d) is a generalized complete algebraic cone metric space. Now we define the mapping
T:X — X by

(log(2 + |z1|), arctan(3 + |x2]) + 0z1), when z = (21, 22) € R?,

(1og 24 |x1]), = —0—9131), when z = (21,w), x1 € R,
(w,w), when = = (w, x2), x2 € R,
(w,w), when z = (w,w),

where 6 is a positive real number. Through calculation, we have

1
d(Txz, Ty) < (5,9)d(x,y)
for all z,y € X, and
|

— =< 1.
2

IGo) = 1) o (5) )

It follows from Theorem 4.4 that T has a unique fixed point in R?. But 7 has another fixed

point (w,w).

Remark 4.2 In Example 4.1, we see that

()00
and 1 1426

|Go)|=—5>1
for 6 > 1.
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