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Abstract In this paper, the author studies the existence and uniqueness of discrete pseudo
asymptotically periodic solutions for nonlinear Volterra difference equations of convolution
type, where the nonlinear perturbation is considered as Lipschitz condition or non-Lipschitz
case, respectively. The results are a consequence of application of different fixed point the-
orems, namely, the contraction mapping principle, the Leray-Schauder alternative theorem
and Matkowski’s fixed point technique.
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1 Introduction

Besides its theoretical interest, the study of asymptotic w-periodicity is of great importance
in applications. Many contributions have been made to the study of existence of asymptotically
w-periodic solutions for differential equations (see [3, 7, 22, 31, 33] for more details). On the
other hand, the notion of S-asymptotic w-periodicity, introduced by Henriquez et al. in [24—
25], is related to and more general than that of asymptotic w-periodicity. Since then, it has
attracted the attention of many researchers (see [10, 15, 17, 27]). Particularly, for discrete
S-asymptotic w-periodicity, the subject was studied in [2], where the authors discussed the
existence of discrete S-asymptotically w-periodic solutions of semilinear difference equations
with infinite delay. Recently, the concept of (continuous) pseudo S-asymptotic w-periodicity
was introduced in [28] and some applications involving ordinary and partial differential equations
were presented in [4, 12, 16, 23, 32]. This paper is a continuation of this study, which introduces
the concept of discrete pseudo S-asymptotic w-periodicity and deals with its property.

In this paper, we study the existence and uniqueness of discrete pseudo S-asymptotically
w-periodic solutions of the Volterra difference equations of convolution type

u(n+1)=A Z a(n —Hu(j) + f(n, Au(n)), n€Z, (1.1)

where A € C, a(+) is a summable function, A is a bounded linear operator on X and f : Zx X —
X is a function bounded on bounded sets of X.
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Volterra difference equations arise in numerical discrete approximations of Volterra integral
or integro-differential equations. The Volterra difference equations can be used in the modelling
of real phenomena in economy and ecology, the theory of viscoelasticity and the study of optimal
control problems (see [19-20]). The asymptotic behaviour of solutions of (1.1) is a classical
subject of dynamical systems and operator theory. Many researchers have made important
contributions to this topics, for example, almost periodicity (see [8, 30]), asymptotic almost
periodicity (see [5, 29]), almost automorphy (see [1, 6, 11]), [P-boundedness (see [9]), and S-
asymptotic w-periodicity (see [2]). To our knowledge, there is no work reported in literature on
pseudo S-asymptotic w-periodicity for (1.1). This is one of the key motivations of this study.

Motivated by the above mentioned papers, in this paper, we introduce a new class of func-
tions called discrete pseudo S-asymptotically w-periodic functions, which generalize the nota-
tion of discrete S-asymptotically w-periodic functions. We systematically explore its properties
in Banach spaces and discrete pseudo S-asymptotic w-periodicity of (1.1) when the nonlinear
perturbation function f is considered as Lipschitz condition or non-Lipschitz case, respectively.

The paper is organized as follows. In Section 2, some notations and preliminary results
are presented, and the concept of discrete pseudo S-asymptotically w-periodic functions is
given. Sections 3 is divided into two parts. In Subsection 3.1, we investigate the existence and
uniqueness of discrete pseudo S-asymptotically w-periodic solution of (1.1) when f satisfies the
Lipschitz condition. In Subsection 3.2, when f is non-Lipschitz, we explore the properties of
solutions to the same equation.

2 Preliminaries and Basic Results

Let (X, ||-||) be Banach space and Z, Z™, R, R, C stand for the sets of integers, nonnegative
integers, real numbers, nonnegative real numbers, complex numbers, respectively. Let B,.(X)
be the closed ball with center at 0 and radius 7 in X. card E denotes the number of elements in
any finite set £ C R. Let v: ZT — C. If > |v(k)| < oo, we call that v is a summable function.

k=0

In order to facilitate the discussion below, we further introduce the following notations:
(1) I1~°(Z,X) = {:z: | Z — X :||z|lqa = sug lx(n)| < oo}.
ne

2) Co(2. X) = o € 1¥(2,X) | Tim_[lo(w)] =0},

(3) Cu(Z,X)={x €l*(Z,X) |z is w-periodic}, where w € Z\{0}.

(4) L(X) denotes the space of bounded linear operators from X to X endowed with the
operator topology.

(5) UC(Z x X, X) denotes the set of all functions f : Z x X — X satisfying that Ve > 0,
36 > 0 such that

1k, x) = f(k,y)ll < e
for all k € Z and z,y € X with ||z — y|| <.

(6) UCK(Z x X, X) denotes the set of all functions f : Z x X — X satisfying that Ve > 0,
36 > 0 such that

1f (B, x) = f(k,y)ll < Ly(k)e

for all k € Z and z,y € X with ||z — y|| <4, where Ly : Z — R* is a summable function.
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First, we recall a useful compactness criterion. Let h : Z — RT be a function such that
h(n) > 1 for all n € Z, and h(n) — oo as |n| — co. Define

- €@l

%2, X) = {g;z—>x

1)l

“h(n)

endowed with the form |||, = sup

It is clear that CP(Z, X ) is a Banach space isometrically isomorphic with the space Cy(Z, X).
According to a compactness criterion due to Cuevas and Pinto [14], one has the following result.

Lemma 2.1 (see [1]) Let S be a subset of CY(Z, X). Suppose that the following conditions
are satisfied:

(i) The set Hn( {h | u€ S} is relatively compact in X for all n € Z.

(i1) S is weighted equzconvergent at +o0, that is for every e > 0, there exists a T > 0 such
that |lu(n)|| < eh(n) for each |n| > T for allu € S.
Then S is relatively compact in CY(Z, X).

Now, we recall the so-called Matkowski’s fixed point theorem (see [26]) and the Leray-
Schauder alternative theorem (see [21]) which will be used in the sequel.

Theorem 2.1 (Matkowski’s Fixed Point Theorem) Let (X,d) be a complete metric space
and F : X — X be a map such that d(Fz, Fy) < ®(d(x,y)) for all x,y € X, where ® : [0,00) —
[0,00) is a nondecreasing function such that nlgréo ®"(t) =0 for t > 0. Then F has a unique
fized point z € X.

Theorem 2.2 (Leray-Schauder Alternative Theorem) Let D be a closed convex subset
of X such that 0 € D. LetT' : D — D be a completely continuous map. Then the set
{reD: z=A(x), 0 <\ <1} is unbounded or the map T has a fixed point in D.

Next, we give the concept of discrete pseudo S-asymptotically w-periodic function.

Definition 2.1 f € [°°(Z, X) is called discrete asymptotically w-periodic if there exist g €
Cuw(Z,X) and p € Co(Z,X) such that f = g+ p. The collection of those functions is denoted
by AP,(Z, X).

Definition 2.2 [ € [°°(Z, X) is called discrete S-asymptotically w-periodic if there exists
w € Z\{0} such that | l‘im | f(n4+w)— f(n)|| =0. The collection of those functions is denoted
n|— oo
by SAPR,,(Z,X).

Definition 2.3 A sequence f € [*°(Z,X) is called discrete pseudo S-asymptotically w-
periodic if there exists w € Z\{0} such that lim 5~ > [ f(k+w) — f(k)|| = 0. Denote by
n—oo

k=—n

PSAP,(Z,X) the set of such functions.

It is easy to see that PSAP,,(Z, X ) is a Banach space when endowed with the norm || f||4 :=
sup ||f(n)|| and SAP,(Z,X) C PSAP,(Z,X).
nez

Definition 2.4 A sequence f € [°°(Z x X,X) is called uniformly discrete pseudo S-
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asymptotically w-periodic on bounded sets of X if for every bounded subset K C X,

n

lim QL Z sup || f(k+w,x) — f(k,z)|| = 0.

n—oo 2N
e _p TEK

Denote by PSAP,,(Z x X, X) the set of such functions.
Finally, we show some properties of PSAP, (Z, X). We have the following results.
Lemma 2.2 If A€ L(X) and uw € PSAP,(Z,X), then Au € PSAP,(Z,X).
Lemma 2.3 Let f € PSAP,(Z,X). Then f(-+ 1) € PSAP,(Z,X) for all T € Z.
Lemma 2.4 Let f € [*°(Z,X). Then f € PSAP,(Z,X) if and only if for any € > 0,

lim card E¢(n, )

n—oo 2n

-0,
where Ef(n,e) ={k € [-n,n|NZ || f(k+w)— f(k)| > e}

The proof of Lemma 2.4 is similar to that of [18, Lemma 2.9]. Here we omit it.

Theorem 2.3 Let [ : Z x X — X be a function bounded on bounded sets of X. Assume
that f € PSAP,(Z x X,X)NUCK(Z x X,X). Then ¥(-) = f(-,u(:)) € PSAP,(Z,X) if
u€ PSAP,(Z,X).

Proof Since f € UCL(Zx X, X)), for any € > 0, there exists § > 0 such that || f(k, u(k+w))—
fk,u(k))|| < Ly(k)e forallk € Z, |Ju(k4+w)—u(k)|| <. Let K = {u(n) | n € Z}. Then for the
above ¢ > 0, there exists N € N such that for n > N, 5= > sup ||f(k+w,z) — f(k,2)|| <e.

k=—nzeK
Denote

Ey(n,8) ={k € [-n,n]NZ]| |ulk +w) — u(k)| > &}.

Then lim M = 0 by Lemma 2.4. So

n—oo

% STk ulk +w)) — Fk,ulk)]

k=—n
=0 3 k) — Fku(k))]
k€ B, (n,0)
n ZL 3 1f (ks ulk + w)) = £k, u(k))]]

" ke([—n,n]NZ)\Ey(n,5)

card B, (n,0) || Lsll1
< 2 Y TSI

where [|¢|lq = sup ||¢¥(n)| and ||Lf|lx = > Ly(k). For n > N, one has
nez kEZ

2i Sk w,ulk 4+ w)) — flkuk)]

k=—n

< kw0 — k)4 o 3 Rl ) = £(E k)]

k=—n k=—n
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Ey(n, L

card By (n.0) | 1Lyl
2n 2n

which implies that ¢(-) € PSAP,(Z, X).

<e+2[¢a

Corollary 2.1 Let f : Z x X — X be a function bounded on bounded sets of X. Assume
that f € PSAP,(Z x X, X) and satisfies the following Lipschitze type condition:

1f (ks w) = f(R o)l < Lg(R)[[uw = ofl, Yk € Z, w0 € X,

where Ly : Z — R* is a summable function. Then f(-,u(-)) € PSAP,(Z,X) ifu € PSAP,(Z,
X).

By making some revisions of the proof of Theorem 2.3, one get the following conclusions.

Theorem 2.4 Let f : Zx X — X be a function bounded on bounded sets of X. Assume that
f € PSAP,(Zx X, X)NUC(Z x X, X). Then f(-,u(-)) € PSAP,(Z,X) if u € PSAP,(Z,X).

Corollary 2.2 Let f : Z x X — X be a function bounded on bounded sets of X. Assume
that f € PSAP,,(Z x X, X) and there exists a constant Ly > 0 such that

1f(k,u) — f(k,0)|| < Lyllu—v||, VkeZ, uvelX.
Then f(-,u(-)) € PSAP,(Z, X) if u € PSAP,(Z,X).
Lemma 2.5 Let v : ZT — C be a summable function. Then V() € PSAP,(Z,X) if
u € PSAP,(Z,X), where ¥(k) = zk: [v(k = Du(l), k € Z.

|=—0o0
Proof Note that
1R < lo@lluk - 1)) < IIUIIdZIU )| < oo,
1=0 1=0
[k +w)— V()| < Z [o(k = D[flu(l +w) —u(l) ||—Z|U Olu(k =1+ w) —u(k =1
l=—00 =0

Then

n

% D ek +w) - wE)] < 2L SN o)tk — 1+ w) = uk = 1)
k=—n k=—n 1=0

=D I ( o Xn: ||U(k—l+w)—u(k—l)|\).
k=—n

=0

By Lemma 2.3 and Lebesgue dominated convergence theorem, one has ¥(-) € PSAP,,(Z,X).

3 Volterra Difference Equation

This section is devoted to establish some sufficient criteria for the existence and uniqueness
of PSAP, solutions of (1.1).
Consider the linear Volterra difference equations

n

u(n +1) —/\Za j)+ f(n), neZ, (3.1)

j=—00



506 Z. N. Xia

where A € C, a(-) is a summable function.
For a given A € C, let s(\, k) € C be the solution of the difference equation

k
S(A7k+1):)\za(k_])8()\aj)a k2071727"'7
P (3.2)

s(\,0) =

In this case, s(\, k) is called the fundamental solution to (3.1) generated by a(-). We define
the set

Q, = {/\ € (c’ s )l = i s\ k)| < oo}.
k=0

By [11], if A € Q4, the solution to (3.1) is given by

n

uln+1)= > s(\n—k)f(k).

k=—o0

To establish our results, we introduce the following conditions:
(H1) A € Qg, A € L(X).

(H2) f € PSAP,(Z x X, X).

(H31) There exists a constant Ly > 0 such that

|1 f(k,u) — f(k,v)|| < Lgllu—v|l, Vke€Z, uvelX.
(H33) There exists a linear nondecreasing function @ : [0,00) — [0,00) and f satisfies
If(k,u) — f(k,v)]| < ®(Ju—2]), VkeEZ, uvelX.
(H33) f satisfies the following Lipschitze type condition:
1 (k,u) = f(k, )| < Ly(R)[u—=vll, VkE€Z, uvelX,

where Ly : Z — R is a summable function.
(H34) f satisfies the locally Lipschitze condition, that is, for each 0 > 0, k € Z and u,v € X
with [Ju]] < o, ||v]] < o, one has

1f (R, u) = f (R, )| < Lp(o)[[u —vl],

where Ly : RT — R* is a nondecreasing function.
(H4) f € UCK(Z x X, X) or f € UC(Z x X, X).

3.1 Lipschitz case

In this subsection, we study the existence and uniqueness of discrete pseudo S-asymptotically
w-periodic solution of (1.1) when the perturbation f satisfies the Lipschitz condition.

Theorem 3.1 Assume that (H1), (H2), (H31) hold and Ly||A|l|s(A,-)[1 < 1. Then (1.1)
has a unique solution w € PSAP,,(Z,X) which is given by

n

uln+1)= > s(\n—k)f(k, Au(k)). (3.3)

k=—o0
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Proof Similar as the proof in [11], it can be shown that u(-) given by (3.3) is the solution
o (1.1).

Define the operator F : PSAP,,(Z,X) — PSAP,(Z,X) by

n—1
(Fu)(n) = Y s(\n—1—k)f(k, Au(k)). (3.4)
k=—oc0

Since u € PSAP,(Z,X) and (H31) holds, f(-, Au(:)) € PSAP,(Z,X) by Lemma 2.2 and
Corollary 2.2. By Lemma 2.5, Fu € PSAP,,(Z,X). Hence F is well defined.

For u,v € PSAP,(Z,X),

n—1

[Fu— Folla < sup Z [s(A,n =1 = k)| f(k, Au(k)) — f(k, Av(k))||
ne ke
<LfllAllsup Z ls(A,n =1 —k)|[lu(k) —v(k)|
k —00

< LyllAllls(As )l = vl a-

By the Banach contraction mapping principle, F has a unique fixed point v € PSAP,(Z, X),
which is the unique PSAP,, solution to (1.1).

Example 3.1 For a(k) = p*, where [p| < 1, after a calculation using in (3.2) the unilateral-
Z transform, we have s(\, k) = A(\ +p)*~!, k > 1, and define

D(—p,1):={2€C||z+p <1} CQs.

Consider the following difference equation:

u(n+1) =\ Z P Fuk) + pg(k)u(k), neZ, (3.5)

k=—o0
where |p| < 1, A € D(—p,1), g € PSAP,(Z, X). Tt is easy to see that (H1), (H2), (H37) hold
with Ly = |plllglla- By Theorem 3.1, if [A||ulllglla > |X+ p/*~! < 1, then (3.5) has a unique
k=0
solution u € PSAP,,(Z, X).

Theorem 3.2 Assume that (H1), (H2), (H332) hold. Then (1.1) has a unique solution
u € PSAP,(Z, X) if (|| Allls(\, )]1®)™(¢t) — 0 as n — oo for each t > 0.

Proof Define the operator F as in (3.4), so F is well defined. For u,v € PSAP,(Z,X),
one has

n—1

[(Fu)(n) = (Fo)m)l < D [s(hn =1 = k)|l f(k, Au(k)) = f(k, Av(k))]
k=—c0

n—1

< Y IsOun =1 k)[(] Au(k) — Av(k)])

k=—oc0
< [[Alls(, )@ ((luk) = v(F)])-

Since (||A]||s(A, -)[1D)™(t) — 0 as n — oo for each ¢t > 0, by Theorem 2.1, F has a unique fixed
point u € PSAP,,(Z,X), which is the unique PSAP,, solution to (1.1).
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Theorem 3.3 Assume that (H1), (H2), (H33) hold. Then (1.1) has a unique solution
u € PSAP,(Z,X).

Proof Define the operator F as in (3.4), and F is well defined by Corollary 2.1 and Lemma
2.5. For u,v € PSAP,(Z,X), one has

n—1
[(Fu)(n) = (Fo)m) < D [sAn—1—= k)| f(k, Au(k)) — f(k, Av(k))|

k=—o0
n—1
<|[lAl Y Lik)ls(hn = 1= k)[luk) - o(k)|
k=—o0
n—1
< JAlsO Moo X0 L))l = vlla,
k=—oc0
where [s(), |00 = ilé% [s(A, ).
Similarly, by [13, Lemma 3.2], one has
[(F?u)(n) — (F2o)(n)|| < || A] Z_: Ly(k)ls(An =1 = E)[[|(Fu)(k) — (Fv)(k)]|
k=—oc0
k-1
< (Allls(x ( S L ( > L)) lu = vla,
k=—o0 j=—00
k=—o0

By the method of mathematical induction, we have

n—1

n n (A5, )oo)™ "
|(Fru)m) = (Fo)m < T2 (O L)) e ol
’ k=—c0
Moreover, since Ly is a summable function, defining ||Ly|; :== > L;(k), one has
kEZ

H(]:"u)(n) N (]_-n,u)(n)” < (HAMS()\, ')lOOHLf”l)n ”u _ U”d7

n!

which implies that ||(F"u) — (F"v)|[a < (HAHlS(A"ZJ!xHLfHI)n |lu — v||4. For sufficiently large n,
(||A||\5()\-,')\|oo||LfH1)"

we have ' < 1. By the Banach contraction mapping principle, F has a unique
fixed point in PSAP,,(Z, X), which is the unique PSAP,, solution to (1.1).

Next, consider with the local condition on the perturbation f, we have the following result.

Theorem 3.4 Assume that (H1), (H2), (H34) hold, and if there exists r > 0 such that
f d
s (LA + 0Oy (36)

then (1.1) has a unique solution u € B,(PSAP,(Z,X)).
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Proof Let u be in B, (PSAP,(Z,X)) and define
F : B,(PSAP,(Z,X)) — B,.(PSAP,(Z, X))

by

n—1

(Fu)(n) = > s(\n—1-k)f(k, Au(k)).

k=—oc0

Similar as the proof of Theorem 3.1, Fu € PSAP,(Z,X). Let u € B,(PSAP,(Z, X)). One has

n—1 n—1
IFw)mll < D [sn—1=K)[If(k Au(k) = f(k,0)[ + > Is(hn—1=k)[[f(k,0)]

k=—oc0 k=—oc0
n—1
< Le(lAllr) D Is(hn—1—= k)|l Aulla+ s, 1 0)la
k=—oc0

<150 (sl A + 1LCOley, o

Hence Fu € B, (PSAP,,(Z,X)) and F is well defined.
Moreover, for u,v € B, (PSAP,(Z, X)),

[ Fu— Folla < sup Z [s(A\n = L= E)[[[f(k, Au(k)) — f(k, Av(K))||
"€ "o
< Ly(|Afr) sup Z ls(Asn =1 = k)[[[Au(k) — Av(k)|
2 =00

< Ly([[A[) [ AllTs (A )l llw = vlla.

By (3.6), Ly(|[Alm)|Als(A, )1 < 1. It follows that F is a contraction on B,(PSAP,(Z,X)).
By the Banach contraction mapping principle, F has a unique fixed point in B, (PSAP,(Z, X)),
which is the unique PSAP,, solution to (1.1).

3.2 Non-Lipschitz case

In this subsection, we study the existence of discrete pseudo S-asymptotically w-periodic
solution of (1.1) when the perturbation f is a non-Lipschitz nonlinearity.

Theorem 3.5 Assume that (H1), (H2), (H4) hold and the following conditions are satisfied:
(A1) There are nondecreasing function W : R* — R and a function M : Z — R™ such
that || f (k,z)|| < M(EYW (||z||) for all k € Z, z € X.

(A2) For each v > 0, | l‘im W ST s(An — k)M (k)W (vh(k)) = 0, where h is given
n|—00 k

by Lemma 2.1.

(A3) For each € > 0, there exists § > 0 such that for every u,v € CQ(Z, X), |[u —v||n < ¢
implies that

Y IsOvn =Rl (k, Au(k)) — f(k, Av(k)| <

k=—00

for alln € Z.
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(A4) For all a,b € Z, a < b, 0 > 0, the set {f(k,z) | a <k <D, ||z <o} is relatively
compact in X.

(A5) hmlnf ) > 1, where B(r) = sup (W En: |s(A\,n — k)| M (k)W (r||Al|h(k))).-
nez k=—o00

Then (1. ) has a solution u € PSAP,(Z,X).
Proof Define I': CY(Z,X) — CY(Z, X) by

n—1

(Cu)(n) = Y s(\n—1—k)f(k, Au(k)).

k=—0o0

Next, we will prove that I' has a fixed point in PSAP, (Z, X). We divide the proof into several
steps.
(i) For u € CP(Z, X ), by (A1), one has

()l < Z_: [s(An =1 = k)M (F)W([[Al[lu(F)])

k=—c
n—1
< Y IsOun = 1= k)M E)W (| Alll[ullnh(k)),
k=—c0

whence

U0 < A5 a1 = UG (ALl

k* 0o
It follows from (A2) that I' is well defined.
(ii) T is continuous. In fact, for each € > 0, by (A3), there exists § > 0, such that for
u,v € CP(Z,X), |lu—v||n <46, one has

n—1

ITu—Tol < Y [s(hn = 1= R)II|f(k, Au(k)) = f(k, Av(k))]].

k=—o00

Taking into account that h(n) > 1, by (A3), one has W < ¢, which implies that ||[T'u —

I'v||p, < e. Hence I is continuous.
(iii) T is complete continuous Let V (B, (CY(Z,X))) and v = I'(u) for u € B,(CY(Z, X)).
Initially, we prove that H,,(

= h NS V} is relatively compact in X for each n € Z. By
(A2), for £ > 0, we can choose l € Z+ such that

‘ -

Z|s KM —1—E)W(r|[|Allh(n — 1 — k) <e.

k=l

>

(n)

Since v = I'(u) for u € B,(CY(Z, X)), we have

vin) =Y s(\k)f(n—1—k Au(n —1—k))+ Zs()\, E)f(n—1—k, Au(n — 1 —k)),
k=0 k=1
-1
ZEZ; - %n) (% SOVKY(n =1~ k, Au(n — 1~ )))
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%Zs)\k Vf(n—1—Fk, Au(n — 1 —k)).
k=1

Note that
1 o0
| o1 = kw1 - )|
: ﬁ Yo IsA )M (n = 1= YW (| Allllullnh(n — 1 - k)
k=l
< %n) STISOVK)IM (n = 1= BW (r|Allh(n — 1 - k) <e.
k=l
So
v(n)
h(’fl) € h(n)CO(K) + BE(X)a

where co(K') denotes the convex hull of K and

-1
K= U{s)\k z) | Een—1,n—1)NZ |z|| <R},

where R =r e max - h(§), and K is relatively compact by (A4). Since H, (V) C ﬁco(K)—i—
en—Il,n—1|N

B.(X), we infer that H,, (V) is relatively compact in X for all n € Z.
Next, we show that V' is weighted equiconvergent at +oo. In fact,

[o(n)]]
h(n)

g% S Js(hn— 1= WIMEW (AR,

k=—o0

S0 % — 0 as |n| — oo and this convergence is independent of u € B,.(C(Z,X)). Hence

V satisfies Lemma 2.1(i)—(ii), which completes the proof that V is a relatively compact set in
Cl(Z,X).
(iv) If u* € CY(Z, X) is a solution of the equation u* = AI'(u*) for some 0 < A < 1, then

lut ()] < Z_: s\ n = 1= B)ME)W(|All|u [nh(R)) < B)B([[u*]n).

k=—o0

Hence, one has
N
Bl ) —
and by (A5), we conclude that the set {u* : u* = AI'(u?), A € (0,1)} is bounded.
(v) It follows from Theorems 2.3-2.4 and Lemma 2.5 that I'(PSAP,(Z, X)) C PSAP,(Z, X).
Similar to the proof of (iv), we claim that there exists 7o > 0 such that I'(B,,(CY(Z, X))) C
By, (C(Z, X)). Consequently, we infer that

[(B,,(CY(Z,X))N PSAP,(Z,X)) C B,,(C)(Z,X)) N PSAP,(Z, X).

Hence we derive the following conclusion:

CH(Z,X)

Ch(Z,X)

L(B,,(C(Z, X)) N PSAP,(Z, X) ) CT(B,, (CR(Z, X)) N PSAP,(Z, X))
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C B, (CY(Z,X)) N PSAP,(Z, X) h(Z’X),

(Z

)
where BE"®™) denotes the closure of a set B in the space Cy(Z, X). Consider the operator

Cp(z,X)

Cp(z,X)

I':B,,(CY%Z, X)) N PSAP,(Z, X) — B,o(CY(Z, X)) N PSAP,(Z, X)

By (i)—(iii), we see that T" is completely continuous. Applying (iv) and Theorem 2.2, we deduce
C(Z,X
that I" has a fixed point v € B, (C}(Z,X)) N PSAP,(Z, X) nEX0.
Let u,, be a sequence in B, (CY(Z, X)) N PSAP,(Z, X ) such that it converges to u in the
norm CY(Z, X). For € > 0, let § > 0 be the constant in (A3). There exists ng € Z* such that
|, — ul||p < 6 for all n > ng. For n > ny,

m—1
[Tup — Lulla < sup D Ism =1 = E)[|[f(k, Aun (k) — f(k, Au(k))|| <&,
m k=—oc0

which implies that (T'u, ), converges to I'u = w uniformly in Z. Whence v € PSAP,,(Z, X).

Corollary 3.1 Assume that (H1)~(H2) hold and the following conditions are satisfied
(a) f(k,0) = q(k) for k € Z.
(b) f satisfies the Hélder type condition

If(k,u) = f(k,v)|] < Cillu—v]|*, uveX, keZ.

where 0 < a < 1, C1 > 0 is a constant.
(¢c) Foralla,beZ,a<b,o >0, theset {f(k,z):a <k <b,| x| <o} is relatively compact
mn X.
Then (1.1) has a solution u € PSAP,(Z,X).
Proof By (c), it is easy to see that (A4) holds. Let Cy = ||¢lla, M(-) = 1 and W (§) =
Co+C1€”. Then (A1) is satisfied. Take a function h such that sup (> [s(X\,n—Fk)|h(k)*) :=
nez

k=—o0

Cy < o0. It is not difficult to see that (A2) is satisfied. To verify (A3), note that for each £ > 0,
1

there exists 0 < 6 < ”—i”(ﬁ) *, such that for every u,v € C)(Z,X), |lu —v|| < & implies

that

Y IsOun = R)IFk, Au(k)) = f(k, Av(k)) |

k=—o0

<GUIAI™ D IsOvn = R)llulk) = v(k)|®

k=—oc0
< CillAI* D Is(hn = k)[A(k)*lu—ol|f <&
k=—oc0

for all n € Z. Moreover, (A5) can be easily verified using the definition of W. By Theorem 3.5,
(1.1) has a solution u € PSAP,,(Z, X).

Acknowledgement The author would like to thank the anonymous referees for their
careful reading of the manuscript and numerous suggestions for its improvement.



Pseudo Asymptotically Periodic Solutions 513

References

[1]
2]
[3]
[4]
[5]
[6]

[7]

8]

9]
[10]
[11]
[12]
13
[14]
[15]
[16]
[17]
18]
[19]
[20]

21]
(22]

(23]
[24]
25]

[26]

Agarwal, R. P., Cuevas, C. and Dantas, F., Almost automorphy profile of solutions for difference equations
of Volterra type, J. Appl. Math. Comput., 42(1-2), 2013, 1-18.

Agarwal, R. P., Cuevas, C. and Frasson, M. V. S., Semilinear functional difference equations with infinite
delay, Math. Comput. Modelling, 55(3-4), 2012, 1083-1105.

Alvarez-Pardo, E. and Lizama, C., Pseudo asymptotic solutions of fractional order semilinear equations,
Banach J. Math. Anal, 7(2), 2013, 42-52.

Andrade, F., Cuevas, C., Silva, C. and Soto, H., Asymptotic periodicity for hyperbolic evolution equations
and applications, Appl. Math. Comput., 269, 2015, 169-195.

Campoa, L. D., Pinto, M. and Vidal, C., Almost and asymptotically almost periodic solutions of abstract
retarded functional difference equations in phase space, J. Difference Equ. Appl., 1'7(6), 2011, 915-934.

Castro, A., Cuevas, C., Dantas, F. and Soto, H., About the behavior of solutions for Volterra difference
equations with infintie delay, J. Comput. Appl. Math., 255, 2013, 44-59.

Chen, X. and Du, Z. J., Existence of positive periodic solutions for a neutral delay predator-prey model with
Hassell-Varley type functional response and impulse, Qual. Theory Dyn. Syst., 2017, DOI: 10.1007/s12346-
017-0223-6.

Choi, S. K. and Koo, N., Almost periodic solutions of nonlinear discrete Volterra equations with unbounded
delay, Adv. Difference Equ., 2008, 2008, 1-15.

Cuevas, C., Dantas, F., Choquehuanca, M. and Soto, H., [P-boundedness properties for Volterra difference
equations, Appl. Math. Comput., 219(12), 2013, 6986-6999.

Cuevas, C. and de Souza, J. C., S-asymptocially w-periodic solutions of semilinear fractional integro-
differential equations, Appl. Math. Lett., 22(6), 2009, 865-870.

Cuevas, C., Henriquez, H. R. and Lizama, C., On the existence of almost automorphic solutions of Volterra
difference equations, J. Difference Equ. Appl., 18(11), 2012, 1931-1946.

Cuevas, C., Henriquez, H. R. and Soto, H., Asymptotically periodic solutions of fractional differential
equations, Appl. Math. Comput., 236, 2014, 524-545.

Cuevas, C. and Lizama, C., Semilinear evolution equation of second order via maximal regularity, Adv.
Difference Equ., 2008, 2008, 1-20.

Cuevas, C. and Pinto, M., Convergent solutions of linear functional difference equations in phase space, J.
Math. Anal. Appl., 277(1), 2003, 324-341.

de Andrade, B. and Cuevas, C., S-asymptotically w-periodic and asymptotically w-periodic solutions to
semi-linear Cauchy problems with non-dense domain, Nonlinear Anal., 72(6), 2010, 3190-3208.

de Andrade, B., Cuevas, C., Silva, C. and Soto, H., Asymptotic periodicity for flexible structural systems
and applications, Acta. Appl. Math., 143(1), 2016, 105-164.

Dimbour, W., Mophou, G. and N’Guérékata, G. M., S-asymptotically periodic solutions for partial differ-
ential equations with finite delay, Electron. J. Differential Equations, 2011(117), 2011, 1-12.

Ding, H. S., Fu, J. D. and N’Guérékata, G. M., Positive almost periodic type solutions to a class of
nonlinear difference equations, FElectron. J. Qual. Theory Differ. Equ., 25, 2011, 1-16.

Elaydi, S., An Introduction to Difference Equations, Undergraduate Texts in Mathematics 147, Springer-
Verlag, New York, 2005.

Gopalsamy, K., Stability and Oscillations in Delay Differential Equations of Population Dynamics, Kluwer
Academic, Dordecht, 1992.

Granas, A. and Dugundji, J., Fixed Point Theory, Springer-Verlag, New York, 2003.

Henriquez, H. R., Cuevas, C. and Caicedo, A., Asymptotically periodic solutions of neutral partial differ-
ential equations with infinite delay, Commun. Pure Appl. Anal., 12(5), 2013, 2031-2068.

Henriquez, H. R., Pierri, M. and Rolnik, V., Pseudo S-asymptotically periodic solutions of second-order
abstract Cauchy problems, Appl. Math. Comput., 274, 2016, 590-603.

Henriquez, H. R., Pierri, M. and Téboas, P., Existence of S-asymptotically w-periodic solutions for abstract
neutral functional-differential equations, Bull. Austral. Math. Soc., 78(3), 2008, 365-382.

Henriquez, H. R., Pierri, M. and Téboas, P., On S-asymptotically w-periodic functions on Banach spaces
and applications, J. Math. Anal. Appl, 343(2), 2008, 1119-1130.

Matkowski, J., Integrable solutions of functional equations, Dissertationes Math., 127, 1975, 1-68.



514
[27]
28]
[29]
[30]
[31]
132

(33]

Z. N. Xia

Pierri, M., On S-asymptotically w-periodic functions and applications, Nonlinear Anal., 75(2), 2012, 651—
661.

Pierri, M. and Rolnik, V., On pseudo S-asymptotically periodic functions, Bull. Aust. Math. Soc., 87(2),
2013, 238-254.

Song, Y. H., Asymptotically almost periodic solutions of nonlinear Volterra difference equations with
unbounded delay, J. Difference Equ. Appl., 14(9), 2008, 971-986.

Song, Y. H. and Tian, H. J., Periodic and almost periodic solutions of nonlinear discrete Volterra equations
with unbounded delay, J. Comput. Appl. Math., 205(2), 2007, 859-870.

Wei, F. Y. and Wang, K., Global stability and asymptotically periodic solutions for nonautonomous
cooperative Lotka-Volterra diffusion system, Appl. Math. Comput., 182(1), 2006, 161-165.

Xia, Z. N., Pseudo asymptotically periodic solutions of two-term time fractional differential equations with
delay, Kodai Math. J., 38(2), 2015, 310-332.

Zeng, Z. J., Asymptotically periodic solution and optimal harvesting policy for Gompertz system, Nonlinear
Anal. Real World Appl., 12(3), 2011, 1401-1409.



