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Abstract This paper is mainly concerned with the solutions to both forward and backward
mean-field stochastic partial differential equation and the corresponding optimal control
problem for mean-field stochastic partial differential equation. The authors first prove the
continuous dependence theorems of forward and backward mean-field stochastic partial
differential equations and show the existence and uniqueness of solutions to them. Then
they establish necessary and sufficient optimality conditions of the control problem in the
form of Pontryagin’s maximum principles. To illustrate the theoretical results, the authors
apply stochastic maximum principles to study the infinite-dimensional linear-quadratic
control problem of mean-field type. Further, an application to a Cauchy problem for a
controlled stochastic linear PDE of mean-field type is studied.
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1 Introduction

In recent years, due to many practical and theory applications, in the finite dimensional
cases, the stochastic differential equation of mean-field type, also called mean-field stochastic
differential equation (MF-SDE for short), and the corresponding optimal control problem and
financial applications have been studied expensively. For more details on these topics, the
interested reader is referred to [1, 4, 6, 11, 13-17, 19-22] and therein. On the other hand,
intuitively speaking, the adjoint equation of a controlled state process driven by the MF-SDE
is a mean-field backward stochastic differential equation (MF-BSDE for short). So it is not
until Buckdahn et al. [3, 5] established the theory of the MF-BSDEs that the optimal control
problem of mean-field type has become a popular topic where the adjoint equation associated

with the stochastic maximum principle is a MF-BSDE.
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The purpose of this paper is to extend the finite dimensional MF-SDE and MF-BSDE
and the corresponding optimal control problem to infinite dimensional case, i.e., to mean-field
stochastic partial differential equations (MF-SPDE for short) and backward mean-field stochas-
tic partial differential equations (MF-BSPDE for short). We will establish the basic theory of
MF-SPDE and MF-BSPDE and the basic optimal control theory for MF-SPDE. Precisely s-
peaking, by 1t0’s formula in the Gelfand triple and under some proper assumptions, we firstly
prove continuous dependence property of the solution to both MF-SPDE and MF-BSPDE on
the parameter. Then the existence and uniqueness of solutions to MF-SPDE and MF-BSPDE
is proved by the continuous dependence theorem and the classic parameter extension approach.
The second main result established in this paper is the corresponding sufficient and neces-
sary stochastic maximum principle for the optimal control problem of MF-BSPDE, which are
obtained by establishing a convex variation formula under the convexity assumption of the con-
trol domain. Finally, to illustrate our results, we apply the stochastic maximum principles to a
mean-field linear-quadratic (LQ for short) control problem of MF-SPDE. Using the necessary
and sufficient maximum principles, the optimal control strategy is given explicitly in a dual
representation. As an application, a L(Q problem for a concrete cauchy problem of controlled
mean-field stochastic partial equation is solved.

The rest of this paper is organized as follows. Section 2 gives notations and framework.
In Section 3, we prove the continuous dependence theory and the existence and uniqueness of
solutions to MF-SPDE in the abstract form. In Section 4, we prove the continuous dependence
theory and the existence and uniqueness of solutions to MF-BSPDE in the abstract form. In
Section 5, the optimal control problem of MF-SPDE is studied in detail where we establish the
stochastic sufficient and necessary maximum principles under convex control domain assump-
tion. Sections 6 applies the stochastic maximum principles to solve linear-quadratic optimal
control problems of MF-SPDE. The final section concludes the paper.

Moreover, we refer to [7—9, 12] on the existence, uniqueness and regularity of solutions to

infinite dimensional BSEEs as well as backward stochastic partial differential equations.

2 Notations

Let (92, %#,F,P) be a complete probability space on which one-dimensional real-valued Brow-
nian motion {W(t),0 < ¢t < T} is defined with F £ {.%;,0 <t < T} being its natural filtration
augmented by all the P-null sets. Denote by E[-] the expectation with respect to the probability
P. We denote by & the predictable o-algebra associated with F. For any topological space
A, we denote by Z(A) its Borel o-algebra. Let X be any Hilbert space in which the norm is
denoted by]|| - || x. Next we introduce the following spaces:

e MZ%(0,7;X): The Space of all X-valued .#-adapted processes f 2 {f(t,w), (t,w) €
0,7] x 2} endowed with the norm ||| orx) 2 VEL fi 1£(8)]%dt] < oo
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e S2(0,7T; X): The space of all X-valued .Z-adapted cadlag processes f = {f(t,w), (t,w) €
[0,7] x ©2} endowed with the norm || f[lsz o.7.x) 2 \/E[supOStST 1F(®)]1%] < oo;

e LP(Q, # P; X): The space of all X-valued .#-measurable random variables £ endowed
with the norm ||| z» (0,7 p.x) = VE[[€]%] < 0o, where p > 1 are given real number.

3 Mean-Field Stochastic Partial Differential Equation

This section is devoted to the study of the MF-SPDE in an abstract form. Let (Q,.7,P) =
(Q x Q,F x Z#,P x P) be the product of (Q,.%#,P) with itself. We endow this product space
with the filtration {7, }o<i<T = {F; X Fi o<i<r. By & we denote the product & x Z. Let E
denote the expectation with respect to the product probability space 2. Denote by M%(O, T:X)
the set of all X-valued .Z-adapted processes f 2 {f(t,w’,w), (t,w’,w) € [0,T] x Q} such that
||f||M2§(07T;X) £ \/E[fOT | f(t)]|%dt] < co. For p > 1, a random variable £ € LP(2,.7,P; X)
originally defined on Q can be extended canonically to : (v, w) = £(W'), (W', w) € Q. For
any 0 € LP(Q,.7,P; X), the variable 0(-,w) : Q — X belongs to LP(Q,.7,P; X), P(dw)-a.s., we
denote its expectation by

/ O(w’, w)P(dw'’).

Notice that E'[0] = E'[0(-,w)] € LP(£),.%#,P; X) and

:/79dF:/E’[@(~,w)]]P’d(w)):E[E’[@]].
Q Q

Let
VcH=H"CcV*

be Gelfand triple, i.e., (H,(-,-)y) is a separable Hilbert spaces and V is a reflextive Banach
space such that H is identified with its dual space H* by the Riesz isomorphism and V is
densely embedded in H. We denote by (-, -) the duality product between V' and V*. Moreover,
we denote by Z(V,V*) the set of all bounded linear operators from V into V*. In the Gelfand
triple (V, H,V*), consider the following operators

A=A(t,w):[0,T] x Q= 2LV, V"),
b=0b(t,w w2, x):[0,T] x Qx Hx H— H, (3.1)
g=g(t,w, w2, x): [0,T] x Qx Hx H— H,
which satisfy the following standard assumption.
Assumption 3.1 Suppose that there exist constant @ > 0, A, and C such that the following
conditions holds for all z, ', Z,7 and a.e. (t,w’,w) € [0,7T] x Q.
(i) (Measurability) The operator A is &2/ %(Z(V,V*)) measurable; b and g are 2 ® B(H)®
PB(H)/PA(H) measurable;
(i) (Integrality) b(-,0,0),4(-0,0) € M2(0,T; H);
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(iii) (Coercivity)
(A, 2) + AlzllF > o]l (3.2)
(iv) (Boundedness)

sup A, W)l 2w,ve < C; (3.3)
(tw)€[0,T]xQ

(v) (Lipschitz Continuity)
||b(t,x’,x) - b(tvflﬂf)HH + ||g(t,x',x) - g(t,fl7f)|‘H < C[”x - E”H + ”xl _EIHH]' (3'4)

Using the above notations, in the Gelfand triple (V, H,V*), we consider the MF-SPDE in
the following abstract form with the coefficients (A, b, g) defined by (3.1) and the initial value
xc H:

dX(t) ={-AW)X )+ E'[bt, X (t), X ()] }dt + E'[g(¢t, X (t), X (1))]dW (¢),
telo,T], (3.5)
X(t)= z € H,

where we have used the following notation defined by

E'[b(t, X'(t), X (t)] :/Qb(t,w',w,X(t,w'),X(t,w))P(dw’) (3.6)
and
E’[g(t,X’(t),X(t)]:/Qg(t,w',w,X(t,w’),X(t,w))]P’(dw'). (3.7)

Now we give the definition of the solution to the MF-SPDE (3.5).

Definition 3.1 An V-valued, F-adapted process X (-) is said to be a solution to MF-SPDE
(3.5), if X(-) € M%(0,T;V) such that for a.e. (t,w) € [0,T] x Q and every ¢ € V, we have

(X(t), ) = ($,¢)H—/ (A(s)X(s), 9) d8+/ (E"[b(s, X'(s), X (s))], #) mds
0 0
+ [ Elols. X' X @) )aW (), ¢ € 0.7) (39)
or alternatively, in the sense of V*, X (-) have the following Ito form:
Xt)y=z— [ A(s)X(s)ds+ / E'[b(s, X'(s), X (s))]ds
0 0

—|—/ E'g(s, X'(s), X (5))]dW (s). (3.9)
0

The following result is the continuous dependence theorem of the solution to the MF-SPDE
(3.5) on the coefficients (A, b, ¢g) and the initial value x which is also called a priori estimate for

the solution.
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Theorem 3.1 (Continuous Dependence Theorem of MF-SPDE) Suppose that X () is a
solution to MF-SPDE (3.5) with the initial value x and the coefficients (A, b, g) satisfying As-

sumptions 3.1. Then we have the following estimate:

B[ s 1X0)1] +E[ | xRl

< k{Ellelz B[ [ .00l +B[ [ lowooiia]} o)

where K is a positive constant which only depend on the constants C,T,a and X\. Further,
suppose that X (-) is the solution to MF-SPDE (3.5) with the initial value T and the coefficients
(A,b,9) satisfying Assumption 3.1. Then we have

E| swp X))~ X ()5 +E| / ) 1X () = X (1)}t

0<t<
T
< K{lle -} +E| / oG, X (6), X(6)) = B, X (1), X (1) |13t
— T — — — —
+E| / ot X' (5, X(1)) - 56, (), T ()13 }. (3.11)

Proof It suffices to prove (3.11) since the estimate (3.10) can be obtained as a direct
consequence of (3.11) by taking the coefficient (A,b,7) = (4,0,0) with which the solution to
MF-SPDE (3.5) is T(-) = 0. In order to simplify our notation, we denote by

Using It6’s formula to ||)/f(t)|\%,, we get that
I = 1315 —2 [ (AR K@) ds+2 [ @b X().X(5)
=55, X () X6 R )ds +2 [ (Elg(s. X(5). X))

0
— (s, X (), X ()], X (5))) rdW (s)

/ 1 [g(s, X"(5), X (s) — 75, X' (), X (s))]|[3 . (3.12)

In view of Assumption 3.1 and the elementary inequality 2ab < a? + b2, Va,b > 0, we obtain
t
IR (0113 + 20 / 1R (s)|2 ds
t . t . t N
< |31% + K(C.N) / 1X(s)[Zds + K (C) / E|[X (s)|[3ds + / B [[5(s) 12,

T t
+2/0 E’IIE(S)I\?{dS+2/O (B [g(s, X' (s), X (s))
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— g5, X (s), X ()], X (5))) srdW (s). (3.13)

Taking expectations on both sides of (3.13) leads to

Bl (0)13)+ 208 ] [ 1% () pas]
T ~
5

< ol + KO COB[ [ 1XG3a0s] +E[ [ 1B)1as] + 2] [ ClgeiEds]. @y

Then applying Gronwall’s inequality to (3.14) yields

~ T S
s EISO) ) +E[ [ 1X0)13]

< e+ B[ | " bto) ] + 5] / Clgw il (315)

where K is a positive constant depending only on 7', C', « and A.
Furthermore, in view of (3.13) and (3.15), the Lipschitz continuity condition (see(3.24)) and
the Burkholder-Davis-Gundy, we get that

E[ sup |2(t)]1%]
0<t<T

< &)l +E[ | B + B / gl )

+ 2E[02§T ’ /Of(E'[g(s, X'(s), X(s)) —9(s, X (s), X ()], X(S)))HdW(S)H

< il + B [ e +E[ [ o]} + 35 s ISOIE]. 610)

Therefore, (3.11) can be obtained by combining (3.15)—(3.16). The proof is complete.

Theorem 3.2 (Existence and Uniqueness Theorem of MF-SPDE)  Let Assumption 3.1
be satisfied. Then for any given initial value x, the MF-SPDE (3.5) admits a unique solution
X(-) € S%(0,T; H).

Proof The uniqueness of the solution of MF-SPDE (3.5) is implied by the a priori estimate
(3.11). Consider a family of MF-SPDE parameterized by p € [0, 1] as follows:

X(t)=z— ; A(s)X (s)ds —i—/o [PE'[b(s, X'(s), X (8))] + bo(s)]ds

+/0 [P [g(s, X' (s), X (5))] + go(s)]dW (s), (3.17)

where by(-) € M?%(0,T; H) and go(-) € M?%(0,T; H) are two any given stochastic process. It
is easily seen that the original MF-SPDE (3.5) is “embedded” in the MF-SPDE (3.17) when
we take the parameter p = 1 and bo(-) = 0,go(-) = 0. Obviously, the MF-SPDE (3.17) have
coefficients (A, pb + by, pg + go) satisfying Assumption 3.1 with the same Lipschitz constant
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C. Suppose for any by(-),go(-) € M%(0,T; H) and some parameter p = py, the MF-SPDE
(3.17) admits a unique solution X (-) € M%(0,T;V) . For any parameter p, we can rewrite the
MF-SPDE (3.17) as

X(t) =z /0 A(s)X (s)ds + /O (0o [b(s, X" (5), X (5))] + bo(s)

+(p— po)E'b(s, X" (s), X (s))]}ds + / (o [g (s, X'(5), X (3))] + go(s)
- (p— po)E (g, X' (s), X (s))]AW (s). (3.18)

Therefore, by our above supposition, for any z(-) € M%(0,7;V), the following MF-SPDE
t t
X(t)== —/ A(s)X (s)ds +/ [P0 [b(s, X (s), X (s))] + bo(s)
0 0

+(p = po)E'[b(s, 2"(s), x(s))]]ds + /O [0 [g(s, X" (s), X (5))] + go(s)
+(p = po)E'[g(s, 2’ (s), 2(s))]]dW (s) (3.19)

admits a unique solution X (-) € MZg(O,T; V). Consequently, now we can define a mapping
from M%(0,7; V) onto itself and denote by X (-) = I'(z(-)).
In view of the Lipschitz continuity of b and g and a priori estimate (3.11), for any z;(-) €

M%(0,T;V), i = 1,2, we obtain

101 () ~ T O 0.y = 1510) = X20)Porz 021
< Klp— pol - 1) — 220305, om0

Here K = K(T,C, \, ) is a positive constant independent of p. Set § = % Then we conclude
that as long as [p— po|? < 0, the mapping I is a contraction in M?% (0, 7; V') which implies that
MF-SPDE (3.17) is solvable. It is well-known that the MF-SPDE (3.17) with py = 0 admits
a unique solution by the classic existence and uniqueness theory of SPDE (see [18]). Starting
from p = 0, one can reach p = 1 in finite steps and this finishes the proof of solvability of
the MF-SPDE (3.5). Moreover, from Lemma 3.1 and the a priori estimate (3.10), we obtain
X (-) € 8Z(0,T;V). This completes the proof.

We conclude this section by studying another type of MF-SPDE in the following abstract

stochastic evolution form:

{dX(t) ={-At)X(t) +b(t, E[X(t)], X (¢))}dt + g(t, E[X (¢)], X (¢))dW (t), t e [0,T], (320)
X(0)= z€H,
where the coefficients

A=A(t,w):[0,T] x Q@ = 2V, V"),

b=>b(t,w,2',2):[0,T] x Q2 x Hx H— H, (3.21)

g=gt,w, 2, x): [0,T|xQAx Hx H—H
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are given random mappings.

We make the following standard assumptions on the coefficients (A, f, €).

Assumption 3.2 Suppose that there exist constant o > 0, A and C such that the following
conditions holds for all z,2’,Z,7' € H and a.e. (t,w) € [0,7T] x Q.

(i) (Measurability) The operator A is &/ %(£(V,V*)) measurable; b and g are Z @ B(H)®
PB(H)/PA(H) measurable;

(i) (Integrality) b(-,0,0),4(-0,0) € M2(0,T; H);

(iii) (Coercivity)

(At)z, z) + Mlzll7 > allz]|; (3.22)
(iv) (Boundedness)

sup A, w)llzv,ve) < C; (3.23)
(t,w)€[0,T]xQ

(v) (Lipschitz Continuity)
1b(t, 2", 2) = b(t, 7', T) | + [lg(t, 2", 2) — g(t, 7, T) | m
< Cllz =7)u + 2" = 7'|| ). (3.24)

Similar to Theorems 3.1-3.2, we have the following two important results on the solution to

MF-SPDE (3.20).

Theorem 3.3 Let Assumption 3.2 be satisfied. Then for any given initial value x, the

MF-SPDE (3.20) has a unique solution X (-) € S%(0,T; H).

Theorem 3.4 Let Assumption 3.2 be satisfied. Suppose that X (-) be the solution to MF-
SPDE (3.20) with initial value x € H. Then the following estimate holds:

E[ sup | X(0)|3] +E| / LX)

0<t<T

< K{Elall}] + E| / ) [6(2,0,0) 3]

+1E[/OT la(t,0,0) ] (3.25)

where K is a positive constant depending only on T,C,a and \. Further, suppose that X (-) is
the solution to MF-SPDE (3.20) with the coefficients (A,b,) satisfying Assumption 3.2 and

the initial value T € H. Then we have

E[Og?gT X (0) = X (03] + E[/OT 1X (1) = X(0) [}t

T — p— —_ p— J—
< K{|lo -7} + E[/O Ib(t, EX(2), X (1)) - B(t, EX(6), X (0)) |}

T — — — —
+E[ [ 9 EX (). X)) - 3. EX(0), T©)Iee] }. (3.26)
0
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4 Mean-Field Backward Stochastic Partial Differential Equation

In this section, in Gelfand triple (V, H, V*), we begin to investigate the MF-BSPDE in the
following abstract stochastic evolution form:

{dY(t) =[AWY @) +E'[f(t,Y' (1), Z'(t),Y (t), Z(t))]dt + Z()dW (t), te[0,T], (4.1)
Y(T) =¢,
where the coefficients (A4, f,£) are the following mappings

A=A(t,w):[0,T] x Q— ZL(V, V"),

f=ft,w, wy,2,y,2): [0,T]xQAxV xHxV x H— H,

E=¢(w): Q— H. (4.2)
In the above, we have used the following notation defined by

E'[f(t,Y'(t), 2'(t), Y (t), Z(t)]
:/Qf(t,w',w,Y'(t,w’),Z’(t,w'),Y(t,w),Z(t,w’))P(dw’). (4.3)

Furthermore, we make the following standard assumption on the coefficients (A, f, ).

Assumption 4.1 Suppose that there exist constant o« > 0, A and C such that the following
conditions holds for all (v/,2',y, 2), (¥, Z,7,2) € Vx HxV x H and a.e. (t,w’',w) € [0,T] x Q.

(i) (Measurability) The operator A is &/ %(Z(V,V*))-measurable; f is ZRB(V)RB(H)®
B(V) @ B(H)/B(H)-measurable; € is Fr-measurable;

(ii) (Integrality) f(-,0,0,0,0) € M%(0,T; H) and £ € L*(Fr; H);

(iii) (Coercivity)

(A, z) + Nz|F = all|V; (4.4)
(iv) (Boundedness)

sup  [A(t,w)|| 2,y < C; (4.5)
(t,w)€[0,T]xQ

(v) (Lipschitz Continuity)

Hf(taylazlayvz) - f(t,yl7fl7y,7)||H
<Oy =7lv+ Iz =Zla +lly—7llv + Iz = Zlln). (4.6)

Now we give the definition of the solutions to MF-BSPDE (4.1).

Definition 4.1 A (V x H)-valued, F-adapted process pair (Y (), Z(-)) is said to be a solution
to the MF-BSPDE (4.1), if Y (-) € M%(0,T;V) and Z(-) € M%(0,T; H) such that

T
(Y(t)7¢)H = (5;¢)H _/t E’[f(s,Y'(s),Z’(s),Y(s),Z(s)),qS)H]ds

T T
- / (A(s)Y (3), 6) ds — / (Z(s). udW(s), tel0,T]  (47)
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holds for every ¢ € V and a.e. (t,w) € [0,T]xQ, or alternatively, in the sense of V*, (Y (-), Z(+))
satisfies the following Ito form:

T
Y (t) =§—/ E'[f(s,Y"(s), Z'(5), Y (s), Z(s))]ds

T
/ A(s ds—/ Z(s)dW(s), te][0,T]. (4.8)

The following result gives the continuous dependence theorem for the solution to the MF-
BSPDE (4.1) with respect to the coefficients (A4, f,£), which also is referred to as a priori
estimate for the solution.

Theorem 4.1 (Continuous Dependence Theorem of MF-BSPDE)  Suppose that (Y (-),
Z(+)) is a solution to the MF-BSPDE (4.1) with the coefficients (A, f,£) satisfying Assumption

4.1. Then we have the following a priori estimate
T T
B[ s V@3] +E[ [ IVOIRa] +2] [ 12005
0<t<T 0 0
T
< K{El€13) +E[ | 17(¢.0.0.0,0) 3]}, (4.9)
0

Here K £ K(T,C,a,\) is a positive constant depending only on T, C, a and \. Assume

that (Y (-), Z(-)) is a solution to the MF-BSPDE (4.1) with the coefficients (A, f,€) satisfying
Assumption 4.1. Then it holds that

T T
B[ s V() - VO] +E[ [ 10 -Fola] +E] [ 120 - Zo)]
T
<k{+E| / 1FY 0.2/ (0. V(0. Z(0) - TV (0. Z'(0), Y (1), Z(0) |t
Eflle - 8131} (4.10)

Proof If we take the coefficients (4, f,€&) = (4,0,0), then the corresponding solution to
the MF-BSPDE (4.1) is (Y (-), Z(-)) = (0,0) and the estimate (4.9) follows from the estimate
(4.10) immediately. Therefore, it suffices to prove that (4.10) holds. To simplify our notation,
we define

YO 2Y(0)=Y(1), ZW)22()-2(1), {2¢-F
~ ) .

F&) 2 Y (1), Z (1).Y(t),Z(t) — Ft.Y (1), Z (1).Y (), Z(t)).

Using 1t6’s formula to [|Y (¢)||% and Assumption 4.1 and the classic inequality 2ab < La? + eb?,
Ya,b > 0, ¢ > 0, we have

T T
IV ()13 + 20 / V()12 ds + / 12(s)[2,ds
. T . T . T .
<1813 + K(C, A 2) / 19(s) 12, + < / 1P (5)]12.ds + / 12(s) 2,5
t t t
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T T T
+K(COE[ [ ITO5ds] + B [ IT)I7ds] + B[ [ 12()]5s]
t t t

T N T =N =R
+E / | F(s)]13ds — 2 / (V(s), Z()) W (5). (4.11)

Taking expectations on both sides of (4.11) and taking ¢ small enough such that 2a — 2 > 0
and 1 — 2¢ > 0, we get

EIP O+ B[ 17Gas] +E[ [ 1765

T T
< KT.CaN{EIG+E [ 176 s+ [ 17()[ds) (4.12)

Here K(T,C,«, \) is a general positive constant depending on «, T, C, and .
Then applying Gronwall’s inequality to (4.12), we obtain

s BT @)+ E[ [ IFGIRa] 5 [ 120l

< K(T.C.o V{5 + B[ [ CIFol] ). (4.13)

In view of (4.11), (4.13) and the Burkholder-Davis-Gundy inequality, we have

B[ s IV0)1] < k(7. C.on{ENER +E] | CIFola] )

0<t<T

+ 28 sup /tT(?(s),Z(s))HdW(S)H

0<t<T

T
I

< K(T,C,a, V{E[IE]13] + E| /0 Fio)lae] §

1 ~
+3E| sup [Tl (4.14)
0<t<T
which implies that
A~ ~ — T ~
B[ swp [V)I] < KT Ca{BIER +E] [ 17013} @)
0<t<T 0

There we conclude that (4.10) holds by (4.15) with (4.13). The proof is complete.

Theorem 4.2 (Existence and Uniqueness Theorem of MF-BSPDE)  Let the coefficients
(A, f,€) satisfy Assumption 4.1. Then MF-BSPDE (4.1) admits a unique solution (Y (-), Z(-)) €
S§%(0,T;V) x M%(0,T; H).

Proof The uniqueness of the solution of MF-BSPDE (4.1) is implied by the a priori
estimate (4.10). Cousider a family of MF-BSPDE parameterized by p € [0,1] as follows:

T
Y(t)=E— [ {A()Y(s) + pE'[f(s.Y"(s), Z'(5), Y (s), Z(s))]

T
+ fo(s)}ds —/t Z(s)dW (s), (4.16)
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where fo(-) € M%(0,T; H) is an arbitrary stochastic process.

It is easily seen that the original MF-BSPDE (4.1) is “embedded” in the MF-SPDE (4.16)
when we take the parameter p = 1 and fo(-) = 0. Obviously, the MF-BSPDE (4.16) has
coefficients (A, pf + bo, &) satisfying Assumption 3.1. Suppose for some p = py and any fy €
M?Z%(0,T; H), the MF-BSPDE (4.16) admits a unique solution (Y'(-),Z(:)) € MZ%(0,T;V) x
MZ%(0,T; H). Then for any p, we can rewrite the MF-BSPDE(4.16) as follows:

=&- / {A(5)Y (s) + poB'[f(5,Y"(s), Z'(s), Y (s), Z(5))]
+ fols) + (p = po)E'[f (s, Y"(s), Z'(5), Y (s), Z(s))] }ds
—/T Z(s)dW (s). (4.17)

Thus by our above assumption, for any stochastic process pair (y(-),z(+)) € M%(0,T;V) x
MZ%(0,T; H), the following MF-BSPDE

. / (A(S)Y (3) + poB/[f (s, Y'(5), Z'(5), Y (5), Z(5))]
+ fo(s) + (p — po)E'[f(s,y'(s), 2" (s), y(s), 2(s))]ds
T
—/t Z(s)dW (s) (4.18)

admits a unique solution (Y'(-),Z(-)) € MZ%(0,T;V) x M%(0,T; H), which implies that we
can define a mapping from M?Z% (0, T;V) x M?%(0,T; H) onto itself denoted by Z(y(-),z(-)) =
Y (). Z())-
In view of the a priori estimate (4.10) and the Lipschitz continuity of f, for any (y;(-), zi(+)) €
M%(0,T;V) x M%(0,T; H) (i = 1,2), it holds that
IZ(y1(-), 21()) = Z(y2(), 22O ez, 0,750y s 0,7501)
=[|(Yi(), Z1(-)) — (Y2(), Z2('))Hi/l?y(O,T;V)xM}(&T;H)

< KE| / 190 (5, Y3 (), Z4(5), Ya(s), Za(5)) + (p = po) f(5,44(5), 4(5), 01 (s), 2a(s)

= pof(s,Y5(s), Z3(s), Ya(s), Z2(s)) — (p — po) £ (s, ya(s), 22(s), y2(s), 22(8))||§1d8}
< Klp = pol* x [(y1(), 21()) = (w20), 220z, 0,70y stz (0,75 (4.19)

Here we note that K £ K(T,C, A\, «) is a constant independent of p and

I(Y1(), Z1() = (V2(), Z2(D)vez 0,15y xone, 0,70y = I1V10) = Y2 O)lEez 0.7

+ ”Zl() - Z2(')H§v12 (0,T;H)"
Set § = 1. Then we conclude that as long as |p — po|? < 6, the mapping Z is a contraction in
M3 (O,T7 V) x M%(0,T; H) which implies that MF-BSPDE (4.16) is solvable. In view of [7,
Proposition 3.2], we know that the MF-BSPDE (4.16) with pp = 0 admits a unique solution.
Now we can start from p = 0 and then reach p = 1 in finite steps which finishes the proof
of solvability of the MF-BSPDE (4.16). Moreover, from the a priori estimate (4.9), we obtain
Y (-) € S%(0,T; H). This completes the proof.
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5 Optimal Control of Mean-Field Stochastic Partial Differential
Equation

5.1 Formulation of the optimal control problem

In this subsection, we present our optimal control problem studied in this paper. Firstly, in
the Gelfand triple (V, H, V*), consider the following controlled system:

AX(£) = [AWD)X (1) + h(t, X (), E[X (1)), u(t))|dt

+g(t, X(t),E[X ()], u(t)dW(t), te]0,T], (5.1)
X0)=x€H
with the cost functional
T
J(u(+) = E{/O I(s, X(s),E[X(s)],u(s))dt + (X (T),E[X(T)])|. (5.2)

In the above, A : [0,T] x Q@ = L(V,V*), h,g: [0,T] x Qx HXx Hx % — H,1:[0,T] x Q x
HxHx% —R,®:Qx HxH—R.

Let us make the following assumption.

Assumption 5.1 (i) % is a nonempty convex closed subset of a real separable Hilbert
space U.

(ii) The operator A is 22/ %(Z(V,V*))-measurable and satisfies the conditions (iii) and (iv)
in Assumption 3.2.

(iii) The mappings h and g are & @ B(H) @ B(H) @ B(% )/ B(H)-measurable such that
h(-,0,0,0),4(-,0,0,0) € M%(0,T; H). Moreover, for almost all (£,w) € [0,7] x €, h and g have
continuous and uniformly bounded Gateaux derivatives hy, hyr, o, Gor, By and gy,.

(iv) The mappings | is & @ B(H) @ B(H) @ B(% )/ PB(R)-measurable and ® is Fr ®
PB(H) @ B(H)/P%(R)-measurable. For almost all (¢,w) € [0,7] x 2, [ has continuous Gateaux
derivatives I, 1, and l,, ®(w,z) has continuous Gateaux derivative ®,. Moreover, for all
(x,2",u) € Hx H x 7 and almost all (¢,w) € [0,T] x Q, there is a constant C' > 0 such that

(@, 2 u)| < OO+ (|2 + |27 + [[ull?),
”lw(tﬂxﬂx/ﬂu)”H + le'(tvxvx/vu)HH + Hlu(t,x,x’,u)HU
<CA+2la + 112"+ [lullv)

and

@ (x, ") < COL+ |zl + 2" [17),
[®x(z,2") || < OO+ |2llm + 2| r)-
Now we define as follows.

Definition 5.1 A predictable control process u(-) is said to be admissible if u(-) € M?(0,T;
U) and u(t) € %, a.e. t € [0,T], P-a.s. Denote by A the set of all admissible control processes.
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Given u(-) € A, (5.1) is a MF-SPDE with random coefficients. From Theorem 3.3, it is easily
seen that under Assumption 5.1, (5.1) admits a unique solution X (-) = X*(-) € §%(0,T; H) and
the cost functional is well-defined. In the case that X (-) is the solution of (5.1) corresponding
to u(-) € A, we call (u(-); X(-)) an admissible pair, and X (-) an admissible state process.

Our optimal control problem can be stated as follows.
Problem 5.1 Minimizes (5.2) over A.

Any u(-) € A satisfying

J@() = inf J(u()) (5.3)

u(-)eA

is called an optimal control process of Problem 5.1. The corresponding state process X (-) and
the admissible pair ((+); X (-)) is called an optimal state process and an optimal pair of Problem
5.1, respectively.

For any admissible pair (u(-); X(+)), the adjoint equation of the state equation (5.1) is defined
as the following BSDE whose unknown variables is a pair of F-adapted processes (p(+), ¢(+)),

dp(t) = —{=A"()p(t) + (¢, X (), E[X ()], u(t))p()

+E[R; (8 X(0), E[X ()], u(t)p(t)]
+ g, (&, X (8), ELX (8], u(t))g(t) + Elg™ (¢, X (), E[X (8)], u(t))q(?)]

5.4
+ 1 (8, X (8), ELX (1), u(t) + Ello (8, X (£), ELX (8)], u(t))]}dt o)
+q)dw(t), te[0,T],
p(T) = &,(X(T),E[X(T)]) + E[®. (X(T),E[X(T)))].

Indeed, the above equation is a linear MF-BSPDE, where A* is the adjoint operator of A.
Further, we can easily see that A* also satisfies the boundedness and coercivity condition-
s. In view of Theorem 4.2, the linear MF-BSPDE (5.4) has a unique solution (p(-),q(-)) €
8%(0,T;V) x M%(0,T; H).

Define the Hamiltonian H : [0,T] X Qx H x H X % xV x H — R by

H(t,w, 2" u,p,q) = (h(t, z, 2", u),p)u + (9(t, 2, 2" u), Q) + 1t @, 27, ). (5:5)

Under Assumption 5.1, we can see that the Hamiltonian # is also continuously Gateaux differen-
tiable in (z,2’,u). Denote by H,, H,» and H, the corresponding Gateaux derivatives.
Therefore, using the notation of Hamiltonian #, the adjoint equation (5.4) can be written

as

{dp(t) = —{=A"(O)p(t) + Hao(t) + E[Ho ()]dt + q(£)dW(¢), t € [0,T], (5.:6)

p(T) = @ (X(T),E[X(T)]) + E®. (X (T), E[X(T)]).

Here we have used the following shorthand notation:

H(t) = H(t, X (), EX (), u(t), p(t), q(t))- (5.7)
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5.2 A variation formula for the cost functional

Suppose that (u(-); X()) and (u(-); X(-)) are any two given admissible control pairs. And
let (p(-),q(-)) be the solution to the corresponding adjoint equation (5.4) associated with the
admissible control pair (u(-); X(-)). In order to simplify our notation, in the rest of the paper
we shall use the following shorthand notation

(5.8)

To obtain the variation formula for the cost functional, we need the following basic result.

Lemma 5.1 Let Assumption 5.1 be satisfied. Then difference J(u(-)) — J(u(-)) of the cost
functionals associated with the two admissible pairs (u(-); X () and (u(-); X (+)) has the following

representation:

=
|
=
X
=
I
X
=
I
X
8
=
J’_
=
X
8
=
~
=
I
>
=
T
——
[N
i

— (2o(X(T), E[X(T)]) + E[®o (#(T), E[X(T)])], X (T) — Y(T))H} : (5.9)

Proof Suppose that (u(-); X(-)) and (@(-); X(-)) are any two given admissible control pairs.
By the state equation (5.1), it is easy to check that the difference X (t) — X () satisfies the
following MF-SPDE:

d(X () = X (1)) = [-A@)(X(t) = X () + h(t) — h(t)]dt
+[g(t) —g(@)ldW (t), te[0,T], (5.10)

And by the definition of the adjoint equation (see (5.6)), we can get that (p(-),q(-)) satisfies
the following MF-BSPDE

(5.11)

{dﬁ(t) = —{=A"(0)B(t) + Ha(t) + E[Ho]dt +7(6)dW (), ¢ €[0,T],
p(T) = &,(X(T), E[X(T)]) + E[®e (X(T), E[X(T)])].

Then using It6’s formula to (p(t), X (t) — X (t)) g, we get that

+E [(fbm (X(T),E[X(T)]) + E®, (X (T),E[X(T)]), X(T) — Y(T))H} ) (5.12)
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In view of the definitions of the cost functional and the Hamiltonian H (see (5.5) and (5.2)),

we can see that

J(u() - / {#H() = (B(t), h(t) = h(t)m — (@(1), g(t) — g(t))m bt
X(T),E[X(T)]) — 2(X(T), EX(D)))]- (5.13)
Then (5.9) can be immediately obtained by substituting (5.12) into (5.13). The proof is com-

plete.
Next we derive a variational formula for the cost functional (5.2).

Lemma 5.2 Let Assumption 5.1 be satisfied. Then we have the following variational for-

mula
d ) J@() + () — () — J@())
S I(@0) + (o)~ ()))]emo = Tin -
T_
— / (L (1), v(t) — ()] (5.14)

where u(-) and v(-) are any two given admissible controls, and 0 <e <1 .

Proof Suppose that (7(-); X(-)) is a given admissible pair and (5(+),g(-)) is the correspon-
ding adjoint process. Define a perturbed control process of u(-) as follows:

ut () 2a() +e(v(’) —a(-), 0<e<l, (5.15)

where v(-) is any given admissible control. Due to the convexity of the control domain %, u®(-)
belongs to A. Let X=(-) be the state process corresponding to the control uc(-). We will use
the following shorthand notation:

HE() = Ht, X(t), EX(¢),u®(t),p(t),q(t)). (5.16)
Using the shorthand notations (5.8) and (5.16), from Lemma 5.1, we get that
J(u () = J(@()
T J— p— J—
- E[/O (M= (1) — F(t) — (FL(1) + B[

+E[@(X5(T), E[X*(T))] — (X (T),E
— (2.(X(T), E[X(T)]) + E[@o (X (T), E[X(T)])], X*(T) — X(T)) ]

+1E[/OT(E(t),uf(t) ()] (5.17)

—~
~+

In view of Taylor series expansion, it follows that

E[/OT{HE(t) }dt / /{H” ), X°(t) = X (1) m

+<H ()E[XE( )] = EX () r + (H (8), u? (1) = u(t))v }ardt]



Forward and Backward Mean-Field Stochastic Partial Differential Equation and Optimal Control 531

+ (R (8,0 (t) = T(0)u e, (5.18)

where

M) £ H(E, XA, XA 0], u (1), B(1), 7(1))
and

X k( t) £ X (1) + MX=(t) — X (1)),
“AE) 2 a(t) + Mw () —u(t)).

On the other hand, it follows from the definition of u® (see (5.15)) that

o [ 10 - sial] = [ [ 1w -0l (5.19)

Further, in view of the continuous dependence theorem of MF-SPDE (see Theorem 3.4), we
have

E[ sup || X°(t) - X(II}] +E| / ' 1X°(t) = X&)l at]

0<t<T
< KE] / s (8) — () 3]
—KEQ]E/ [[v(t) HUdt (5.20)

Therefore, combining (5.18)—(5.20) yields
T
E| / [HE(t) = () = (FLa(t) + B (8), 27 () = 7(0)ar — (Hu(0), (1) — ()}
/ / [(HEA ) + B[HE (8)] — F (1) — B[ (8), X2(8) — X (1)

+ (HEM ) — Hu(t), uE (t) — ())U}d/\dt}

= ]E A /0 |‘(H;))\(t)+E[H€}A(t)]—gz(t)—E[ﬁ /(t)]H%{dtd/\}}z

E/T|X€t— Dl1%] } //H HA(®) ”Hdt‘“}}l
{e /nu o]}

< K / / 1A 1) +E[H“<>]—E(t)—Emw«tnn%{dtdx}}

+K={E //|| (HEA(8) ||Udtd)\]}%

where the last equality can be obtained by the fact that

=

(5.21)

1

tim (i ' / N0 + B )] - TLae) — B 0] e }

e—0
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+ lim {E[/OT /01 |(HEA (0) ~ Hu(0) B e } 0, (5.22)

which can be got by combining Assumption 5.1, (5.19)—(5.20) and the dominated convergence
theorem.

We can similarly get that
E[@(X*(T), ELX*(T))) - @(X(T), E[X(T))
— (0. (X (D). EX(T)) + E[e,, (X(1), ER(D)], X*(1) - X(T)) | =o(e).  (523)
Hence, by substituting (5.21) and (5.23) into (5.17), we get that
L ) = (@)

e—0 e

- E[/OT(ﬂu(t),v(t) ()]

The proof is complete.

5.3 Stochastic maximum principle

In this subsection, we will establish the necessary and sufficient maximum principle for the
optimal control of Problem 5.1.

Theorem 5.1 (Necessary Stochastic Maximum Principle)  Let Assumption 5.1 be satisfied.
Let (u(-); Z(+)) be an optimal pair of Problem 5.1 associated with the adjoint process (p(-),q(+)).

Then the following minimum condition holds:
(Hu(t),v —a(t))v > 0, (5.24)
Yo e U, for ae. t €[0,T], P-a.s.

Proof For any admissible control v(-) € A, it follows from Lemma 5.2 that

T
E| / (L (1), o(t) — (1) )t

= lim T () — J@l)) >0, (5.25)
e—0 IS
where the last inequality can be get directly since ((-); X (+)) is an optimal pair of Problem 5.1.
Then minimum condition (5.24) can be obtained by the classic argument following [2]. For the
similar proof, we refer to [16]. The proof is complete.
Next we will give the verification theorem of optimality, namely, the sufficient maximum
principle for the optimal control of Problem 5.1. Besides Assumption 5.1, the verification

theorem relies on some convexity assumptions of the Hamiltonian and the terminal cost.

Theorem 5.2 (Sufficient Maximum Principle)  Let Assumption 5.1 be satisfied. Let (u(-);
X(+)) be an admissible pair associated with the adjoint process (B(-),q(-)). Suppose that for
almost all (t,w) € [0,T] x £,

(1) H(t,z, 2’ ,u,D(t),q(t)) is convex in (z,x', u);

(2) ®(z,2') is convez in (z,x);

(3) Flt) = minyea H(t, X(0), BX (1)), 5(0), 7(0),
then (u(-); X(-)) is an optimal pair of Problem 5.1.
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Proof Given an arbitrary admissible pair (u(-); X(-)). By Lemma 5.1, we get
J(u() = J(@())
T J— — J—
=B [ {H(t) = (t) ~ (FL(t) + B (), X (0) — X (0))u ]
0

— (2.(X(T). E[X(T))) + B[, (X(T), E[X(D)])], X (1) - X(T)) |- (5.26)
By the convexity of H(t,x, ', u,,p(t),q(t)) and ®(2',z), in view of [10, Proposition 1.54], we
have
H(t) —H(t) > (Ha(t), X(8) — X () + (Haor (1), EIX (1)] — E[X (D)) a
+ (Hu(t),u(t) —a(t))u (5.27)
and

[X(T))), E[X(T)] - E[X(T)))x- (5.28)

In addition, in view of the convex optimization principle (see [10, Proposition 2.21]), the opti-
mality condition 3 implies that for almost all (¢,w) € [0,T] x Q,

(Hu(t),u(t) —u(t)v > 0. (5.29)
Substituting (5.27)—(5.29) into (5.26) yields
J(()) = J(@() = 0.

Therefore, since u(-) is arbitrary, %(+) is an optimal control process and (%(-); X (+)) is an optimal

pair. The proof is complete.

5.4 Optimality system of mean-field stochastic partial differential equation

For any admissible pair ((-), X (t)), consider the following stochastic system:

dX (1) = [-AM®)X (1) + h(s, X (1), E[X (t)], @(t))]dt + g(t, X (1), E[X (1)}, @(t))dW (2),
dp(t) = —[=A*()p(t) + hy(t, X (1), E[X ()], a(t))B(t)
+E[R; (¢, X (1), E[X ()], a(t))p(t)]
+ 95 (t, X (8), E[X (1)), u(t))a(t) + Elgz (¢, X (t), E[X (t)], w(t))a(t)]]
+ (6 X (), EX (), a(t) + E[l.(t, X (), EX (t),a(t))]]dt (5.30)
+q(t)ydw(t), te€0,T]
X(0)==x
p(T) = &, (X(T),E[X(T)]) + E®, (X(T), E[X(T)))
(Ho(t),v —a(t))y >0, Ywew.
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Note that this is a mean-field fully-coupled forward-backward stochastic partial differential
equation consisting of the state equation (5.1), the adjoint equation (5.4) and the minimum
condition of (5.24). The forward-backward equation (5.30) is referred to as the stochastic
Hamiltonian system or the optimality system of Problem 5.1. The 4-tuple stochastic process
@(), X (-),5(-),4(-)) € M%(0,T;U) x M%(0,T;V) x M%(0,T;V) x M%(0,T; H) satisfying
the above is called the solution of (5.30). Under proper assumptions, we can claim that the
existence of the optimal control of Problem 5.1 is equivalent to the solvability of the stochastic

Hamiltonian system (5.30).

Corollary 5.1 Let Assumption 5.1 and Conditions 1-2 in Theorem 5.2 be satisfied. Then
the existence of the optimal control of Problem 5.1 is equivalent to the existence of a solution

to the stochastic Hamiltonian system. (5.30).

Proof For the sufficient part, suppose that the stochastic Hamiltonian system (5.30) admits
an adapted solution (a(-), X(-),p(+),q(-)) € M%(0,T;U) x M%(0,T;V) x M%(0,T;V) x
M?Q(O, T; H), then we begin to prove the existence of the optimal control of Problem 5.1. In
fact, from the minimum condition in the stochastic Hamiltonian system (5.30) and the convexity
of H(t, X (t), E[X(t)],u,p(t),q(t)) with u, we know that

H(t, X (1), EX (), u(t), p(t), q(t)) = min H(t, X (1), EX(t),u, B(t),7(t))-

Therefore, in view of the sufficient stochastic maximum principle (see Theorem 5.2), we get
that (u(-); X(+)) is an optimal pair.

For the necessary part, suppose that (@(-); X(-)) is an optimal pair associated with the
corresponding adjoint process (p(-),q(+)), then in view of the necessary stochastic maximum

principle, we get that the stochastic Hamiltonian system (5.30) has an adapted solution
@(), X(-),B(), () € M5 (0, T;U) x M5 (0, T; V) x M%(0,T; V) x M5 (0,T; H).

The proof is complete.

6 An Application: Linear-Quadratic Optimal Control Problems for
Mean-Field Stochastic Partial Differential Equation

The case where the system dynamics are described by a set of linear differential equations
and the cost functional is described by a quadratic function is called the LQ problem which is
one of the most important optimal control problems. The reader is referred to [23, Chapter
6] for a complete survey on this topic. In this section, an infinite-dimensional LG problem of
mean-field type will be discussed. As an application, we will solve an LQ problem for a Cauchy
problem of a stochastic linear parabolic PDE of mean field type.

6.1 LQ optimal control of mean- field stochastic partial differential equation

This subsection is devoted to applying the stochastic maximum principles to study an
infinite-dimensional linear-quadratic optimal control problem of mean field type, and establish
the explicit dual characterization of the optimal control with stochastic Hamiltonian system of
mean field type.
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Consider the following linear quadratic optimal control problem. Minimize over A =
MZ%(0,T;U) the following quadratic cost functional

J(u()) = E[(®:1.X(T), X(T))u] + E[(E[X(T)], E[X(T)])u]

+E{/OT(Gl(S)X(S)aX(S))HdS} +IE{/OT(GQ(S)E[X(S)],E[X(s)])Hds}
+E[/OT(N(S)U(S>,u(s>)UdS], 6.1)

where X (+) is the solution of the controlled linear MF-SPDE in the Gelfand triple (V, H, V*):

dX(t) = [-AW)X(t) + B1(t) X (t) + B2(t)E[X (¢)] + C(t)u(t)]dt
+ [D1(6)X (t) + D2 (O)E[X ()] + F(¢)u(t)]|dW (1), (6.2)
X(0)==z, te]0,T1].
Here A, By, By,C, D1, Dy, F,G1,Go, N,®; and &5 are given random mappings such that A :
[O,T] x Q0 — X(V,V*), Bl,BQ,Dl,DQ,Gl,GQ : [O,T] x ) — Z(H,H), O,F : [O,T] x ) —
ZU,H), N : [0,T] x Q = Z(U,U) and ®1,P5 : Q — Z(H, H), satisfying the following
assumptions.

Assumption 6.1 The operator A satisfies the coercivity and boundedness conditions, i.e.,
(iii) and (iv) in Assumption 3.1. The mappings A, By, Bo,C, D1, Do, F,G1,G2, N, G1, G5 and
N are uniformly bounded F-predictable processes, ®; and ®, are uniformly bounded Fp-
measurable random variables.

Assumption 6.2 The stochastic processes G1,G2, N and the random variables ®; and
®, are nonnegative operators, a.e. t € [0,7], P-a.s. Moreover, N is uniformly positive a.e.
t € [0,T], P-as., ie., for Vu € U, (Nu,u)y > k(u,u)y, for some positive constant k, a.e.
t€[0,T], P-as.

In the general control Problem 5.1, we specify the coefficients h, g, [ and ¢ with

h(t,z,2',u) = By
g(t,x, 2’ u) = Dy
I(t,x, 2" u) = (Gy
b(z,2') = (P12, 2

t)x + Ba(t)z' + C(t)u,
)z + Da(t)x’ + F(t)u,
e, )y + (Go(t)', 2" ) g + (N (t)u, u)y,

o+ (Poz! 2 )y

(
(
(
)
By Assumptions 6.1-6.2, it is easily to check that Assumption 5.1 on the coefficients (A, h, g, [, @)

holds. So our LQ problem can be embedded in Problem 5.1. In this case, the Hamiltonian H

has the following form:

H(t,x, 2" u,p,q) = (Bi(t)x + Ba(t)a" + C(t)u, p)u + (Di(t)z + Da(t)x + F(t)u, q)n
+(Gi(t)z, ) g + (G2 (t)z, 2) g + (N(t)u, u)y. (6.3)

Here we denote the adjoint operators of By, Ba, Cy, C2, D, and F by By, B;, Cy, C5, D* and
F}, respectively. Associated with an admissible pair (u(-); X (+)), the adjoint equation (5.4) has
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the following form:
dp(t) = —{—A*(p(t) + B ()X () + +E[B3 ()p(t)] + D; (t)a(t) + EID5 (£)gs (1)
+2G1() X (t) + 2E[G2(t) X (t)] }dt + q(t)dW (¢), t € [0,T], (6.4)
p(T) =201 X(T) + 2E[D2 X (T)).

Because in this case, there is no constraint on the control, the minimum condition (5.24) of the

optimal control is
Hu(t, X (1), ELX(1)], p(t), q(t), u(t)) = 0. (6.5)

Therefore the stochastic Hamiltonian system is the following fully-coupled linear forward-

backward stochastic partial differential equation
dX(t) = [-A@)x(t) + Bi1(H) X (1) + Ba(E[X (1)] + C(¢)u(t)]dt
+ [D1()X (1) + D2()E[X (2)] + F(t)u(t)]dW (1),
dp(t) = —{=A"()p(t) + B ()X (t) + E[B3 (t)p(t)] + Di(t)q(t) + E[D; (t)ga ()]
+2G1(t) X (t) + 2E[G2(t) X ()] }dt + q(t)dW (t), t € [0,T], (6.6)

2(0) =

p(T) = 28, X(T) + 2E[®2 X (T)],

Hu(t, X (1), E[X ()], p(t), q(£), u(t)) = 0.

Now we give the dual characterization of the optimal control.

Theorem 6.1 Let Assumptions 6.1-6.2 be satisfied. Then our LQ problem has a unique

optimal control, which implies that the stochastic Hamiltonian system (6.6) has a unique adapted

Moreover the optimal control is given by

1

a(t) = =5 NI @CT @R + F (#)a(t)). (6.7)

Proof Let (u(-), X(+)) and (u(-), X(-)) be any two admissible control pairs. In view of the
continuous dependence theorem of MF-SPDE (see Theorem 4.1), we have

[ (u(-)) = J(@())?

< scfe] [ o~ s} < (e[ |

Thus, it follows that

T

|u(t)|2dt] +E[/OT |a(t)|2dt} —l—x}. (6.8)

J(u()) = J@()) =0, asu(-)—u(-)in A, (6.9)

which implies that the cost functional J(u(-)) is continuous over M% (0, T;U).
From the uniformly strictly positivity of the process IV, we conclude that the cost functional

J(u(+)) is strictly convex and

T
T > 4E[ [ uOIBdt] = K e o0
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Therefore, the cost functional J(u(-)) is coercive, i.e.,

lim J(u(+)) = co.
el mz, 0,750 =20
In the end, we get the uniqueness and existence of the optimal control u(-) € M%.(0,T;U) of
our LQ problem by [10, Proposition 2.12].

Now we begin to prove that the stochastic Hamiltonian system (6.6) has a unique adapted
solution. Indeed, in view of Corollary 5.1, the existence of the optimal control @(-) of our LQ
problem 5.1 implies that the stochastic Hamiltonian system (6.6) has a solution (u(-),Z(-),(-),
7(-)) € M%(0,T;U) x M%(0,T;V) x M%(0,T;V) x M%(0,T;H). Here Z(-) is the op-
timal state and (p(-),g(-)) is the adjoint process corresponding the optimal control u(-). If
the stochastic Hamiltonian system (6.6) has another adapted solution (@'(-),Z’(-),p’(:), 7' (+)),
then view of Corollary 5.1, (U’()77/()) have to be an optimal pair of our LQ problem. So
u(-) = w(-) due to the uniqueness of the optimal control. Moreover, from the uniqueness
of solutions to MF-SPDE (see Theorem 3.2) and MF-BSPDE (see Theorem 4.2), we get
x(),p(-),q()) = @'(-),P'(-),7(-)). Therefore, the stochastic Hamiltonian system (6.6) ad-
mits a unique solution. In the end, the dual characterization (6.7) of the unique optimal can

be directly obtained by solving the minimum condition (6.5).

6.2 LQ control of the Cauchy problem for stochastic linear PDE of mean field type

In this subsection, in terms of the results in the previous subsection, we solve a LQ problem
of a Cauchy problem for a controlled stochastic linear PDE of mean-field type.

Now we give some preliminaries of Sobolev spaces. For m = 0,1, introduce the space
H™ 2 {¢:0% € L*(RY), for any a = (ay,---,aq) with |a| := || + -+ + |ag| < m} with

the norm

ol 2 { 3 [ l020()Paz} .

laf<m

The dual space of H' is denoted by H~!. Put V = H', H = H°, V* = H~'. Then we claim
that (V, H,V*) is a Gelfand triple.

Suppose that the control domain is % = U = H. For any admissible control u(-,-) €
MQQ(O,T; U), we introduce the controlled Cauchy problem, where the state process is the
following stochastic partial differential equation of mean-field type in divergence form:

dy(t, 2) = {0z:[a" (t, 2)D.ay(t, 2)] + b'(t, 2)0.y(t, 2) + e(t, 2)y(t, 2) +n(t, 2)E[y(t, 2)]
+u(t, 2) e + [p(t, 2)y(t, z) + o(t, 2)Ely(t, 2)] + u(t, 2)|dW (¢),
(t,2) € [0,T] x RY,
y(0,2) =z € R?

(6.10)

and the cost functional is

inf IE/ 2T,zdz—|—E/ Ey(T, z 2dz—|—// 2(s, z)dzds
. (om{ [Rdm ) [Rd| y(T, 2)| )
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+ // |Ey(s, 2)[*dzds + // u2(s,z)dzds} } (6.11)
(0,T] xR4 [0,T] xR¢

Here the coefficients a™, b’, ¢, 1, p, o are given random functions satisfying the following

assumptions, for some fixed constants K € (1,00) and & € (0,1).

Assumption 6.3 a¥, b’, ¢, , p and o are & x Z(R%)-measurable taking values in the
space of real symmetric d x d matrices, R?, R, R, R and R, respectively, and are bounded by
K.

Assumption 6.4 a¥ satisfies the following super-parabolic condition
kI <207 (t,w,2) < KI, Y(t,w,z) €[0,T] x Q x RY,

where I is the (d x d)-identity matrix.

In this case, in the Gelfand triple (V, H, V*), the state equation (6.10) can be written as the
abstract MF-SPDE:

+ [D1(®)y(t) + D2(O)E[y ()] + u(®)|dW(2), ¢ € [0,T], (6.12)

where the operators A, Bs, D1, D are denoted by

A()p(2) & =0,:[a" (t,2)0.56(2)] = V' (£, 2)0.:6(2) — c(t, 2)d(2), Vo€V,
By(t)p(2) 2 n(t,2), Di(t)p(z) £ p(t,2)¢(2), Da(t)p(z) £ o(t,2)(2), Vo € H.

Then we write the optimal control problem as

T
([, y(0)n + / (y(s), y(s)) nds + (Bly(T)L, Ely(T)) s

u(~)€J\/ilI2;f(O,T;U)
T T
+ [ @B ads + [ (uts). u(s)mas] ). (613)

Thus this optimal control problem becomes a special case of our LQ problem in the previous
subsection, where C, F'; N and G are identity operators and B; = 0. From Assumptions 6.3—
6.4, it is easy to check that the optimal control problem (6.13) satisfies Assumptions 6.1-6.2.
So in view of Theorem 6.1, we claim that the optimal control @(-) has the following explicit

characterization:

(1) = — (5(0) +7(1)},
where (p(+),q(+)) is the unique solution of the adjoint equation
dp(t) = —{=A"()p(t) + E[B; (t)p(t)] + D1 (t)q(t)
+E[D3(t)q(t)] + 2y(t)}dt + q(t)dW(t), te[0,T7, (6.14)
p(T) = 2y(T).
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Here A*, B, D7, D3 denote the adjoint operators of A, B, Dy, Dy. More specifically,

A ()p(2) = —=0.i[a" (¢, 2)0.5 9(2)] + V' (1, 2)02:0(2) — [e(t, 2) — D.ib' (1, 2)]0(2), Vo eV

and

B; =B,, Di=D;, Dj=D,.

7 Conclusion

In this paper, the MF-SPDE and MF-BSPDE and the corresponding optimal control prob-

lem for MF-SPDE have been investigated. We have established the existence, uniqueness and

continuous dependence theorems of solutions to MF-SPDE and MF-BSPDE, respectively. For

the optimal control problem of MF-SPDE, we have obtained necessary and sufficient conditions

for optimal controls in the form of maximum principles. An an application, the LQ problem

for MF-SPDE was investigated to illustrate our optimal control theory result established. As a

result, the existence, uniqueness and explicit duality presentation of the optimal control have

been obtained.
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