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Ergodicity and Accuracy of Optimal Particle Filters for
Bayesian Data Assimilation*

David KELLY! Andrew M. STUART?

Abstract Data assimilation refers to the methodology of combining dynamical models
and observed data with the objective of improving state estimation. Most data assimilation
algorithms are viewed as approximations of the Bayesian posterior (filtering distribution)
on the signal given the observations. Some of these approximations are controlled, such as
particle filters which may be refined to produce the true filtering distribution in the large
particle number limit, and some are uncontrolled, such as ensemble Kalman filter methods
which do not recover the true filtering distribution in the large ensemble limit. Other data
assimilation algorithms, such as cycled 3DVAR methods, may be thought of as controlled
estimators of the state, in the small observational noise scenario, but are also uncontrolled
in general in relation to the true filtering distribution. For particle filters and ensemble
Kalman filters it is of practical importance to understand how and why data assimilation
methods can be effective when used with a fixed small number of particles, since for many
large-scale applications it is not practical to deploy algorithms close to the large particle
limit asymptotic. In this paper, the authors address this question for particle filters and,
in particular, study their accuracy (in the small noise limit) and ergodicity (for noisy
signal and observation) without appealing to the large particle number limit. The authors
first overview the accuracy and minorization properties for the true filtering distribution,
working in the setting of conditional Gaussianity for the dynamics-observation model. They
then show that these properties are inherited by optimal particle filters for any fixed number
of particles, and use the minorization to establish ergodicity of the filters. For completeness
we also prove large particle number consistency results for the optimal particle filters, by
writing the update equations for the underlying distributions as recursions. In addition
to looking at the optimal particle filter with standard resampling, they derive all the
above results for (what they term) the Gaussianized optimal particle filter and show that
the theoretical properties are favorable for this method, when compared to the standard
optimal particle filter.
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1 Introduction

1.1 Background and literature review

Data assimilation describes the blending of dynamical models with data, with the objective
of improving state estimation and forecasts. The use of data assimilation originated in the
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geophysical sciences, but is now ubiquitous in engineering and the applied sciences. In numerical
weather prediction, large scale ocean-atmosphere models are assimilated with massive data sets,
comprising observational data from satellites, ground based weather stations and underwater
sensors for example [3]. Data assimilation is prevalent in robotics; the SLAM problem seeks
to use sensory data made by robots in an unknown environment to create a map of that
environment and locate the robot within it in [46]. It is used in modelling of traffic flow in [50].
And data assimilation is being used in bio-medical applications such as glucose-insulin systems
in [41] and the sleep cycle in [42]. These examples serve to illustrate the growth in the use of
the methodology, its breadth of applicability and the very different levels of fidelity present in
the models and the data in these many applications.

Although typical data assimilation problems can be understood from a Bayesian perspective,
for non-linear and potentially high dimensional models it is often infeasible to make useful exact
computations with the posterior. To circumvent this problem, practitioners have developed
assimilation methods that approximate the true posterior, but for which computations are more
feasible. In the engineering communities, particle filters have been developed for this purpose,
providing empirical approximations of non-Gaussian posteriors in [12-13]. In the geoscience
communities, methods are typically built on Kalman filtering theory, after making suitable
Gaussian approximations in [26]; such methods include variational methods like 3DVAR and
4DVAR in [16, 33], the extended Kalman filter (ExKF for short) in [14] and the ensemble
Kalman filter (EnKF for short) in [6, 15]. For these methods the underlying Gaussian ansatz
render them, in general, invalid as approximations of the true filtering distribution in [29].

Despite their widespread use, many of these algorithms used in geophysical applications
remain mysterious from a theoretical perspective. At the heart of the mystery is the fact
that data assimilation methods are frequently and successfully implemented in regimes where
the approximate filter is not provably valid; it is not known which features of the posterior
(the true filtering distribution) are reflected in the approximation and which are not. For
example, the ensemble Kalman filter is often implemented with ensemble size several orders
of magnitude smaller than needed to reproduce large sample size behaviour, and is applied to
problems for which the Gaussian ansatz may not be valid; it nonetheless can still exhibit skillful
state estimates, with high correlations between the estimate and true trajectories in [19, 34].
Indeed, the success of the methods in this non-asymptotic regime is the crux of their success;
the methods would often be computationally intractable at large ensemble sizes.

This lack of theory has motivated recent efforts to better understand the properties of data
assimilation methods in the practical, non-asymptotic regimes. The 3DVAR algorithm has
been investigated in the context of toy models for numerical weather prediction, including the
Lorenz-63 in [28], Lorenz-96 in [27] and 2d Navier-Stokes equations in [4] (see also [36]). These
works focus primarily on the question of accuracy — how well does the state estimate track the
true underlying signal. Accuracy for the EnKF with fixed ensemble size was first investigated
n [23]; the study of accuracy for the EnKF was further developed in [35] using linear models
with random coefficients, but much more realistic (practical) assumptions on observations than
[23], and moreover focussing on covariance consistency through the Mahalanobis norm. The
articles in [48-49] were the first to investigate the stability of EnKF with fixed ensemble size,
by formulating the filter as a Markov chain and applying coupling techniques; here by stability
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we mean robustness with respect to initialization, and study the issue through the lens of
ergodicity. This line of research has been continued in [9] by framing the EnKF as a McKean-
Vlasov system. The limitations of the non-practical regimes have also been investigated; in [21]
the authors construct simple dissipative dynamical models for which the EnKF is shown to be
highly unstable with respect to initial perturbations. This was the first theoretical insight into
the frequently observed effect of catastrophic filter divergence [18].

For the nonlinear filtering distribution itself, there has been a great deal of research over
the last several decades, particularly on the question of stability. Conditional ergodicity for the
filtering distribution for general nonlinear hidden Markov models has been investigated in [25]
and later refined in [17]. Ergodicity for nonlinear filters has been discussed in [8, 10, 23] and
exponential convergence results were first obtained in [2, 5].

1.2 Our contributions

For particle filters, much of the theoretical literature focuses on the question of consistency
in the large ensemble limit, that is, does the empirical approximation converge to the true
posterior as the number of particles in the ensemble N approaches infinity. However, in many
high dimensional applications such as robotics in [46] and ocean-atmosphere forecasting in [30],
particle filters are implemented in the non-asymptotic regime. Indeed in the geosciences, new
filtering algorithms have been proposed to beat the curse of dimensionality and are implemented
with ensemble sizes many orders of magnitude smaller than the state dimension in [31]. In this
article we contribute to the program of analyzing filtering algorithms in practical small ensemble
regimes, focusing on the accuracy and stability of particle filters for fixed ensemble sizes. In
particular, we address the following question concerning the long-time behaviour of the particle
filters: If it is known that the true posterior distribution is accurate and satisfies a minorization
condition, can accuracy and conditional ergodicity be proved for the approximate filter?

We focus our attention on the optimal particle filter (OPF for short) in [1, 32, 51]. The OPF
is a sequential importance sampling procedure in which particle updates are proposed using a
convex combination of the model prediction and the observational data at the next time step.
For details on the OPF, including the justification for calling it optimal (see [13]). There are
two main reasons that we focus our attention on the OPF. First, the optimal particle filter is
known to compare favorably to the standard particle filter, particularly from the perspective
of weight degeneracy in high dimensions in [43-44]. Indeed the optimal particle filter can be
considered a special case of more complicated filters that have been proposed to beat the curse
of dimensionality in [7, 31]. Secondly, under natural assumptions on the dynamics-observation
model, the optimal particle filter can be formulated as a random dynamical system which is
very similar to the SDVAR algorithm. This means that techniques for proving accuracy for the
3DVAR filter in earlier literature in [40] can be leveraged for the OPF.

Throughout the article, we make the assumption of conditional Gaussianity for the dynamics-
observation model. This framework is frequently employed in practice, particularly in geoscience
data assimilation problems. Under this assumption, we show that the true posterior, the fil-
tering distribution, satisfies the properties of long-time accuracy and of minorization. The
accuracy result states that, if sufficiently many variables are observed, the posterior will con-
centrate around the true trajectory in the long time limit. The minorization result shows that



814 D. Kelly and A. M. Stuart

the transition kernel of the nonlinear Markov process generating the filtering distribution is
bounded below, uniformly in time, by a time-dependent multiple of a fixed time-independent
probability measure. Minorization may be used to prove coupling and ergodicity in linear
Markov processes and this fact will be exploited when we study particle filters. Conditional
ergodicity results exploiting coupling are obtained under quite general assumptions in [17, 47].

Having introduced concepts in the context of the filtering distribution itself, we go on to show
that, under the same model-observation assumptions, the OPF exhibits the long-time properties
of conditional ergodicity and accuracy for any fixed ensemble size. For the conditional ergodicity
result, we show that two copies of the particle ensembles, initialized differently, but updated
with the same observational data, will converge to each other in the long term limit, in a
distributional sense. The accuracy result shows that all ensemble members in the particle filter
will concentrate near the true signal underlying the data, in the large-time regime. Both the
accuracy and ergodicity results use very similar arguments to those employed for the analysis of
the filtering distribution itself. In recent work, ergodicity has been used to study the long-run
asymptotic behaviour of particle based optimization algorithms in [45], with motivation taken
from parameter estimation in partially observed dynamical systems in [38].

In addition, we also establish large ensemble consistency results for the OPF. Here we employ
a technique exposed very clearly in [39], which finds a recursion that is approximately satisfied
by the bootstrap particle filter, and leverages this fact to obtain an estimate on the distance
between the true posterior and the empirical approximation. We show that the same idea
can be applied to not only the OPF, but a very large class of sequential importance sampling
procedures. We note that large particle consistency results for particle filters should not be
considered practical results for high dimensional data assimilation problems, as in practice
particle filters are never implemented in this regime. The consistency results are included here as
they are practically informative for low dimensional data assimilation problems and moreover as
the results are natural consequences of the random dynamical system formulation that has been
adopted for accuracy and ergodicity results. For high dimensional data assimilation problems,
it may be more practical to look at covariance consistency, as done in [35]. We also note that
quite general consistency results are proved for optimal particle filters in [20], using the setting
of auxiliary particle filters introduced in [37]; this work was taken further in [11].

As well as obtaining results concerning the stability, accuracy and consistency for the OPF,
for which we perform resampling at the end of each assimilation cycle, we also prove the
corresponding results for the so called Gaussianized OPF. The terminology Gaussianized OPF
was introduced in [22], but the idea was introduced two decades ago in [37] in the context of the
auxiliary particle filter (see [32]). The method differs from the OPF only in the implementation
of the resampling. Nevertheless, it was shown numerically in [22] that the GOPF compares
favorably to the OPF, particularly when applied to high dimensional models. The analysis in
this article lends theoretical weight to the advantages of the GOPF over the OPF. In particular
we find that the upper bound on the convergence rate for conditional ergodicity for the GOPF
has favourable dimension dependence in comparison with the OPF.

1.3 Structure of article and notation

The remainder of the article is structured as follows. At the end of this section we introduce
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some notation and terminology that will be useful in the sequel. In Section 2, we formulate
the Bayesian problem of data assimilation, introduce the model-observation assumptions under
which we work, and prove the accuracy and minorization results for the true posterior. In
Section 3, we introduce the bootstrap particle filter, optimal particle filter and Gaussianized
optimal particle filter. In Section 4, we prove the conditional ergodicity results for the optimal
particle filters. In Section 5, we prove the accuracy results for the optimal particle filters.
Finally, in Section 6, we prove the consistency results for the optimal particle filters.
Throughout we let X denote the finite dimensional Euclidean state space and and we let
Y denote the finite dimensional Euclidean observation space. We write M(X) for the set of
probability measures on X. We denote the Euclidean norm on X' by |- | and for a symmetric
positive definite matrix A € L(X,X), we define |- |4 = [A=% - |. The notation P(a | b) will
denote the density of random variable a, conditioned on known b. Transition kernels ¢(a, -) will
denote transitions from point a, being measures when the second argument is a Borel set in
X, and being densities when the second argument is an element of X'. The kernel ¢ will also
be appended with subscript & when emphasizing that it is inhomogeneous in time. A similar
notation will be used for kernels g on space XYN. Superscript £ will be used in ¢* to denote
k—fold composition of the kernels. Finally we define S : M(X) — M(X) to be the sampling

N
operator SNy = % 3= 6, where u(™ ~ p are i.i.d. random variables.
n=1

2 Bayesian Data Assimilation

We describe the set-up which encompasses all the work in this paper, and then study the
minorization condition and accuracy for the true filtering distribution.

2.1 Set-up

The state model is taken to be a discrete time Markov chain {uy}x>0 taking values in the
state space X'. We assume that the initial condition wug of the chain is distributed according to
po, where p19 € M(X). The transition kernel for the Markov chain is given by P(ugt+1 | ug).
For each k > 1, we make an observation of the Markov chain

Yrt1 = h(Ups1) + Mg (2.1)

where h : X — ) maps the state space to the observation space, and 7, ~ N(0,I") are centred
i.i.d.random variables representing observational noise. We denote by Yy, = (y1,--- ,yx) the
accumulated observational data up to time k. We are interested in studying and approximating
the filtering distribution pug(-) = P(ug € - | Yx) for all K > 1. We will denote the density of

Although we will not use it for all of the consistency results at the end of the paper, for the
ergodicity and accuracy results we will always require the following additional assumptions on
the dynamics-observation model.

Assumption 2.1 Let ¢ : X — X be bounded. The dynamics-observation model is given
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by

U1 = Y (ug) + &, (2.2a)
Ykt1 = Hupq1 + 0y, (2.2b)

where ug ~ pg, & ~ N(0,%) iid., np ~ N(0,T) i.i.d. and wg, {&} and {nx} are independent.
We write ¥ = 02X and I' = 2Ty and require that ¥ and I'y are strictly positive-definite, and
that o,v € (0,00) so that r :== /v € (0,00).

For most of the results in this article we will be interested in properties of the conditional
distributions P(uy | Y%), and particle approximations of it, when the observational data Y
is generated by a fixed realization of the model. For this reason, we introduce the following
notation to emphasize that we are considering a fixed realization of the data, generated by a
fixed trajectory of the underlying dynamical system.

Assumption 2.2 Fix uzr) € X and positive semi-definite matrices ¥, and I', on X and )
respectively. Let {uL} be a realization of the dynamics satisfying

up g = P(uf) + e,

where ul € X is fixed and & ~ N(0,%,) i.i.d. Similarly define {y}} by

yzi+1 = HuchJrl + 77711-1-1’ (2.3)

where 771];+1 ~ N(0,T,) ii.d. and {&},{nk} are independent. We will refer to {UL}kZO as the
true signal and {y] }r>1 as the given fixed data. As above, we use the shorthand Y, = {y/}*_,.

Remark 2.1 Note that this data is not necessarily generated from the same statistical
model used to define the filtering distribution both since 242, and v2T', may differ from ¥
and I', and since the initial condition is fixed. However the covariance structures match if we
define o := rv, ¥, = ¥p and 'y = ['j. When studying accuracy, we will consider families of
data sets and truths parameterized by v — 0; in this setting it is natural to think of » and the
noise sequences {5,1};.@20 and {ﬂl}kzo as fixed, whilst the true signal and fixed data sequences
will depend on the value of ~.

The filtering distribution evolves according to the iteration
k41 = L1 Pk, (2.4)

where P and Lj4; are maps on the space of measures defined as follows. The linear map
P: M(X) — M(X) is the Markov semigroup

Pyr(A) = / P(ugs1 | uk)v(dug).
A
We define the nonlinear likelihood multiplication operator L1 : M(X) — M(X) by

fA P(yrs1 | ups1)v(dugsr)

L v(A) =
et Joo Pngr | wngr)v(dugsr)
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for each A C X measurable. Equation (2.4) simply represents application of Bayes’ formula
with prior Py and likelihood P(yg41 | wgt1)-
Expressed in terms of densities (2.4) becomes

P(ugy1 | Y1) = Plugtr | Y, k1)

= mp(yk-i—l | g1, Vi) P(uk+1 | Yi)
= /X mP(ykﬂ | Wpote1s i, Yio) P (k1 | wn, Yie) Pus | Yie)duy,
= | P P )Pl | ) Pl | Yidu, (26)
Thus we may write
Pl | Vi) = [ s () Pl | Vi, (27)

where the transition density g1 has the form

1 1 1
Qrt1(Up, Up41) = — eXP ( - §|yk+1 — Hupa |t — §|uk+1 - 1/)(Uk)|2z)- (2.8)

If we define
1 1
q2+1(uk, Ug41) = €xp ( - §|yk+1 - Huk+1|% - §|Uk+1 - ¢(Uk)|2z)a

then we see that
Z = / / q2+1(uk,uk+1)P(uk | Yk)dukdukﬂ. (2.9)
xJx

Note the inhomogeneous and nonlinear nature of the Markov chain reflected in the fact that Z
depends on yj41, ug, and on P(uy | Yy). Despite this dependence, the normalization constant
Z can be bounded above independently of k. To see this note that (2.9) gives

1 1
d - _ _ 2
7Z < \/(2m) detE/X/X Tids exp( 2|uk+1 ¢(uk)|E)P(uk | Vi) dugdug41.

Integrating over ujy1 first, and then over uy, gives

Z < \/(27)? det 2. (2.10)

In the next two subsections we state two theorems concerning the minorization conditions
and accuracy of the filtering distribution itself, followed by a subsection which elaborates the
connection between the optimal particle filter and the 3DVAR algorithm. The remainder of the
paper is devoted to establishing analogous results for various particle filters.

2.2 Minorization condition

The result of this subsection is as following.
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Theorem 2.1 Consider the filtering distributions py, under Assumption 2.1. Assume more-
over that the observational data used to define the filtering distribution is given by {y};}kzl from
Assumption 2.2. Consider the transition kernel qii1(ug,-) viewed as a random measure, pa-
rameterized by the random observational data. Then there is a probability measure Q € M(X)
and a sequence of random constants €, > 0, defined by the observational data, such that, for all
Borel sets A in X,

Qr+1(u, A) > e,Q(A). (2.11)

Proof Recall Assumption 2.1 and define pLO = UHf;; + 777,:4_1 where 5,1 ~ N(0,%,) iid.,
7]}; ~ N(0,T,) i.i.d. Recalling (2.8), (2.10) we obtain the lower bound

2m)d det 2 1 1
v/ (2m)ddet ¥ gpyr (u, dv) = % exp ( — §|yk+1 — HU|% — §|v — w(u)%)dv

1 1
> exp (= 5 [HW(u}) + plo — Holf = 5lv = v )dv
> exp(—2[Hy(u) [} — [ (u)E — 2lp}, o — [Hv[E — [v|E)dv

> exp(- X2~ 2lpl o) exp ((— 3ol v, (212)
where
N = S;lg(2|H¢(v)|% + e ()f) (2.13)
and

1
ED‘l ="'+ HT'H .

Thus we have a minorization condition of the form (2.11) where Q(-) is the Gaussian N (0, D)
and the data-dependent random constants € are given by

exp(—A? = 2|pf o 2).

Remark 2.2 For linear Markov processes the existence of a minorization condition leads in
a straightforward way to ergodicity via coupling arguments. In these arguments a new Markov
chain, equivalent in law to the original one, is used; in this new Markov chain moves are made
according to kernel Q with probability €, being governed by a Bernoulli process. In the linear
case it is possible to fix a realization of the Bernoulli process and then average with respect to
it and obtain a process equivalent to the original one. This facilitates coupling. For nonlinear
Markov processes fixing the Bernoulli process and then averaging does not lead to a process
equivalent to the original one and so coupling arguments are more complex (see [10]). The
filtering distribution is governed by a nonlinear Markov process and hence we do not prove
ergodicity. However for the particle filters studied in later sections we work with linear Markov
processes governing the particle ensemble; the proof of minorization is structurally similar to
that in the preceding theorem and this is why we include the preceding theorem here.
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2.3 Accuracy

We now discuss accuracy of the posterior filtering distribution in the small noise limit v < 1.
The assumptions are somewhat restrictive, but give a flavour of what can be achieved; more
careful use of ideas from control theory, such as observability, detectability and stabilizibility
may lead to improved results, similar in flavour. The result uses the 3DVAR filter as an upper
bound, and in the next subsection we will also show that the 3DVAR filter connects very
naturally with the filtering distribution itself, and with the optimal particle filter in the next
section of the paper.

g

Assumption 2.3 Let r = Z and assume that there is r. > 0 such that, for all » € [0,7.),
the function (I — KH)vy(-), with K defined through (2.17) and (2.19), is globally Lipschitz on
X with respect to the norm || - || with Lipschitz constant o = a(r) < 1.

Theorem 2.2 Suppose Assumptions 2.1, 2.3 hold for some r. > 0. Then for all r € [0,7.)
we have

lim sup E|lug — E**uy|* < ey?
k—o00

where EF* denotes expectation with respect to measure py, defined through (2.4) and E denotes
expectation over the dynamical model and the observational data.

Proof This follows similarly to Corollary 4.3 in [40], using the fact that the mean of the
filtering distribution is optimal in the sense that

Eljug, — B u[|” < Ellug — mg?
for any Yj-measurable sequence {my}. We use for my the 3DVAR filter
mi1 = (I — KH)p(me) + Kyg1.
Let ex = ur — my. Following closely Theorem 4.10 of [26] we obtain
Elles1ll7s1 < o®Ellex||* + O(?).

Application of the Gronwall lemma, plus use of the optimality property, gives the required
bound.

2.4 Connection with 3DVAR

In the previous subsection we used 3DVAR as a test function to upper bound the error in
the true filtering distribution. Here we further develop connections with 3DVAR with an eye
on the formulation of the optimal particle filter as a random dynamical system. Consider the
general filtering distribution. Application of Bayes’ formula in the form

Q1 (ur, dug 1) o P(Ypgr|up1) P (g [ug)dug 1 (2.14)

gives

1 1
Q1 (U, dugy1) o exp ( - §|yk+1 — h(ups1) | — §|Uk+1 - w(uk”%)duk—rla
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initialized at the measure pg. Assumption 2.1, namely the linearity of the observation operator,
introduces a key simplification in this expression: we obtain
1 2 1 2
1 (U, dug1) o exp ( = 5 l¥ks1 = Hupa [t = 5lunss — ¢(uk)|z)duk+1 (2.15)
and a simple completion of the square yields an alternative representation for the transition
kernel, namely
1 2 1 2
Q1 (ur, duk_,_l) X exp ( - §|yk+1 - H¢(Uk)|5 - §|Uk+1 - mk+1|c)duk+1 ) (2'16)
where
cl=x"'4+HT'H,
S =HSH*+T, (2.17)
Myp1 = C(E  p(ug) + H T ryppa)

The conditional mean my1 is often given in Kalman filter form
mip1 = (I = KH)(ur) + Kykia (2.18)
where K is the Kalman gain matrix
K=YH*S™! (2.19)

The expression (2.15) arises from application of Bayes’ formula, derived above in (2.6)—(2.8),
in the form (2.14), whilst (2.16) follows from a second application of Bayes’ formula to derive
the identity

P(yr+1 | ubt1) Plugtr | ur)dugsr = P(yrsr | ur) P(ursr | wk, yrrr)duggr

We note that

B 1
P(ypy1 | up) = Z5 " exp ( - §|yk+1 - Hw(uk”%) )
(2.20)

_ 1
Plugyr | ug, ypi1) = Z5"' exp ( — §|Uk+1 - mk+1|20) .

These formulae are prevalent in the data assimilation literature; in particular (2.18) describes
the evolution of the mean state estimate in the cycled 3DVAR algorithm, setting ur+1 = mp4+1
in [26]. We will make use of the formulae in Section 3 when describing optimal particle filters
as random dynamical systems.

3 Particle Filters with Resampling

In this section we introduce the bootstrap particle filter, and the two optimal particle filters,
in all three cases with resampling at every step. Assumption 2.1 ensures that the three particle
filters have an elegant interpretation as a random dynamical system (RDS for short) which, in
addition, is useful for our analyses. We thus introduce the filters in this way before giving the
algorithmic definition which is more commonly found in the literature. The bootstrap particle
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filter will not be the focus of subsequent theory, but does serve as an important motivation for
the optimal particle filters, and in particular for the consistency results in Section 6.

For each of the three particle filters we will make frequent use of a resampling operator,

which draws a sample u,(c") from {ﬂ,(;n)},],\i:1 with weights {w,(cm N

m m+1
= [ay", oy V)

_; which sum to one. To

define this operator, we define the intervals I (m , where

o™ = o™ T =0, N 1,
al” =0.

We then set

(") Z ]I](m) ](Cn) ’\(m)7 (31)

where r,g") ~ U(0,1) i.i.d.Since the weights sum to one, r,i”) will lie in exactly one of the

intervals I ,gi*) and we will have u,(cn) = ﬂ,(;) We also notice that
A
1 N
mgil Néul(cm) S E w 5/-\(771)7

where SV is the sampling operator defined previously.

3.1 The bootstrap particle filter

The bootstrap particle filter (BPF for short) approximates the filtering distribution py with
an empirical measure

|
- n; N‘Sui’” : (3.2)

N_, are defined as follows:

The particle positions {ué"

a, = ¢(u<")) +eM g~ N0, D) iid.,

N . (3.3)
“1(c+)1 Z H[“”) rk+1 ul(c+)1 )

where the second equation uses the resampling operator defined in (3.1) with weights computed

according to

(n),*

n 1 n n W
wiy" = exp ( — ¥k — HUH)1|F) wiy = 7?) (3.4)
J)s

Thus, for each particle in the RDS, we propagate them forward using the dynamical model and
then re-sample from the weighted particles to account for the observation likelihood.

Recall Bayes formula (2.6). The bootstrap particle filter approximates the posterior via a
sequential application of importance sampling, using

Hwﬂuwzjfwmuwwwuan
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as the proposal and re-weighting according to the likelihood P(yk+1 | ur+1). Thus the method is

typically described by the following algorithm for updating the particle positions. The particles

are initialized with uén)

(1) Draw u,(C_H ~ P(uk+1 | u(")).

(2) Define the weights wk forn=1,---,N by

~ o and then updated iteratively as follows:

w™:*

n (n n L
w’(ﬂr)l = P(yr+1 | ul(c+)1)v wl(c-i-)l = Ni—’_l : (3.5)
> wly
m=1

(3) Draw u,(c_gl from {ukﬂ} _, with weights {wk_H}

Under Assumption 2.1, it is clear that the sampling and re-weighting procedures are consis-
tent with (3.3). Note that the normalization factor P(yg4+1 | Y%) is not required in the algorithm
and is instead approximated via the normalization procedure in the second step.

In addition to p} it is also useful to define the related measure

N
= Z wl(cn)(s’g;c”) 5 (3.6)
n=1

with pj) = o, which is related to the bootstrap particle filter by p& = SNpI. As we shall see
in Section 6, the advantage of p¥ is that it has a recursive definition which allows for elegant
proofs of consistency results in [39].

3.2 Optimal particle filter

The optimal particle filter with resampling can also be formulated as a RDS. We once again
approximate the filtering distribution pj with an empirical distribution

1
0,0 - (3.7)

Il
M-

Under Assumption 2.1 the particles in this approximation are defined as follows. The particle
positions are initialized with ué") ~ po. Given a collection of particles u,(cn) the particles are

evolved according to the RDS update step

al, = (I — KHY (™) + Kyer + ¢, ¢ ~ N(0,0) iid.,

3.8)
(n) A(m) (
Uppq = E Hl(m> rk+1 Upy -

Here C, S, K are defined in (2.17), (2.18) and as with the BPF, the second equation uses the
resampling operator defined in (3.1) but now using weights computed by

(n),x _ 1 W™ wzﬁ)l
Wy = EXP | — §|yk+l Hﬂ’( )|s Wy =N - (3.9)

E : wk+1
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In light of the formulae given in (2.20), which are derived under Assumption 2.1, we see that the
optimal particle filter is updating the particle positions by sampling from P(ug41 | u,(c"), Yk+1)

and then re-sampling to account for the likelihood factor P(yj+1 | u,(c"))

. In particular, with-
out necessarily making Assumption 2.1, the optimal particle filter is a sequential importance

sampling scheme applied to the following decomposition of the filtering distribution

Plugsr | Yisr) = / Pk, g | Yior)dug

/ P(up1 | ks Y1) Pug | Vi )dug,

P(yryr | ur)

P(uk“ | uk,ka)P(uk | Yk)duk . (3.10)
P(yrq1 | Yi)

In the algorithmic setting, the filter is initialized with uén) ~ o, then for £ > 0:
(1) Draw a,ﬁ’fl from P(ugy1 | U](cn),yk_i_l);
(2) Define the weights w(™, for n=1,--- , N by

k+1
(n),* (n) (n) w,ﬁ’fﬂl
Wy = P(yr+1 |uk ), Wy = ﬁ; (3.11)
mzl k+17

(3) Draw ukle from {A,(le}m 1 with weights {w,(ﬁ)l}fx:l

It is important to note that, although the OPF is well defined in this general setting for any
choice of dynamics-obsevation model, it is only implementable under stringent assumptions
on the forward and observation model, such as those given in Assumption 2.1; under this
assumption the steps (1) and (2) may be implemented using the formulae given in (2.20) and
exploited in the derivation of (3.8). We emphasize that models satisfying Assumption 2.1 do
arise frequently in practice.

As with the BPF, it is beneficial to consider the related particle filter given by

N
=3 w;">5a§€n) (3.12)
n=1

for k > 1 and with i} = po. Similarly to the bootstrap particle filter we have that plY = SN

3.3 Gaussianized optimal particle filter

In [22], an alternative implementation of the OPF is investigated and found to have superior
performance on a range of test problems, particularly with respect to the curse of dimensionality.
We refer to this filter as the Gaussianized optimal particle filter (GOPF for short), but note
that it was first derived in [37]. Once again, we approximate the filtering distribution with an
empirical measure

N1
= ;1 0 - (3.13)
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As in the previous subsection, we first describe the filter under Assumption 2.1. The filter is

initialized with v(g") ~ 1o, with subsequent iterates generated by the RDS:

3 (n) y, (m)
= Z_:lﬂll(ﬁ:i (Tk+l)vk s

(3.14)
vty = (= KH)$o") + Kyepr + ¢, ¢ ~ N(0,0) iid.
and the weights appearing in the resampling operator are given by
(n), 1 (n)y 2 (n) wgi)i
Wiy = €xXp ( - §|yk+1 — Hyp(v,, )|s)a W =y - (3.15)

Z wk+1

Thus, the update procedure for GOPF is weight-resample-propagate, as opposed to propagate-
weight-resample for the OPF. Hence the only difference between the OPF and GOPF is the
ordering of the the resampling and propagation steps.

In our analysis it is sometimes useful to consider the equivalent RDS:

oY = (I KH)Y0™) + Ky + ™", (™™ ~ N(0,0) iid.,
(3.16)
Uk-i—l = Z I ) Tk+1 k+1 o

The sequences v,(cn) defined in (3.14) and (3.16) agree because for every n there is exactly one
m = m*(n) such that ﬁg:ﬁl(") ") survives the resampling step. Writing the algorithm this way
allows certain parts of our subsequent analysis to be performed very similarly for both the OPF
and GOPF; it is not a formulation to be implemented in practice.

For a general dynamics-observation model, the GOPF is described by the following algo-
rithm:

(1) Define the weights w,(c:i)l forn=1,---,N by

(n),
n n n w
wiy" = Plypsr o)), wiy = —H— (3.17)

Z wk+1

(2) Draw {),(C") from {v MmN w1th weights {wk+1}
(3) Draw v,(ci)l from P(ugy1 | vk ,yk+1) .
Unlike for the previous filters, there is no need to define an associated ‘hatted’ measure, as

the GOPF can be shown to satisfy a very natural recursion. This will be discussed in Section
6.

4 Ergodicity for Optimal Particle Filters

In this section we study the conditional ergodicity of the two optimal particle filters. The
proofs are structurally very similar to one another and so we give details only in one case. The
ergodicity results require a metric on probability measures to quantify convergence of differently
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initialized posteriors in the long time limit. To this end, we define the total variation metric on

M(X) by

1
dry () = 5 sup |u(h) = v(B)] (4.1)
|h|<1
where the supremum is taken over all bounded functions h : X — R with |h| < 1, and where we
define p(h) := [, h(z)p(dz) for any probability measure p € M(X) and any real-valued test

function h bounded by 1 on X. This definition is then readily extended to probability measures
on XN,

4.1 Optimal particle filter

Before stating the conditional ergodicity result, we first need some notation. Define uj =
(u,(cl), e ( )) to be particle positions defined by the RDS (3.8) with up = ¢, and similarly
U, = (ug) o ,u,(gN) ) with po = d.;. Then uy is a Markov chain taking values on XN whose
inhomogeneous Markov kernel we denote by g (z, ). The law of uy, is given by ¢* (2o, -), defined
recursively by composing the gx; and similarly the law of u}, is given by ¢ (2, -). The conditional
ergodicity result states that if the two filters ug, uj, are driven by the same observational data,
then the law of uy will converge to the law of u) exponentially as k — co.

Remark 4.1 We abuse notation in this subsection by using ux € X" to denote the N
particles comprising the optimal particle filter; this differs from the notation u; € X used in
the remainder of the paper to denote the underlying dynamical model. Similarly ¢ is here
a one-step linear Markov kernel on XV whereas, previously, it denoted a one-step nonlinear
Markov kernel on X. We note also the important distinction between g and ¢*: in the former
case qj is a one-step transition kernel, inhomogeneous and depending on k; in the latter case

k is kernel found by composing over k steps.

Theorem 4.1 Suppose that Assumptions 2.1 hold. Consider the OPF particles ug,u}, de-
fined above. Assume moreover that the observational data used to define each filter is the same,
and given by {y};}kzl from Assumption 2.2. Then there exists 3n € (0,1) such that, almost
surely with respect to the randomness generating {y};}kzl,

lim sup(drv (¢" (20, ), ¢ (26, ) * <3 - (4.2)

k—o00

Proof Step A Notice that

¢ (20, ) = /X Qe ()" (0, dug), (4.3)

where the transition kernel gxy1(ug, ) is here viewed as being a measure.

The heart of the argument is Step B, below, in which we prove a minorization condition for
the transition kernel gx11, as we did for the filtering distribution itself in subsection 2.2. That
is, we seek a measure Q € M(X) and a sequence of constants ¢, > 0 satisfying

Gr1(u, A) = €,Q(A) (4.4)
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for all w € XN and all measurable sets A C X. Given a minorization condition, we obtain
the result via the following standard coupling argument. The minorization condition allows us
to define a new Markov kernel

Qv (2, 4) = (1= &)™ (arr1(2, 4) — exQ(A)) - (4.5)

The Markov chain in which transitions occur with probability 1 — €, according to gr41(z,-)
and with probability €5 according to Q(-) is equivalent in law to the Markov chain {ux}, and
similarly for {u} }. Furthermore we may couple the two Markov chains by using the same random
variables to select whether moves are made according to gx+1(z,-) or Q(-). We now complete
the coupling argument, assuming the minorization condition holds. We compare expectations
of the two Markov chains, using the equivalent in law formulation above, and coupled through
the random moves according to Q(+) which occur at each step with probability e;. Let Ay be the
event that the state independent Markov kernel Q(-) is not picked at all times 7 =0,--- , k — 1.
Then we have

drv(d (o, ), (e, ) = 5 sup [B(fux) = F(03)
- % \fslu% IE((f (ur) — f(ui))La, + (f (ur) = f(ug))Lag)| -

Note that for this coupling the second term vanishes, as in the event A, the two chains Markov
kernels qk(zo, -) and qk(z{), -) will have become identical to measure Q at, or before, step k.
Once that happens, they remain identical for all future steps. It follows that

k
drv(a*(20,-), (2, ) < E(la,) =P(Ax) = [[(1 - ) -
j=1

To obtain the result (4.2), we need to understand the limiting behaviour of the constants ¢;
appearing in the minorization condition (4.4). Hence we turn our attention toward obtaining
the minorization condition.

Step B Before deriving the minorization, we introduce some preliminaries. Using the fact
that

Yier = Ho(u}) +7(rHE, + )1,

and defining

ar = (I = KH)$(u") + KHp))oy, 6= (G700
Pho = 1rHE +nl 1), k= GEEHE +nl )0,
we see that
U1 = ar + ph+ G -
The next element of the sequence, ug1, is then defined by the second identity in (3.8). We
are interested in the conditional ergodicity of {ux}g, with the sequence {pL};‘;l fixed. By

Assumption 2.1, ay, is bounded uniformly in k. We define the covariance operator € € L(XN, XN)
to be a block diagonal covariance with each diagonal entry equal to C' and then

R = sup(|(I — KH)p(u) + K Hp(v)[2) ,

(u,v)
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which is finite by Assumption 2.1.

Now, let Ey be the event that, upon resampling, every particle survives the resampling.
There are N! such permutations. We will do the calculation in the case of a trivial permutation,
that is, where each particle is mapped to itself under the resampling. However the bounds which
follow work for any permutation because we do not use any information about location of the
mean of the particle proposals; we simply use bounds on the drift . If each particle is mapped

to itself, then u,(€+)1 = u,(ﬁgl foralln =1,---,N. It follows that

Qi1 (u, A) = Plups1 € Alug = u)
> P(ug4+1 € A|uk =u, Ey)P(Ep)
= ]P’(ﬂk_,_l S A|uk = U)P(EQ) . (4.6)

‘We now note that

]P’(ﬂk_,_l S A|uk = u) =

1 1 T2
m /Aexp ( a §|x — 0k~ pk|€)dx
12
exp(—|ar +
> SIS [ (- foft
V(2m)iN det € Ja

= exp(—2]ar[2) exp(—2|pf 12)Qe (A)

xp(—2N R?) exp(—2|p} [2)Qe (A),

2~ ex

AN
2% ¢
where Q¢ (A) is the Gaussian measure N (0, +¢). Thus we have shown that

P(uk41 € A|uk = u) > 0,Qe(A4), (4.7)

where
o = 2_% exp(—QNRQ) eXP(—2|pL|® :

Moreover, we have that
=N H wk+1

(n),*
Note that we have the bound w,(;j_)l > w’“% for each n = 1,--- N because each w,(ﬁ)l* is

bounded by 1. But we have
wii* = exp ( - %kaﬂ — waé”’)l%)
= oxp (= g 1HQ() — Ho(u) + plof%)
> exp(—r® = [pf o[3),
where

r2 = sup |[Hy(u) — Hip(v)[%

u,v

which is finite by Assumption 2.1. From this we see that

1
P(Ey) > N!W exp(—NT2 - N|PL,0|%)'
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Thus we obtain the minorization condition (4.4) where
1
€ = N!W exp(—Nr? — Nlpl,ol?g)&c, Q=0Qc¢.
Step C By the argument in Step A we have that
k kit i
drv (g (20,), 4" (20, ) F < 3k, (4.8)

k 1
where 35 = ( [T - ej)) . Since the € are i.i.d. and integrable, by the law of large numbers,

almost surely with respect to the randomness generating the true signal and the data, we have

1n3k =

k o)
1 n
Z (1—¢) = Eln(l —e) :—EZ:lﬁel. (4.9)

?rl»—‘

But ¢; < exp(—2|pJ{10|%). Since pJ{)O is Gaussian it follows that the n*" moment of ¢; is bounded
above by O(n™2) so that the limit of In3;, is negative and finite; the result follows.

4.2 Gaussianized optimal filter

As in the last section, we define v, = (U,(Cl), e ,U,SN)) and similarly for v; using the RDS

but now for the GOPF (3.14) (or alternatively (3.16)) with distinct initializations pg = 4., and
fio = 6-;. Similarly to Theorem 4.1, we let ¢* (o, -) denote the law of vy.

Theorem 4.2 Suppose that Assumptions 2.1 hold. Consider the GOPF particles vy, v},
defined above. Assume moreover that the observational data used to define each filter is the
same, and given by {y;i}kzl from Assumption 2.2. Then there exists 35 € (0,1) such that,
almost surely with respect to the randomness generating {y,i}kzl,

limsup(dry (¢* (20, ), 4" (20,-)) * < 3 - (4.10)

k—oc0

Proof The proof follows similarly to that of Theorem 4.1, in particular it suffices to obtain
a minorization condition for gg41(v,-). We will use the RDS representation (3.16), which we
now recall

oY = (I — KH))0!™) + Kygyr + ™™, ¢™™ < N(0,0) iid.,

. (4.11)
”1i+)1 = Z HJ("” Tk+1 k+1 R

In this formulation, note that for each n there is one and only one m = m*(n) such that
]Ifxim) (r,(c")) = 1. We see that

Uk 2= (Ul(cn))ﬁle = (@im (n))n))gzl .

Using the fact that
vboy = Ho(uh) +y(rHEL + 1))
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and defining

ar = (I = KH)$™ ™) + KHY@))N_, G = (¢ ™WmHY (4.12)

n=1

pho=70HE +nl,), pl=(K@CHE +nl,))N, (4.13)

we see that
Vkt1 =ak+pL+Ck .

Now notice that

g1 (v, A) = P(ugyr € Ao = v) = B(@T, ™) € AJvy = 0)

_ ! 1 |2
B W/Ae’{p(‘ ole = ar = plfe) s

_ 12

> SRS [ e fofi i
(2m)ddet€ Ja

~% exp(—2|ar|3) exp(—2p}[2) Qe (4)

~ % exp(—2NR?) exp(—2|p} [2)Qe (A), (4.14)

where Qg is the Gaussian measure N (0, %@) Thus we have shown that

Qi1 (v, A) > 6,Qe(A), (4.15)

where
o = 2_% exp(—ZNRQ) eXP(—2|pL|® :

The remainder of the proof (step C) follows identically to Theorem 4.1.

Remark 4.2 We can compare our (upper bounds on the) rates of convergence for the two
optimal filters, using the minorization constants. For the OPF we have

1
€ = N!W exp(—Nr2 — N|p1)0|§)51 ,

where
01 = 2_% exp(—ZNRQ) eXp(—2|PI|® )

for the GOPF we simply have ¢; = §;. The extra IV dependence in the OPF clearly leads to a
slower (upper bound on the) rate of convergence for the OPF. Thus, by this simple argument, we
obtain a better convergence rate for the GOPF than for the OPF. This suggests that the GOPF
may have a better rate of convergence for fixed ensemble sizes; further analysis or experimental
study of this point would be of interest.

5 Accuracy for Optimal Particle Filters

In this section we study the accuracy of the optimal particle filters, in the small noise limit
v — 0. The expectation appearing in the theorem statements is with respect to the noise
generating the data, and with respect to the randomness within the particle filter itself. Note
that this situation differs from that in the accuracy result for the filter itself which uses data
generated by the statistical model. Assumption 2.2 relaxes this assumption.
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5.1 Optimal particle filter

Theorem 5.1 Suppose that Assumptions 2.1, 2.3 hold and consider the OPF with particles
{uk } _, defined by (3.8) with data {yk} given by Assumption 2.2. It follows that there is
constant ¢ such that

hmsupE(maxHuk u£||2) < cy?
k—o0

Proof First recall the notation ¥ = 03y, I' =~I¢ and r = % Now define
So =r?HYoH* + T,
Co=1*(I — KH)%o
and note that
S =928y, C=~°Cy, K =r*SoH"S;"
We will use the RDS representation
al, = (I ~ KH)(u") + Kyl +¢53, ¢~ N(0,0) iid.,

. (5.1)
uk+1 Z ]I1<m) Tk+1 “1(c+)1 )
where Cé”k) ~ N(0,C)) i.i.d. Hence we have
whir = (I = KH)$(u}) + K Hu(u}) + ], (5:2)
)y = (1~ KH) (") + K(Hw) +7nl0) +1G07 (5.3)
where C(()TZ) ~ N(0,Cp) ii.d. Subtracting, we obtain
i — b = (= KH) (@) = w(u}) + 7", (5.4)
where L,(C") = (Kn} T Cojlk — r&l). Moreover we have the identity
N
uch+1 = Z HJ("” (Tl(c-i-)l)u;fc—i-l (5.5)
m=1

Thus, defining

) =u” —ul, gV =a" —ul,

we have from (5.1) and (5.5)

A(m)
ek_H— E I (m) Tk—i—l €y -

Thus

max [lef"), |* < max||&} |,

where the norm is the one in which we have a contraction. Using (5.4), the Lipschitz property
of (I — KH)Y(-), taking expectations and using independence, yields

E(max ) - uf 1 |?) < o’E(max]|u” - uf]*) + O()

and the result follows by Gronwall.
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5.2 Gaussianized optimal filter

Theorem 5.2 Let Assumptions 2.1, 2.3 hold and consider the GOPF with particles {v,~C N
defined by (3.14) (or (3.16)) with data {yk} given by Assumption 2.2. It follows that there is
constant ¢ such that

hmsupIE(max ||v uL||2) < cey?

k—o00

Proof Recall the notation defined at the beginning of the proof of Theorem 5.1. Recall
also the RDS representation of the GOPF (3.16)

o = (I KH)Y(0™) + Kyeen +7G0",

(5.6)
vk+1 = Z HJ(””) Tk-i—l vk+1 ) ,

where we now have (; (mn) N(0,Cp) i.i.d., recalling that C' = v2Cy. We also have the identity
whiy = (I = KH)(up) + K Hi(up) + €] (5.7)

where Céﬁg ~ N(0,Cp) i.i.d. Subtracting, we obtain
o —uf = (T = KH) (™) — ¢(ul)) + 7, (5.8)

where L,(C") = (KU;LH + céf;j —r&l). Note that

uk+1 Z ]Iﬂm) Tl(c-i-)l)uz+l’ (5.9)
so that, defining
el(cn) _ 'U](cn) o UL7 A(m n) ](cm n) UL,

we have from (5.6), (5.8) and (5.9)

(n) (n) A(mn)
€pi1 = Zﬂl(m> rk+1 €yl -

Thus

max ey, |* < max [l

where the norm is the one in which we have a contraction. Using (5.8), using the Lipschitz
property of (I — K H)i(-), taking expectations and using independence, gives

E(mgx ||v,gi)1 —uf %) < a2IE(m3x Jo{™ — ul |?) + 0(v?) .

The result follows by Gronwall.
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6 Consistency in the Large Particle Limit

In this section we state and prove consistency results for the BPF, OPF and GOPF intro-
duced in Section 3, in a simple unified framework. For the BPF the result is well known but we
reproduce it here as the prove serves as an ideological template for the more complicated proofs
to follow; furthermore we present the clean proof given in [39] (see also [26, Chapter 4]) as this
particular approach to the result generalizes naturally to the OPF and GOPF. We also note
that the more general analysis of the consistency of the auxiliary particle filter in [20] implies
the result that we prove here about the GOPF.

6.1 Bootstrap particle filter

In the following, we let fx11 : X — R be any function with fri1(ug+1) o< P(Yrs1 | wgt1);
any proportionality constant will suffice, but the normalization constant is of course natural.
As in previous sections, we let uj denote the filtering distribution. The following theorem is
stated and then proved through a sequence of lemmas in the remainder of the subsection.

Theorem 6.1 Let plY, p¥ be the BPFs defined by (3.6), (3.2) respectively, and suppose that
there exists a constant k € (0,1] such that

k< fopr(upsr) < 71 (6.1)

for all ups1 € X, yp41 €Y and k € {0,--- , K — 1}. Then we have

K
(R, i) < (262N (6.2)
k=1
and
K 1
d(py, i) <D (267 %)F N2 (6.3)
k=0

for all K, N > 1.

Remark 6.1 Note that the constant =2 appearing in the estimates above arises as the
ratio of the upper and lower bounds in (6.1). In particular, we cannot optimize x by choosing
a different proportionality constant for fiii.

Recall formulation (2.4) of the iteration for the filtering distribution. In terms of under-
standing the approximation properties of the BPF, the key observation is that the measures
{pN }k>o satisfy the recursion

P = Lyt SYPOY, P = po, (6.4)

where P : M(X) — M(X) is the Markov semigroup and, as defined in subsection 1.3, S™ :
M(X) — M(X) is the sampling operator. The convergence of the measures is quantified by
the metric on random elements of M(X') defined by

d(p,v) = sup VE[u(f) —v(f)]?,

[floo<1
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where, in our setting, E¥ will always denote expectation with respect to the randomness in the
sampling operator S™V. This metric reduces to twice the total variation metric, used in studying
ergodicity, when the measures are not random. The main ingredients for the proof are the
following three estimates for the operators P, S™ and L, with respect to the metric d.
Lemma 6.1 We have the following:
(1) sup d(SNv,v) < N-z.

veM(X)
(2) d(Pp, Pv) < d(p,v) for all uy,v € M(X).

Proof See [26, Lemma 4.7, Lemma 4.8].

We state the following lemma in a slightly more general form than necessary for the BPF,
as it will be applied in different contexts for the optimal particle filters.

Lemma 6.2 Let Z be a finite dimensional Euclidean space. Suppose that gg+1 : Z — [0, 00)
is bounded and that there exists k € (0, 1] such that

k< grpr(u) <kt (6.5)
for allu € Z and define Gri1: M(Z) = M(Z) by Grs1(v)(0) = v(gk+10)/v(gr+1). Then
d(Grirp, Grprv) < (267 2)d(p,v)
for all p,v e M(Z2).

Proof See [26, Lemma 4.9].
We can now prove the consistency result.

Proof of Theorem 6.1 First note that, taking Z = X and gx+1 = fr+1 in Lemma 6.2, we
obtain Gy41v = Ly1v. Thus, by (6.1), it follows that d(Lgi1p, Li+1v) < (2672)d(p, v) for all
w,v € M(X). Combining this fact with the recursions given in (6.4), (2.4) and the estimates
given in Lemmas 6.1 we have

d(ﬁi\;laukﬂ) = d(Lk+1SNPﬁivaLk+1PMk)
<2k 2d(SV PPy, Puy)
<257 2(d(S"™ Py, PPY) + d(Ppyy , Pis))
<267INTE 4 257 2d(pY, ) - (6.6)
And since pj) = o, we obtain (6.2) by induction. Moreover, since p = S~ pl¥
d(pr ) = d(SVBR s ) < A(SNR oy ) + By s 1) (6.7)

and (6.3) follows.

6.2 Sequential importance resampler

In this section we will apply the above strategy to prove the corresponding consistency
result for the OPF. Instead of restricting to the OPF, we will obtain results for the sequential
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importance resampler (SIR for short), for which the OPF is a special case. See [13, sections II,
ITI] for background in sequential importance sampling, and on the use of resampling. As with
the OPF, the SIR is an empirical measure

= Z N5 (my - (6.8)

We will abuse notation slightly by keeping the same notation for the OPF and the SIR. The
particle positions are drawn from a proposal distribution m(ugi1|ug, yr+1) and re-weighted
accordingly. As usual the positions are initialized with u((J")
(1) Draw u ukJrl from 7(up1 | uk ,yk+1)

(2) Define the weights w,(€+)1 forn=1,---,N by

~ po and updated by

W = L (yk+1|a,<€’jr)1)p @hle™) o w
7T('UJ]€+1|'UJ]€ 7yk+l) Z wg:,:)f*
m=1

N
m=1"

(3) Draw u,(ﬁ)l from {ukH}N , with weights {wk+1
Thus, if we take the proposal to be m(ugt1 | uk, Yr+1) = P(ugt1 | Uk, yr+1) then we obtain the
OPF (3.7). Without being more specific about the proposal 7, it is not possible to represent
the SIR as a random dynamical system in general.

Precisely as with the OPF, for the SIR we define the related filter

N
= Z w,(c”)éain) (6.10)
n=1
with )" = po and note the important identity plY = SNaY. The following theorem, and

corollary, are proved in the remainder of the subsection, through a sequence of lemmas.

Theorem 6.2 Let iV, u™v be the SIR filters defined by (6.10), (6.8) respectively, with pro-
posal distribution 7. Suppose that there exists fry1 : X X X — R with

P(yr+1 | wht1)P(ugsr | ug)

Uk+1, Uk ) X 6.11
Jr1 (ueg1, ug) T ures [t en) (6.11)
and satisfying
K < fr (g, ug) <k (6.12)
for all upq1,up € X, k€{0,--- , K — 1} and some k € (0,1]. Then we have
K
_ _1
(i, pr) <Y (2672 N2 (6.13)
k=1
and
K
_ _1
d(pp, pi) <Y (2672)FN "2 (6.14)
k=0

for all K, N > 1.
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Remark 6.2 As for the boostrap particle filter, the appearance of x~2 reflects the ratio of
the upper and lower bounds in (6.11); hence there is nothing to be gained from optimizing over

the constant of proportionality. If we let

P(yr+1 | wrs1)P(ugsr | ug)

Jrr1(Ups1,uk) =
T(Ukt1 | Wks Ykt1)

then the estimate (6.12) is equivalent to

K (Wit | U Y1) < Pkt | wes1) Plungr | we) < 670 (wir | w, yrr) -

This can thus be interpreted as a quantification of equivalence between measures 7 and the
optimal proposal P(yxt1 | ugs1)P(ups1 | uk).

Remark 6.3 It is important to note that Assumption 2.1 on the dynamics-observation
model is not required by Theorem 6.2. However Assumption 2.1 can be used to ensure that
(6.12) holds. This observation leads to the following corollary.

Corollary 6.1 Let iV, ™Y be the OPFs defined in (3.12), (3.7) respectively and satisfying
Assumption 2.1. Then there is k = k(Yi) such that we have

K
d(fife, pc) <Y (262N "2 (6.15)
k=1
and
K 1
d(pp, pi) <Y (267N T2 (6.16)
k=0

for all K, N > 1 and where k=1 = exp (0<Ijn<3}}<(—1 lyj+1|* + sup, [Hy(v)[3).

Although similar to the argument for the BPF, the recursion argument for the SIR is
necessarily more complicated than that for the BPF, as the weights w,ii)l can potentially depend
on both u,(;j_)l and u,(c"). This suggests that we must build a recursion which updates measures
on a joint space (ug41,ur) € X X X. This would also be necessary if we restricted our attention
to the OPF, as the weights are defined using u,(cn) and not the particle positions ﬂgfl after the
proposal.

The recursion is defined using the following three operators.

(1) First P[ ; maps probability measures on & to probability measures on X' x & by

PEan(4) = [ [ mlusalin pon)n(du)duen, (6.17)
A

where A is a measurable subset of X' x X.
(2) The reweighting operator L}, maps probability measures on X x X' to probability
measures on X x X and is defined by

Li1Q(A) = Z_l//A W1 (Uk+1, Uk ) Q(duk1, duy), (6.18)
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where Z is the normalization constant of the resulting measure. The weight function is given
by

P(yrt1|tups1)P(upyr|ug)

6.19
(U1 |Uk, Y1) (6.19)

Wet1 (Ukp1, Uk) =

(3) Finally, M maps probability measures on X x X into probability measures on X via
marginalization onto the first component:

Q) = [ [ Q. dw).

It is easy to see that the posterior uy satisfies a natural recursion in terms of these operators.

U

Lemma 6.3 py1 = ML Pl jig.

Proof Let P(uy | Y)) denote the density of ju, then Py is a measure on &' x X' with
density

7r(uk+1 | uk,ka)P(uk | Yk) . (6.20)
And L7 PT  jx is a measure on X' x X’ with density

Z w1 (Wi, ur )T (W | ks Y1) Plug | Ya)
=Z7"P(yks1 | wngr) Pluggr | ug)Plug | Vi) - (6.21)

Finally, MLy | Pl | px is a measure on X with density
/X Z7 P(yrs | s ) Puggr | ue) Plug | Yi)dug = Z7 Plyrg | tpgr)Pluggr | Vi) - (6.22)
Similarly, for the normalization factor, we have
Z = //Xxxp(ka | whr1) P | ug) Pluk | Yi)dugpdugg

_ / Plyss | i) Pluss | Ye)dus (6.23)
X

and thus by Bayes’ formula (6.22) is equal to P(ugy1 | Yit1) as required.
We now show that an associated recursion is satisfied by the SIR filter z'.

Lemma 6.4 Let iV be the SIR filter given by (6.10), then
ﬁkNJrl = ML;HSNPI:H/%V (6.24)

for all k >0 and N > 1, where SN denotes the sampling operator acting on M(X x X).

N
Proof By definition, iy = Y w,(cn)éﬁ(w so that P iy € M(X x X) with density
k

n=1

N
S w(ursr | ", yn)d(u — a”) . (6.25)

n=1
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Note that a sample U ~ PF_ iy is a pair (ﬂ,g’fl,uén ) obtained as follows: ﬁrst draw a sam-

~(n) N

ple uk " from {u,"},—1 with weights {w } _, and then draw sample © uk+1 from 7(up41 |

uEC ) ye+1). Thus, by definition of the u,(€+)1 sequence we see that SV P  7i has density

N
Z U+l — uk+1)5(uk u,(cn)) . (6.26)

It follows that L7, ,S™PJ,,up has density

S 2w @ ul )0 (wpsr — B0 (s — ™) (6.27)

n=1
and ML, SN PF . p has density

N
> 2 o @ ) (e — ) - (6.28)

n=1

Lastly, the normalization factor is given by

// Zwk_l,_]_ ukﬂ,ul(c ))(5(u;€+1 — a,(ﬁ)l)&(uk — U](cn))ddeUk;J,_]_
XXX,

- Zwkﬂ @, uy, (6.29)

a" (")) (") and we obtain the result.

1
so that Z— wk+1(uk+17 = Wiy

In the final step before proving Theorem 6.2, we state some simple properties for the opera-
tors appearing in the recursions. Note that these are similar but not (all) immediately implied
by the corresponding results for the BPF, Lemma 6.1.

Lemma 6.5 We have the following simple estimates:
(1) d(Mv,Mp) < d(v, p),
(2) d(P +1Y P,;T_H,u) <d(v,p),

(3)  sup d(SNy,v)< N7z,
vEM(X XX)

Proof Let f(z,y) = f(z) and let g(z,y) denote an arbitrary function. Then

Muv(f) — Mu(f) = v(f) — u(f). (6.30)

The first inequality follows immediately from taking supremum over all |f| < 1, which is
necessarily smaller than the supremum of v(g) — u(g) over all |g| < 1.
We also have

Plv(g) — Piyaulg) = v(g™) — (g™, (6.31)

where ¢™(ur) = [ g(ups1, up)m(ursr | wk, Yip1)dugsr. And since [¢7[oo < 1, the second
inequality follows. The third inequality is proven in [26, Lemma 4.7], simply replacing X with
X xX.
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We can now proceed with the main result.

Proof of Theorem 6.2 In the context of Lemma 6.2, take Z = X x X and gr+1 = fr+1,
it follows that Gy1v = L, v. Indeed, for any ¢ : X x X — R and with g1 = Z \wpy1 we
have

_ v(ges1) _ v(wkp) 7

Gk+1y((¢0)_ V(gk+l) = V(wk+1) = k+1y((¢0)'

We therefore obtain from Lemma 6.2 that

d( Z—Q—lﬂv L;cr+ly) S (2’%_2)61(/% V)

for all p,v € M(X x X).
Thus, using the recursions given in Lemmas 6.3, 6.4 and the estimates given in Lemma 6.5,
we obtain

d(ﬁﬁf-lvﬂk—kl) = d(MLZ+1SNP,f+1ﬁéV, MLZ+1P1;T+1MIC)
< d(LZHSNP,fH[Z]kV, Ly Plyape)
< 2“_2d(SNPg+1ﬁkNv Plap)
<2k7? (d(SNPlLlﬁiva Pl:+1ﬁ{cv) =+ d(P,:Hﬁ]kV, P;Lluk))
<2k7TENTE + 25 2d(AY ) (6.32)

and since /i)Y = po, we obtain (6.15) by induction. Moreover, since u = SN,

d(py s ) = d(SVER ) < d(SVER AR + d(@y pe) (6.33)

and (6.16) follows.
The corollary follows immediately.

Proof of Corollary 6.1 For the OPF we have

P(yr+1 | wrs1)P(ugsr | ug)
P(yr+1 | ur)

(gt | Wk, Ykr1) = Pt | Uk, Ypg1) = ; (6.34)

where we have applied Bayes formula in the final equality. But under Assumption 2.1 we have
that

_ 1
Plyess | w) = 25 exp (= Slyers — Ho@il) (6.35)
Thus we define fr41 by

P(yr+1 | wht1)P(ugsr | ug)
T(Ukt1 | Wky Yt1)

(g, 5) = Zs = exp (= gl — HY)lZ)  (636)

and hence (6.12) holds with k=1 = exp (0<H2)<( ) |y;j+1|* +sup, |Hz/1(v)|§), which, for each Y,
<jSK-

is finite by Assumption 2.1. The result follows from Theorem 6.2.
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6.3 Gaussianized optimal particle filter

In this section we derive the consistency result for the GOPF.

Theorem 6.3 Let vV be the GOPF defined by (3.13) and let Assumption 2.1 hold. Then
there is k = k(Yx) such that

K

A px) < (267 2)FN2 (6.37)
k=0

for all K, N > 1, where k=1 = exp ( max |y;41]? + sup, |H1/)(v)|§)
0<j<K-1

For the GOPF, the consistency proof uses the same strategy, but turns out to be much more
straightforward. First note that the decomposition of the filtering distribution given in (3.10)
gives the recursion formula

1 = Qi1 K, (6.38)
where K11 : M(X) — M(X) is defined by

Kyp(A) = 27! /A Py | ui)pu(dug) (6.39)

for all measurable A C X where Z is the normalization constant, and Qpy1 : M(X) — M(X)
is the Markov semigroup with kernel P(uk+1 | ug, Yr+1)-

N
Moreover, we have the following recursion for the GOPF. Let y,iv = % > 5U(n>.

n=1 F
Lemma 6.6 The GOPF vi¥ satisfies the recursion

vy = SN Qe Kigavi) (6.40)

with v} = SN g .

Proof Note that Ky € M(X) with density

N
> 27 P(yisn | of)o(vk — V) (6.41)

n=1
The normalization constant is given by

N

N
7 = /XZP(%“ |v](€"))5( n) d’U — Z yk+l | Uk ) (642)
n=1

and thus Z 1P (yx41 | v,(cn ) = w,ii)l We then have Qg1 Ky 17 € M(X) with density
N
Z w,iz_)lP(ka | v,in), Ykt1) - (6.43)

To draw a sample vk from this mixture model we draw ’Uk ") from {’Uk )} _, with weights

{wk+1}m , and then draw v,iJr)l from P(viy1 | vk ,yk+1) It follows that SNQkHKkHy}cV =

Vk+1
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Proof of Theorem 6.3 If we let

1
gu1(00) i= ZsP(yesalon) = exp (= Slyer — Ho(wo)l3) |
then gj4+1 satisfies the assumptions of Lemma 6.2 with

-1

K :exp( |yg+1| +SUP|H¢( )|%)

0<y <K 1

In particular, since Gp41v = Kp41v, it follows from Lemma 6.2 that
A(K 1, Kpav) < (2672)d(p, v)

for all p,v € M(X).
Using the recursions (6.38), (6.40) and the estimates from Lemma 6.1, we see that

d(SN Qa1 Kyav s Qur K1 i)

A(S" Qi1 K1y, Quir Kip1vy) ) + Qi1 Ki1vy s Qrr1 K1)
N7% + d(Kpavh , K1)
N7F 26720 ) (6.44)

d(yljc\fi-la /J'k-l-l)

VAN VAN \/\

by induction, we obtain

k
AW 1, bnsr) Z (2672 N7z + (2621 d(Y , o) (6.45)
7=0

=

And the result follows from the fact d(v¥, o) = d(S™ po, p10) < N~
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