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Piston Problems of Two-Dimensional Chaplygin Gas*

Shuxing CHEN! Aifang QU?

Abstract In this paper, the authors study the piston problem for the unsteady two-
dimensional Euler system for a Chaplygin gas. The angle of the piston is allowed to vary
in a wide range. The piston can be pushed forward into the static gas, or pulled back from
the gas. The global existence of solution to the piston problem with any initial speed is
established, and the structures of the global solutions are clearly described. The authors
find that for the proceeding piston problem the front shock can be detached, attached or
even adhere to the surface of the piston depending on the parameters of the flow and the
piston; while for the receding problem the front rarefaction wave is always detached and
the concentration will never occur.

Keywords Multi-Dimensional piston problem, Proceeding, Receding, Mach num-
ber
2000 MR Subject Classification 35L65, 351.67, 76105, T6N10

1 Introduction

In this paper we study the two-dimensional piston problem for the Chaplygin gas. The piston
problem is a basic prototype problem in the study of mathematical theory of compressible fluid
dynamics (see [12, 23]). In one-dimensional case the problem is described as follows. Initially,
the static gas with uniform pressure py and density po is assumed to be in an infinitely long
tube enclosed by a piston at one end and open at the other end, then any motion of the piston
will cause the corresponding motion of the gas in the tube. In particular, a shock wave will
appear ahead of the piston if the piston is pushed forward into the gas, while a rarefaction
wave will result in if the piston is pulled backward from the gas. The tube is often called a
shock tube. Determining the state of the gas and the propagation of the nonlinear waves in
the tube is called a piston problem. In [12-13, 23] the authors took the one-dimensional piston
problem as a model to analyze the occurrence and the motion of the basic nonlinear waves in
the compressible fluid, so that the importance of the piston problem is well known to relative
researchers. One can refer to [4-5, 14-15] and the references therein for more related results.

If the shock tube is wide and the profile of the piston takes the shape of a wedge, then

the motion of the gas is no longer one-dimensional. Moreover, the motion of the gas near
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the tip of the piston can be locally described as a motion caused by the pushing or pulling of
an infinite long wedge in the whole plane filled with gas. As in the one-dimensional case the
piston problem in two-dimensional case will offer us much more opportunities to analyze the
occurrence, propagation and interaction of nonlinear waves in two-dimensional space, which has
rich structures and phenomena (see [1]). A good example is the work given by Volker Elling
and Taiping Liu in [16], where the study of the two-dimensional piston problem is naturally
linked with the problem on supersonic flow past a wedge. It is proved there when a sharp
wedge suddenly hits the static gas with a constant speed, the global existence of the flow with
an attached shock outside the wedge can be well determined, provided that the speed of the
piston is supersonic and some restrictions on the flow parameters (see [16, (1.1)] ) are satisfied.
Another related work can be found in [8, 11], where the piston is an expanded disk in two-
dimensional space and the expanding of the disk causes an expanding shock moving into the
static gas.

It is anticipated to establish a general result for the two-dimensional piston problems without
any restriction on the vertex angle of the piston and its speed moving into the static gas as in
the one-dimensional case. In this paper we will give such an analysis for the piston moving in
the Chaplygin gas, which amounts to the polytropic gas with v = —1. One can refer to [2-3,
22] for more physical background of this kind of gas. Due to the linearly degenerate property
of the Chaplygin gas the wave structure caused by a given motion is often simpler than that
for the general polytropic gas with v > 1. Hence this model allows us to obtain the global
wave structure of the piston problem with initial data in a wide range. The result in this paper
shows that the attached shock is present in the similar condition as that in [16] (see [6-7, 17,
21, 24-25]) for attached shock in steady case) and, furthermore, detached shock is also obtained
for some kind of initial data as the vertex angle is suitably large. We believe that the result is
helpful to study the similar problems for the general polytropic gas.

Let us describe the problem in more details. We first consider the proceeding piston problem.

Assume that the gas is static initially, and a piston:
{(z,y) €R*: 2 > |y|cotbp} (1.1)

with fp € (0, %) moves from right into the gas on the left with uniform velocity (—uo,0), where
ug > 0 (see Figure 1). As we will see that different 6y may result in the solution with different
structure for the same initial state. We would like to study the existence and the structure of
the solution for a large class of initial data in this paper.
The two-dimensional inviscid adiabatic Euler equations take the form
{Btp—i-divxgpu) =0, (1.2)
O(pu) + divx(pu®@u) + Vxp =0

for (t,x) € [0,00) x R%. Here, p,u = (u,v),p are the density, the velocity and the pressure of
the fluid, respectively. For the isentropic Chaplygin gas, the state equation is

plp) = (-~ 2), (13)
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static gas piston

Figure 1 Two-dimensional piston problem.

where a and p, are two positive constants. The sound speed of the gas is ¢ = %.

The domain under consideration is
Q={(z,y,t) : x < |y| cot By — upt}.
Its boundary is 9Q2 = W,, U W; with

Wu ={(z,y,t) : y >0, y = (x + uot) tan b }, (1.4)
W, ={(z,y,t) : y <0, y = —(z + uot) tanbp }. (1.5)

We assume that the flow satisfies the following slip boundary condition
(u,v) - v]ae = 0, (1.6)

where v is the outward unit normal of the boundary: v|w, = (sinflg, — cosbyp), viw, =
(sinfp, cosbp).
Note that the above equations, the initial data as well as the boundary are invariant under

the scaling
(z,y,t) = (az,ay,at) for a#0.
Thus, we can seek self-similar solution with the form

p(x,y,t) = p&n), (wv)(x,y,t) = (u,0)(n) for (5,77):(%7%)-

By introducing such a transformation the system (1.2) is reduced to

{div(pv) +2p =0, (1.7)
div(pv ® v) + 3pv + Vp(p) = 0, '
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with div = divie ), V = Ve, v(§n) = u(§,n) — (§ 1) being the pseudovelocity. Corre-

spondingly, the initial state of the gas becomes the far field condition:

(0, v) (&) = (po, =& —n) as & + 7 is sufficiently large. (1.8)

In the (£,7n) coordinates, the domain  becomes
ﬁ = {(5777) € RZ : 5 < |77| CO‘DQQ — UO}.

Its boundaries are respectively

Wy ={(&n) :n>0,n= (€ +uo)tanfp} and W, ={(&m): 1 <0,n=—(+up)tanby}.

Under the transformation E = £ + up, 7 = 7, the equations (1.7) are formally invariant.

Correspondingly, the state of the gas in the far field should satisfy

(B, V)(E7) = (po, uo — & — 7).
The domain Q becomes
{(€,7): €< |7l cot o}

with boundaries

Wae={E 7): 7>0,7f==¢tan6} and W, ={(&7):7<0, 7=—Ctanb}.

<

Hereafter, we will go on in these new coordinates and drop “~” for simplification without

confusion. This transformation makes the piston be fixed and the gas move to the piston with
initial velocity (ug,0). Thus we can equivalently consider the dynamical problem caused by
uniformly moving gas hitting a fixed wedge with initial data (pg, uo,0).

Since the problem is symmetric with respect to the n-axis, it is sufficient to consider the

problem in the upper half-plane 1 > 0 outside the wedge
A :={£ <ncotby,n >0} (1.9)

Then the piston problem in the (x,y,t)-coordinates can be reduced to the following boundary

value problem in the self-similar coordinates (£, 7).

Problem 1.1 Seek a solution (p, u,v) of system (1.7) in the self-similar domain A with the

slip boundary condition on JA:
(u,v) - v]oa =0, (1.10)
and the far field condition at infinity:

(u,v)(€,m) = (ug,0) as &2 +n? = +o0. (1.11)

In this paper, we have the following main result for the two-dimensional piston problem.
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Theorem 1.1 In the piston Problem 1.1, if a piston satisfying (1.1) moves from right into
the static Chaplygin gas on the left with uniform velocity (—ug,0) and ug > 0, then there exists
a piecewise smooth flow field satisfying (1.10) and (1.11) for 6y € (0,%5). In particular, if the
Mach number My = Z—g < 1, then ahead of the piston there is a bow shock away from its tip; if
ﬁ > My > 1, then there is a shock attached to the tip of the piston; and if My > ﬁ, then

a part of gas will concentrates on the surface of the piston (called mass concentration).

One can also discuss the receding case, i.e., the piston recedes away from the gas (ug < 0).

For this case we have the second conclusion.

Theorem 1.2 If the piston problem satisfying (1.1) recedes away from the gas with uniform
velocity (ug,0), i.e., ug < 0, then there exists a piecewise smooth flow field satisfying (1.10) and
(1.11) for 6y € (0,%). There is always a rarefaction wave in front of the piston. Particularly,
if % < cosby — sin by, then there will appear an additional shock issuing from the tip of the

piston and stopping at the sonic circle.

The study of Problem 1.1 will be divided into three steps. First we determine the waves
far away from the tip of the wedge. Due to the finite speed of wave propagation, the tip of the
wedge has no influence on the flow field far away from it. Therefore, when we consider the flow
field far away from the tip, the piston can be assumed as a half plane, i.e., 0y = 5. And it is
equivalent to determine the positions of the wave front and the state of the gas behind the wave
front for a one-dimensional problem. Next, we investigate the interaction of the incoming waves,
and determine the position of all new resulting waves, as well as the states in the corresponding
regions bounded by these new waves up to the sonic circles. Finally, we give the existence of
the solution in the domain bounded by the sonic circle and the surface of the wedge by using
the theory of elliptic equation.

For our discussion later, let us briefly recall some basic properties on the Chaplygin gas.
These results will be extensively employed in this paper, and their proofs can be found in [9,
20, 22]. The basic facts for the self-similar solutions of Euler system for Chaplygin gas are:

(1) The state equation of the Chaplygin gas is
1 1
p(p) = a*(——-) (112)

with p, a given constant. Hence the sonic speed c is inversely proportional to the density p.

(2) All characteristics are linearly degenerate. The slope of shock is equal to the slope of
corresponding characteristics. Any particle of the fluid moves across the shock with sonic speed
as relative velocity.

(3) Any rarefaction wave degenerates to a characteristic, so that its width is zero and thus
can be regarded as a shock with negative strength. Both the rarefaction waves and the shocks
are called pressure waves.

(4) On the plane of the self-similar coordinate variables { = £, n = ¥, all pressure waves

are tangential to the sonic circle of the state on both sides of the pressure wave.
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(5) If two states U; and U, are connected by a slip line, then both (u;, v;) and (u,, v,-) should
be located on the line and p;= p,.

The above five properties allow us to be able to construct the self-similar solution of two-
dimensional Euler system for Chaplygin gas in the hyperbolic region of the piston problem in
this paper.

In the sequel, the letter ¢; denotes the sonic speed corresponding to the state (p;, us,v;)
without more explanation.

In the remaining part of this paper, our main effort is to prove Theorems 1.1 and 1.2. The
paper is organized as follows. In Section 2 we study the case when the front of the moving body
is a straight line with an inclined angle, and get the expression of the solution. In Sections 3
and 4 we consider the case when the moving body is a convex wedge. Particularly, in Section
3 we assume that the piston is pushed to the gas with the velocity (ug,0) and ug > 0. By
constructing the solution in the supersonic domain and proving the existence of solution in the
subsonic domain, we complete the proof of Theorem 1.1. After that, in Section 4 we study
the case that the piston is pulled away from the gas. We also establish the global existence
of solution in this case and then complete the proof of Theorem 1.2. The proofs of these two
theorems are the main contents of this paper. The conclusions are also summarized in two
tables in Sections 3 and 4, respectively. In Section 5 we give a brief discussion on the case that
the piston is a concave body, the description of which is given there. Finally, an appendix is
given in Section 6 citing Grisvard’s results on the regularity of the solutions of elliptic equations

in a domain with corners.

2 Reduced Case: The Piston Reduces to a Half Plane

Consider the case that the piston is a moving half plane, making an inclination angle 5 with

the z-axis. The initial data are

(p,u,v)(x,y,0) = (po,u0,0), = <ycotf. (2.1)

In this case, the problem is one-dimensional, it can be easily solved by using the method in
[9-10]. Next we only list the corresponding results and omit the corresponding proof.

We should first determine the possible waves in front of the wall. The boundary condition
(1.10) requires that usin 8 —vcos8 = 0 on JA. The fact point (5) in Section 1 indicates that
the uniform flow connected to the wall by a slip line is impossible. In addition, all possible
waves should locate on the left hand side of the wall requires ug < cg. Thus only one wave
denoted by Lo; would be present in front of the wall. Directive calculation gives the location

of the wave Lo;:

co
_(e_ 2.2
K (5 u0+sinﬁ)tanﬁ (2.2)
as well as the state between the wave and the wall:
(p1, w1, 1) = (m, ug cos? B, ug cosﬁsinﬁ). (2.3)
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Figure 2 Normal case.

The shock Lg; will terminate at a point 77 of the sonic circle Cy, with

{le = ug — cosin G,

N, = co cos B. (24)

Another shock Lgis coming from the opposite direction and having the same formula with
L1 terminates at T, too. The state of the gas on the left hand side of Ly U Lgy/ is Uy and in

the domain between the waves Lo U Lo1- and the wall is ( ug cos? B, ugcos Bsin 3).

__a
co—up sin 37

The subsonic domain is bounded by the sonic circle C centered at the point
O1 (ug cos? B, ug sin S cos 3)

with radius ¢; and the wall (see Figure 2).

Remark 2.1 (1) Note that the total mass on each segment between the shock wave and
the wall parallel to &-axis is ﬁ, which is independent of the initial data pg and ug. It means
that once the piston proceeds to the gas too quickly, say, ug > =2 5> then the shock and all gas
between the shock and the wall adhere the wall and then form a concentration of mass like a

Dirac measure. Such a phenomenon is called concentration (see [3, 22]).

(2) To avoid concentration, or in other words, ¢; makes sense if and only if

Uo 1
— < =
co sinf

If the initial Mach number is less than 1, then there exists a solution containing one shock in

for f € (o, g) (2.5)

front of the piston, no matter what angle the piston makes with the &-axis. If the Mach number
is greater than 1, the same conclusion also holds for suitably small 5.

(3) For given static uniform gas, the faster the piston moves to the gas, the larger the
strength of the shock wave is, as well as the density after the wave. In addition, if the piston
moves to the gas with a fixed velocity, then the strength of the waves increases as the angle 3,
made by the velocity and the profile of the piston, increases. Furthermore, from (2.3) we know
that as 8 increases from 0 to 3, p; increases from pg to ﬁ, while v; increases from 0 to %

if 8 € (0,%), and decreases from % to 0 if g € (F,%).
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(4) The sonic circle Cy intersects with the ¢-axis at the point Py, which is the origin if
Z—g =1, and is on the right hand side of W, if Z—g € (1, ﬁ) It indicates that the origin may
locate in the supersonic domain or the subsonic domain for different initial Mach number.

Remark 2.2 For the potential flow with state equation p = p¥,v > 1, it is sufficient to

consider the case # = 5. The location of the shock wave is

go = — oY (2.6)
P1 — Po

From the Bernoulli’s law we can get

2 2v t—1
B =2 (0t —1) (2.7)

with ¢t = & > 1.
Po

Let f(t) = &2 (t7~1 — 1), then for ¢t > 1,

Z_}
20— D)+ (y -1+ D 2(t - 1)

f(t) = ) > 0. (2.8)

Hence the inverse of f(t) is well defined in (1,4+00). It means that for fixed py any initial
velocity ug corresponds to unique density p; behind a shock. In accordance, (2.6) gives the
value of |{y| > 0. Therefore, the concentration phenomena could not occur for the polytropic

gas.

3 Proceeding Piston Problem: ug > 0

1
sin fg

In this case, the condition “—(‘: <

2.1.

By symmetry we only need to construct the solution on the upper half plane. As mentioned

is required in advance due to (1) and (2) of Remark

in Section 1, the waves far away from the origin are obtained by the normal case in Section 2
with 8 = 6y directively. And there is one wave parallel to the upper wall W,, denoted still by
Lo, satisfying (2.2) (see Figure 3). The wave terminates at T3 (ug — cg sin g, cg cos 6p), the sonic
point of both states Uy and U;. The state of the gas far away from the origin between W, and
Loy is

a

(pl,ul,vl) = ( , U COS2 90,U0 COSG() sin@o). (31)

co — ug sin Oy

It is possible that the tip of the wedge may locates in the supersonic region (outside the
circle Cp). In this case, the uniform incoming flow does not satisfy the boundary condition,
then new waves result in. According to this possibility, we consider the next three different
cases specified by the initial data: (1) 0 < £2 <1;(2) ¥ =1; (3) 2 € (1, ﬁ)

(1) If 0 < ¥ <1, the left intersection point Fy(uo — co,0) of Cp and the &-axis locates
on the left hand side of W,. The state of gas on the left hand side of the wave Ly; can be

kept unchanged up to its sonic circle Cy, i.e., PyT} in Figure 3, due to the finite speed of wave
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propagation. The coordinates of T} is given by (2.4). The sonic circles Cy, C, the &-axis and
the wall W, bound a domain denoted by Qg (see Figure 3). The point Py (ug cos® 0y + (co —

ug sin fg) cos by, ug cos Oy sin By + (co — wo sin ) sin fy) is the intersection point of C; and W,,.

Figure 3 The piston proceeds to the gas with My < 1.

Denote by €y the domain bounded by the part of the £-axis left of Py, the arc I/Dﬁ of the
sonic circle Cy and the wave Lo;, then the state of the gas in Qg is (po, ug,0). Denote by
the domain bounded by the wave L1, the arc Fl?l of the sonic circle C'; and the wall W, then
the state of the gas in Q4 is (p1,u1,v1) given by (3.1).

So far, we have determined the supersonic domain composed of 2; and the state inside it
for i = 0, 1 respectively. The subsonic domain §24,1, is bounded by the sonic circles Cy, C1, the
£-axis and the wall W,,. Hereafter, we denote the sonic part of the boundary of Qgup by 01 Qsup
and the other part by 02€Qsun. We have here 01 Qg = Fl?l U fl_I?O and 82Qu, = OP; U 0.

To get the global existence of solution to Problem 1.1, the state of the gas in (2,1, needs to
be determined. We now focus on it. On the one hand, we know that the irrotational property
could be kept forever for both steady and pseudosteady piecewise smooth flow of Chaplygin
gas (see [22]). On the other hand, by the analysis in normal case, there is no slip line in front

of the wall. Thus a velocity potential ® can be introduced, such that the velocity u = V®.

For isentropic irrotational flow, the Bernoulli’s law reads in [12],
1 2 .
o, + §|V(I)y)<1>| + i = const, (3.2)

where ¢ is the enthalpy satisfying di = %dp. Then we have by (1.3)
2

1
1+ 5[ Va | - 2“7 = const. (3.3)

In addition, we have ®(t, z,y) = t(¢(£,n)+5(£24n?)) for some ¢ satisfying V¢ ,d = v(£,7),
and (3.3) is reduced to

1 9 a?
§|V¢| +¢-— 27 = const. (3.4)
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Looking for self-similar solution, we have |v|? = Z—j on the sonic part of the boundary of

Qsub, which means that along this part the potential ¢ is constant, chosen as zero without loss

of generality. Then (3.4) gives

p= ——— (3.5)

V20 + Vol

It together with the first equation of (1.2) gives

V¢ 2

di + =0. 3.6
ot NI ot VP 0

The boundary condition on 91,1, is ¢ = 0, and on 9o gy is % = 0, where v is the outward

unit normal. Therefore, it holds the following boundary value problem in the subsonic domain.

:{div Vo4 2 =0 in Q.

L2604+ (Ve? 20+ V9P

{ =0 on 91 Qsub, (3.7)
06 _

Loy = 0 on O0osub-

Set 1) = /24, then (3.6) becomes

2
div Vv + =0, (3.8)
VIHIVER /14 VY2
and the boundary value problem (3.7) is reduced to

:{div vy + 2 =0 in Qgp,
LT VYR /14 VY
{ =0 on 9, Quup, (3.9)
1 Oy
[ sub -
{70 0 on 02

For this problem we have the following result.

Lemma 3.1 There exists a unique positive solution to (3.9). This solution belongs to
C(Qeup \ 01Q%up) N C(Qsup) with o = %_  and is C>® smooth both in Qsu, and at the

71'—‘90 ’

interior points of 02Qsup except O.

The basic idea of the proof of this lemma is referred to [22], but the appearance of the corner
of the domain and the Neumann boundary condition requires some modification. For reader’s
convenience we write the detailed proof here.

By introducing parameters 4 and with 0 < p < 2, € > 0, we consider the boundary value
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problem:
:{div vy ad —0 in Qu,
LI IVEE /14 (VP
{ b=¢ on 9 Qeun, (3.10)
)
la—f =0 on 8Qqub.

The problem (3.9) is the case = 2 and ¢ = 0 for the problem (3.10). Denote by v, . the
solution to (3.10), we will prove the existence of ¢, . for all 0 < 4t < 2 and € > 0, and then
prove the existence of the limit of ¥, . as e — 0.

To simplify the notations we often denote Qg by €2 in the sequel.

For the case € > 0, 1o = ¢ is the solution of (3.10) with p+ = 0. Let J. be the set of
p € [0,2], such that the solution 1, . exists and satisfies

€ < Pue< Gy |Vipel< Ce, (3.11)

where C; is a positive constant depending on € only. We are going to prove J. = [0,2]. It can
be derived by using the fact that J. is closed and open, because of 0 € J..
Before studying the property of the set J¢, let us first derive the linearized problem of (3.10).

By a direct computation we have the linearized problem for unknown function v as

ILU—I—EQ@—U—!—dv:f in €,

' Ox;

{ v = on 018 ub, (3'12)
:La_z =0 on 82qub7

where

Lv=(1+ wi)vmm = 295, Yy Vayzy + (1 + wil)vwzwza
I

Ci = _wwwm
d= —%(HIWI?).

Obviously, the operator L is uniformly elliptic under the assumption (3.11) and d < 0. Notice
that the boundary 0;Qup is of C™' and piecewise C2, while the boundary 9241, consists of
OP, and OP; forming an angle ™ — 6. Besides, 0 Q1 perpendicularly intersects 0xQyp, at Py
and Py, so that by using reflection the corners Py and P; can be eliminated. The point O is
the corner of the domain 2, which has to be considered more carefully.

Return to consider the property of the set J.. To prove the openness of J. we assume that
po € J. and the corresponding solution to (3.10) is ¢, .. Taking the linearized problem at
Yuo,e 88 in (3.12), it is shown in Appendix that such a linearized problem gives a one-to-one

mapping from f € C~%(Q) to v € C1T2(Q), and the solution v satisfies the estimate

lvllcrte) < Cllflle-1+e@), (3.13)
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where C~172(0) is defined as a set of functions f, which can be decomposed as

ofi o )
f= Zai—i—fo, fieC¥(Q) for 0<i<2

i=1,2

while the C~17%(Q) norm is defined by

2
[ fll-140.0 =inf > || fil

=0

o,Q-

The above argument means that the mapping defined by the linearized operator is invertible
at (po,Vu,.e). Thus by the implicit function theorem there exists a neighborhood of pg, such
that the mapping p — 1, - is well defined there. This fact implies the openness of J. at jo.

To prove the closeness of J. we take a sequence {um,} C Jo with g, — u. We notice that
the operator in (3.10) ( multiplied by a factor (1 +|V|2)? ) is uniformly elliptic and satisfies
the maximum principle. Then the C't® estimate as shown in Appendix implies the bounds
of ¢y, - in C1T(Q), which is independent of m. Hence we can choose a subsequence {im, },
such that the corresponding {w#mk,s} is convergent in C1* with o/ < «, and the limit Ypue is
in Cb<. It implies p € J..

Hence J. = [0, 2], which gives the existence of 13 ..

Now let us study the limit of ¢ . as € — 0. Since 9 can neither reach its maximum inside
Q nor on G2, \{O}, then by the maximum principle we have 92 . > .

Take a family of functions ¢"™(z) = £(r? — |z — m|?). Obviously, ¢"™(z) is a solution of
(3.7) for any m € R?, r > 0. Correspondingly, the function "™ = /2¢™™ satisfies (3.8), if
¢"™(x) > 0. Moreover, "™ satisfies 1 > € on 91 Qg if Q C Bm(m), and satisfies ¢ < ¢
on Oy, if Bm(m) c Q.

Consider the normal derivatives S%Zm . On the line 6 = 6, the outward unit normal direction

is (sin 6y, — cosfp). Then

a(bnm
ov

= (mq1 — z1)sinfy — (ma — 2) cos§y = my sin by — ma cos . (3.14)

Obviously, %|9:00 >0,ifmeX ={0+7 <6 < 2r}. Similarly, %b:ﬂ > 0.

Therefore, azg:;m satisfies the same inequalities on 6§ = 6y and # = 7. It implies that ™" is a

supersolution to (3.9), as m € ¥’ and Q C B z—z(m). Taking 11 as the infimum of all these
Y™™, we have € < 1o . < 7.

On the other hand, if m locates in ¥ = {0y < 6 < 7} and B, z—z=(m) C €, then "™
satisfies the equation (3.8) in Q, ¢ < & on 91, and % < 0 on 92Qsup. Hence 9™ is a
subsolution to (3.9), so that = > ¢™™. Denoting by 1. the supremum of all these ¥"™, we
have 15 . > - > 0.

In view of the fact that 13 . monotonically decreases as ¢ — 0, and is bounded below, then
P(x) = 611_13% ¥o.c(z) are well defined. To prove that ¢(z) = 24¢(z)? is actually the solution to

(3.7), we have to establish the uniform boundedness of ||[Va || L.
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First, the normal vector of the boundaries § = 6y and # = 7 are different, and agi’s

0, then Vgo . =0 at 0.

To derive the uniform boundedness of V¢ . inside 2, we define z, = %|V¢27€ |2 and establish

02Qup

the boundedness of it. To simplify notations we will simply denote ¢ . and z. by ¢ and z in

the sequel. Expanding (3.7) we have
Lo+2z+4¢ =0, (3.15)

where L = (2¢ +22)A — V¢ ®@ V¢ : D2, Acting the operator V to (3.15) and then multiplying
by V¢, we have
V- VLo +2Ve-Vz+ 8z = 0.

Direct calculation gives
VLp = (2Vp+2V2)Ap+ (2¢ + 22)VA¢
— (V2 bur + 2V(huty)bay + Vdidyy) — Vo © Vo : DV,
Vz-VLz =420z +2A¢V¢ - Vz + Lz — (20 + 22)Tr(D?¢)* — |Vz|?.

Then z satisfies
Lz + (2A¢V¢ — Vz +2Ve) - Vz + (4A¢ — 2Tr(D?*¢)? + 8)z = 2¢Tr(D?*¢)?, (3.16)

and the right hand side is obviously nonnegative. (3.16) shows that if the coefficient of z is
negative, we can use the maximum principle to estimate z. However, we do not know the sign
of 4Tr(D?*¢) — 2Tr(D?¢$)? + 8. To make remedy we use (3.15) and replace the variable z by
z + a¢. By adding (3.16) with (3.15) multiplied by «, we obtain

L(z 4+ a¢) + (2A¢V ¢ + 2V¢) - Vz + (4A¢ — 2Tr(D?¢)? + 8 + 2a)z +4ap > 0. (3.17)
That is
L(z + ag) + (2A¢Vd + 2V @) - V(z + a¢) + 2Mz + dagp > 0, (3.18)

where M = —Tr(D?¢)? +2(1 — a)A¢ — a? — a — 4.

Note that by reflection any point on 0oy, except the corner O can be treated as the
inner point of the domain 2, since the boundary condition on 02y is homogeneous Neumann
type condition, and the equation satisfied by ¢ is reflection symmetry with respect to the two
straight sides of 92Qgu1, (see [18, Lemma 6.18]). Similarly, the points 91 Qsup N 2Qsub can be
treated as the inner points of 01Qs,. Now if z + a@ arrive at local maximum at some point g
inside © or on 92Qsup \ {O}, then V(z + ag) = 0 and L(z + a¢) < 0. Hence

Mz > —2a¢ (3.19)
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there. Due to A¢ = Tr(D?¢), we can obtain M < —i by choosing o = % Furthermore,
V¢ = 0 due to the boundary condition on 02,1, then we have

5 5 45
sup (z + —(b) < max [ sup (z + —¢), — sup ¢+]
Q 2 01 Qe UO 2 2 o

< max [ sup (z + §¢), 45 sup¢+}. (3.20)
01 Qe 2 2 0o
Therefore, V¢ (a simplified notation of Vo ) is bounded on the whole (2.

Summing up, ¢2 . and ¥s . are convergent as € — 04, and the limit of them are the solutions
of (3.7) and (3.10), respectively. Furthermore, by using classical elliptic theory (see [18]) the
solution is C'*° inside of ). Moreover, at any point @ on 92Qg,p \ O we can use reflection to
reduce the case to that for an interior point of domain, because the boundary condition is

simply the Neumann condition. Hence 1 is also C*° at the point Q.

If 0o — 5, then we have
&, = up —cosinfy = ug — co, Ny, = o cosby — 0. (3.21)

In other words, T7 will coincide with Py, and Lg; will be vertical to the -axis. The limit case
is nothing but the solution of the normal symmetric case.

(2) If 1;—3 = 1, then the intersection point Py of Cy and the £-axis coincides with the origin
(see Figure 4). The domain g with state of gas (pg, ug,0) is bounded by the negative £-axis,
6—T\1 and the wave Lo;. The domain ; with state of gas (p1,u1,v1) is just the same as above.
The difference from the case Z—g < 1 is that Py here coincides with the origin O. Hence the
boundary of the domain Qg,1, is 01 Qsup = PAT1 UT10 and 0201, = P1O. The angle formed by
the arc 6—T\1 and the straight line OP; is 0, = % — 6. Since the boundary conditions assigned
there are of Dirichlet type on 6_T\1 and of Neumann type on OP;, then the local regularity of
the solutions of Laplacian there should be C1*¢ with a = 207 = ﬂf—oeo (see [19]). Therefore, by
using the same argument we know that Lemma 2.1 also holds in the recent case.

(0] Oo ¢
Figure 4 The piston proceeds to the gas with My = 1.

If 6o — 5, then &, = up —cosinby — ug —co = 0, N, = cocosbp — 0. In this case, the gas
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will ultimately form a concentration on the surface of the wall. The state away from the wall
is constant (pg, ug, 0).

(3) If 22 € (1, ﬁ)’ then ¢o — ug < 0, the point Py locates on the right hand side of W,,.
The origin is not enclosed by the sonic circle Cy. Note that the initial data and boundary
condition do not satisfy the compatibility condition near the origin. Thus a new wave Ly will
result in from the origin (see Figure 5). It will terminate at a point T of Cy. Then we have
OT, 1 OyTy. Denote by U, the state near the origin and lies between Lgs and W,,, and denote
by Oz the intersection point of W, and OyT,. Here we indicate that (£o,,70,) is nothing but
(uz,v2). Based on this analysis, we can determine the location of the wave Loz, the domain

bounded by L2, W, and the circle C5, as well as the state Us inside the domain as follows.

Figure 5 The piston proceeds to the gas with My 6(1 1 )

? sin fg
The angle made by OpT» and the £-axis is arccos ;—2 Then

. Co
Ug sin (arccos —) 2 _ 2
uo up\/ug — c§

T Co = . :
cos (5 — 6y — arccos —) cosin by + \/ug — 3 cos by

Uo

|00,| =

The coordinates of Oy are

( __ up\/ud — c3 cos by

i {0, = |002| cos bty = ,

cosinbp + \/u2 — & cos Oy (3.22)
up\/ud — c3sin by

cosinfy + y/ug — c%cos&o.

i 10, = |002]sinfy =

Thus, we have

ug\/ud — ¢ cosby upy/ug — c3sinfy
(uz,v2) = : [2 _ 2 P [2 _ 2 '
cosinfy + \/ug — cgcosby cosinby + /ug — c§cosby

(3.23)

In addition,

|OTs| = \/u? — 2.
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The coordinates of the terminal point 75 of wave Lgs are

_ 2 _ 2
I{sz = |OT5| sin (arccos C—O) _ % CO’
Uug (77)
SR (3.24)
oyl Co Coy\/ Ug — Cj
! nr, = |OT3] cos (arccos —) v 0
t Ug ()
Meanwhile, the sonic speed of the gas with state U; is
co = |OTs| tan LT00,
= |OT3[tan (z — 6y — arccos C—O)
u? — c2(co cos By — sin Oy /ug — c2
_ Vg — 3l i) .

cosinfy + cos gy /ud — 3

The sonic circle of state Uy is Co @ (€ — ug)? + (1 — v2)? = ¢3. It intersects with W, at a point
Pg, with

{5132 = €0, — ca cos by, (3.26)
np, = No, — C2sinfyp.
The boundary of the domain 24,1, in this case is
01 Quup, = P To UT, Ty UT P, (3.27)
corresponding to the arcs of sonic circles Co, Cy and Cy respectively, and
02Qsub = P1 Py (3.28)

The domain Qg with state (pg, ug,0) is bounded by the negative £-axis, the wave Lga, the arc
1/“2?1 and the wave Lo1. The domain Q; with state (p1,u1,v1) given by (3.1) is bounded by the
wave L1, Tl—l'z and W,. The domain Qo with state (p2,ua,v2) is bounded by the wave Loa,
the wall W, and PyT5. Here p2 = é and (ug,v9) are given by (3.25) and (3.23), respectively.
The points 71,75 and P, are given by (2.4), (3.24) and (3.26), respectively.

The remaining work is to solve the corresponding boundary value problems in the subsonic

domain Qgup. It can be reduced to

2
:fdiV vy + =0 in Qqup,
b1 VYR /14 [V
{ =0 on P15 UT,Th UT, P, (3.29)
: 8—1/) =0 on P1P2.
Lov

Since the corners of the elliptic domain are P; and P», which can be eliminated by reflection.
Therefore, as did in the case (1) we can solve the problem (3.29), so that have the following

conclusion.
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Lemma 3.2 There exists a unique positive solution to (3.29). This solution belongs to
CH(Qup \ 012%ub) NC(Qgun) for any o < 1 and is C°° smooth both in Qsup, and at the interior
points of 2Qsub-

We also notice that there will appear concentration due to Remark 2.1 (1), if £ > siano'

In summary, if the initial Mach number is less than 1, there is a shock present in front of
the upper wall of the wedge. The shock is detached in which case the flow near the tip of the
wedge is subsonic. As 6y — 7, it coincides with the normal symmetric case. If the initial Mach
number is greater than or equal to 1, then the shock in front of the piston is attached. More
precisely, the shock has a straight part near the tip as Z—S € (1, ﬁ) Finally, the shock simply

Hence Theorem 1.1 is established. The

conclusion can also be illustrated by the following Table 1. The concentration here is in the

adheres to the surface of the piston, if % > - 19 .
0 s U

same sense as that in [3].

Table 1 The wave picture for the proceeding piston problem.

Mach number wave structure

LU detached shock (Figure 3)

Co

% _q attached shock curved at the tip (Figure 4)
Co

1
% ¢ (1 —) attached shock with straight part at the tip (Figure 5)

co " sin 6y
(1) 1 .
— > — concentration
co — sinfy

4 Receding Piston Problem: ug < 0

Consider the case that the piston is pulled back from the gas, i.e., ug < 0. We also only
need to analyze the motion of the gas on the upper half plane. The analysis on the normal case
in Section 2 for ug > 0 is also available for ug < 0. Since the condition (2.5) is satisfied for all

ug < 0, then the only assumption in this part is
i
ug <0, 6 € (0, 5) (41)

As before, we start with determining the waves far away from the origin. It also can be
treated as the normal case in Section 2 with g = 6. There is one wave denoted by Lg; parallel
to the upper wall W,, (see Figure 6). Its location is given by (2.2). It terminates at the point
T; given by (2.4). Denote by U; the state of the gas far away from the origin between W,
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Figure 6 The piston is pulled back with —E—g > cos Bp — sin Op.

and Lo;. Then the solution Uj is given by (3.1). Correspondingly, the sonic speed there is

Cl1 = Cyp — Up Sineo.

Remark 4.1 Noting that uy < 0, we have p; < pg, which means that the wave Lgy; is a
rarefaction wave. The faster the piston recedes from the gas, the smaller the density p; is, and
the stronger the rarefaction wave is. However, the density p; is always positive, no matter how
large the value |ug| is. It means that vacuum (p = 0) will never appear here for the Chaplygin

gas.

The center of the sonic circle Cy, denoted by O (ug cos? 8y, ug cos 0y sinfy), locates below

the &-axis, the radius of C; is |O1P1| = ¢1 = ¢g — ugsinfy. The comparison of the length

of O1 P, and OO; determines the wave structure of the receding piston problem. Obviously,
|01P1| < |001| gives Co — Up sin90 < —Up COSG(), i.e.,

) < cos by — sinbp. (4.2)
ug

Since ug < 0, (4.2) is impossible for 6y > 7. The above analysis tell us that the tip of the wedge
may locates in the supersonic domain (outside C7). In this case the uniform state U; does not
satisfy the boundary condition, so that a new wave may take place due to the influence of the
tip of the wedge. Hence we consider the following three different cases specified by the initial
data: (1) —g2 > cosf — sinbo; (2) —2 = cosflp — sinfo; (3) — 3 < cosfy — sinby.

(1) It —5—3 > cosfy — sinfp, the sonic circle C; will intersect with W, at a point P; (see
Figure 6). Then

|OP1| = cg — ugsinfy + ug cos by = cp + UQ(COS 0y — sin 90), (43)

and the coordinates of the point P, are

{§P1 = (co + ug(cos By — sin b)) cos by,

np, = (co + up(cos by — sin b)) sin bp. (4.4)

We can construct the solution in the same way as that for ug > 0, Z—g < 1. Far away from

the origin point, there is a wave denoted by Lg; parallel to the wall. The equation of the wave
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is given by (2.2). The state of gas on the left hand side of Ly; will be constant until its sonic
circle Cy, i.e., ﬁo_ﬁ in Figure 6 because of the finite speed of wave propagation. Here, Py is
(up — ¢o,0), Ty is given by (2.4) and P, is given by (4.4). The state of gas between Lo; and W,
is constant Uy given by (3.1) until the sonic circle C1, i.e., fl_I?l The structure of the solution
is depicted in Figure 6. In this case, the boundary of the domain Qgy,p is 91 Qsup = ﬁo_ﬁ U fl_I?l
and 95Qqup, = PoO U OP;. Lemma 2.1 is available to this case.

Obviously, for 6y < 7, the condition —z—g > cos By — sin Oy always holds. Besides, if 6y — 7,
T1 will coincides with Py and Lg; will be vertical to the £-axis, which is just the solution of the
normal symmetric case.

(2) If —5—‘(’) = cos 0y — sin By, then the sonic circle C intersects with W, at the tip O because
of &p, = 0. The domain Q with state (po, uo,0) is the same as above. It differs from case (1)
in that the point P; coincides with O, and §2; is bounded by L1, 1/“1_5 and W,,; the boundary
of the subsonic domain Qg is 01 Qsup, = I/DO—T\l U m, and 950, = PyO. By Lemma 3.1

we get the existence of solution in the subsonic domain )g,,. The structure of the solution is

depicted in Figure 7. (3) If —i—‘; < cosfy — sin by, then there is no intersection point of Cy
Lo1
1
(0) 1 . W
\
\
Ro d
\ P
Po \ -7 P @ 13
L
01

Figure 7 The piston is pulled back with — <2 = cos 6y — sin 6.

wg

Py \ ////520 3

Figure 8 The piston is pulled back with —ﬁ—‘(’) < cos By — sin bp.

and W, because the point P; given by (4.4) locates below the £-axis. In accordance, the tip of



862 S. X. Chen and A. F. Qu

the wedge is not enclosed by the sonic circle C;. The state Uy inside € is still given by (3.1).
Since the state U; does not satisfy the boundary condition on the &-axis, then a new wave Lqo

arises from the origin (see Figure 8). The wave Lis is tangent to C; at a point T5. We have

|OT| = \/u? cos? 0y — 3

= \/u% cos? 0y — c3 — u sin® Oy + 2coug sin fy

= \/u% c0s 26y — 3 + 2coug sin by. (4.5)

Denote by O the intersection of 0175 with the £-axis. The angle made by OOs and OT5 is

£050Ty = arcsin ———— — 6y = — arcsin ————— — 6, (4.6)
|uo| cos by g cos Oy
and the coordinates of the point T3 are
ng = —|OT2| COS ZOQOTQ, (4 7)
nr, = |OT2| sin 4020T2 ’
Also, we have the coordinates of the point O,

i - cos Z020Ty’ (4.8)

No, = 0.

The domain €y with state Uy is the same as above. The domain {2y now is bounded by the
wave Lg1, the arc 1/”1_1\“2 of the sonic circle Cy, the wave Lis (i.e., OT3) and the wall W,,. Denote
by €2 the domain bounded by the wave L5, the arc T5P5 and the £-axis. The state of gas in

Qq is (p2, ug, v2) with

( \/ug c0s 260y — 3 + 2coug sin by

tug = 8o, = — N )

! cos (arcsin —_ + 90)

i ug cos Oy

{ vy =0, (4.9)
i Coy = |OT2| tan ZOQOTQ

Il = —\/ug c0s 26y — 3 + 2coug sin fp tan (arcsin wocos o + 90) )

Here, the point Ty is given by (2.4), T5 is given by (4.7), the coordinates of Py is (u2 + cg,0).
Since co < ¢1, then ps > p1. Notice that near the wave L1 the particles of the fluid move from
Q4 to o, i.e., from a domain with lower density to a domain with higher density. It shows that
the wave L1 is a shock.

The boundary of the subsonic domain Qgyp, is 91 Qsup, = ]/30?1 U 7/’1—7?2 U TQ—P\Q and 92 Qgup =
P, P,. This case corresponds to that the tip of the piston is sharp and the initial Mach number
of the gas relative to the piston is large. By Lemma 3.2 we can obtain the existence of solution
in the domain g, and then get the global existence of solution for the Problem 1.1 in the case
ug < 0.
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Table 2 The wave structure for the receding piston problem.

Initial data wave structure

Co . detachedrarefactionwave, thetiplocatesinthesubsonic
—— > cosfy —sinfy . .

U domain(Figure6)

co . detachedrarefactionwave, thetiplocatesonthesonic
—— =cosfy — sin by . .

U circle(Figure7)

Co . detachedmainrarefactionwavewithashockissuingfrom
—— < cosfy —sinfy . .

U thetip(Figure8)

We can rewrite the condition —2—‘(’) < cosby —sinby as _ng < sin(§ — 6p) — sinfp, the right

hand side of which equals 2sin(Z — 6) cos T = v/2sin(Z — ). Hence the condition in the case

(3) can be replaced by 0y < § — arcsin —=2

V2Juo|
In summary, for the receding piston problem the concentration will never appear. The main

pressure wave is a rarefaction wave, which is always detached. Meanwhile, when the vertex

™

angle of the piston is small (less than 7 — arcsin —°

V2|uo|
terminates at the sonic circle. The conclusion can also be represented by the following Table 2.

), a shock will arise at the tip, and it

5 Concave Piston Problem

In this final part, we briefly discuss another possibility of the piston problem, i.e., the head
of the piston forms an superior angle. Locally, the piston can be replaced by a body having
a superior angle with two infinitely long sides. It is a domain outside an ordinary wedge (see
Figure 9). This problem is called a concave piston problem, while the problems discussed in
Sections 3 and 4 are called convex piston problems correspondingly.

Consider the symmetric case, then we only need to study the motion of the gas on the upper
half plane. In the upper half plane the boundary of the piston is y = x tan 6y with 6y € (5, 7).
Under the self-similar scaling and a shift transformation as stated in Section 1, we could fix the

piston and consider the problem in the domain

A = {& <ncotby,n >0}, g<90<7r. (5.1)

For the concave piston problem, due to the property of the finite speed of wave propagation,
the state of the gas far away from the origin can also be treated as a one-dimensional problem.
There is a wave Lg;, parallel to the surface W,, of the piston, coming from infinity. For the
preceding case the wave is a shock, and for the receding case the wave is a rarefaction wave.
The equation of Ly is given by (2.2) with 5 = 6.

Different from the convex piston problems discussed in Sections 3 and 4, the wave Liy will
be reflected by the ¢-axis (in the whole (£,n) plane, the reflection of Loy by the &-axis amounts
to the interaction of Lg; with its symmetric image Loi/). Meanwhile, the vertex O generally
locates in the subsonic region of the gas, so that no wave will issue from it.

Furthermore, due to the different combination of the flow parameters (co, ug) and the angle
0y of the piston, there will appear quite different wave structures. The related wave may stop
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y
Wa
(0)
0o
N
£
static gas
piston

Figure 9 Concave piston with 6y € (gm').

Figure 10 A typical case for concave piston problem.

at somewhere on the sonic circle, or it may be reflected by the surface of the piston again and
then continue its propagation. Figure 10 shows a typical case of the wave structure for the

parameters satisfying

Bo (2_7r 3_7r)’ o (1+cot90 1—cot%°).

2
372 ” (5.2)

sin 90 ’ sin 90
The wave structure in this typical case is shown in the following. Here we only give the result
and omit the related calculations.

The wave Lo reflects on the &-axis at Py(ug — 0), and the reflected wave Lqo is

€0
sin 6g ’

n= (f ug + sin@o) tan ay (5.3)

with a; = 2arctan(— tanfy + z—g sinfp tan6y) — m + Oy. The resulting wave Lis reflects again
on W, at Py({p,,np,) with

Co Co
(uo — — ) tan aq (uo — — ) tan a1 tan g
sin g sin 0y

tana; —tanfy Py =

Ep =

tan a; — tandy
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and forms a new wave Loz : ) = (£ — £p1) tan(ag — 2a) + np,, where

C2 TP,
a9 = arctan —, f; = cacotay — ———.
2 sin o

Lo3 terminates at a sonic point T1 ({r,, nr,) with
&r, = ug — cocosb., nr, = cosinb,,

where 0. = 2as — a1 — 5. The domain A is divided into supersonic part and subsonic part by
the sonic arcs I/DEUT;P; The flow on the left hand side of these sonic arcs is supersonic, and
the flow on the right hand side is subsonic. Then the global solution can be obtained like the
discussion for the convex piston.

For the cases corresponding to other combination of parameters, the wave structure is
different, while the analysis is similar. Hence we will not give all details and leave it to readers.

6 Appendix: Holder Estimate for Elliptic Operators in Curvilinear
Polygon

For the elliptic equations defined in a domain with corners, the regularity of their solutions
at corners are generally worse than that near other points on the boundary. There are many
studies on the regularity of these solutions near corners. Here we refer some results in [19] for
our required applications.

As a typical case Grisvard in [19, p. 182] first studied the solutions of boundary value prob-

lems for Laplace equation in a polygon 2 surrounded by straight lines I'; (j =1,---, N),
IfAu =f in Q,
u=20 on I'; with j € D,
{Bu j WIth g (6.1)

ou
T3S —0 onT; withjeN
t@yj—'—ﬁﬂaﬁ, on I'; with j € N,

where vj is the normal direction of I';, 7; is the tangential direction of I'j, u; = v+ 8,73, and
we use the notation I'; = I';_ .

Define
farctanﬁj, if 7 €N,
b =
! g, if j € D.

Let w; be the angle formed by I'; and I'; 1 and define

¢j — i1 +mw
wj '

Ajom =

Let rj,0; (j = 1,---,N) be the local coordinates near S; = I'; N T'j11, and let 7; be the
cut-off function in the neighborhood of \S;, and define

10,y _ = Aim .
Sj)m(’l"jel‘gj) = ’]"j Js COS(AjJTLaj + ¢J+1)n_] (T.jeu‘)])7
if Xj ., is not integer; and

Sjan(rje®) = 17" [log 1; cos(Njmy + ¢j41) + 05 sin(Ajmb + byl (re®),
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if Ajm is an integer.
Then the following conclusions hold.

Theorem A.1 (see [19, Theorem 6.4.2.4]) Assume that 0 < o < 1 and that X (¢;11 — ¢; —
(2-+0)w;) is not an integer for any j. Then there exists a constant C' such that for any C?T7(Q)
solution of the problem (6.1), the following estimate holds

||U||c2+a(§) = C(”AUHCU@) + H“Hcl+o(§))- (6.2)

Theorem A.2 (see [19, Theorem 6.4.2.5]) Assume that D is not empty and that at least two
of the vectors p; are linearly independent. Assume that0 < o <1 and X (¢j11—¢;—(2+0)w;) is
not an integer for any j. Then for each f € C° () with 0 < o < 1, there exists a solution u of
(6.1) and numbers c; m such that

u — Z Cj)mSj)m S 02’0(5) (63)

—(04+2)<Aj,m <0

and u is the solution of (6.1).

These two propositions can be extended to their C1*T% version. That is the following two
results.

Theorem A’.1 Assume that 0 < o < 1 and that 1(¢;11 — ¢; — (1+ 0)w;) is not an integer
for any j. Then there exists a constant C such that for any CY*t7(Q) solution of the problem
(6.1), the following estimate holds

lullorso < CUAGlG 1o + l6llo ) (6.4
where || - ||g-1+a is defined in §3.

Theorem A’.2 Assume that D is not empty and that at least two of the vectors p; are
linearly independent. Assume that 0 < o <1 and %(¢j+1 —¢; — (1 4+ 0)wj) is not an integer

for any j. Then for each f € C7(QY), there exists a solution u of (6.1) and numbers c; m, such
that

u— > ¢jmSjm € CH7(Q), (6.5)

_(U+1)<)\j,7n <0

and u is the solution of (6.1).

The proof of Theorem A’.1 is similar to the proof of Theorem A.1 given in [19]. It consists
of three main steps: Localizing the discussing to each corner, mapping each angular domain
to a band by a coordinate transformation and applying the known results on the estimates for
elliptic equation. The main difference of the proof for Theorem A’.1 to that for Theorem A.1
is that one should apply the weak solution theory for elliptic equations rather than classical
Schauder theory. Therefore, next we only present the main point on the difference. Meanwhile,
since the proof of Theorem A’.2 is quite similar to that for Theorem A.2, then we omit it here.

Let us keep notations given in the beginning of the Appendix. As defined in [19], P™7(2)
is the subspace of C™*+7(Q) for all u € C™*7 satisfying

D%u(S;) =0 for |a] <m, 1<j<N.
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The norm of P™° () is defined as

lwll pro.o @y = Z inf pl*1=" =7 | D + Z inf

la|<m |al=m

|D*u(z) — Du(y)|
|z —yl°

; (6.6)

where p is the distance of a given point to the corners. Then the estimate (6.4) can be derived
from

[ullpro < C(|fllc-ree + llullor). (6.7)

N

In order to prove (6.7) we introduce a partition of unity 1 = )~ n;, where 7o is supported
=0

in a domain away from boundary, while each 7; (j # 0) equals 1 near the vertex S; and equals

0 near Sy (¢ # j). Now if we can prove
Injullpre < CllAMu)|c-1+o (6.8)
for each j, then the estimate (6.7) holds. In fact, by using (6.8) we have

lulpre =11 njullpre <3~ llnjull pre

<O lIIAmu)lo-1re < C Y (InjAullo-1to + [lull o)
< CUlflle=r+e + lluller)-

Replacing n;u by v we need to prove
lollpro < CllAVo-1se, (6.9)

where v € P17 is defined in a singular domain with vertex angle w; and compactly supported,
v also satisfies the boundary conditions as shown in (6.1).
According to the definition of C~!*% norm, if Av can be rewritten as g—gi, then (6.9)

means

[l pre < C Y llgellce @) (6.10)
4

As did in [19] one can use coordinates transformation
r=¢e'cos, y=ce'sind (6.11)

to transform the angular domain with vertex S; and vertex angle w; to a band B : {—oo < t <
00, 0 < 6 < w;}. Accordingly, let w = e~ (T Dy (e!H10) it will satisfy

D2w + D2w + 2(0 + 1) Dyw + (0 + 1)%w = e~V (v, + vgg) (2 k). (6.12)
Then (6.10) is reduced to
[wllerte () < Clkllc-1+ (). (6.13)

Since B does not contain any singular point on its boundary yet, then (6.13) can be obtained
by using the boundedness of Fourier multiplier (or the estimates of weak solutions of elliptic
equation (see [18])). Returning to the original coordinates we obtain (6.9).

Finally, since P contains a subspace of C1:? () with finite codimension, then (6.9) implies
(6.4) immediately.
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