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Persistence Approximation Property for Maximal
Roe Algebras*

Qin WANG! Zhen WANG?

Abstract Persistence approximation property was introduced by Hervé Oyono-Oyono
and Guoliang Yu. This property provides a geometric obstruction to Baum-Connes con-
jecture. In this paper, the authors mainly discuss the persistence approximation property
for maximal Roe algebras. They show that persistence approximation property of maximal
Roe algebras follows from maximal coarse Baum-Connes conjecture. In particular, let X
be a discrete metric space with bounded geometry, assume that X admits a fibred coarse
embedding into Hilbert space and X is coarsely uniformly contractible, then C} .. (X) has
persistence approximation property. The authors also give an application of the quantita-
tive K-theory to the maximal coarse Baum-Connes conjecture.
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1 Introduction

Initially quantitative K-theory was introduced by Yu in [16]. It was applied to compute
higher indices of elliptic operators for noncompact spaces with finite asymptotic dimension. It
is very reflexible to compute the K-theory of filtered C*-algebras. Not only we can use quan-
titative Mayer-Vietoris sequence to prove coarse Baum-Connes conjecture, but also we can use
quantitative K-theory to construct obstructions for Baum-Connes conjecture by propagations.

The quantitative K-theory of filtered C*-algebras was introduced by Oyono-Oyono and Yu
n [10]. The quantitative Bott periodicity and quantitative six-term exact sequence were also
proved in the above paper. The quantitative Mayer-Vietoris sequence was introduced in [11],
which is quite important in proving the coarse Baum-Connes conjecture.

Persistence approximation property of filtered C*-algebras was also defined by Oyono-Oyono
and Yu (see [12]). It has a close relationship with the Baum-Connes conjecture. It has been
proven that: If T" is a finitely generated group that satisfies the Baum-Connes conjecture with
coeflicients and admits a cocompact universal example for proper actions, then for any I'-
C*-algebra A, the reduced crossed product A X..q I' satisfies the persistence approximation
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property. In this view, it gives a geometric obstruction to the Baum-Connes conjecture. Clément
Dell’Aiera also characterized this property especially for the crossed products with groupoids
(see [3]).

The notion of fibred coarse embedding into Hilbert spaces, which is a generalized notion of
coarse embedding into Hilbert spaces. It turns out that this property is a sufficient condition
for the maximal Baum-Connes conjecture (see [2]). Some kinds of expanders which do not
embed coarsely into Hilbert spaces are counterexamples to the coarse Baum-Connes conjecture
(see [7, 15]). However, they admit a fibred coarse embedding into Hilbert space and satisfy
the maximal Baum-Connes conjecture (see [1-2, 9, 15]). Fibred coarse embedding can also be
characterized by boundary a-T-menable groupoids (see [4-5]).

This paper is organized as follows. In Section 2, we give a quick review of quantitative K-
theory. Most of the results come from the paper of Oyono-Oyono and Yu in [10]. Then we use the
method of Aiera (see [3]) to construct the quantitative maximal assembly map. We characterize
the relationship between the quantitative maximal coarse Baum-Connes conjecture and the
maximal coarse Baum-Connes conjecture. In Section 3, we introduce persistence approximation
property from Oyono-Oyono and Yu. We show that the persistence approximation property of
maximal Roe algebras comes from the maximal coarse Baum-Connes conjecture, which is our
first main theorem.

Theorem 1.1 Let X be a discrete metric space with bounded geometry and A is a C*-
algebra. Assume that

(1) X is coarsely uniformly contractible;

(2) px 100 (N, AR K (H)),max,« 5 0nt0 and jix A max,« i5 one to one.
Then there exists a universal constant \p4 > 1 such that for any e € (O, ﬁ) and every r > 0,
there exists a r' > 0 such that r <1’ and PA(C} (X, A),e,\pae,r,r") holds.

If X admits a fibred coarse embedding into Hilbert space, then the maximal coarse Baum-
Connes conjecture holds. So it is natural to consider whether or not the persistence approxima-
tion property holds for C*

max

(X) when X admits a fibred coarse embedding into Hilbert space,
and we prove our second main result.

Theorem 1.2 Let X be a discrete metric space with bounded geometry. Assume that X
admits a fibred coarse embedding into Hilbert space and X is coarsely uniformly contractible.
Then there exists a universal constant Apa > 1 such that: For any € € (O, ﬁ) and any r >0
there exists v’ > r such that PA.(C(X), e, Apae,r, ") holds.

max

One of the very important example which admits a fibred coarse embedding into Hilbert
space comes from the box space of residually finite groups. Let I' be a finitely generated
residually finite group with respect to a family of finite index normal subgroups I'y 2 I';y D
-+ DT, D ---. The box space X (I') admits a fibred coarse embedding into Hilbert space if
and only if " has Haagerup property (see [1]). This type of examples does not require the first
assumption of Theorem 1.1, but satisfies the persistence approximation property for maximal
Roe algebras. This is our third main theorem.

Theorem 1.3 Let I" be a finitely generated residually finite group with haagerup property
and admits a cocompact universal example for proper actions. Then there ezists a univer-
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sal constant Apa > 1 for any € € (O,ﬁ) and any r > 0 there ewists v’ > r such that
PA(CE . (X(T)), e, Apae,r, ") holds.

Example 1.1 Both Fy and SL2(Z) are finitely generated residually finite group with
haagerup property and admits a cocompact universal example for proper actions. Then the
maximal Roe algebras of the box spaces have persistence approximation property.

In Section 4, we construct the quantitative maximal Baum-Connes assembly map for a
family of metric spaces. We give an application of quantitative K-theory for coarse Baum-
Connes conjecture and show the following theorem.

Theorem 1.4 Let X = (X;);en be a family of discrete metric space with bounded geometry.
Let ¥ = | | X;. Assume that
iEN
(1) for any € € (0,%) and positive numbers d,r such that ax(e)-d < r, there exists d’' with
d < d', such that QIx max(d,d',e,7) is holds;
(2) For some A > 1 and any ¢ € (0, 45), r > 0, there exists d > 0, v/ > r with ax(e)-d <1/
such that QSx max,«(d, 7,7, , Ae).

Then ¥ satisfies the maximal coarse Baum-Connes conjecture.

Through out this paper, denote by H the separable Hilbert space and by K (H) the operator
algebra consist of compact operators on the Hilbert space H.

2 Quantitative K-theory

In this section, let us give a quick review of quantitative K-theory for filtered C*-algebras,most
of the results come from Oyono-Oyono and Yu in [10]. Firstly, let us introduce filtered C*-
algebras, this is the basic objects for quantitative K-theory.

Definition 2.1 (see [10]) A filtered C*-algebra A is a C*-algebra equipped with a family
(

Ar)rso of closed linear subspaces indexed by positive numbers such that:
(1) A C Ay ifr <7/
(2) A, is stable by involution,i.e. for any x € A,., then z* € A,;
(3) Ay Ap C A
(4)

4) the subalgebra |J A, is dense in A.
>0

If A is unital, we suppose that 1 € A,., for any r» > 0. If A is non unital filtered C*-algebra,
then its unitization A is filtered by (A, + C),~0. We can define the homomorphism

pA:g—MC, a+z—z

for a € A and z € C.

Let A and B be two C*-algebras filtered by (4;),s0 and (B;)r>0. A *-homomorphism
¢: A — B is said to be filtered if ¢(A,) C B, for all r > 0.

There are so many kinds of filtered C'*-algebras, such as Roe algebra, group C*-algebra,
crossed product by étale groupoid G and so on. Through this paper, we mainly study Roe
algebras and maximal Roe algebras.
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Next we are going to define e-r-projections and e-r-unitaries, this is the main elements in
quantitative K-theory. Let A be a unital filtered C*-algebra. for any r > 0 and ¢ € (O, i), we
call

(1) an element p in A an e-r-projection if p belongs to A,, p = p* and ||p?> — p|| < e. The
set of e-r-projections will be denoted by P="(A).

(2) an element v in A is an e-r-unitary if u belongs to A, |[u*u—1|| < € and |Juu* —1|| < e.
The set of e-r-unitaries in A will be denoted by U="(A).

Notice that for any e-r-projection, it has a spectrum gap around %, by the functional
calculus we can construct a projection ko(p) satisfying ||ko(p) — p|| < 2e. For a e-r-unitary, we
can construct a unitary ki (u), ki (u) = u(u*u)~2 and |k (u) —ul| < .

For integer n, we set US"(A) = U="(M,,(A)) and P27 (A) = P=" (M, (A)).

Consider the inclusions

Pﬁ’T%PZi’lv pr [p O]

0 0
and
Us™ UL, ues [g ﬂ :
then we can define P%"(A) = |J PS"(A) and UL (A) = | US"(A).

neN neN
For a unital filtered C* algebra A, we can define the following equivalent relation on

P (A) x N and UZ"(A).

(1) if p and ¢ are elements of PS"(A), [ and I’ are positive integers, (p,1) ~ (q,1’) if there
exists a positive integer k and an element h of P2"(A[0,1]) such that h(0) = diag(p, Ix+r) and
h(1) = diag(q; Lx+1)-

(2) if u and v are elements of US"(A), u ~ v if there exists an element h of U527 (A0, 1])
such that h(0) = u and h(1) = v.

If p is an element of P3"(A) and ! is an integer, we denote by [p,l]., the equivalent class
of (p,1) modulo ~. And if u is an element of US"(A) we denote by [u].,, its equivalent class
modulo ~.

Definition 2.2 (see [10]) Letr >0 ande € (0,3). We define

(1) Kg"(A) = PZ"(A) x N/ ~ unital and Ky"(A) = P"(A) x N/ ~ such that Rank
ko(pa(p)) =1 for A non unital;

(2) KiT(A) = US" ) ~ (with A = A if A is already unital).

Then K5 (A) turns to be a n abelian group where

[p, l]s,r + [plv l/]s,r = [diag(p,pl), I+ ll]s,rv
K" (A) is also a abelian group with
[ule,r + [u]e,r = [diag(u, u')]e,-

Next we introduce some basic properties od quantitative K-theory.

Lemma 2.1 (see [10]) If A is a filtered C*-algebra, then K2 (A) = K5 (A) @ K" (A) is
a Zs-graded abelian group.

For any filtered C*-algebra A and any positive numbers ,&’ and r,r" with ¢ < &' < % and
r < r’, there exists natural group homomorphisms:
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(1) 1o" + Ko (A) = Ko(A), [p,l]e,r = [ko(p)] — [11];
(2) 5" KiE T(A) — K1(A), [ule,r — [k1(w)];

(3) Li’r = 17" @ o

(4) L(EJ’E ! KS "(4) = KS,’T,(A% [, Ue,r = [Py Uer s
(5) i o K“(A) Ka " (A), [ule,r = [ulerrr;

(6)

65 TT‘ 56 ’r‘T

) :0 Dy

The next proposition is very useful, it reveals the relationship between K-theory and quan-
titative K-theory. The second property is quite important to the persistence approximation
property that we are going to study in next section.

Proposition 2.1 (see [10]) let B be a filtered C*-algebra.

(i) For any e € (0,3) and y € K.(B), there exist a positive number r and an element
z € K{"(B) such that 13" (x) = y;

(ii) There exists a positive number X > 1 independent on B such that the following is
satisfies:

Lete € (0,%) andr > 0, and let v and z' be two elements in KE’T(B) such that (" (x) = 157 (")
in K,(B). Then there exists r' with v’ > r such that (55" (z) = 57 (') in K27 (B).

Next we are going to review the controlled morphisms between quantitative operator K-
theory. Recall that a control pair is a pair (\, k), where

() A>1;

(2) h: (O, ﬁ) — (1,40); € +— he is a map such that exists a non-increasing map g :
(O, ﬁ) — (1,400), with h < g.

The set of control pairs is equipped with a partial order: (A h) < (M, A/) if A < X and
he < h_ forall e € (0, ).

For any filtered C*-algebra A, define the families KCo(A) = (KS’T(A))0<5<%,T>07 K1(A) =
(K?T(A))O<a<%,r>0a K.(A) = (K57T(A))O<a<i7r>0-

Definition 2.3 (see [10]) Let (A, h) be a control pair, A and B be two filtered C*-algebras,
and i,j be elements of {0,1,%}. A (A, h)-controlled morphism

F :Ki(A) = K;(B)
is a family F = (FE’T)O<E<%1T>O of group homomorphisms
FeT KZE,T‘(A) N K?\s,hsr(B)

such that for any positive numbers €, and r,v" with 0 < e <&’ < 4A, r <71 and her < har',
we have o , ,
e g L?s o L?s,)s yher,horr o F&T

Let A and B be two filtered C*-algebras. If F : K;(A) — K;(B) is a (A, h)-controlled
morphism, then there is a group homomorphism F' : K;(A) — K;(B) uniquely defined by
Fo/S" = L;E’h” o F®". The homomorphism F is called the (), h)-controlled morphism induced
by F.

If (A, h) and (N, h') are two control pairs,define

hh': (0 5 (0,400), & hyehl.

o)
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Then (AN, h * h') is a control pair. Let A, By and Bs be filtered C*-algebras, 4,7 and [ in
{0,1,%}. Let F = (F*")gcec 1 ,np & Ki(A) — K;(B1) be a (ar, kr)-controlled morphism,

dar
let G = (G°")gccc 50 @ Kj(B1) = Ki(Bz2) be a (ag, kg)-controlled morphism. Then
Qg’
GoF : Ki(A) — Ki(Bs) is the (agagr, kg * kx)-controlled morphism defined by the family
(Gar&kﬁer OF* ) gcec 1,50

Tagag’

Let A and B be filtered C*-algebras, and (), h) is a control pair. Let F = (F&F)q .. 1,

Tar’

Ki(A) — K;(B) (resp. G = (G“")gccc 1 ,50) be a (ar, kr)-controlled morphism (resp. a
ag?

(g, kg)-controlled morphism). Then we write F Ol G if
(1) (ar, kr) < (A h) and (ag, kg) < (A, h);
(2) for any € € (0, 75) and r > 0, then

L?F5>A5>kf,srvhsr o FE,T‘ — L?QE>A5>kQ,€T1hET ° GE,T"

Definition 2.4 (see [10]) Let (A, h) be a control pair and F : K;(A) — K;(B) be a (ar, kr)-
controlled morphism with (ax,kr) < (A, h).
(1) F is called left (N, h)-invertible if there exists a controlled morphism

G:K;(B) = Ki(A)

such that G o F ) Tde (). and Fo G O Tag ).
(2) F is (A, h)-isomorphism if there exists a controlled morphism

which is a (A, h)-inverse for F.

Let (A, h) be a control pair and let F : IC;(A) — K;(B) (ar, kr)-controlled morphism.

(1) Fis called (A, h)-injective if (ar, k) < (A, h) and for any 0 < e < 7%, any r > 0 and any
z € K7 (A), then Fo7(z) = 0 in ;75" " (B) implies that ;""" (z) = 0 in K*"<"(A);

(2) F is called (A, h)-surjective, if for any 0 < € < ﬁ, any 7> 0 and y € K;"(B), there
exists an element z € K;*"<"(A) such that

F)\s,hksr(z) _ L§7af>\€;r7kf,/\shsT(y)

. arFie,r,kr acher
in K; (B).

The exact sequence is quite important to K-theory, we also have the controlled exact se-
quence for quantitative K-theory.

Definition 2.5 (see [10]) Let (A, h) be a control pair. Let F = (F*")occc 1,50 -
CX‘F)
Ki(A) = IC;(By) be a (ar, kr)-controlled morphism, and let G = (G=")geov 1 ,no: Kj(B1) —

daxr?

Ki(B2) be a (ag, kg)-controlled morphism, where i,7 and | are in {0,1,*} and A, By, By are
filtered C*-algebras. Then the composition
Ki(A) 5 K;(B1) 2 Ki(Bs)

is said to be (A, h)-exact at Kj(B1) if Go F = 0 and if for any 0 < e < Wlafag}’
r >0 and y € K;"(By) such that G="(y) = 0 in ngg’kg‘ET(Bg), there exists an element x in
K} (A) such that

any

F)\s,hksr(z) _ Lj7af>\€;r7kf,/\shsT(y)
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in K;}J-‘XEJCF,\E’LET(BI)'

The six-term exact sequence in K-theory for short exact sequence of C*-algebras is very
important. But for the quantitative K -theory, we need the short exact sequence to be completely
filtered. Here we give the definition below.

Definition 2.6 (see [10]) Let A be a filtered C*-algebra. let J be an ideal of A and set
Jr. = JNA,.. The extension of C*-algebras

0—-J—>A—A/J—0
is called a completely filtered extension of C*-algebras if the bijection continuous linear map
Al dr = (A + )/ J

induced by the inclusion A, — A is a complete isometry, i.e., for any integer n, any r > 0 and
x € My(A,), then

inf r+vy|l= inf J|z+yl.
yEM,, (Jy) | vl yEMn(J) | ul
Lemma 2.2 (see [10]) Any semi-split extension of filtered C*-algebra is completely filtered.

Theorem 2.1 (see [10]) There exists a control pair (A, h) such that for any completely
filtered extensions of C*-algebras

0=J5 A% AT =0,
the following siz-term sequence is (A, h)-exact

J

Ko(J) Ko(A) —">Ko(A/J)

D.},AT D.],Al

Ky (A)T) <2 Ky (A) =2 Ky ()

Quantitative coarse assembly map was constructed in Clément Dell’Aiera’s thesis (see [3]).
Let us briefly introduced the quantitative coarse assembly map. We call that a discrete metric
space has bounded geometry, if for any r > 0, there exists an integer N, such that #B(x,r) < N,
for any x € X, where #B(x,r) means the number of the elements in B(z,r).

Let X be a discrete metric space with bounded geometry. Let A be a C*-algebra, the Roe
algebra with coefficient A is denoted by C*(X, A) is defined in the following. Let C,[X, A] is
the subspace of £4(I?(X) ® H ® A):

Ch[X, Al ={T € LA(I*(X) ® H ® A) locally compact s.t. suppT C A,},

where A, = {(x,y);d(z,y) < r} and an operator T € L4(I*(X) ® H ® A) is called locally
compact if T, , € K(H) ® A.
It is easy to see that
CIX, Al = [ C,[x, 4]
>0
is *-subalgebra of £4((I?(X)® H @ A). The Roe algebra with coefficient A is the completion
of C[X, A] under the operator norm L4(I12(X) ® H ® A).
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Next we are going to define the maximal Roe algebra with coefficient A. We need a lemma
first.

Lemma 2.3 Let X be a discrete metric space with bounded geometry. For any positive
number r, there exists a positive number c,, such that for any *-representation ¢ of C[X, A] on
a Hilbert A module E4 and any T € C,[X, A], then

(D)l < ¢ sup || T'(2,y)]|-
z,yeX
Proof For any r > 0, there exists ¢, partial isometries vy, - -, v., € M(C[X, A]), where
M(C[X, A]) is the multiplier of C[X, A], such that any T € C,[X, A] can be written as

T - Z .fiv’ia
i=1
where each f; is an element of [°°(X, K(H) ® A), then we have

16(T)|| < e sup [ T(x,y)].
z,yeX
Definition 2.7 The mazimal Roe algebra with coefficient A is denoted by C .. (X, A), is
the completion of C[X, A] in the norm

|T|| = sup{||7(T)|| L o(Ea); 7 : C[X, A] = La(Ea) a* -representation}.

There are basic functor properties for C*(X, ) and C

max(X7 )

Theorem 2.2 Let X be a discrete space with bounded geometry, A and B be two C*-
algebras.

(1) If  : A — B is a x-homomorphism, then there exists x-homomorphism ¢x : C*(X, A) —
C*(X, B) and ¢xmax : Cloax(X, A) = Cloan(X, B).

(2) If ¢ : A — B is a completely positive map, then there exists completely positive map
dx : C*(X,A) —» C*(X, B) and ¢x max : Cihax (X, A) = C (X, B).

max max

Next to define the quantitative maximal assembly map. The method is similar in Clément
Dell’Aiera’s thesis (see [3]). The construction of quantitative maximal assembly map is divided
into two steps. The first step: Controlled Roe transformation.

For any z € KK;(A, B), then z can be represent by a triple (Ha, 7, T), where

(1) m: A — Lp(Hp) is a *-representation of A on Hp;

(2) T € Lp(Hp) is a self-adjoint operator;

(3) [T, w(a)], m(a)[T? — Idy,] are compact operators in K(Hp) = K(H) ® B.

Let P = (#) € Lp(Hp) and

E™T) = {(a, Pr(a)P+y):ac Aye B K(H)}.
Then we have a semi-split exact extension:

0> B®KH)—E™T 5 A0,
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where the completely positive section is s : A — E™T:a + (a, Pr(a)P). By the functor
property of C*

max

(X, ), then we have a semi-split exact extension:

0—CL.(X,B)— EYL

X, max max

(X, 4) =0,

7w, T _ %
where EX,max - Cmax

(X, E™T).

Proposition 2.2 The controlled boundary map D™T =D (X,B),ETT of the extension

- *
CVmax X ,max

0—C*

max

(X,B) —» E¥T O

X,max max

(X,A) =0
only depends on the class z.
Then we can define the controlled Roe transformation.

Definition 2.8 For any z = [Hp,m,T] € KK1(A, B), the controlled mazimal Roe transfor-
mation G x max(2) = De. (x.p),EmT - Itisan (ax, kx)-controlled morphism K, (Ck (X, A)) —

max X ,max max
Kot (Ca(X. BY).

max

Proposition 2.3 Let A and B be two C*-algebra. then there exists a control pair (ax, kx)
such that for any z € KK;(A, B), there exists a (ax, kx)-controlled morphism

O x,max(2) : Ki(Ch

max

(X, 4)) = Kuia (G

max

(X, B))

such that
(1) Ox.max(2) induces right multiplication by ox max(z) in K-theory.
(i) 0x max(2) is additive, i.e.,

6\'X7max(2 + Z/) = a\'X7max(z) + a\'X7maux(zl)~
(iii) For any x-homomorphism f : Ay — Aa, we have

/U\X,max(f*(z)) = a\X,max(z) o fX,*

for any z € KK;(A, B).
(iv) For any x-homomorphism g : By — Ba, we have

aX;maX(g*(Z)) = 9x,x© a\X,max(z)

for any z € KK;(A, B).
(v) Let 0 = J — A — A/J — 0 be a semi-split exact extension and [054] € KK1(A/J,J)
18 its boundary element. Then

0xmax([01,4]) = Do (x,0),0x. (X, A)-

max

For the even case, we need a lemma first. Let A be a C*-algebra, we have a short exact
sequence
0>SA—-CA—A—0.

Under the functor C*

 ax(X, 1), we have a semi-split exact extension

0—C*

max(X7 SA) _> Crtlax

(X,CA) — C*

max

(X,A4) — 0.

Let DX,A,max : K*(Ortlax

(X, 4)) = Ky (CF

max

(X, SA)) be its boundary map.
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Lemma 2.4 Let A be a C*-algebra, then there exists a control pair (X, h) independent the
choice of X and A such that Dx 4 max s (A, h)-invertible.

Proof The proof is similar in [3] Proposition 4.2.1.

Let A and B be two C*-algebras, for any z € KKy(A, B). For the short exact sequence
0—+SB—-CB—B—=0.

Let [0sp] € KK1(B,SB) be its boundary map. Since Dx A max and Dex  (x 4),0x (X, TooA)

max max

are controlled inverse to each other. We use Tx A max represents Do=  (x,4),cx. (X, TowA)- Since

2 ®pB [853] S KKl(A, SB), we define 6x)max(z) = TX,A,max o axﬁmax(z XRp [853])
Proposition 2.4 Let A and B be two C*-algebras, for any z € KKy(A, B), there exists a
control pair (ax,kx) and even degree (ax, kx)-controlled morphism

0x.max(2) : Ku(C

max

(X, A)) = K.(C*

max

(X, B))

such that
(1) Ox max(2) induces right multiplication by ox max(z) in K-theory.

(ii) 0x max(2) is additive, i.e.,
6\'X7max(2 + Z/) = a\'X7max(z) + a\'X7maux(zl)~
(iii) For any x-homomorphism f : A1 — As, we have

E7'\X.,max(f*(Z)) = 8X,max(z") © fxﬁ*

for any z € KK(A, B).

(iv) For any x-homomorphism g : By — Ba, we have

aX;maX(g*(Z)) = 9x,x© a\X,max(z)

for any z € KK,(A, B).

~ . (ax,kx) .
(v) Oxmax([ida]) R idiccn(c,a))-

max

The second step is quite similar to the cut off function in group case. For any positive

number d and probability n of the Rips complex P;(X) can be written as n = > Ay (9)ds,
reX
where §, is the Dirac probability at =, and A, : P;(X) — [0, 1] is a continuous function. Let

X x X = Co(Pu(X),
T (@) = AN

Let (ez)zex be the canonical basis of [2(X), e is a rank one projection in H and P; be
defined as the extension by linearity and continuity of

Pale, ®E® [) =Y e, @ (e€) @ (h(w,9)f)

yeX
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for every x € X,€ € H and f € Co(Py(X)). As Y, Ay = 1, Py is projection of K(I*(X)) ®
reX

Co(P4(X)) of controlled support. Since )\%/\5 = 0 if d(z,y) > d. We give the maximal

completion of Py in C} . (X, Co(Ps(X))). Hence P, define a class

max

[P1,0).., € K& (C

max

(X, Co(Pa(X))))
for any € € (0,1) and v’ > r.

For every C*-algebra A and r,r’ satisfying » < 1/, the inclusion P;(X) — Py (X) induce
a*-homomorphism

(q)" : KK.(Co(Pa(X)), A) = KK.(Co(Pu(X)), A)
in K K-theory. And a map

(a9 )x)s + Ku(Crhae (X, Co(Pa(X)))) — K.(Cit

max

(X, Co(Par(X))))
in K-theory. The family of projections P; are compatible with the morphism qg,, ie.,

((¢2)x)4 [P, 0c v = [P, O]z,
for e € (0, 7).

Definition 2.9 (see [3]) Let A be a C*-algebra, ¢ € (0,1) and positive numbers d,r
satisfying that kx(e)d < r. The quantitative assembly map [ix A max,« = (#;ﬁ{,max,*)fﬂ’ is

defined as the family of maps

e,d,r

: \ ) max(Xv A))v
KX A max,x axe e kx ()’ r

KK (Co(Pa(X)), A) — K2'(Cy,
28 0 0% max (2)[Pa; Oler

where ' and r' satisfy:
(1) &' € (0,%) such that axe’ <e.
(2) d <1’ such that kx(e")r’ <.

Remark 2.1 The controlled coarse assembly map is compatible with the structure mor-
phism ¢¢ . Indeed, for any d and d’ satisfying d < d'.

Fxmax (@] )" (2))[Par, 0l = Fxmax(2) © (a3 )x)u[Par, 0]c.0v
= 8x)max(z)[Pd, O]E)T. (2.1)

~e,d,r d'\x _ e dr
Hence /J’X,A,max,* © (qd ) - MX,A,max,*'

Remark 2.2 The quantitative maximal coarse assembly map is also compatible with the

’ ’ ’ ’
e, ,r,r ~¢e,d,r ~e’.d,r

T’ _ ’ /
,ie., s O MY A maxx = BX Amax« fOr every r <r'and e <e

structure morphism ¢
such that this equality is defined.

Remark 2.3 The maximal quantitative coarse assembly map fix A max,« induces the maxi-
mal coarse assembly map fix A max,+ i1 K-theory.

Throughout this paper, using K K, (P;(X), A) represents K K, (Co(Py(X)), A). Let A be a
G-algebra, we say that
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(1) (Quantitative injectivity) ix,4,max,+ is quantitative injective if for any d > 0, there exists
€€ (O, %) such that for any r > 0 satisfying kx (¢)d < r, there exists d’ > d such that for any
z€ KK, (Pi(X),A), ui&i’;max)*(z) = 0 implies that (¢4 )*(z) = 0.

(2) (Quantitative surjectivity) pix, 4 max,+ I8 quantitative surjective if there exists ¢ € (O, %)
such that for any r > 0 such that, there exists ¢’ € (g, 1) and positive numbers d, r’ such that
r <7 and kx(e')d <7/, for any y € K" (Cx .. (X, A)) there exists z € KK, (Py(X), A) such

e d,r’ e, e’ rr’
that ”X,A,max,*(z) = lx (y)
Then we show that the maximal coarse Baum-Connes conjecture follows from quantitative

maximal coarse Baum-Connes conjecture.

Proposition 2.5 Let X be a discrete metric space with bounded geometry and A be a C*-
algebra.

(1) If 1x, A max,+ 1S quantitative injective then [ix A max« 1S one to one.

(2) If 11X, A max,+ 1S quantitative surjective then fix A max,« 1S onto.

Proof For the first point,we only prove the even case. The odd case is similar. For
any positive number d, any x € KKo(Py(X), A) such that f1x A max«(x) = 0. Then for any
e € (0,1) and r > 0 such that ky(e)d <r, =" o p3% ... (x) = 0, choose €” > 0 and 1 > 0
such that axe” < e and kx(¢”)r” < r. Then there exist a universal A > 1 and ' with ' > r
such that

0= E,As,r,r’o e,d,r ( )
=l IU“X7A7max,* €

g de,mr’ axe’ e kx (", !
— b T 0Ly (UX,max7*($))[Pda0]5"17“”

= X e (@) [P, Oxer

T Y X,max,*

=5 (). (2.2)

- luX,A,max,*
Since it is quantitative injective, then we have (qg,)*(:z:) =0in KKo(Co(Py(X),A)), then
>

For the second point, we only prove the even case. The odd case is similar. For any

y € Ko(Chax (X, A)), and any € € (0, 1), there exists 7 > 0 and z € K" (Cf,, (X, A)) such
that (5" (z) = y. Then there exist &’ € (0,1), d,7/ > 0 and z € KKo(Py(z), A)) such that

e<e kx(e)-d<r r<r and ui:i’:;la&*(z) = &’ (x), hence f1x, 4 max,+(2) = V.

For any C*-algebra A. We define the following quantitative statements.

(1) QIx A max(d,d e,r): For any x € KK,(Py(X),A), then ui&'fimax,*(x) = 0 implies
(g3)*(z) =0 in KK, (Py(X),A).

(2) QSx. Amax«(d,e,& 7, 7") : For any y € K" (C (X, A)), then there exists a

T € KK*(Pd(X),A)

such that 15 4 . () = 15777 (y).

Next we are going to study more relationship between maximal quantitative Baum-Connes
conjecture and the maximal Baum-Conjecture. Firstly, we introduce some useful lemmas.
If A = (Aj)ien is any family of filtered C*-algebras and H a separable Hilbert space. Set

A, =[] K(H) ® A;, for any r > 0 and define the C*-algebra A2° as the closure of |J A,
€N >0
in [ K(H)® A; .
ieN
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Lemma 2.5 (see [13]) Let A= (A;)ien is any family of filtered C*-algebras and let
Fax= (FAvaT)O<€<i7r>O KL (AZ) — TIKL(Ag),

where
Fyl KoT(AX) = [ K27 (4)
i€N
is the map induced n the j-th factor and up to the Morita equivalence by the restriction to A°

of the evaluation [[ K(H)® A; — K(H) ® Aj at j € N. Then F4. is a (o, h)-controlled
ieN
isomorphism for a control pair (a, h) independent on the family A.

For a family of C*-algebra A = (4;);en, denote AF .. is the closure of |J [] C[X, A;].

r>04€N
in H max( )
€N

Lemma 2.6 Let X is a discrete matric space with bounded geometry, and a family of C*-
algebra A = (A;)ien, then there is a control pair (A, h) and a (X, h)-isomorphism

IC Xmax _>HK: max ))

€N

Proof We are going to prove it in the even case, the odd case is similar. Firstly, there
exists a (A, h)-controlled morphism

(AX max _> H K: max(X7 AZ))
1€N

induced by the projection [ O} . (X, A;) = Cp (X, A;) restrict at AF ... For any positive

ieN e
integer n and i € N, since M,,(I*° (X,4; ® K(H))) C [*°(X,A;) ® K(H), hence we have
My (Cr (X, Ai)) € Chhak (X, A;). Hence for any positive number 7, ¢ € (0, 4) and any © €
[T K5 (Cfax (X, A)). Then @ = [P,l], where [ is a integer, P € Pn( 11 Chax (X, )), we

€N
(X,4;)). So we can assume p; € P(C}

max

i€N
write P = (p;)ien, for any p; € P,(C:

max (X7 Ai))a
hence the constructed controlled morphism is (A, h)-surjective.

To prove this controlled morphism is (A, h)-injective, we need [10, Proposition 1.30], the
homotopy of e-r-projections can be chosen to be Lipschitz homotopy in larger matrix size.

Easily this controlled morphism is (A, h)-injective.

Lemma 2.7 Let X is a discrete metric space with bounded geometry, and a family of C*-
algebra A = (A;);ien, then we have a filtered isomorphism

&+ Cruae (X TT A1) = AR s

€N

Proof Obviously, by the universal property of C} .. (X 11 Ai), there is a filtered homo-
ieN
morphism
¢ max(XaHAi) — Ag?,max'

ieN



14 Q. Wang and Z. Wang

Since the range of this filtered homomorphism under the dense subalgebra C {X 11 AZ} is dense
ieN
in AY ,,ax- Hence we only need to prove this filtered homomorphism ¢ is injective.

Since for any 7 € N, we have the inclusion 4; — [] A;. So we have filtered homomorphism
ieN

Cra (X A1) = Cl (X TT 4).

1€EN

Hence ¢ is a filtered isomorphism.
By the former lemmas we have the following result.

Corollary 2.1 Let X is a discrete metric space with bounded geometry, and a family of
C*-algebra A = (A;)ien. Then there exists a control pair (A, h) and a (X, h)-isomorphism:

(mdx(XHA))%Hic e (X, A2).

The following results give the relationship between quantitative maximal Baum-Connes
conjecture and maximal Baum-Connes conjecture.

Theorem 2.3 Let X be a discrete matric space with bounded geometry and A is a C*-
algebra. The following are equivalent:

(1) px 100 (N, K (H)®A),max,« 15 one to one.

(2) For any d > 0, € (0,1) and r > 0 with kx(g)d < r, there exists d' such that d C d’
and QIx A max,«(d,d ,e,7) holds.

Proof Assume that condition (2) holds. Let € KK, (P4(X), (N, K(H)® A)) such that
u§(7lm (NK(H)® A)7max7*(x) = 0. Since the maximal quantitative assembly map is compatible
with the maximal assembly map and by Proposition 2.1. Then there exist € > 0 and r > 0 such
(X,I°(N,K(H) ® A))).

Denote (x;);en the element of [[ KK, (Pi(X), A) corresponding to = under the isomorphism of
J

max

that kx(e)d < r satisfying ui&'fl’;(N)K(H)(@A))maX)*( )=0in K"(C;

[ KK.(Pa(X), A) = KK.(Pa(X),1°(N, K(H) @ A)).

j
Let d’ > 0 with d < d’ such that QIx 4 max,«(d,d ,e,r) holds. By the naturality of quantitative
assembly map, then we have ui}i’{)max’*(:z:i) =0 and hence (¢4 )*(z;) = 0 in KK,(Py(X), A).
So (¢4)«(x) = 0. Then we have [LX 15 (N, K (H)® A) max,« 1S one to one.

Let us prove the converse. Assume that there exist positive numbers d > 0,e € (O, %)

and r > 0 such that QIx A max«(d,d’,e,7) is not true for all d < d’. Then we can get a
increasing exhausting sequence d; > d with li§n d; = oo and z; € KK, (P;(X),A) such that

u;dArmaX .(z;) =0 and (qjj)*(xj) #0in KK, (Py;(X),A). Let x € KK.(Py(X),I1>(N, K(H)
® A)) corresponding to each (z;) € KK,.(Pi(X),A). By [10, Corollary 2.1, Proposition 1.30]
and ui&‘xmax’*(xj) = 0, up to rescaling, the image of maximal quantitative assembly map for
coefficient 1°°(N, K (H) ® A) is 0. So we have 4% 1oy k (1)6.4) max, (@) = 0 and (¢4 )*(x) # 0 in
KK.(Py(X), (N, K(H)®A)) at least with one d’ such that d < d'. So 1x 1o (v, K (H)®A),max,
is not one to one.
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Theorem 2.4 Let X be a discrete metric space with bounded geometry and A is a C*-
algebra. Then there exists X > 1 such that the following are equivalent:

(1) px,ioo (N, K (H)® A),max,« 15 onto.

(2) For any positive numbers € with € < ﬁ and r > 0, there exist d > 0 and v’ > 0 with
kx(e)d <r andr <71’ for which QSx A max«(d, 7,7 &, ) is satisfied.

Proof Choose A as in Proposition 2.1. Assume that the condition (2) holds. Let z be an
element in K, (Cf. (X, (N, K(H)®A))) and let y be element in K" (C (X, (N, K(H)®
A))) such that 5" (y) = 2z, with 0 < £ < & and 7 > 0. Up to a rescaling of parameters, by
Corollary 2.1, let y; be the image of y under the controlled isomorphism

R (Crax (X, (N, K (H —>H’C max (X5 A))-

Hence (y;); € HK‘”( Crax(X,A)). Let d > 0 and r > 0 with » < 7’ and kx(e)d < r

and such that QS’XAmdx*(d r,1’ e, e) holds. Then for any integer 4, there exists a a;
in KK,(P;(X),A) such that uﬁ‘fzglax*(xl) = 527 () in K297 (C%, (X, A)). Let z in

max

KK, (Py(X),l>°(N,K(H)® A)) corresponding x; under the isomorphism

KEK.(Py(X),1°(N,K(H) ® A)) = [ [ KK.(Pa(X), K(H) ® A).
jEN

By naturality of quantitative asembly maps and Corollary 2.1, we get
Ae,d A
NcszooT(N K(H)®A),max, L@) =070 " ()

in K2 (o

max

(I*°N, K(H) ® A)). Then we have

E,r

=05 () =6 (y) ==

ug{,l‘”(N,K(H)@A),max,*(x) =l
and therefore px joo (N, K (H)®A),max,« 15 onto.

Let us prove the converse. Assume that there exist € € (0, 75) and 7 > 0 such that for any
d>0and r >0 with » <" and kx(e)d < r and QSx, 4 max,«(d, 7,7, €, Ae) is not hold. Let
us prove that fix jeo (N, K (H)®A),max,+ 18 not onto. Then we can find increasing and unbounded
sequences (d;);en and (r;)jen such that kx(e)d; < rj and r < r;. Let y; be an element
in K27(Cr L. (X, A)) such that (3 ASTT (yi) is not in the image of ug\fgbnf;)(* There exists an
element y in K3 (CF,. (X, I°(N, K(H)® A))) corresponding to each y; in K3 (Ck .. (X, A)) by

max max

Corollary 2.1. Assume that for some d’ > 0, there exists an z in KK, (Py (X),[*(N, K(H)®A))
such that (3" (y) = u§£7lm(N7K(H)®A)7max7*(x). Using Proposition 2.4, there exists a positive
number 7" with » </ and kx (Ae)d’ < 1’ such that

e, \e,r,r’ e, d ,r e, \e,r,r’
Ly © 'uX lm(N K(H)®A),max, *(ZII) = Ly (y)

But if we choose j such that " < d; and 7’ < r; we get by using the naturality of assembly

Ae di,ri

S (yj) belongs to the image of X 'A'max,« Which contradicts our assumption.

map that ¢,
Replacing the algebra [*°(N, K(H)® A) by [[ K(H) ® A;, using the similar method in the
ie€N
proof of the former theorems, we can get the following result.
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Corollary 2.2 Let X be a discrete metric space with bounded geometry and A is a C*-
algebra. Then we have the following results.

(1) px, A max« @5 one to one. Then for any ¢ € (O, %) and every d > 0,7 > 0 such that
kx(e)d <r, there exists d' with d < d’ such that QIx, A max«(d,d e, 1) holds.

(2) px, A max,« s onto. Then for some A > 1 and any ¢ € (O, ﬁ) and every r > 0, there
exists d > 0 and ' > 0 such that kx(e)d < r and r < ' such that QSx, A max«(d, 7,7’ €, \e)
holds.

3 Persistence Approximation Property

Persistence approximation property was introduced by Oyono-Oyono and Yu in [12]. Tt
has a strong relationship with Baum-Connes conjecture with coefficient and provide geometric
obstruction for Baum-Connes conjecture. The persistence approximation property was defined
as follows.

Let B be a filtered C*-algebra and positive numbers £,&’, and r’ such that 0 < e <&’ < 1
and 0 < r < 7.

Definition 3.1 (see [12]) We call that K.(B) has persistence approzimation property if
For any ¢ € (O, i) and r > 0, there exists €’ € (E, %) and r' > r such that for any x € K" (B),
then (55" (x) # 0 in Kf/"r,(B) implies that 12" (z) # 0 in K.(B).

We give the following quantitative statements. PA.(B,e,&',r,r") : For any v € K" (B),
then (5" (z) = 0 in K, (B) implies that 155" (z) = 0 in K5 (B).

For the crossed product with groups, we have the following theorem.

Theorem 3.1 (see [12]) Let T be a finite generated group and A be a C*-algebra. Assume
that

(1) HT 100 (N, A@ K (H)) 5 onto and ur a is one lo one.

(2) T admits a cocompact universal example for proper actions.
Then for some universal constant \pa > 1, any € € (O, ﬁ), any r > 0, and any T'-C* algebra
A there exists v’ > 1 such that PA,(A Xwea Ty, Apag,r,1") holds.

Remark 3.1 A finite generated group with Haagerup property will satisfy Baum-Connes
conjecture for any coefficients (see [6]). If a group is hyperbolic or the fundamental group of a
compact oriented 3-manifolds will admit a cocompact universal example for proper actions (see
[8]). Both of Fy and SLo(Z) satisfy the hypothesis of the former theorem.

For the groupoid C*-algebras, we have the following theorem.

Theorem 3.2 (see [3]) Let G be an étale groupoid such that
(1) GO is compact;
(2) G admits a cocompact example for universal space for proper actions.
Then there exists a universal constant A\pa > 1 such that for any G-algebra A, if jiq 10 (v, A9 K (1))

is onto and pg, A is one to one, then for any ¢ € (O, ﬁ) and every F € &, there exists a F
such that F C F" and PA.(A Xyeq G,e,\pac, F, F') holds.

Remark 3.2 Let X is a discrete metric space with bounded geometry. If X embeds coarsely
into a Hilbert space, then the groupoid G(X) is a-T-menable (see [14]). Hence G(X) will satisfy
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Baum-Connes conjecture with coefficients. If this groupoid G(X) also admits a cocompact
universal example for proper actions, then the reduced crossed product with this groupoid will
have persistence approximation property.

For the metric space, we have the following theorem. We also need a hypothesis to replace
that the group (groupoid) admits a cocompact universal example for proper actions.

Definition 3.2 (see [12]) A discrete metric space is coarsely uniformly contractible: If for
every d > 0, there exists d' > d such that any compact subset of P;(X) lies in a contractible
invariant compact subset of Py (X).

Example 3.1 (see [8]) Any discrete hyperbolic metric space is coarsely uniformly con-
tractible.

The following theorem describe the persistence approximation property for maximal Roe
algebras.

Theorem 3.3 Let X be a discrete metric space with bounded geometry and A is a C*-
algebra. Assume that

(1) X s coarsely uniformly contractible.

(2) KX 1% (N, A® K (H)),max,« 15 0Nto and fix, A max,« 5 one to one.
Then there exists a universal constant Apa > 1 such that for any e € (O, ﬁ) and every r > 0,
there exists a v’ > 0 such that r <1’ and PA(C} (X, A),e, A\pac,r, 1) holds.

Proof Let («, h) be the control pair in Corollary 2.1 and A be the constant in Proposition
2.1. Set Apa = Aa. Assume that the conclusion is not hold. Then there exists e > 0 and r > 0
such that PA,(C (X, A),e,\pae,r, 1) is not true for any ' > 0 with r < +’. Hence we can
find an nondecreasing and unbounded sequence of 7; and elements z; € K" (C . (X, A)) such
that (=7 (x;) = 0 but (52P4&775 () # 0.

Let « be the element of K" (C*  (X,I™°(N,A @ K(H)))) corresponding to (z;) €
[TKS"(Cx
J

+ (X, A)) under the controlled isomorphism of Corollary 2.1. If 13745 "=" () is in the

range of f1x jo (N, A@ K (H)),max,«, then there exists d > 0 and z € K K. (Py(X),(*(N, A K(H))),
such that U§(7[m(N7A®K(H))7max,*(Z) = 3745 (1), Let (z;) be the element of [T K K. (Ps(X), A)
J

corresponding the isomorphism
KK.(Pa(X),1%(N, A @ K(H))) = [ KK.(Pi(X), A).
J
By Proposition 2.1, there exists 7" with her < r” such that

Apa,d,r” _ agxpaherr”’
Y [ (N, A K (F))ma,« (7) = L = (@)

Since the quantitative maximal assembly map is compatible with the maximal assembly
map, we have u%)A)maX)*(zj) = 0. Since X is coarsely uniformly contractible and fix, A max,» 1S
injective. There exists d’ with d < d’ and (qg/)*(z) = 0. Since the following is compatible:

Apae,d,r”’ _ Apadr” d’\*
'uX7l°°(N7A®K(H))7max7*(Z) = HX 1o (N, AQ K (H)),max,+ ° (gq )" (2)-

Apasherr! A "
Then we have (357" () = 0 in K;74%" (C*

max

(X,I*(N,A® K(H)))). Choosing
i € N such that r”” < r;, then we have (S*"45"" () = 0, which contradicts our assumption.
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From this theorem, the persistence approximation property provides the geometric obstruc-
tion to the maximal coarse Baum-Connes conjecture.

Let X be a discrete metric space with bounded geometry. If X admits a fibred coarse
embedding into Hilbert space, then X satisfies the maximal coarse Baum-Connes conjecture
(X) when

(see [2]). So whether or not the persistence approximation property holds for C} .

X admits a fibred coarse embedding Hilbert space?

Theorem 3.4 Let X be a discrete metric space with bounded geometry. Assume that X
admits a fibred coarse embedding into Hilbert space and X is coarsely uniformly contractible.
Then there exists a universal constant Apa > 1 such that: For any e € (O, ﬁ) and any r >0
there exists v’ > r such that PAL(C} . (X), e, Apae,r,1") holds.

Proof Since X can be fibred coarse embedding into Hilbert space, then X satisfies the
quantitative maximal coarse Baum-Connes conjecture with coefficient K (H). By Theorem 2.4,
KX 150 (N, K (H)),max,« 1S surjective. Since px g () max,» 18 injective and X is coarsely uniformly
contractible, then by Theorem 3.3, there exists a universal constant A\p4 > 1 such that: For
any € € (0, gxo7) and any 7 > 0, there exists 7 > r such that PA(Cy(X), &, Apae, 7, 7")
holds.

A very important example of metric space which admits a fibred coarse embedding into
Hilbert space comes from the box space residually finite group. The box space of residually
finite group admits a fibred coarse embedding into Hilbert space if and only if the group has
Haagerup property (see [1]).

Here we give some examples of maximal Roe algebra satisfying the persistence approximation
property. For a finitely generated residually finite group " with Haagerup property and {T'; }ien
be a family of finite index normal group with trivial intersection. We endow I'/T"; with the metric
d(al;,bI';) = min{d(av1,bv2); 71,72 € T';}. We set X(T') = | | T'/T; and equip X (I") with the
following metric d : o

(1) On I'/T;, then d is the metric defined above;

(2) d(U/T3,T/Ty) i+ 5 if i # j;

(3) The group I' acts on X(I') by isometries.

As in [9, Proposition 2.8|, let Br = [*°(X(T'), K(H)), Bro = Co(X(T'),K(H)) and Ar =
Br/Br,o. There is a short exact sequence:

0— K(*(XT)® H) = C:

max

(X(T)) = Ap Xmax I' = 0.
C* . (X(T)) is filtered by (C[X(T)],)rs0. Let J, = C[X ()], N K(*(X(I') ® H) and J =
K(*(X(T)® H). Let q : C;

max

(X(T')) = Ar Xmax I' be quotient map, from the prove of the
Proposition 2.8 in [9], the propagation of ¢(C[X (T")],) is no more than 7.

To use the six-term exact sequence of quantitative K-theory, we need the extension is
completely filtered. Firstly, we will show the above extension is completely filtered.

Lemma 3.1 The extension

0— K(3(XT)®H) = C*

max

(X(T)) = Ar Xmax I’ — 0
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is completely filtered, i.e., for any integer n, r >0 and x € M, (C[X(I')],), we have

inf T — = inf xz —yll.
yEM, (Jr) ” y” yeM, (J) ” yH

Proof Since for any positive integer n, we have
I°(X(I'), K(H)) ® M, (C) CI>(X (), K(H)).

Hence C*

max

(X(I) ® Mn(C) € CF

" ax(X(T)). So we only need to prove for n = 1 case. Since

for any « € C[X(T")],, easily we have inf ||z —y|| > inf ||z —y]|.
yedr yeJ

Let e) be an approximate unit for K (I1?(X(I') ® H)), obviously we can choose ey to be the
0 propagation operators on I?(X (I') ® H). We also have

Dl — ol — i _
inf iz = | = lim 2 = zex]
and xey € C[X(T")],. Hence in}' e —y] < ing ||z — y||, then we get our result.
yeJr ye

Secondly, we show K (I>(X(T') ® H)) has persistence approximation property, then we use

the controlled exact sequence to prove C}i .. (X (I')) also has this property.

max

Proposition 3.1 Let I' be a finitely generated residually finite group with Haagerup pro-
perty, if T' admits a cocompact universal example for proper actions. Then there exists a u-
niversal constant X\ > 1 for any ¢ € (O,ﬁ) and any r > 0 there exists v’ > r such that
PA(K(?(X(T)® H)),e, e, r,7") holds.

Proof We only prove the even case. For the odd case is similar. By Theorem 3.2, there exists
Ap4 making the persistence approximation property holds. Let A = max{5,A\pa} for any ¢ €

n—1
(0,25),r>0andz € Po"(K(I*(X(T')® H))), then = 2’ +2"” with 2’ € K(I>( [[ I'/T;)®H)
i=0

K2

and 2’ = (2/)i>n € [[ K(*(X(I';) ® H)). This decomposition is independentiof the choice
>n

of  only depend on r. Since ’ - 2" = 0,then " (') =0 and (" (") = 0. If (" (z) = 0,
n—1

then 15" (2/) = 0 and (" (2”) = 0. Since for any operators in K (I*( [[ I'/T;) ® H), their
i=0

propagation is finite. Hence there exists v} with ; > r only depend on r, such that 2’ and

n—1
15" (#') is homotopic in 5e-r{-projections in K (I*( I] I'/T;) @ H).
i=0
Since there exists a inclusion Brg Xyeq I' = K(1?(X(T') ® H)) and

1 1
2" = (27 )izn € Bro Xrea I'.

Since " (2”) = 1" (zV

Jisn = 0 and 15" (z)i>n € Br,o Xrea I. If T' has Haagerup proper-
ty and admits cocompact universal example for proper actions. Then by Theorem 3.1, for
some universal constant Ao > 1, any € € (O, ﬁ), any r > 0, there exists r4, > r such that
PA.(Bro Xyed Iy €, Aag, r,75) holds. Then LS’A%T”Q (z”) = 0 in Ké‘ﬁ’“ (Br,o Xyea I'). Hence
G () = 0 in Ko (1 K(2(0/T0) @ H)).

i>n
Let ' = max{ry,r2}, since the choice of 71,72 do not depend on x. Hence there exists
a universal constant A > 1 for any £ € (0,2 ) and any 7 > 0 there exists r’ > r such that

PA(K(I*2(X(T)® H)), e, Ae,r, ") holds.
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Theorem 3.5 Let I" be a finitely generated residually finite group with haagerup property
and admits a cocompact universal example for proper actions. Then there exists a univer-
sal constant Apa > 1 for any € € (O,ﬁ) and any r > 0 there ewists v’ > r such that
PA(CE (X (T)), e, Apae,r,r") holds.

Proof Since I' has Haagerup property, then I' is K-amenable and satisfies Baum-Connes
conjecture with any coefficients (see [6]). By Theorem 5.10 in [10] there is a control pair (A, k)
such that

Ar, A 2 K (Ar Xmax I') = K (Ar Xpea I)

is a (A, h)-isomorphism. If T" admits a cocompact universal example for proper actions. Then

by Theorem 3.1, for some universal constant Apa, > 1, any € € (0, m),any r > 0, and

any [-C* algebra A there exists r(, > r such that PA,(A Xyea I',€, Apa,e,r,1g) holds. Up to

rescaling of parameters, we can assume there exists some universal constant Ap4, > 1, any

€€ (O, ﬁ), any r > 0, there exists 7, > r such that PA,(Ar Xmax I', €, Apape, 7, () holds.
Since the extension

0 KPXDT)®H)—C:

max

(X(T)) = Ar Xmax I — 0

is completely filtered. So we have a six-term exact sequence of quantitative K-theory: Denote

Do — D?{(P(X(F)@HLC* (X (1)) Dl = D}((l2(X(F)®H)7C* (X(T)) by the controlled boundary

map. There exists a control pair (X, h’) such that the frgﬁowing six-term sequence is (X, h')-
exact

Ko(K (I2(X () @ H))) 2= Ko(Cihn( X (I)) —2— Ko(Ar Hmax T)

| »|

K1 (A Xmax T) =—5— K1 (Cohan (X () =2 K1 (K (2(X(T) @ H)))

max

Since K (I>(X (I')® H)) has persistence approximation property for some universal constant Ap 4,
we may assume Ap4 > A > 1. Then for any € € (0, ﬁ),r > 0and z € K" (CfL.(X(T)))
with 5" (z) = 0 in Ko(C} (X (T))). Since 15" (q(x)) = q(tg" (z)) = 0 in Ko(Ar Xmax ') and
Ar Xmax I' has persistence approximation property. Then ¢(z) = 0 in KOAAFE’T‘,) (Ar Xmax I).
Since the six term sequence is (N, k') exact. Then there exists an element

y € K <" (K(A(X(T))))

such that
Neh'r A ,nh'sr
G (y) = 0" T ()
in K; ="<T(Cx, (X (I))). By [9, Proposition 2.10], the inclusion

K*(XT)® H)) < Cx

max

(X (1)

induces an injection Z — Ko(C} .

Nehlr, Neh! . Nehl
i TGN () = (g T (y) =0

induces 1) ~"<"(y) = 0. Since K (12(X(I')® H)) has persistence approximation property, we may
choose a bigger Apa with Apa > X and there exists 7’ > h’r such that LS eApaghe,r (y) =0 in

(X(I))). Then
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KS‘PA’TQ(K(ZQ(X(F)))). Hence jrras’(y) = L87)‘PAE7T’T () =0 in K)‘PA” (cx

max(

(1)) and
the choice of 7" does not depend on z.

For the odd case is similar. Hence there exists a universal constant Aps > 1 for any
e € (0, ﬁ) and any r > 0 there exists 7 > r such that PA.(Ck, . (X(1)),e, Apac,r, 1)
holds.

Remark 3.3 Both Fy and SL2(Z) are finite generated group with Haagerup property.
Since their classifying space is a tree and this tree is cocompact. So they admit a cocompact
universal example for proper actions. Hence the maximal Roe algebras of their box spaces will
have persistence approximation property.

4 Quantitative Assembly Map for a Family of Metric Spaces

Initially the quantitative K-theory was used to prove the coarse Baum-Connes conjecture
for the space with finite asymptotic dimension. In this section, we will study an application of
quantitative K-theory.

Let X = (X;)ien be a family of discrete metric space with bounded geometry and A =
(Ai)ien be a family of C*-algebras. Denote Cf . (X,.A) by the closure of |J ( [] C[Xi, 4; ])

e r>0 “ieN
in J] C¥.(Xi, Ai). Then C}, (X, A) is filtered C*-algebra.
€N

Lemma 4.1 There exists a control pair (A, h) and a (A, h)-controlled isomorphism

IC ( de(X A _> HIC de(Xi7Ai))'

Proof We will prove it in the even case, for the odd case is similar. Obviously, there
is a controlled homomorphism induced by the projection to the i-th factor. For any = €
[T K57 (Cax (X, Ay)), then z = (x;) and for each x; € K" (C L (Xs, Ai)). Then z; = [p;, li],

max
zEN

Ps T(C*

max

(X;,A;)) and ng, l; € N. Since A; @ K(H)®@ M, (C) 2 A;® K(H) for any positive

1nteger n and ¢. Then we can assume p; € P="(C%

*ax (X, A;)). Hence there exists a control pair

(A, h) such that this map is (A, h)-surjective. By [10, Proposition 1.30], up to enlarge matrix
size, the homotopy of e-r projections can be chosen to be Lipschitz homotopy. Hence we can
choose a bigger control pair (A, k) such that this map is (A, h) isomorphism.

As [3, Proposition 4.2.6], there exists a universal control pair (a, k) such that:
(1) For any family X = (X;);en of metric space;

(2) For any family of C*-algebras A = (A;);en and B = (B;)ien;

(3) For any z = (2i)ien in [[ KK.(4;, B;),

ieN
There exists an («, h)-controlled morphism
afk'o,max(z) (U:’Ori(:x)0<a<4 ,r>0 * IC ( mdx(X A)) (Ortldx( 76))

that satisfies the analogous properties listed in [3, Proposition 4.2.6].

For each metric space X; and positive number d, there is a projection Py x, max With
propagation less than d in C},.(X;). For a family of metric space X = (X;)en, denote
P7% max = (Pa,X;,max)ien is projection of propagation less than d in C,, (X, A), where A is a

mdx(
family of C*-algebras Cy(Py(X;)).
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Then we can defined the quantitative assembly map valued in C

ax(X). For any € € (0, 1)
and d,r > 0 with kx(e) - d < r. Define

[1 KEK.(Co(Pa(Xi)), C) = K" (Chax(X)),

c0,e,d,m | ) jeN

MXmax*' axe ekx(E)r  ~oo

2 Ly "o Ox (Z)[Piox7maxa 0]6’77"7
where &’ and ' satisfy
(1) &’ € (0,1) such that ax -’ < ¢;
(2)d <1 and kx(g') -7 <.

Remark 4.1 The quantitative assembly map is compatible with the inclusion of the inclu-

sion of Rips complex, i.e., For any positive number d and d’ with d < d’, we have p=%"

X ,max,*
( oo,d’) 00,e,d’,r
dq - IU“X max,* "
Remark 4. 2 The quantitative assembly map is also compatible with structure morphism
’ ’ d ’ d
S5 e, 55 o pre St = pxae” for any e < ¢’ and r <7’

Similarly we give two quantitative statements.

(1) QL max,s(dyd',7,): for any x € [T KK.(Pa(Xi),C), then p372 (x) = 0 implies
1€N
(¢2)*(x) = 0 in [] KK.(Pi(X),C).
€N
(2) QSX,max,*(d, T, 7"/, g, 8/): for any y € Kivr(c*

max

(X)), thereexists x € [[ KK.(Py(X;),C)
ieN
such that ,uoo’sl’d’rl () =% &imr’ (y)-

X max,

Let ¥ = || X;, where (X;);en is a family of metric space satisfying: For any r > 0, there
exists an intézlzr N, such that for any integer i, any ball of radius r in X; is no more than N,
element.

The metric d on ¥ is defined to be:

(1) On each X;, the metric is just the usual metric on Xj;

(2) d(Xi, X)) > i+ if i £ .

Obviously, there is a inclusion of filtered C*-algebras js; max : Chax(X) — Cr . (2). Let

A = (A;)ieny be a family of C*-algebras and denote A® = @ A;, for each i € N, there
ieN

is an inclusion A; ® K(I*(X;) ® H) — A® ® K(I*(X) ® H) induce the inclusion j4 s max :

Cha (X, A) = C

o ax *ax (2, AP). Recall there is an isomorphism

[[ KE.(4i,C) = KK.(A%,C).
ieN
Lemma 4.2 For a family of C*-algebras A = (A;)ien, X = || X; and z € ] KK (A,
€N i€EN
C), then we have a commutative diagram:
X max( %
K ( maX(X A)) (Cmax( ))
l(jA ¥ ,max) l(jz,max)*

K (Ch (3, 4057228 ()
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Proof Firstly we prove the odd case, assume z € [[ KK;(A4;,C) & KK;(A®,C) (We
write z = (2;);en for each z; € KK;(A4;,C)). Let us fix ateszparable Hilbert space H. For each
i € N, let (H,m;,T;) be the K-cycle for KK;(A;,C) representing z;,where m; : A; — L(H)
a representation and T; in L£(H) satisfying the K-cycle conditions. Let P, = % and
E; = {(z,T) € A; ® L(H) such that Pim;(x)P;, — T € K(H)}. Then we have a semi-split
extension

0—-K(H)—E —A; —0.

The cross-section s : A; — Ey;; x +— (x, PaP;). Then for the X = (X;);en family of metric
spaces, we have a family of semi split filtered C*-algebras extension

0—C*

max

(X3, K(H)) = G

max

(X, E;) = Cx

max

Let & = (E;)ien be the family of C*-algebras, since C% .. (X;, K(H)) = C,.(X;), we can

get a semi-split filtered C*-algebras
O % C:;lax( ) _> O;;laX(X’ 8) % C;laX(X7 A) % O

The boundary map associated this extension is 05, (2) : Ku(Crranc (X5 A)) = Koiy1 (O (X))
Using the similar way, let E = {((zi)ien, T) € A®&L(1>(N)® H) such that ( @ Pymi(xz;)P)
ieN
—T € K(I*(N) ® H)}. Then we have a semi-split extension

0— K(P(N)® H) - E — A® — 0.
Hence we get a semi-split filtered C*-algebras extension

0—C*

max

(S, K(*(N)@ H)) — C;

max

(35,E) = C L (2,A4°) =0
The boundary map associated with this extension is
o5,max(2) ¢ K (Clrax (3, A7) = K1 (Chan (X))

For each integer 4, there is obvious a representation of K (I(X;)® H)® E; on the right E-Hilbert
module H ® [2(X) ® E as a corner which gives a C*-homomorphism jg s max : Cihox (X, &) —

Ct (2, E) such that je v (Cf (X)) C CrL (3, K(I?(N) ® H)). Then we have a commutative
diagram:

(Xag) %C;lax(‘)ch) —0

ljé‘,z,max ljg,):,max lj.A,Z,max

0—=Cr O KPN)®@H) —=Cr (35 E) —=Cr, (3,A%) ——=0

max max

By the naturality of the index map and exponential map, we have the commutative diagram:

0% max (%)

K( X A))—>K*+1(Ortldx( ))

mdx(

l(jA,Z,max)* l(j)Lmax)*
. max(2) .
Ko (Ce (2, AR 222K (Crn(2))
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Next we will prove it in the even case. Let z € [ KKy(A1,C). For a family of extensions
i€N

Since 94, € KK1(A;, SA;) then let 2/ = ([04,]7! ®a, zi)ien € [[ KK1(SA;,C). We denote
€N
U.(;('o,max(z) = Ugfo,max(’z/) o U.(;('o,max((aAi)iEN) :

Ko (Crax (X, A)) = Koy (C

max

(X, 5A)) = K. (Crax(X)).
Since (SA)® =2 SAY and (CA)® =~ CA® we have a commutative diagram:

0—— C;:lax(‘)(7 SA) - C;:lax(‘)(? CA) - C;:lax(‘)(7 A) —0

ljsA,E,max le.A,E,max lj.A,E,max

(2, 5A4%) — = O, (3, CA%) —= C, (8, A%) — =0

*
O C max max

Let O40 € KK1(AP SA®)2" = ([040]7 ! @40 2 € KK1(SA®,C), then os max(z) =
05 max (") 0 05 max (040 ) : Ki(Can (3, AP)) — K. (C},«(X)). By the naturality of the boun-
dary map we have the commutative diagram:

K. (CF, (X, A)) —— K, .1 (Cx

max max

(Xﬂ SA)) - K* (C;lax(‘)())
l(jé‘,z,max)* l(jS,E,Z,max)* l/(jz,max)*
K (Chax (B, A%)) —— K1 (Crax (B, SAT)) —— K. (CF (X))

max

Proposition 4.1 Let X = | | X; as above, let s be a positive number, such that d(X;, X;) >
i€N
s if i # j. Then we have commutative diagram:

00,8
Mo max,*
Zomes

K* (Crtlax(X))

o~

(U2, max)

s
#Z,max,*

KK, (Py(Y),C) —— K.(C}.x ()

Proof Since Cy(Ps(X)) = @@ Co(Ps(X;)) then we have the isomorphism
ieN

[[ KE.(P.(X:),C) = KK.(P.(%),C).
1€N

Let z = (2)ien € [] KK«(Ps(X;),C). Let us consider the family A = (Co(Ps(X;)))ien of
i€N
C*-algebras. Since d(X;, X;) > s if ¢ # j. Hence ja, s max (P25 ) = Ps 5 max. Following the

s, X ,max

previous lemma, we have

jZJnax © Ugfo,max(z)([ sO,OX,max7 O]) = O-E,max(z) o jA,Z7max([PS7E,max; 0])

Then we get our commutative diagram.
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Theorem 4.1 Let X = (X;)ien be a family of discrete metric space with bounded geome-

try.Let ¥ = | | X; defined as before. Assume that
i€N
(1) for any € € (0,%) and positive numbers d,r such that ax(e)-d < r, there exists d’' with
d <d', such that QIx max(d,d',e,7) is holds;
(2) for some A > 1 and any e € (0, 4),r > 0, there existsd > 0 and r' > r with ax(e)-d < r’
such that QSx max,«(d, 7,7, €, \e).
Then Y satisfies the mazimal coarse Baum-Connes conjecture.

Proof Firstly, let us to prove pyx . is one to one. Let d be a positive number and = €
KK.(Py(X),C) such that p$ ... (z) = 0 in K.(C;,(X)). We may assume without loss of

generality that d(X;, X;) > d if i # j.Then Py(X) = || Pa(X;). Hence KK, (P;(X),C) =
€N

I KK.(Pi(X;),C). We write © = (z;);en corresponding to this identification for each z; €

ieN

KK.(Pi(X;),C). By Proposition 4.1, we have

. ,d
(]E)max) o /J’OXO max, *(!E) =0.

Fix a € > 0 small enough and choose A > 1 in Proposition 2.1. Let us fix a positive number r
with ax(¢) - d < r, then we have

. d , d,
(]E,max)* ° /J’OXO7max7* = (]E,max)* ° L "o NOXO rfndxr* = Ls " (jE max) NOXO rfn:x *°
Then by Proposition 2.1, there exists 7/ with r < 7’ such that (jganfax) o Uy é‘faf: () =0

in K=" (CFax(X)). Therefore up to replacing Ae by € and r by r/, we may assume there
exists £ € (0, 1) and r > 0 such that (j57 . )« 0 ;L;f;:xr*( )=01in KE "(CF (). We may
assume without loss of generality that d(X;, X;) > r if i # j. Then we have u5°2%" (2) =0 in

X,max,*
K" (C%,.(X)).By assumption then there exists @’ with d < d’ such that (¢4 )*(z) =0 in

[[ KK.(Ps(X:),C) = KK.(Ps(S), C).
ieN
Hence pis: max,« is one to one.

Next to prove fis max,« is onto. Let y € K, (C},.(¥)) and positive number ¢ small enough.
Then there exists r > 0 and y' € K" (Ch ., (X)) such that (&7 (y') = y. Let & € (g,1) and
positive numbers d, " with » < v’ and ax(g) - d < 1’ such that QSx max,«(d, 7,7, €, Ae) holds.
We may assume without loss of generality that d(X;, X;) > max{d, r} if i # j. Then there exists
2 € K{"(Chax (X)) such that (j57 .. )«(2) = . Hence there exists z € [| KK.(Pa(X;),C)

max
i€eN
such that % é‘faf: () = S (2). By Proposition 4.1, we have pf () = (jo,max)s ©

B3 e (@) = Gsmax)e 0 277 0 e () = 257 (yf) = y. Hence pis max,. is onto.
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