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A Modified Analytic Function Space Feynman Integral of
Functionals on Function Space*
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Abstract In this paper, the authors introduce a class of functionals. This class forms a
Banach algebra for the special cases. The main purpose of this paper is to investigate some
properties of the modified analytic function space Feynman integral of functionals in the
class. Those properties contain various results and formulas which were not obtained in
previous papers. Also, the authors establish some relationships involving the first variation
via the translation theorem on function space. In particular, the authors establish the
Fubini theorem for the modified analytic function space Feynman integral which was not
obtained in previous researches yet.
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1 Introduction

The function space C, [0, T], induced by a generalized Brownian motion, was introduced by
Yeh in [19] and studied extensively in [6, 8-10, 12]. Various theories for the generalized analytic
function space Feynman integral (generalized analytic Feynman integral) on function space have
studied in many papers (see [6, 8-11]). However, the Fubini theorem for the generalized analytic
function space Feynman integral was not established because the generalized Brownian motion
has the nonzero mean function a(t). In [9], the authors introduced a new concept of modified
analytic function space Feynman integral and explained some physical phenomenon via the
modified analytic function space Feynman integral. Also, they established various relationships
for the modified analytic function space Feynman integral. Furthermore, they have established
a version of Fubini theorem for the modified analytic function space Feynman integral for the
special cases only.

In this paper, we establish the existence of the modified analytic function space Feynman
integral of functionals in a class. We then obtain various relationships with respect to the

modified analytic function space Feynman integral via the translation theorem. The end of
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this paper, we give the general Fubini theorem with respect to modified analytic function space
Feynman integral instead of the special cases.

The generalized Brownian motion process used in this paper and used in [6, 9-12] is non-
stationary in time, is subject to a drift a(t), and can be used to explain the position of the
Ornstein-Uhlenbeck process in an external force field (see [18]). While the Wiener process used

in [1-5, 7, 13-17] is stationary in time and is free of drift.

2 Definitions and Preliminaries

In this section, we recall some definitions and properties from [6, 9-12, 19-20].

Let D = [0,7] and let (2, B, P) be a probability measure space. A real-valued stochastic
process Y on (2, B, P) and D is called a generalized Brownian motion process if Y (0,w)=0
almost everywhere and for 0 =ty < t; < -+ < t, < T, the n-dimensional random vector
(Y(t1,w), -, Y (tn,w)) is normally distributed with density function

n

WalE.i) = ((2m)" [T0(t) = bitj-1))

1
2

j=1
1 ¢ ((n; —alty) = (-1 — a(tj—1)))?
X ex {— - }7
Pl73 2 b(t;) — b(t;—1)
where 7 = (91, ,0n), o = 0, £ = (t1,--- ,t,), a(t) is an absolutely continuous real-valued

function on [0, 7] with a(0) = 0, a’(t) € L2[0,T] and b(¢) is a strictly increasing, continuously
differentiable real-valued function with b(0) = 0 and ¥'(¢) > 0 for each ¢ € [0, T7.

As explained in [20, pp.18—-20], Y induces a probability measure p on the measurable space
(RP, BP) where RP is the space of all real valued functions x(t), t € D, and B? is the smallest
o-algebra of subsets of RP with respect to which all the coordinate evaluation maps e;(z) = z(t)
defined on RP are measurable. The triple (R”,BP 1) is a probability measure space. This
measure space is called the function space induced by the generalized Brownian motion process
Y determined by a(-) and b(-).

We note that the generalized Brownian motion process Y determined by a(-) and b(-) is a
Gaussian process with mean function a(t) and covariance function r(s,t) = min{b(s), b(t)}. By
Theorem 14.2 in [20, p.187], the probability measure p induced by Y, taking a separable version,
is supported by C, [0, T] (which is equivalent to the Banach space of continuous functions x
on [0, 7] with 2(0) = 0 under the sup-norm). Hence (C, 5[0, T], W(Cy [0, T1]), ) is the function
space induced by Y where W(C,4[0,T]) is the collection of all Wiener measurable subsets of
Cap[0,T].

Let Lfb) 10, T be the Hilbert space of functions on [0, T'] which are Lebesgue measurable and
square integrable with respect to the Lebesgue Stieltjes measures on [0, 7] induced by a(-) and
b(-), i.e.,

12,00,T) = {v : /OT 2(5)db(s) < oo and / s)dlal(s) < }
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where |a|(t) denotes the total variation of the function a on the interval [0, ¢].
For u,v € L7, ,[0,T7], let

T
(1 0)ap = / a(t)o()A[b() + |l (1))

Then (-, )a, is an inner product on L2 ,[0,T] and |[ulla, = /(4 u)as is a norm on L2 [0, T].
In particular note that ||ulla,, = 0 if and only if u(t) = 0 a.e. on [0, T]. Furthermore (L2 ,[0, 7],
Il - |la,p) is a separable Hilbert space. Note that all functions of bounded variation on [0, 7] are
elements of L2 [0, 7. Also note that if a(t) = 0 and b(t) = ¢ on [0, T], then L7 ,[0,T] = L?[0,T].
In fact,

(Lasl0,T] 1 llap) € (L3510, T, 11 - llow) = (L2[0, 7], ]| - [l2)

since the two norms || - [0, and [| - ||2 are equivalent.

A subset A of C,, 5[0, 7] is said to be scale-invariant measurable provided pA € W(C, (0, T])
for all p > 0, and a scale-invariant measurable set IV is said to be a scale-invariant null set
provided pu(pN) = 0 for all p > 0. A property that holds except on a scale-invariant null set is
said to hold scale-invariant almost everywhere (s-a.e.) (see [15]).

For v € L7 ,[0,T] and x € C, [0, T] we let (v,z) = fOT v(t)dz(t) denote the Paley-Wiener-
Zygmund (PWZ for short) stochastic integral, for more detailed see [6, 9-12].

Throughout this paper we will assume that each functional F' : C,[0,T] — C we consider

is scale-invariant measurable and
[ R < o
Ca,b[0,T]

for each p > 0.

In [9], the authors have pointed out the importance of modified analytic function space
Feynman integral. They explained that the concept of modified analytic function space Feyn-
man integral can be used to investigate some behaviors of the anharmonic oscillator in quantum
mechanics. These explains tell us that our research is a meaningful subject.

We recall the definition of the modified analytic function space Feynman integral (AFSFI
for short) (see [9]).

Definition 2.1 Let C denote the complex numbers, let C+ = {X € C: Re(\) > 0} and let
Cy={NeC:XA#0 and Re()) > 0}. Let h € Cap[0,T] be given. Let F': Cqp[0,T] — C be
such that for each A\ > 0, the function space integral

J(\) = / F(A"22 + exh)du(z)
Ca,u[0,T]

exists for all X > 0 where cy is a real number which depends on \. If there exists a function
J*(N) analytic in D C Cy such that J*(X\) = J(X) for all X > 0, then J*(\) is defined to be the
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modified analytic function space integral of F over Cq [0, T] with parameter A, and for A € D

we write

an;‘,h
J*(N\) = / F(z)dp(z).

Ca b[0,T]

. an? h
Let g # 0 be a real number and let F' be a functional such that fCa,i[O,T] F

all A € D. If the following limit exists, we call it the modified AFSF1 of F' with parameter q

and we write

(x)du(x) exists for

anf;q,h ani’\,h
[ F@dua) = lin Fa)du(z),
Ca p[0,T] —=14.JC, ,[0,T)

where A approaches —iq through values in D.

Remark 2.1 If h(t) = 0 on [0, 7] or cx = 0, our modified AFSFT equals the concept of the
generalized AFSFI, namely

/anf§q=hF(x)du(x):/anfq F(z)du(z),

Cq 10,77 Cy 5[0,T7]

where SZ{‘[‘O)T] F(z)dp(z) denotes the generalized AFSFI. Furthermore, in the setting of
classical Wiener space (in our research, when a(t) = 0 and b(¢t) = ¢ on [0,7]), our modi-

fied analytic Feynman integral, the generalized analytic Feynman integral and the analytic

Feynman integral coincide.

The following is a well-known integration formula which is used several times in this paper.
For each o € C and for v € L2 [0, 7],

/Ca,b[o.,T] exp{a(v, z) fdu(z) = exp {7(112, b) + (v, a’)}, @21
where (v2,b) = foT v2(s)db(s) and (v,a’) = fOTU(s)da(s),

For each complex number o with Re(a®) < 0, let Sy = Sa(L2,[0,T]) be the class of

functionals of the form
F(z) = / exp{a(v,z)}df(v) (2.2)
L? ,[0.7]

for s-a.e. x € Cy [0, T such that for all p > 0,
T
[, e {oret@) [ Odalo)}arw)] <. (23)
L2 ,[0.T] 0

where f is in M(L? [0, T]), the class of all complex valued countably additive Borel measures
on B(L? ,[0,T]).

Remark 2.2 We have the following observations as follows.
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(1) For each p > 0,

[ o Fenau@]< [ o {oreta) | o0ldlal) a7 0)] < o

This means that F' is defined for s-a.e. x € C, [0, T].
(2) If o = ip for some p is in R, then Re(a) = 0 and so

n y Flpu@)]| < 17 < o

That is to say, the condition (2.3) always holds. Furthermore, using the techniques similar to
those used in [5], we can show that for each o € C with o = ip, p € R, the class S, is a Banach

algebra with the norm

IFI= 1= [, WO f e MU0 7))

a,b O’
One can show that the correspondence f — F' is injective, carries convolution into pointwise
multiplication.
(3) In the setting of classical Wiener space (in our research, when a(t) = 0 and b(t) = ¢ on
[0,77), the condition (2.3) always holds. Hence the class S, forms the Banach algebra for all

nonzero complex number a with Re(a?) < 0.

3 Modified AFSFIs of Functionals in S,

In this section we establish the existence of the modified AFSFI of functionals in S,,.

To establish the existence of modified AFSFI, we have to describe a region as a remark.

Remark 3.1 (1) Let 3 = n+1i¢ and 2 = ¢ + id be nonzero complex numbers with n < 0
and ¢ > 0. First, we note that

Y1 nec+ (d
) = <
Re(’}/g) C2 +d2 - O

implies that nc 4+ (d < 0. This tells us that there are many nonzero complex numbers v; and
2 so that Re(:;—;) < 0. For example, if we take 71 = —1 +1i and v5 = 1 +1i, then Re(%) =0.
Also, if we take vy = —3 + 2i and ~» = 4 + 3i, then Re(%) =—-6<0.

(2) Let a be a complex number with Re(a?) < 0 and let A be an element of C . Throughout

this paper, we will consider a subregion I'y, of C,, where

2

T, = {Ae@;f«;(%) go}. (3.1)

In view of (1), the region I',, has sufficiently many complex numbers \.

(3) Now we explain the region I',, for each a with Re(a?) < 0. Let a? = n+i¢ and A\ = c+id
be complex numbers with ¢ < 0 and ¢ > 0. Then for each « with Re(a2) < 0, we can describe
the region I'y, as follows.

1) Whend=0o0r (=0,T,=C,.
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2) When d # 0 and ¢ # 0, for a given o, if { > 0, then the region I', is given by {\ : d < —%c}
and if ¢ < 0, then the region I'y, is given by {)\ td > —%c}.

3) The region T, always contains all positive real numbers.

In our first lemma, we give the existence of the modified analytic function space integral of

a functional F' in S,.

Lemma 3.1 Let F be an element of S, such that the associated measure f satisfies the

condition

/szb[O)T] exp {Re(a)\_%) /OT lu(t)|d]al(t)

T
+Relen)lonle [ (0100 a7 0)] < o (32)

ey, h
Then the modified analytic function space integral ISZS[QT] F(x)du(z) of F exists and is equal

to

2 1
/ exp{;—/\(UZ, )+ a3 (v,a) + ex(vzn, b’)}df(v). (3.3)
L?,00,7]

Proof First, for z, € Lo [0,T], let h(t) = fot zn(s)db(s). Then vz, € L2 ,[0,T] and
(v,h) = (vzp, ') for each v € L2 ,[0,T]. Next, we note that for all A > 0, using formula (2.1)
and the Fubini theorem, it follows that

J\) = / / exp{A"2a(v, ) + acy (vzn, b))} f (v)dp(z)
Cap[0.T) J L p[0,T)

2
= / exp {a—(UQ, V) + aX"2(v,a') + cx(vzn, b’)}df(v).
13,001 L2

Also, for all A > 0, from the condition (3.2) and the fact that the real part of % is still non

positive,

. T
< [ e {xERe(a) [ o0)idlal)
L: ,[0.71] 0
T
Re(e)lall [ le(oldb(n) s )] < o

0

Finally, let

a2 1
J*(\) = / exp{—(v2, b))+ aX"z(v,a") + ex(vzp, b’)}df(v),
12,0.7] 2X

where A € T'y. Then, the function J*(\) is well-defined on the region I',. In fact,

T
|T*(N)] S/L2 o exp {Re(oz/\_%)/o [v(t)|d|al(t)
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T
+Re(en)lanl | OO }ase)] < o

for all A € T'y. Also, J*(A\) = J(A) for all A > 0. Last, we will show that J*()\) is analytic on
I'n. Let A be any simple closed contour in I'y,. Then using the Fubini theorem and the Cauchy

theorem, we have

/J* YdA = // exp a—(vz,b')—i—a)\_%(v,a’)+c,\(vzh,b')}df(v)d/\
o1 L2
o2
o

/ /exp
L2 10,7

because the function exp {%(UQ, b)+ar"3(v,a’)} is analytic as a function of A on I, for each

b) + aA" (v, ’)+c,\(vzh,b’)}d)\df(v)

a € C with Re(a?) < 0. Hence using the Morera’s theorem J*()) is analytic on I',, and so we

complete the proof of Lemma 3.1.

The following theorem is the first main theorem in this paper. In our next theorem, we give
the existence of modified AFSFT of functionals in S,.

Theorem 3.1 Let qy be a nonzero real number. Let F' and f be as in Lemma 3.1 and let q

be a real number such that

lg| > |qo| and sign(q) = —sign(Im(a?)), if Im(a?) # 0, (3.4)
lal > lqol, if Im(a2) = 0,
. . ) . 1, if s >0,
where sign denotes the signum function defined by the formula sign(s) = 1 ifs<0
=1, ifs .
Assume that
Im(a?) 2
expy — v )|d]a
/Lgyb[&T] { 2|qo| ( \/29 (©)ldlal(®)
T
+ Re(ey) 20 | Iv(t)ldlal(t)}ldf(v)l <o, (35)

sh
where M, = |Re(a) —Im(a)|. Then the modified AFSFI fanfq F(x)du(x) of F exists and is

equal to
/ exp{ﬁ(zﬁ b')-i—a(i)%(v ')+ cq(vzn b’)}df(v) (3.6)
Léb[O)T] 2q ] q 9 q 9
Proof It suffices to show that
ia? 3
li J*(\) = b ! b')+d . 7
Jim 0= [ eo{g et ra(Q) waaealae. 6

To do this, we recall the region I', as in Remark 3.1. Then for all nonzero real number ¢ satisfies

the condition (3.4), there exists a sequence {\;}7°, in 'y such that \; - —ig as | — co. Then
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by Remark 3.1 and Lemma 3.1, we see that
1 (T
ool [ e {Reax ) [ poldal)
L2 ,[0,T] 0

T
+Relon)anlle [ IO }af0)] < o0

foralll =1,2,---. Hence using the dominated convergence theorem, for all nonzero real number
q satisfies the condition (3.4),

2
lim J*(\) = lim exp {a—(v V) +a) ( a') + ey, (vzn, b’)}df(v)
>\Z—>—iq A —— iq L2’b[O,T]

;2 -

o 2 1/ 1\ 2 , ,
expd — (V2 0) +a(=) (v,a) + cqlvzp, V') pdf(v),
L ome {3 @) +a(Q) ) +atomn i Jas

which establishes (3.7) as desired. Also, we have

\/f P(a)du()|

Ca,5[0,T]

_Im(aQ) 5 . Re(a) —Im(w) Tv u
</ o™ 0+ T | wtonatalo

T
+Re(ey)znlle [ ul0]alal(0)}af0)] < .

Hence we complete the proof of Theorem 3.1.

Remark 3.2 (1) From the definition of the class S, Lemma 3.1 and Theorem 3.1, we gave
a condition to establish the existence of the modified analytic function space Feynman integral

and modified AFSFI of F' in S, respectively. But, we can give only one condition which contains

these conditions as follows; let M; = pRe(a), My = Re(aA™2), M3 = Re(cy)||znlloo, Ma =
Ir;‘(q‘;"),M5 = \/ﬁ and Mg = Re(cq)|/2n - Then all conditions (2.3), (3.2) and (3.5) are
dominated by the condition
Lo oMo (lollos + ol r@)] < . 38)
L7 ,[0.7]
where My x4, = max{|M],---,[Mg|} and [[v]|}, denotes the Li-norm with respect to the a

and b. Hence we can assume that for each F' in S,,, I always satisfies the condition (3.8) above.
(2) If a = ip for some p € R, then My x4, = max{|Ma|, | Ms|, |Ms|,|Ms|} and

[ eplManalolb) @) < o
2.,00,1]
In particular, if h(t) = 0 on [0, T], then M, x4, = |Ma| and

/ exp{Ma|o]L,}df (0)] < oo.
L2 ,l0,7]
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4 Some Properties for the Modified AFSFI

In this section we give some relationships with respect to the modified AFSFI via the
translation theorem on function space.
The following result was established in [11, p. 379].

Lemma 4.1 (Translation Theorem) Let z € L ,[0,T] be given and let xo(t) = fot z(s)db(s)
fort €[0,T). Assume that for F : Cy[0,T] — C,
[ 1Pn)iduta) < oo
Ca,b[0,T]

for all non-zero real numbers p. Then

/ F(xz + zo)dp(z)
Ca,u[0,T]
1

oo

W)= @a)) [ F@ew(en)di) (41)
Cab[0,T]
We next give the definition of the first variation of a functional F' on Cj [0, 7.

Definition 4.1 Let F be a functional defined on Cq[0,T]. Then the first variation of F
is defined by the formula

OF (z | u) = %F(m + ku) . xy,u € Cupl0,T7, (4.2)

if it exists.
We state an interesting observation involving the first variation.

Remark 4.1 (1) To establish the existence of the first variation of F in S,, we give a
condition for f as follows. For F € S,, we will assume that the associated measure f in

M(LZ ,[0,T]) of F always satisfies the following inequality

/ lollasldf @)] < oo. (4.3)
L2 (0,7

a,bl™?

(2) First we could consider the following integral
/ a(v, u) exp{a(v, z) }d f(v). (4.4)
L ,10,7]
Since Re(a?) < 0 and by an assumption (4.3),
/ a(v,u)ydf(v) < oo (4.5)
L7 ,[0.7]

and

/ exp{av, z)}df(v)
L2z ,[0,7]

exists for s-a.e. € Cy[0,7]. However, the integral (4.4) might not exist because the product
of Li-functionals might not be in L;. Hence we should give a condition for f as follows. If
Re(a?) < 0 and (4.3) holds then the integral (4.4) always exists.
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In our next theorem, we obtain the formula for the first variation of functionals from S,

into S, .
Theorem 4.1 Let F and [ be as in Theorem 3.1 and let u(t fo Zu(s s) for some
2y € Loo[0,T]. Assume that
0
}% exp{a(v,x + ku)}| < L(x), (4.6)

where L(x) is integrable on Cqp[0,T). Then the first variation 6F(x | u) of F exists and is

equal to
OF (z | u) = / (v, u) exp{a(v,z)}df(v) (4.7)
L3 ,[0.7]
for s-a.e. x € Cy[0,T]. Furthermore, as a function of x, 0F is an element of S,. In fact,
S w)= [ explaln.)}do),
L3 ,0.7]

where ¢ is an element of M(L, ,[0,TY).

Proof Using (4.2) it follows that for s-a.e. z € C, [0, 77,

0
O0F (x| u) = ok (/Lg,b[QT] ep{ofv,z) + kv, U>}df(v)) ‘k:O
_ / (v, u) exp{alv, ) }df (v)
L2 ,[0.T]
- / exp{afv, ) }do(v), (48)
L2 ,[0.T]
where ¢(FE fE afv,u)df(v) for E € B(Liﬁb[O,T]). The first equality in (4.8) follows from

condition (4.6) and so by using Remark 4.1, the all expressions in (4.8) exists. Hence we

completes the proof of Theorem 4.2.

The following theorem is the second main result in this paper. In Theorem 4.2, we establish
the existence of the modified AFSFT of the first variation for a functional F' in S,.

Theorem 4.2 Let F, f,q and u be as in Theorem 4.1. Then the modified generalized AFSFI

g:{c[,o 7] OF (x| w)du(z) of 0F (x| u) exists and is equal to

22

/Liyb[O.,T] a(v, u) exp {%(v{ b)) + a(é) B (v,a") + cq(vzp, b’)}df(v), (4.9)

Proof From Theorem 3.1 by replacing F' with §F', we can prove Theorem 4.2.

To establish some relationships via the translation theorem, we need some facts as follows.
For F' and G be functionals on C, 5[0, T], 6(FG)(x | u) = 6F(z | u)G(z) + F(2)0G(x | u) if it
exists. Let F,u,h be as in Theorem 4.2 and let G(z) = exp{Acr{(zp,x)}. Then we have

0G(x | u) = Aea(zpz, V) exp{Aea(zn, o)},
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and so
S(FGQ)(z | u) = 0F (x| u) exp{Acx(zn, )} + Aea(znzu, V') F(x) exp{Aea(zn, ) }.
Thus we can conclude that

SF (x| u) exp{Aea{zn, )} = 0(F () exp{Aer(zn, ) })(z | u)
— Xea(zrzu, V) F(z) exp{Aex(zn, o)} (4.10)
The first relationship tells us that the modified AFSFI of the first variation of F' in S, can

be expressed by the modified AFSFIs without usage concept the first variation. It is called the
modified Cameron-Storvick type theorem for the modified AFSFI.

Theorem 4.3 Relation 1 Let F,q,h and u be as in Theorem 4.2. Then

h sh
anf;q anf;q

anf;q’h
/ OF (x| w)dp(x) = igeq(zuzn, b’)/ F(z)dp(z) — iq/ (zu, 2)F(2)dp(x)
Cq 10,77 Cq,[0,T] Ca,5[0,T]
L anf:;q’
(i)} ) [ Fla)dula), @)
Ca (0,7
Proof First, let Fj,(z) = F(z + c\h) and Gy (z) = F (A~ 2z). Using (4.2), for each A > 0,
/ SF(A\"2z + exh | uw)du(z) = 9 F(\" 2z 4 cxh+ ku)du(x)‘
Ca[0,T] kJe, o1 k=0

0

ok /Ca,b[oﬁT] ( O) M( )‘kzo

where xo(t) = fot A2 kz,db(s). Applying the translation theorem in Lemma 4.1 to the functional

G\, we have
/ SF(\"2z + exh | u)du(z)
Cq,[0,T]
k2 1 1
= —_ {exp{ — (%) — /\Ek(v,a/)} / Ga(z) exp{)\ik<zu,x>}du(x)] ‘
2 Cal07] k=0
= —/\%(zu,a’)/ F(A\™ 2z + cxh)du(x)
Cq,u[0,T]
+/ A2 (2, 2) F(A" 22 + cxh)dp(z)
Cap[0,T]
= )\/ (zu,)\_%x—i—c,\mF(A—%x—|—c,\h)du(x)
Ca,u[0,T]
“erzat) [ PO+ ehdu()
Cq 10,77

— A% (2, d)) / F(A™ 2z + cxh)du(x).
Ca [0,T]

It can be analytically A in C,. As A — —ig, we can obtain (4.11).
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Throughout the next relationship, we establish that the modified generalized AFSFT of the
first variation of F' in S, is the generalized AFSFIs. That is to say, (4.12) tells that there is a
connection between the modified AFSFI and generalized AFSFIL.

Theorem 4.4 Relation 2 Let I, h,q and u be as in Theorem 4.3. Then

anfq® iq02
[ ar fwdnte) = e {B2.0) - (i ey on, )}
Ca,b[O,T]

an fq
[ SEC exp{—igea e Dl | uhda(o)
Ca,[0,T]

. ige .1
+igeq(2n2u, b)) exp {Tq(zh, b') — (—ig) 2 cq(2h, a’)}
an fq
/ F(x) exp{—igcq(zn, z) }dpu(z). (4.12)
Ca,u[0,T]

Proof Let Hy(z) = 6F(A~ %z | u) and let wo(t) = [ Aexzn(s)db(s). Then using (4.1)-(4.2),

we have

/ SF(A" %z + cxh | u)du(z)

Cq 10,77

- / SPO 3 (z+ A exnh) | w)dp(z)
Cq,[0,T]

- / Hy(x + 70)dpu(z)
Ca,b[O,T]

2
Acy

:eXp{_ 2

(z,%, b — /\%C)\(Zh, a')} / 5F()\_%a: | w) exp{)\%cA<zh,x>}du(x).
Ca,u[0,T]
Using (4.10), we have

/ SF(A"%z + cxh | w)du(z)
Cap[0,T]
2

A 1
= exp{ — %(zh,b’) — )\Ecx(zh,a’)}

G e e DO | u)dua)
Ca,5[0,T]
2

A
— Xea(zhzau, b') exp{ — %(zh, b — )\%c,\(zh, a')}

. / F(/\_%x) exp{Aex (zn, /\_%a:>}d,u(x).
Cab[0,7]

It can be analytically A in C,. As A — —ig, we can obtain (4.12).

Remark 4.2 Applying Theorems 4.3-4.4, the right-side of (4.11)—(4.12), we can obtain a
formula for the modified AFSFI and the generalized AFSFI. Also, we can apply the Cameron-

Storvick type theorem used in [9, 12] to obtain another formula in first term in the right-side
of (4.12).
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5 More Properties for the Modified AFSFI

In this section we give some more relationships with respect to the modified AFSFI. In
particular, we give the Fubini theorem with respect to the modified AFSFI for the general
cases. Before do this, we will consider the following notations and formulas.

(1) We define a function to simply express many results and formulas in this paper. For

n > 2, define a function H,, : (61 — ((~:+ by

n n

Ha(o1,- ) =3 %5 % — (sz_l)%’

j=1 j=1

N[

n _ 1 n
where - z; * #0and ) zj_l # 0. Note that H,, is a symmetric function for all n =2,3,--- .
j=1 j=1
(2) Let F be a C-valued functional on C, [0, T such that

[, PG+ Bl x iy < oo
C2 0.7
for all nonzero real numbers «v and 8. Then
[ Pl sy < i)ey)
C2 50,7
= / [ ]F(\/v2 + 822+ (v + B = V? + B2a)du(z)
Cap[0,T
= [ FWATE R Ha 5 (o) (51)
Ca b[0,T)

In [9], the author have established a Fubini theorem for the modified AFSFT as the special

cases with respect to a instead of h only as follows:

anchg2 ,a anf(;:lql ,a
/ / Flz+ y)du(x)) du(y)

Cq 10,77 Cy 5[0,T7]

anf;_;m N
= [0 T FEe)

Cq,[0,T]

where = means that if either side exists, both sides exist and equality holds, g3 = q‘if; and

Cqs = Ho(—iq1, —ig2) + ¢4, + ¢4, However, by using an interesting formal used in the proof of

Theorem 5.1, we can solve this problem. In our next theorem, we give the Fubini theorem for
the modified AFSFT in general cases.

Theorem 5.1 Let gy be a nonzero real number. Let q1 and q2 be real numbers whose satisfy
the condition (3.4) with ¢ +q2 # 0. Let F be an element of S, such that the associated measure
[ satisfies the condition (3.8). Then

anf;fl’hl an ;12‘}12
/ ( / F(z + y)du(x))du(y)
Ca,b[O,T] Ca,b[07T]
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cqg-h3

_ / T )du()

Cq,[0,T]

cqq h1

_ /“"f;”’ K J AT Ee) 02

Cq,[0,T] Ca,u[0,T]

where g3 = - cqy = \/Hg(—iql, —igg) + 2 +c2, #0 and

BT, 2ia0) o Canyy | G

Cqs Cqs Cqs

hs =

Further, they are given by the formula

2 2

oo Gyl () () et
+ (cq, +cq2)(vzh,b’)}df(v). s

Proof First, we note that for each positive real numbers 71,72 and 3, and hi, ho, hg €
Cap[0,T], we have for t € [0, T,

v1ha(t) + y2ha(t) + y3hs(t)
_ |2 20 Y1ha(t) Y2ha(t) v3hs(t)
= 71"’72"’73( S 5 =+ 5 5 =+ = > 2)
VIR +7E ViRt n+E Vit n i
= vho(t) (5.4)

for some v € R and hg € C, [0, T]. Next, using equation (5.4) and (5.1) for A1, A2 > 0, we have

_1 _1
/ / F(A 2z 4+ Xy 2y + e hy + ex,ho)dp() p(y)
Cau[0,T] JCq [0,T]
_ /Ca’m] FOJATY + A5 + Ho(A, Aa)a + ex, b + ex,ho)dpa(2)
:/ F(JAY A 2 4 ysh)du(2),
Ca,b[O,T]

where
15 =/ H3 O, ) + 3, + 3,
and Hy(Ay, A
o 2OLA) oy Oy
V3 3 V3

It can be analytically in A\; and Ay in C; and as Ay — —ig; and Ay — —iga, we can establish

(5.2). Finally, applying Theorem 3.1 repeatedly, we can obtain (5.3) as desired.

Combing Theorems 4.3-4.4 and 5.1, we have the following formulas.
(1) The first formula below is the modified Cameron-Storvick type theorem for the double
modified AFSFIs.

anfalt " an faq? "
/ ( / SF(x+y | u)du(x))du(y)
Cayb[O,T] Ca,b[O)T]
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sh3

anf,J3
. N9 / “
=1——"cg (2uzn,b )/ F(z)du(2)
antae ® Ca,b[0,T]
I g b anfoi® "
. 4142 e L qiq2 \ 3 , fa
— i (zu, 2)F(2)dpu(z) — ( - 17) (zu,a )/ F(z)du(z).
g1+ q2 /ca,b[oﬂ q1 + g2 Ca,b[0,T7

(2) The second formula below is the relationship between the double modified AFSFIs and
generalized AFSFI.

cqq sh cqg sho
an fqy an fq,
/ (/ 5P (2 4y | w)du(z) ) du(y)
Cab[0,T] Cab[0,T]
. 2 1
141G2C4, , . 192\ 2 /
= ex {72',17 —(—17) c z,a}
P 2(q1+Q2)(h ) a1+ q2 w (2 @)

anfq3
- / 5(F () exp{—igscq, (zn, )} (@ | w)du(z)

Cq,[0,T]

N|=

. 2
. G192 , 1q192Cq, , . 142 /
+i————~cq. (zpzy,b) ex {72,17 —(—17) Cqr (Zn, 0 }
P g5 (2n2u, b") exp 2(q1—|—q2)(h ) p—— a5 (2, a")
anfq
/ F(x) exp{—igscq, (zn, x) }du(z).
Ca,b[ovT]

Remark 5.1 Using the mathematical induction, we also can establish all formulas and

results for the n-dimensional version in this paper.
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