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Boundedness of Singular Integral Operators on
Herz-Morrey Spaces with Variable Exponent*
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Abstract Let Q € L*(S"™!) (s > 1) be a homogeneous function of degree zero and b be a
BMO function or Lipschitz function. In this paper, the authors obtain some boundedness
of the Calderén-Zygmund singular integral operator T and its commutator [b, To] on
Herz-Morrey spaces with variable exponent.
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1 Introduction

The theory of function spaces with variable exponent has been extensively studied by re-
searchers since the work of Kovacik and Rdkosnik [7] appeared in 1991. In [12-17], Tan, Wang
et al. studied the boundedness of some integral operators on variable exponent spaces, respec-
tively.

Given an open set  C R™ and a measurable function p(-) : Q — [1,00), LP)(Q) denotes
the set of measurable functions f on 2 such that for some A > 0,

/Q (@)p(z)dx < 00.

This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm

£l oo () = inf {)\ S0 /Q (If(;:)l)pwdx ; 1}.

These spaces are referred to as variable LP spaces, since they generalize the standard LP spaces:
If p(x) = p is constant, LP() () is isometrically isomorphic to LP(£2).
The space Lp(')(Q) is defined by

loc

Lp(')(Q) = {f: f e LPO)(E) for all compact subsets E C Q}.

loc

Define P°(E) to be the set of p(-) : E — (0,00) such that

p~ =essinf{p(z) :z € E} >0, p" =esssup{p(x):z € E} < o0.
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Define P(£2) to be the set of p(-) : © — [1,00) such that

p~ =essinf{p(z) 2 € Q} > 1, p" =esssup{p(z):z € N} < cc.

Denote p/(x) = p(pm()wll. Let B(R™) be the set of p(-) € P(R™) such that the Hardy-Littlewood
maximal operator M is bounded on LP()(R™).

In variable LP spaces there are some important lemmas as follows.

Lemma 1.1 (cf. [2]) Ifp(-) € P(R™) satisfying

C 1
Ip(z) —p(y)| < Togllr — 3]’ lz—y| < B (1.1)
and
Ip(z) = p(y)| < Tog(z[ 1 o)’ lyl = |, (1.2)

then p(-) € B(R™), that is, the Hardy-Littlewood mazimal operator M is bounded on LP()(R™).

Lemma 1.2 (cf. [7]) Let p(:) € P(Q). If f € LPO(Q) and g € LY O)(Q), then fg is
integrable on £ and

/Q [f(@)g(@)lde < 7| fll ooy @) 9]l Lrer @)

where
L
'I"p = + p__ — p_+
This inequality is named the generalized Holder inequality with respect to the variable LP
spaces.

Lemma 1.3 (cf. [4]) Let p(-) € B(R™). Then there exists a positive constant C such that
for all balls B in R™ and all measurable subsets S C B,

HXB||LP(‘)(R”)<C|B| Ixslloe @ny (ISI)%’ Ixsll o) my <O(|S|)62,

Ixslleor@ny = ISI7 lIxsllzeo @y = \B| IxBlro @y —  \BI

where 41,09 are constants with 0 < d1,02 < 1 and xs and xp are the characteristic functions
of S and B, respectively.

Throughout this paper, do is the same as in Lemma 1.3.

Lemma 1.4 (cf. [4]) Suppose p(-) € B(R™). Then there exists a constant C > 0 such that

for all balls B in R™,
1
EHXB”LP(')(R")”XBHLP’(')(]R") <C

In a way similar to the method of [5], we will give the definition of the Herz-Morrey spaces
with variable exponent. Let By = {x € R" : |z| < 2¥} and A, = By, \ By_1 for k € Z. Denote
Z4+ and N as the sets of all positive and non-negative integers, xr = xa, for k € Z, xr = xx if
k€ Z+ and Xo = XB,-

Definition 1.1 Leta € R, 0 <p < oo, ¢(-) € P(R™) and 0 < A < co. The homogeneous
Herz-Morrey space with variable exponent M K;)‘(ﬂl; (R™) is defined by

MEGH®R") = {f € L)@\ 0) | lasscs ey < o).
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where
L 1
X _ —LX\ kap p P
HfHMK;Y(vg(Rn) = iléFZ)Q {kz 2 HkaHLq<->(Rn)} .
The non-homogeneous Herz-Morrey space with variable exponent MK;(’_’)’(R") is defined by

MEGHR") = {f € LR : | larxznen < oo},

where
L

_ —LA\ ko ~
||f||MK(‘;(’f)’(R")—LSélZp+2 {;02 ”IIkaII’iqm(Rn)} :

s =

Remark 1.1 If A =0, then

a0 ny _ 1-o,p n
ME ) (R") = K (R™)
and

MK (R™) =K?

q(-),p q(~)(Rn)’

where K O‘(’)’(R”) and qu‘(’_’)’ (R™) are the Herz spaces with variable exponent.

Suppose that S"~! denotes the unit sphere in R™ (n > 2) equipped with normalized Lebesgue
measure. Let Q € L¥(S"71) for s > 1 be a homogeneous function of degree zero and

0o =0, (1.3)

where 2/ = I;”—I for any x # 0. The Calderén-Zygmund singular integral operator Tg, is defined
by

Qx —y
Tof(@) = v [ T D sy
rr |2 =Y
Let b be a locally integrable function on R™. The commutator [b, Tq] generated by the Calderén-
Zygmund singular integral operator T and b is defined by

(b, Talf(x) = p.V./ M

re T —y|"

[b(x) = b(y)lf (y)dy.

Motivated by [9, 13, 16], we will study the boundedness of the Calderén-Zygmund singular
integral operator T, and its commutator [b, Tg| on Herz-Morrey spaces with variable exponent.

2 Boundedness of the Calderon-Zygmund Singular Integral Operator

A nonnegative locally integrable function w(z) on R™ is said to belong to 4, (1 < p < o0),
if there is a constant C' > 0 such that

p—1
su dx / )= -7’ dx < 00,
plm/) ) (@

where p’ = 1%.

The weighted (LP, LP) boundedness of T was proved by Lu, Ding and Yan [8].
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Lemma 2.1 (cf. [8]) Suppose that Q € L*(S"™') (s > 1) is a homogeneous function of
degree zero and satisfies (1.3). If w € Ar, s < p < oo, then there is a constant C' independent
of f, such that

l/1 Ta(f)(@)Pw(z)de < C | |f(z)Pw(z)de.
R Rn

Lemma 2.2 (cf. [1]) Given a family F and an open set E C R™, assume that for some
Ppo, 0 < po < 0o and for every w € Ax,

/ f@)Pw(@)ds < Co / g(@)"w(z)dz, (f.9) € F.
E E

Given p(-) € PY(E) such that p(-) satisfies (1.1)—(1.2) in Lemma 1.1. Then for all (f,g) € F
such that f € LPO)(E),
I fll ey gy < Cllglleer (g
Since Ar C Auo, by Lemmas 2.1-2.2 it is easy to get the (LP()(R™), LPO)(R™))-boundedness
of the oper:;tor To.
Next, we will give the corresponding result about the operator T on Herz-Morrey spaces
with variable exponent.

Theorem 2.1 Suppose that 0 < v < 1, q(-) € P(R™) satisfies conditions (1.1)=(1.2) in
Lemmal.1, Q€ L¥(S" 1) (s > ¢’ ). Let 0 < py <pr <o and 0 < A < v < nbag—v—2 (or0 <
A< ay <oq <nby—v—2). Then Tq is bounded from MK;)‘(_I;1 (R™) (or MK;&SPI (R™)) to
MK?(’_’)”(]R") (or MK;J‘(?sp2 (R™)).

In the proof of Theorem 2.1, we also need the following lemmas.

Lemma 2.3 (cf. [11]) Define a variable exponent q(-) by ﬁ = ﬁ + % (r € R™). Then
we have

1 £9llLroo@ny < CllfllLao) @y 19l a@rny
for all measurable functions f and g.

Lemma 2.4 (cf. [3]) Let p(-) € P(R™) satisfy conditions (1.1)—(1.2) in Lemma 1.1. Then
|Q|ﬁ7 if Q| <2"and z € Q,

QI if|Ql > 1
for every cube (or ball) Q C R™, where p(oo) = lim p(z).
T—r 00

||XQ||LP('>(R") ~

Lemma 2.5 (cf. [10]) Ifa>0,1§s§oo,0<d§sand—n+@<u<oo, then

([ wrioe-ylay)" <cll
ly|<alz|

v+n

d HQHLS(STL*I).

Proof of Theorem 2.1 We only prove the homogeneous case. In a way similar to the

method of [18], it is easy to prove that MK;(TSPZ (R™) C MK;)‘(?SPZ (R™) for 0 < ag < xg. So the
a,p1

non-homogeneous case can be proved in the same way. Let f € M Kq(.) (R™). Denote f; = fx;

for each j € Z. Then we have f(z) = ) fj(x). Noting that p; < pa, we have

j=—o0

L P1

”TQ(f)Hf\}Ka(ﬁz (R™) = sup 2—L>\P1{ Z gkap2 HTQ(f)XkHizq(l)(Rn)}p2

Lez R
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L
< sup 2~ EAm 25 | To () xkl %) ogn
sup > 1T (F)Xk L ac gy

k=—c
L k—2 o
< Csup2~tAr 3 2’“”1( > ||T9(fj)Xk||Lq<~>(Rn))
Lez k=—oc0 j=—o00
—LAp1 - kapi = p1
+ C'sup 2 > 2 ( > HTQ(fj)XkHL'I(')(R"))
Lez k=— j=k—1
oo j
=1 + L. (21)

We first estimate Iy. For each k € Z, j < k — 2 and a.e. © € Ay, using the generalized
Holder inequality we have

i@l < ¢ [ SE g

<c2 [ 0@ - ylfe)
i
< CQ‘k"||Q(gc - ')Xj(')HLq/(-)(]Rn)”fj”L‘l(')(]R")'
Noting s > ¢, we denote ¢'(-) > 1 and ﬁ = ﬁ + 1. By Lemmas 2.3 and 2.5, we have
[1€2( )Xj(')HLq/(-)(Rn)

x —_
<1926z = x5 Ollze @ x5 Oll Lar o) )
<[z -

1
<o ([ 106 =)l dn) s ey

< Cz_ju2k(u+%)||Q||Ls(sn—1)||XB]-||L5/('>(R")'

')Xj(')HLS(R") ||XBj ||L5'(‘)(R")

When |B;| < 2" and z; € Bj, by Lemma 2.4 we have

[ 1
IxB; | o) @y = 1B | "¢ 2 |IxB; | Loy ey Bj| ™ -

When |B;| > 1 we have
X8, | L) mmy 2 |Bj| 7 = [Ix8; || Lar ) )| Bji| ™= -

So we obtain ||XBj||L‘7'(')(R") ~ ”XB]"'L‘?/(')(R")'le_é'
By Lemmas 1.3-1.4 we have

1T (f5)xk Loty
S O2—kn2—ju2k(l/+%)

12| £ sm=2) 1 51l Lacr @y X By [ L) ey IX BN L0 )
1

< Q2 kngmivok(vts) 12 s sm—1) | £5ll Lo @my X B; | Lo ) gy | B ™
= CQ‘k"+(k—j)(V+%)||QHLS(

X By | ac) &)
se=) [ fill Lao> @m)lIXB; | o) ey IX B Lot @)
X8, | Lo ) (o

< CQ(k_j)(VJF%)||Q||Ls(3n*1)||fj||Lq(->(Rn)m
kL ) (R
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< 0207 P02 =110 1o gn-1 || ] Lac) @) - (2.2)
So we have
L k—2
I = Csup2 27 ) 2'“‘”1( > ||T9(fj)xk”Lq<')(R"))pl
Lez it =
L k—2 ) »
< O, g0 SEEQ—L)\ZH Z 2kap1( Z Q(J—k)(néz—u—%)||fj||Lq(_)(Rn)) '
k=—o0 j=—00

When 1 < p; < o0, take ot i, 1. Since nda — v — = — a > 0, by the Holder inequality we
have

L k—2
jo L(j—k)(nda—v—"2—a
I <C||Q||Ls o 1)sup2 LAps Z ( Z 9jap1 93 (—k)(ndz : )p1||fj||1£1q(,)(Rn)>
k=—oc0 j=—o0
k—2
( Y 23URme- v———a)pl)pl
j——OO
L k=2
2 LAp: Z Z 9jap193(j—k)(ndz—v—2—a p1||fJ|Lq()Rn)
k=—00 j=—00
L—2 L
@ L(G—k)(nd2—v—"—a
sup2 LApy Z 97 p1||f3||L<1()R") Z 93 (i—k)(né2—v—"—a)p
j=—00 k:j+2
L—2
< C”Q”Z;s(sn—l)quZ’2_LApl Z 2Jap1||fj||Lq<) (R™)
€ je=—oo
<Ol Ls(Sn— 1)||f||MK°‘ P1(Rn) (2.3)
When 0 < p; <1, we have
k—2
L\ ko k)(ndy—v—2
L < ClIU: sy Sup2° Plkz 2fopt N oURRE =R | fIT ) ey
=—00 j=—00
L—2 L
— e j—k)(nds—rv—2 —«
:CHQHI[)}S(S"*l)quZ)Q LApy Z Y m”fJ'Lq()Rn) Z 9(i—k)(nd2 T —a)p1
€ j=—o00 k=j+2
L—2
< CHQHps (Sn—1) SU.p2 LAp1 Z 2gap1||fj| Lq() (R™)
j_—OO
< clo|r, (2.4)

s(Sn—1) ||f||MK;(’_I;1(R").

Next we estimate Io. By the (LI0)(R™), L9C)(R™))-boundedness of the commutator Tq we
have

L 00
p1
I = Csup2~ " 3~ 2’“”1( > ||TQ,G(fj)Xk”L‘1(')(R"))
Lez k—— i—k—1
oo J
L 00

p1
< Csup2~tw % Qkam( > Hfj”Lq(')(R"))

Lez k=—co0 j=k—1
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L 00

. . p1
= C'sup2~m Z ( Z 2<k_]>a2]a||fj||Lq<-)(Rn)) :

Lez k=—oco  j=k—1
If 0 < p; <1, then we have

I, < Csup 2~ LA Z Z 2(k- Japl?mpl”faHLq()Rn)
Lez k_—oog k—1

< C'sup 2L Z Z o(k—j ap12jap1||fj||m() &™)

Lez k=—o0 j=k—1

L
+ Csup2~m Z Z o(k—j)ap1 gjaps [FAlm @)
LEZ iy
=:Is1 + Ioo. (2.5)
For 151, we have
L—1 J+1
Io; <Ciu§2 LApy Z 2]0401”]0] LQ()(R” Z 2(k J)ap
€ j=—00 k=—c0
L—1
—LX\ jou
< Osup2™™ 3 PRSI
j=—00
p1
<C| fl MK:‘(!?)’I(RTL)' (2.6)
For I, by 0 < A < a we have
L
Iyy = Ciu§2 LAp1 Z Z 9(k=j)ap 2Jap1||fj| Tt (&)
€ k=—o0 j=L
L [e%e) J
< Csup2~ LAp:y 9(k=j)ap19jrp19— JAP1( omapL| qu_ ; )
N Y > Pl e
——OO] L m=—0o0
Lp (k—j)ap1i9jip
< Csup2=™7 Z S gk IR e )
k=—o00 j=L
_ CHfHMKa @ Sup2 Lp: Z okap ZQJ()\ a)p
k=—o00
< CHfHMKa pl ]R") sup 2~ LApy 2Lo¢p1 2L()\ a)pl
= C||f||MKa Pl Rn) (27)

If 1 < p1 < oo, noting A < a, we can take a constant 7 > 1 so that \ — % < 0. By the
Holder inequality we have

00 oo P

_ J) (k—j)apy k—i F =1\ pr

bcmpzin 3 (S o g V(S gk
Lez ke—oo  j—k—1 j=k—1

L\ J)am
< Csup2 "1 Z Z 2 2Jap1||fa| La() (R™)
Lez k=—o0 j=k—1
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L
N (k— J) pi
< Csup 2~ FAm Z Z 2 2Jap1||fJHLq<«>(Rn)
LeZ k;——OOj k—1
J) apy
+ Csup 2~ 1A Z 22 2Jap1”fa|Lq<)Rn
LeZ k=—o0 j=L
=: Io3 + Ig4. (2.8)
For I3, we have
—Lxp -« japi e
I3 < Csup2 ! Z 2P| £511% La0) (Rn) Z 2o
LeZ j=—00 k=—o00
L-1
< Csup2~1Am Z 2Jap1||fj”ilq<->(w)
LeZ j=—oo
< C||f| MKO‘ Pl (Rn) (2.9)

For Io4, by 0 < A < % we have

J) jd
Iy = C'sup 2~ FAm Z 22 12Jap1||fa|‘Lq<>(Rn

LEZ k_—oo_] 7

)aP1
< C'sup2~HAm 2 2P| FIPE iy o

L

o
_ kapy o
_ CHfHMKa p1 (R") 81222 LAp1 E 2= § :2J( n)pl
k=—o00 j=L

Lo
Tt oL(A=2)p

<Ol fIr su122_L)‘p12

MK (R)
= CIF I} g oy (2.10)

Thus, by (2.1) and (2.3)—(2.10) we complete the proof of Theorem 2.1.

3 BMO Boundedness for the Commutator of Calderon-Zygmund
Singular Integral Operator
Let us first recall that the space BMO(R™) consists of all locally integrable functions f such

that )
171, =s15p@/Q|f(x) ~ foldz < oo,

where fo = |Q|™! fQ y)dy, the supremum is taken over all cubes @ C R™ with sides parallel
to the coordinate axes and |@Q| denoting the Lebesgue measure of Q.

Lemma 3.1 (cf. [6]) Let p(-) € B(R™), k be a positive integer and B be a ball in R™. Then
we have that for all b € BMO(R™) and all j,i € Z with j > 1,

1

—||(b—bB kXB () (Rn SC()]:,
el 1~ b2 Xallro@n < CIM

IIbII’“ Sup
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(b —b5,) xB, | Loy @ny < CG — D) bIEIxB, | Lo &y
where B; = {x € R" : |x| <2} and B; = {x e R": |z| < 27}.

Let b € BMO(R™). The weighted (L, LP) boundedness of [b, T| was proved by Lu, Ding
and Yan [8].

Lemma 3.2 (cf. [8]) Suppose that Q € L3(S"~1) (s > 1) is a homogeneous function of
degree zero and satisfies (1.3). If b € BMO(R") and w € Az, s’ < p < oo, then there is a
constant C' independent of f, such that

/ |[b, Tal(f)(z)[Pw(z)de < C A |f (@) Pw(z)dz.
Since A» C Ay, by Lemmas 3.2 and 2.2 it is easy to get the (LPO)(R™), LPO)(R™))-
boundedness of the commutator [b, Tq].
Next, we will give the corresponding result about the commutator [b, T] on Herz-Morrey
spaces with variable exponent.

Theorem 3.1 Suppose that b € BMO(R"), 0 < v < 1, ¢(-) € P(R"™) satisfies conditions
(1.1)~(1.2) in Lemma 1.1 and Q € L¥(S"™1) (s > ¢ 7). Let 0 <p1 <ps <00 and 0 < A < a <
niy —v—=2 (07" O<A<as<a; <ndy—v— —) Then [b, Tq)] is bounded from MKO‘(’)”(R")

(or MK;(%SPI (R™)) to MK;‘(_I‘)’2 (R™) (or MK;‘("’_)]D2 (R™)).

Proof In a way similar to Theorem 2.1, we only prove the homogeneous case. Let f €

MKO‘(”)”(R") and b € BMO(R™). Denote f; = fx; for each j € Z. Then we have f(z) =

Z fj(z). Noting that p; < p2, we have

Jj=—00
L PL
116, Ta] (f )HMKQ " (Rn) i‘é}:z)z_L)‘pl{ Z ZkO‘pzH[b7TQ](f)Xk”?q(-)(Rn)}w
k=—oc0
L
< sup 2~ 2R || b, T B
S Le% kzz_:oo Il Q](f)XkHLq( ) (R™)
L k—2 o
< Csup27t 37 2k (NI Tl ()l oo )
Lez k=—o0 j=—00
—LAp1 - kap1 - .
+ Csup 2 Z 2 ( Z H[b7TQ](fj)Xk”LQ(-)(R"))
Lez k=—00 =k—1
J
=:J1—|—J2. (31)

We first estimate J;. For each k € Z, j < k — 2 and a.e. = € A, using the generalized
Holder inequality we have

zl@ < [ o) - mia

y|"

< 02““”/ 9z — y)[[b(z) — b(y)][f;(y)ldy

Bj

< C2 (i) by | [ 1906 = wlIf )y
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+ [ 196 = plibs, - 4015 w)ld)

J

< 027" (|b(x) = b, 1= = )x3 Ol v oy il o ey
+1192@ =) 0s; = b()X5 Oll Lo ey 1 il Lacr @)

Noting s > ¢'~, we denote ¢'(-) > 1 and q/% 5 = ~,(m) + 1. By Lemmas 2.3 and 2.5 we have

19202 = ) (Ol Lo o @ny < N192(@ = )X Olls @) GOl Lz o @)
<1192z = x5 =@ X8, Lz o) @y

1
= 02_”(/A |z — y)lslyls"dy) X8l o) ey

< C'2_J‘112k(y+%)||Q||LS(STL*1)||XBJ~ ||L6’<-)(Rn)-

When |B;| < 2" and z; € Bj, by Lemma 2.4 we have
e -1
IxB; | Lar s mmy 2 1B 77 & X, M| Lo ey | B3 |5
When |B;| > 1 we have
e —1
X8, | L) mmy 2 |Bj1 T = [Ix8; || Larc) )| Bj| ™= -

. _1
So we obtain |[x 5, ”Lfi’(t)(]Rn) ~ || xB, ||Lq’(4)(]Rn)|Bj| e
So we have

192z = )x; Ol Lo o) mny < C27 st IxB; I Lo @ny- (3-2)

Similarly, by Lemma 3.1 we have

[2(z — )bz, = b())x; (M Lo ) @)
<1z = )x Ollzs@n 1 (05; = b(-)x; Ol L7 ) @y
< Clbllllxs; | Lo e ey 1262 = x5 ()l Lo @)
< Clp|l2* D+ E) N ) (&) (3.3)

By (3.2)—(3.3), Lemmas 1.3-1.4 and 3.1, we have

16 Tl (f5) Xk Nl Lae @ny

< 27 2EDEEDNQ| Lasn—1) X8, oo @y [ (0C) = b, )x0k (| e ey 1 £l ) em
+ 16l 2F DN QY| Loy X85 o oy X0l oo (e L 1| ) ey)

< C2_k”(( — DBI2F DTN Lo s X8, | o) @y X B ey ey 15 o em)
+ [0l 2F DN Q| Lo -1y X85 | oo ey X B ) oy |l oo ()

< C(k — j)||b||.2~Fm2t=2) V+S)HQHLS(S"’I)”XB]'||L‘?/(-)(]R")||XBk”L‘I(')(R")||fj||L‘1(')(]R")

v X8, | Lo ) (n
< O(k — j)||p]2*-Dw+2)) ETE

e Milleo @R e

< C[bl|. (k — 5)20 =P e2mr=%) il La) Y- (3.4)
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So we have
L k—2

p1
leciu;ZM‘“”l > 2’“”1( > ||[vaQ](fj)Xk”LQ(')(R"))
€ k=—o0 j=—o00
L k-2
Ls(snfl)ilélfzﬂ_mpl > 2kap1< D (k= )20t ||fJ||Lq<)Rn))
k=—o0 Jj=—00

1. Since nds — v — 2 — a > 0, by the Holder inequality we

< oIl

When 1 < p; < oo, take—+l,

have
L k—2
— L\ (63 k)(no V—f—a
J1 < CIbIR 12015 goer) sgz oy ( > giomgzl-kind- P1||fJ|Lq<)Rn)

k=—oc0 j=-—o00

|’E
[

k—2

( Z 93 (j—k)(nd2— v———a)pl(k_j) )

j=—00

L k-2

— i 15 —p_n_
<C||b||p1||Q||Ls sy 81222 LAp: Z Z 9iap1 93 (j—k)(nds—v—1 a)p1||fj|1;(_)(Rn)

k=—o00 j=—00
L

L—-2
- &5 i ndy—v—=—q
< CIBIE I8 gy U273 2 3 230 R w2
Jj=—00 k=j+2
L—-2
<C||b||p1||ﬂ|| s(Sn—1) SUPQ_L)‘pl Z 2jap1||fj||Lq(,)(Rn)
j=—00
(3.5)

< OB I sy L1 s ey

When 0 < p; <1, we have

L k—2
J1 <C||b||p1||Q||Ls - 1)Sup2 LAp: Z okap Z 9(j=Fk)(nd2—v )pl(k_])p1||fJ|Lq()(Rn)
k=—c j=—00
L—2 L
= C|lb|? o l)sup2—L>\p1 Z 2jap1||f]|Lq()]Rn) Z 9(i—k)(nd2 u—f—a)m(k J)P
j=—00 k=742
L—2
s(sn— 1) Sup2 Lapy Z 2jap1||fj||LQ()R")
j=—00
(3.6)

< CIBIZ I L1 s ey
Next we estimate Jo. By the (L90)(R™), L9()(R™))-boundedness of the commutator [b, Tq],

we have
o0 p1
Jo = C'sup 2_”"’1 2kap1( Z [0, Tal(f5) Xk Lac >(Rn)>
Lez k=—o00 Jj=k—1
i p1
< C'sup 2_L)‘p1 2ka ( Z 1 £ill Lac >(]R"))
i—k—1

Lez k__oo i

o p1
= Csup2 FAm Z ( Z (k= Ja2ja||f]||LQ()(Rn))
j=k—

LEZ PR el
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If 0 < p; <1, then we have

L 0o
Jo < Csup 2~ FAm g(k=g)apigjap|| Pt
2 p I LaC) (Rm)
Lez k-—oog k—1
L—-1

< Csup?2~ LApy Z Z 9(k—j) 0‘2012JO‘P1||J(‘J| T @)

LeZ k=—o00 j=k—1
L
LA (k—
+ C'sup 2~ EApr Z 22 Jap12jap1||fj|m() &)
Lez k=—oc0 j=L
=:Jo1 + Joo.
For Js1, we have
L—1 J+1
—LApy Jjapt (k=j)ap:
J21 < Csup2 Z 2 ||f] LQ() R™) Z 2
LeEZ P k=—
j=—o0 o
L—1
< C'sup 2~ 1Am Z 23ap1||fa||Lq<) (R™)
LEZ =
j — 00
<115

P (Y
MKq(~) (R™)

For Jao, by 0 < A < a we have

L
Jog = Ciu;Z) 2~ LAp Z Z 9(k=j)apigjap: 1551 qu(_)(Rn)
€ k=—o0 j=L
L 00
< CSUp2 LApy Z Z 2 (k—j 04712J)\P12 jA;D1( Z 2map1||fm )
Lq() Rn
LeZ k——oo] 7 il (
Lap (k—j)ap1 9jAp
<Ci]£2 1 Z 22 19 1||f||MKap1 (&™)
k=—o00 j=L
L o0 )
= C||f||MKa PL(Rn) 8?22_”]01 Z ke Z 2i(A—)p1
k=—oc0 j=L
—LAp1oLapigL(A—a)p
<C||f|MKap1(Rn)Sup2 19lapi9 1

- C”f”MKQ Pl R")

Liao

(3.8)

(3.9)

If 1 < p1 < o0, noting A < a, we can take a constant 7 > 1 so that \ — % < 0. By the

Holder inequality we have

e} (o9} Pl

LA J) P1 s =1\ o

Jo < Csup2™ "1 E ( E 2 2Jap1||fj Lq( ) (R )( E g(k=op 5 )pl
Lez k=—oo  j=k—1 j=k—1

J) (k—j)apy
< Csup 2~ 1A Z Z 2jap1||fJ|L1q(-)(R")

Lez k=—o0 j=k—1
L L-1

L\ J)am
< (Csup2 "1 Z Z 2 23ap1||fa| La() (Rm)
Lez k=—o00 j=k—1
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(k— J) Pl o
+Osup 2t Z 22 PN
S

k=—oc0 j=L
=: Jaz + Joa. (3.10)
For Ja3, we have
L=l i+ (k— J)am
Tos < 0?222 Laps Z 2306p1||fJHLq(_)(Rn Z 2 1
j=—00 k=—o00
L—1

< 02222—L)\p1 Z 2jap1||fJHLq(l)(Rn)

j_—OO
S C“f”ZI\)/l[KZ(vIT—)'l(Rn)' (311)

For Jag, by 0 < A < % we have
LA J) Pl iq
Joa = 02152 P Z Z 2" 27071 ] a0 @&n)
k——oog L
J)am

< 02122 LAp: Z Z 2 9JAP1 ||f||MK°‘ (k)

k=—oc0 j=L

kam i(A— 2
_ CHfHMKa o1 (g S Sup2 Lap: Z 9 Z 9i(A=2)p1
k=—o0 j=L

< Ol I g oy 502 DAng S kO
= CHfHMKa )’ (3.12)

Thus, by (3.1) and (3.5)—(3.12) we complete the proof of Theorem 3.1.

4 Lipschitz Boundedness for the Commutator of Calderdén-Zygmund
Singular Integral Operator

For 0 <y < 1, the Lipschitz space Lip. (R") is defined as

Lip, (R") = {f I i, = S 7“('?__;'9)' < oo}.
T#Y

Let b € Lip, (R"). It is easy to know that |[b, To]| < C||b]|Lip, [T, |, where

Qz —y)
Toqf(z =/ o/ (W)dy.
’Y() Rn|x_y|n_v ()
Denote T, = Tq,, when Q = 1. In [12], the authors proved that T, is bounded from L) (R™)
to L) (R™) for ﬁ - ﬁ = Tand ¢i(-) € P(R") satisfying conditions (1.1)—(1.2) in Lemma
1.1 with ¢; < % So we can get the following theorem.

Theorem 4.1 Suppose that b € Lip, (R") with 0 < v < 1. If qi(-) € P(R") satisfies
conditions (1.1)~(1.2) in Lemma 1.1 with ¢ < z, 41%1) - qjm) =2 Qels(S"1) (s>4q7),
then [b, Tq] is bounded from L9C)(R™) to L92()(R™).
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Next, we will give the Lipschitz estimate about the commutator [b, Tq] on Herz-Morrey
spaces with variable exponent.

Theorem 4.2 Suppose that b € Lipv(R") with0<v<1,0<v<1,q(-) € P(R") satisfies

conditions (1.1)~(1.2) in Lemma 1.1 with q; <%, qléw) qzéw) =2, QeLs(S" ) (s>dq7).

Let0 <pr <pa<oocand 0 < A< a<nd—v—=% (0T0<)\<o<2<oq<n52—1/——) Then

[b, Tq)] is bounded from MK;% (R™) (or MKO”(”)’1 (R")) to MK (pi(R") (or Mqu‘2(”)’2 (R™)).

Proof In a way similar to Theorem 2.1, we only prove the homogeneous case. Let f €
MKq g’ﬁ(]R") and b € Lip,(R"). Denote f; = fx; for each j € Z. Then we have f(z) =

. Noting that p; < ps, we have
42 fi(@) g that p1 <p

j=—00

Pl

L Pl
106, Tl () ey = 527 D7 25, Tl () o o |
q2(-

LEZ W
L
< sup 2 LAn Z 28 [, To)(f )XkHLcm) (R™)
Lez it
L k—2 o
< Ciugz‘”pl > 2’““”1( > ”[buTQ](fj)XkHL%(')(]R"))
€ k=—oc0 j=—00
—LAp:1 - kapy - P
+ C'sup 2 > 2 ( > ”[bvTQ](fj)Xk||Lq2(')(R"))
Lez k=—oc j=k—1
j
= Ul —|— UQ. (41)

We first estimate U;. For each k € Z, j < k — 2 and a.e. x € Ag, we have |x — y| ~ |z|.
Using the generalized Holder inequality, we have

bTal)@) <C [ @ =90y~ by 1 £, )y
B, lz —yl
< Clblun, [

y|n

< O|Jpl|ip, 275 / 19z — )15 (v)ldy

B;
< CIIblLip, 27 £l pacy ey 1922 — NG Ol L) @y
Noting s > ¢,~, we denote ¢/,(-) > 1 and q/%r) = 1( ;T 1. By Lemmas 2.3 and 2.5 we
1 1 (z

have
192 = x5 O)ll g 0 gy < 19w = )5 ()]
<1196 =) Oll e x5 | a7, ) @y
1
< —Jv o s sv s ) ~
<07 ( [ 10t =l bl ) e s e

< CQ_jVQIC(V"I‘%)

L5 (Rn) ||Xj(')||LE’1<~)(Rn)

s(Sn—1) ||XBj ||L;71(4)(Rn)'

When |B;| < 2" and z; € Bj, by Lemma 2.4 we have

1
T _1
||XBj ||L’(71(*)(]Rn) ~ |B] | 1) ||XBj ||qu1(‘)(Rn) |Bj| =
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When |B;| > 1 we have
_1
168, s gy = BT 2 1, | oy | Bl

. _1
So we obtain ||XBj ||L?1(4)(Rn) ~ ||XBj||Lq/1(')(]Rn)|Bj| g
So we have

19202 = )x; Ol Lot gemy s 1x8; | Lot o gy (4.2)
( )

Since
dy

|z —y["=

T, (xs) (@) > / x () > C2¥7x 5, (1), (4.3)

By

by (4.2)—(4.3) and Lemmas 1.3-1.4, we have
16, Tl (f)xkll o2 ey

< C|1b]|Lip,

< Ofp|uip, 27 D0EE

s )1xB; | Lot 0 gy 1X B a2 ey 1 il Lar ) ey

2(sn 1) IXBs 1l ot 0 gy 1T (X B Loz () | £l Ln ) e
< O|b|nip, 2t k=) +2) ||Q||LS(S"*1)||XB]‘”Lq’l(')(Rn)”XBk”L‘ll(')(R")||fj||L‘11(‘)(R")

||XB]‘ ||L!1’1(‘) R
T il ar o )

< C||b||Lip»y2(k_j)(l/+%)||Q||L3(S"*1) ||X || ')
Brllpai¢ (R™)

< CbllLip, Q| ssn-1) 29 ™2 =2 £l Lav o gn)- (4.4)

So we have
L k—2 ”
Uleiu[Zﬂ_“m Z 2kap1( Z ”[baTQ](fj)XkHL%(')(R"))
€ k=—o0 j=—o00
L k=2 . p1
<CHbHLlpWHQVES(Sn*l)i‘égQ_L)\pl Z 2kap1( Z 2(]—k)(n62—u—§)||fj||Lq1(.)(Rn)) .
k=—o0 j=—00

When 1 < p; < oo, take -+ l, 1. Since nds — v — 2 — a > 0, by the Holder inequality we
have

L k—2
j L(j—k)(nd2—v—2—«
Ui <C||b||L1pw”Q”Ls gn— 1)Sup2 Lp: Z ( Z 9jap1 93 (j—Fk)(nd2 5 ml”fj”ilql(,)(Rn))
k=—oc0 j=-—o00
k—2 P1
X( 3 2%<j—k><nsz—u—g—a>p;)pa
j=—o00
L k—2
< CIBEy 007 oy sip2 0 30 3 grempdamimi g
k=—o00 j=—00
L—-2 L
« L(G—k)(nde—v—"—a
<C’||b||Llpv s(sn- 1)sup2 LAp: Z 9J m”fJ”qu(_)(Rn) Z 95 (j—k)(nd2 o)
j=—00 k=j+2
L—-2

< C||b||L1p,y||Q||Ls Sn— 1) Sup2 LApy Z 2]0t101||f]| L1q1(')(]Rn)

j=—00
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< Ol 1% oL 15 sy (45)
ai (-

When 0 < p; <1, we have

k—2
Us < ClBlIEs, 19205 g0 1)sup2_L)‘p1kZ ket N7 2UmRmR S T ey
=—00 j=—00
L-2 L
—LX jo j—k)(nde—v—2 —«
=C||b| Llpw||Q|i§(Sn71)il§Z)2 P Z 9i p1||fj|1;1(_)(w) Z 9(j—k)(né2—v—2—a)ps
j=—00 k=j+2
L—-2
<C||b||L1pW||Q||L8(Sn 1y Sup2 LAp1 Z 2Jap1||f.7||Lq1() (R7)
j=—o0
< C||b||L1p,Y||Q|| s(gn—t ||f||MK°‘ Pl Rn) (46)

Next we estimate Uy. By the (L% () (R™), L%()(R"))-boundedness of the commutator [b, Tt)]
we have

LeZ

L 00
P1
= Csup2™ 7 37 2 (37116, Ta) )kl o ey )
LeZ k=—o0 j=k—1
—LApy L kapi = .
< (Csup?2 Z 2 ( Z ||fj||LQ1(~)(R"))
—k—

k=—0o0 7

oo

. . p1
_Copztn 3 (3 2029 )

Lez k=—oc0 j=k-—1

If 0 < p; <1, then we have

L
Us < Csup?2™ LAp: Z Z o(k=j)ap: 2Jap1||fj| le(‘)(Rn)
Lez k=—o00 j=k—1
L L-1
< C'sup 2~ Fm Z Z 2k=depigiors | f)] L1Q1(')(]R")
Lez k=—o0 j=k—1
L
+ C’sup? LAp1 Z Z 2 k J 04012]04)1||.](‘J||Lq1(-)(]R")
LeZ k=—o00 j=L
=: Ua1 + Uso. (4.7)
For Uy, we have
L—1 J+1
Usy < Csup 2™ LApy Z 2Jap1||fj||Lq1(_)(Rn) Z 9(k—j)ap
LeZ j=—00 k=—o0
L—1
< C'sup 2~ 1A Z 2Jap1||fa| L1Q1(')(]R")
LEZ oo
<Clf1 (4.8)

0D .
Mqu(_)(]R")
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For Uss, by 0 < A < o we have

—LX (k—j)a a
Usay _Cilgz)z P1 Z 22 Jap19j p1||fJ|Lq1() &)

k——OOj L
L 00
< Csup2 37N ol pergnmg i Z 2 |72 )
N qu() R™
LeZ k=—o0 j=L o
L
—LAp (k J)Oép JAp
SCigz 1 Z 22 ) 1||f||MK”1 ®)
k_—ooj L
= C||f|| Ko ny § sup2 LAp1 Z gkap: Z 9i(A—a)
k=—oc0 ] L
< CIIfI15; sup 2~ FAP1gLapigL(A=a)p:

ME SR ey,
= CU I o oy (4.9)

If 1 < p1 < oo, noting A < a, we can take a constant 7 > 1 so that \ — % < 0. By the
Holder inequality we have

L > (k J) (k—j)apy - =1 p}
_ fe—i /S n—1 ’
UQ S Csup 2 LAy Z ( 27 2]04)1 ||f]| qul(-)(]Rn)) ( Z 2( 2 " ) .
Lez k=—oco  j=k—1 i=k—1
= Jj= 1=

J) (k—j)apy
< C'sup 2™t Z Z 2" 27001 || 5] Llcu(-)(Rn)
Lez k=—o0 j=k—1

L L—-1

Lps J) SPL iapy
< Csup2” Z Z 2 2 ||fJ|Lq1() (R™)
Lez k——oog k—1

(k— J)am
+ Csup2~m Z 22 2jap1||f]||Lq1<)Rn

Lez k=—o00 j=L
=: Usz + Usy. (4'10)
For Uss, we have
PN L-1 . (k— J)am
Uz < C'sup 2™ “ 1 Z 270 f5117 L1 (&) Z 2o
LeZ j=—00 k=—oc0
L—1

< —LAp1 Jop1

< Cilgz)Q j;oo2 I1£511% La10) (Rn)

<l —

MEG (5 R’

For Ugy, by 0 < A < % we have

J) P
U24—CSU.p2 Lapy Z 22 12]ap1||f]||Lq1()]Rn)

Lez k——oog L

J)am
< Csup 2=t Z Z 2" 2 ”f”MKO‘ ()

Lez k=—o00 j=L
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kam Iy
L\ A—<
_ C||f|| Kot ) S sup2 P1 Z 275+ Z 9i(A=%)p1
k=—o0 j=L
_ A—2)p
<C’||f|MKap1)(Rn) su122 (A=5)p
= O||f||MK ’Pl Rn) (412)
Thus, by (4.1) and (4.5)—(4.12) we complete the proof of Theorem 4.2.
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