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Geodesics in the Engel Group with a Sub-Lorentzian
Metric — the Space-Like Case*

Qihui CAT!

Abstract Let E be the Engel group and D be a bracket generating left invariant dis-
tribution with a Lorentzian metric, which is a nondegenerate metric of index 1. In this
paper, the author constructs a parametrization of a quasi-pendulum equation by Jacobi
functions, and then gets the space-like Hamiltonian geodesics in the Engel group with a
sub-Lorentzian metric.
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1 Introduction

Sub-Riemannian geometry is an important branch of geometrical analysis. It has been
applied in many fields, such as quantum physics, C-R geometry, control theory, sub-elliptic e-
quations, and so on (see [1, 16-18]). Because of the degeneration of the metric, sub-Riemannian
geometry enjoys many differences from the Riemannian one. For example, the Hausdorff dimen-
sion is larger than the manifold topological dimention, there exist strictly abnormal minimizers
in sub-Riemannian manifolds (see [11, 15]). If we change the positively definite metric to
an indefinite degenerate metric with index one, it leads to another geometry, sub-Lorentzian
geometry. It is a special semi-sub-Riemannian geometry (see [14]). For more details about
sub-Lorentzian geometry, the reader is referred to [4, 8, 12]. Since there are three kinds of hor-
izontal curves (time-like, space-like, null) in sub-Lorentzian manifolds, researches on geodesics
and reachable sets in sub-Lorentzian manifolds are more complicated than in sub-Riemannian
manifolds. In [7], Chang, Markina, and Vasiliev have systematically studied the geodesics in an
anti-de Sitter space with a sub-Lorentzian metric and a sub-Riemannian metric respectively. In
[9], Grochowski computed reachable sets starting from a point in the Heisenberg sub-Lorentzian
manifold on R3. In [10], Grochowski studied the normal form for Martinet sub-Lorentzian struc-
ture of Hamiltonian type, and calculated reachable sets, future null conjugate and cut loci. It
was shown in [13] that the Heisenberg group H with a Lorentzian metric on R? possesses the

uniqueness of Hamiltonian geodesics of time-like or space-like type.

Manuscript received April 17, 2015. Revised August 8, 2017.

Department of Mathematics and Computer Science, School of Biomedical Engineering and Informatics,
Nanjing Medical University, Nanjing 211166, China. E-mail: caigihui@njmu.edu.cn

*This work was supported by the Science and Technology Development Fund of Nanjing Medical Uni-
versity (No.2017NJMUO005).



148 Q. H. Cuai

The Engel group was first named by Cartan [6] in 1901. It is the simplest sub-Lorentzian
manifold with nontrivial abnormal extremal trajectories, and is a Goursat manifold. In [2],
Ardentov and Sachkov computed extremal trajectories on the sub-Riemannian Engel group. In
[5], we computed nonspace-like geodesics on the Engel group with sub-Lorentzian metric, but did
not calculate space-like geodesics. Because if we use the same method in the space-like case, the
computation becomes too complicated. In this paper, we introduce a new method, construct
a parameter transformation by Jacobi elliptic functions, and get the space-like Hamiltonian
geodesics.

The paper is organized in the following way. In Section 2, we introduce some preliminaries
as well as definitions of sub-Lorentzian manifolds, the Engel group. In Section 3, we give
the Hamiltonian system, and compute the space-like abnormal geodesics. In Section 4, we
introduce a new elliptic coordinate to solve the quasi pendulum equation, and obtain a complete

description of the space-like Hamiltonian geodesics in the Engel group.

2 Preliminaries

Let M be a smooth n-dimensional manifold, D be a smooth distribution on M and g be
a smooth varying Lorentzian metric on D. The triple (M, D, g) is called a sub-Lorentzian
manifold.

We introduce a time orientation first. A vector v € D,, is said to be time-like if g(v,v) < 0;
space-like if g(v,v) > 0 or v = 0; null (light-like) if g(v,v) = 0 and v # 0; and non-space-like
if g(v,v) < 0. An absolutely continuous curve v(t) is said to be horizontal if its derivative
~'(t) exists almost everywhere and lies in D(v(t)). A horizontal curve is said to be time-like
if its tangent vector is time-like a.e.. Similarly, space-like, null and non-space-like curves can
be defined. By a time orientation of (M, D, g), we mean a continuous time-like vector field on
M. If X is a time orientation on (M, D, g), then a non-space-like vector v € D,, is said to be
future directed if g(v, X (p)) < 0, and past directed if g(v, X(p)) > 0. Throughout this paper,
“f.d.” stands for “future directed”, “t.” for “time-like”, and “nspc.” for “non-space-like”. The

sub-Lorentzian length of a horizontal curve [ is defined by

1((t)) = / I/ (8]t = / NICIORIOL]

A distribution D C TM is called bracket generating if any local frame {X;}1<i<, for D,
together with all of its iterated Lie brackets [X;, X;], [Xi, [X;, Xk]], - - - span the tangent bundle
TM. Bracket generating distributions are sometimes also called completely nonholonomic or

distributions that satisfying Hérmander’s condition.

Theorem 2.1 (Chow Theorem) Fiz a point ¢ € M. If the distribution D C TM is
bracket generating, then the set of points that can be connected to q by a horizontal curve is the

component of M containing q.
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By the Chow theorem, we know that if D is bracket generating and M is connected, then
any two points of M can be joined by a horizontal curve.

Now we introduce the Hamiltonian function with respect to the sub-Lorentzian structure

H(\u) = %(—u%+iu?) + <Azk:ux> (2.1)

where A = (¢,€) € Ty M, u € RF, v =0 or —1, (1,&) # 0. H € T(T*M) is the Hamiltonian
vector field induced by H, Ag is the flow of the vector field H , e,

X = H(N),

where u satisfies the maximum condition %—ZI = 0. If v = 0, the integral curve X is called an

abnormal lift, and the projection «y is an abnormal extremal. If v = —1, X is called a normal lift,
the projection v is a normal geodesics (or a normal extremal). Immediately from the definition,

we have the following lemma (cf. [5]).

Lemma 2.1 (cf. [5]) The causal character (time-like, space-like, null) of normal sub-

Lorentzian geodesics does not depend on time.

At last, we describe the Engel group E. We consider the Engel group E with coordinates
q = (z1,22,y,2) € RY. The group law is denoted by ® and defined as

(xlax%ya Z) O] (xlla xl27 y/7 Z/)

x1ah

T7h — 2w ToXh
Libe T 412 ﬂ(x2+x’2)+xly’+ 5 (xl_;’_x’l))

2 2

A vector field X is said to be left-invariant if it satisfies dL,X (e) = X (q), where L, denotes
the left translation p — L,(p) = ¢ ©® p and e is the identity of E. This definition implies that

2+ 2+

= (xl + a2, my +why+y +

any left-invariant vector field on E is a linear combination of the following vector fields:

0 T9 O 0 r1 O 22+ a3 0
X - = X = — _— P
YT 0 2 oy 27 Oy * 2 Oy * 2 0z
(2.2)
I ]
3_8y 52 YT oy

The distribution D = span{ X7, Xa2} of E satisfies the bracket generating condition, since X5 =
[X1, Xs], X4 = [X1, X3]. The Engel group is a nilpotent Lie group, since [X1, X4] = [Xa, X3] =
[X2, X4] = 0. We define a smooth Lorentzian metric on D by

9(X1,X1) =—1, g(X2,X2)=1, g(X1,X2)=0. (2.3)

X1 is the time orientation.

The horizontal curve on the Engel group has the property (cf. [5]).

Lemma 2.2 (cf. [5]) For a horizontal curve on the Engel group, the property of time-
likeness (space-likeness, light-likeness) and future-directness (past-directness) is preserved under

left translations.
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3 Abnormal Extremal Trajectories

In this section we write down the Hamiltonian system and compute the abnormal extremals.
By Lemma 2.2 horizontal space-like curves are left invariant, so we can assume that the initial
point is the origin, i.e., z1(0) = 22(0) = y(0) = 2(0) = 0, and space-like initial velocity is
—u2(0) + u2(0) = 1. Let us introduce the vector of costate variables n = (v, &1, &2,&3,&) and
define the Hamiltonian function
x% + x%

2

—u% + u%
2

— T2U1

Tiu
+ &up + Eoug + E3 22 5

H( q(t),u) =v + & (3.1)

From Pontryagin’s maximum principle for this Hamiltonian function we obtain a Hamiltonian

system for the costate variables

& =—H,, = —&% —&yriug, E=—Hy, = &% — &axaus, & =61 =0, (3.2)
and the maximum condition
max H(&(t), q(t), u(t)) = H(E(1),q(t),u(t)), v <0, (3.3)

uwER?

where %(t),q(t) are the optimal processes, and the condition 7(t) # 0 is the non-triviality of
the costate variables.

Let v = 0. From the maximum condition (3.3) we obtain

Hu1 = 51 - 6321.2 = 07 (34)

&wy &a(2? + 23)

Hy, =&+ 2t + 252 o, (3.5)
Differentiating equations (3.4)—(3.5), we obtain
0=4& — 5372 =& — 5372 = —uz(&3 + &am1), (3.6)
_ s, & : L
0=&+>—+ §a(@181 + T2d0) = u1 (€3 + Eaw). (3.7)

For the space-like case, —u? +u3 = 1, s0 &3+ &1 = 0. If & = 0, then & = 0, and therefore
& = 0. It is a contradiction with the non-triviality of the costate variables, hence &4 # 0. In this
case, we can get that xy = _£_i3 is a constant, and u; = 0, us = £1, so the space-like abnormal
extremal trajectories are the following expression:

4(s) = (O,is,o,i%g). (3.8)

4 Normal Geodesics

Now we consider the normal case v = —1. It follows from the maximum condition (3.3)
that H,, = H,, = 0. Hence
Eawr | Ea(x +a3)

u1:—(§1—x2T€3), us =& + 5 + 5 . (4.1)
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Let h; = (£, X;), i = 1,2,3,4 be the Hamiltonians which are linear on fibers. It is easy to

get
x x 22 + x2
M= -8 o S SO g =g (42)
SO ulz—cl and UQZCQ.

According to Pontryagin’s maximum principle, we get the following Hamilton system:

1 = —hq, (4.3)
To = ha, (4.4)
o1
Y = §(x2h1 + !Elhz), (4.5)
o1
Z= §h2(x% +2), (4.6)
hi = —hshs, (4.7)
hg = —hyhs, (4.8)
hs = —hiha, (4.9)
hy = 0. (4.10)
For the space-like case, the curves are considered on the level surface H = —h? + ha = 1, whence
we go over to another coordinate system (6, ¢, «) :
hi =sinhf, hs=rc,
ho = coshf, hy = a.
So in the normal case, the Hamiltonian system becomes
0= —c, (4.11)
¢ = —asin hb, (4.12)
a =0, (4.13)
i?l = — sinh@, (414)
Zo = cos hb, (4.15)
1
Y= 3 (22 sin hé + 1 cos hh), (4.16)
1
= cos hO(x3 + x3). (4.17)
The vertical part is reduced to an equation which is quite similar to a pendulum one:
0 =asinhf, @=0. (4.18)

For this reason, we call the formula quasi-pendulum equation. Figures 1-2 are phase graphs

forao=1and o = —1.
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Figure 3 Partition C' for a > 0.
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We give the partitioning of a section of the cylinder {\ € C, a = con st > 0} in Figure 3.
For subsets CJ,C% C5 ,Cd, we compute directly. For C,Cy, Cy,CF,C and CF, we

introduce new coordinates (i, k) in the phase space of the quasi-pendulum. We call (¢, k) the

elliptic coordinates. In this coordinates, the vector field (—c, —asin hf) is straightened out, and

the quasi-pendulum equation takes a very simple form. That is to say, when we transform (6, c¢)

to (g, k), the quasi-pendulum equation

i— e
¢ = —asinhb

p=1,
k=0.

So the solution of the quasi-pendulum equation in the elliptic coordinates is

becomes

k =const, ¢ =¢o+t,

where g is the initial value, and expressions of space-like extremals can be obtained.

If X € CF, we have 6 = con st, and so is sin hf). We assume sin hf = s,

x1(t) = —sot,
za(t) = \/S(Q)it,
y(t) =0,
S(t) = (253 + 12; 55+ 1153

If A € CY, we have ¢ = const, 0 =6y — ct,

cos hf — cos ho
a(t) = —— 270

c

(4.19)

(4.20)

(4.21)

(4.22)
(4.23)

(4.24)

(4.25)
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sin h0y — sin ho

x9(t) = — (4.26)
ct — sin h(ct
y(t) = T() (4.27)
1 1. 3 1. 3 2 . 2 .
2(t) = el §s1nh 0 — gsmh 0o — cos h“0g sin h0 + cos h“0y sin hy

1 1 1
+ 5 sin hly sin h?0 + < cos hfl sin h20 — < cos hfly sin 20 — g(cos hoo)t|.  (4.28)

If X € C7, and the energy integral £ € (—a, +00), we introduce the elliptic coordinates

k:,/?fie(o,l), (4.29)

(o, k,a) as follows:

sin hg = —ksd( ;/mp)’ oS hg = nd( ;/mp)’ (4.30)
/ / !
c= Qk k/_acd( ;/mp)’ pE [O, %}, (4.31)

where sd, nd, cd are elliptic functions, k is the modulus, &’ is the complementary modulus. It
is easy to check that in the elliptic coordinates, the vertical part of Hamiltonian system takes

the form:
=1, k=0, a=0, (4.32)
and the solutions are
o(t) =¢o+t, k=const, «=const. (4.33)

Now we compute expressions of space-like geodesics. By transformation (4.29)—(4.31), we get

. o0 0 V—ap V—ap
sinh = 2sinhz coshs = —2ksd( — )nd( = ) (4.34)
0 /~a
coshf) = 2sinh?2 +1 = 2k%sd? (V) 4 1. (4.35)
2 K’
Substituting them into the horizontal part of the Hamiltonian system, we have
. v —ap v —-ap
T = 2ksd( T )nd( o ),
iy = 2k%sd? (V) 1.
By the following integral formulas:
d
/sd u nd udu = _ck_au’ (4.36)

/sd2udu = @(E(u) — k?u — Kk%*sn u cd u), (4.37)
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we obtain
r] = \/_k’ [cd(xt) — cd(xo)];
o = 1/_04]{/[ (xt) — E(xo) — k*(sn(x+)ed(xt) — sn(xo)ed(xo))]
where x; = Xo = \/,;70‘800'
Since
o1 . .
Y= 5( ToX1 + xle)a
1
z = —(xl + $2)x2,
2
we get

Yy = /{Eli'gdt - x12x2

L1122

k 2,72
By (4.37) and formulas

1 1+ ksnu
2 _ L iTRSU
/cdu sd“udu = 2k31n( T ),

1 1+ ksnu
/ ed udu = (2R,

we get
4
y = —4E(sn><md><t — snyondxp) — 4sgnc k’Q[ (x¢) — E(xo0) — okt
k
— k2 (snysedx: — snxocdxo)] + 2sgnc chOWt B x12962

Since
o1
z= 5(171 + a3)d2,

we get

I‘le
= dt
z / —|— 6

4J€2

ak’?
By (4.37), (4.43)—(4.44) and formulas

1 r2k%2—2 2 — k2
/cd2u sd?udu = [ i K

el e vt g P

+ (2K + 2k — Dsn u cd v — k*k"?sd u cd v,

3

=— /(chXt — 2edxocdy: + cdxo)(2k?sd?x; + 1)dt + %

_t’

155

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)
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1 1+ ksnu
2 — -
/cd udu = kln( p— ), (4.49)
we get
4> 1 s \ V-« 2k -1 2
2= o (G ) T+ (G et B - Boo)
22 o a4 2k A
+ {k’Q (2K + 2" —1)+1— ﬁcd)m] (snxtedx: — snxocdxo) + 2k™ (snxtedxindx:
3 2 2 a3
— snxocdxondxo) + 4k’ edxo(snxend”x: — snxond XO)} + 5 (4.50)
If A€ C5, we have 0 = ¢ = 0. Then we have
1
r1(t) =0, xo(t)=t, y(t)=0, 2(t)= 6t3. (4.51)
If A € Cf, the energy integral E € (—a, +00), we introduce the elliptic coordinates (¢, k, @)
as follows:
E+a
k= 0,1 4.52
E_ac (0,1), (4.52)
.0 1 Va 0 1 Va
Sin h§ = Esgn@ds(Ttp), COS h§ = ETLS(TQO), (453)
2 Ja oK
c-sgnﬁg\/acs(Tgp), xS (O,W). (4.54)
So we obtain
_ Va Va
1 = —sinhf = 2 sgn@ds( . gp) ( k 90), (4.55)
Va
&9 = coshf = ﬁds ( 3 30) +1. (4.56)
Combining with the formulas
1—dnu
duy =In{ ——— 4.57
/cs udu n( p— ), ( )
/cs2udu = —dn u cs u— E(u), (4.58)
2 ks 1 2
cs u ds“udu = —?ds udu — §dn u ns-u, (4.59)
o k/2 1 k/2
/cs u ds*udu = 3 (E(u)+dn uesu)— gnszu dn u cs u — 5w (4.60)
/ds udu = k*u — dn u cs u — E(u), (4.61)
we get
sgn@\/_ (csdy — csoo), (4.62)

12
ﬁ[dn%cs% — dnoicspy + E(do) — E(pr)] + k —5t (4.63)

T =
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and further more,

1T
y:/l'li'gdt— 172

2
B 9 2 2 d 2 1)d T1T2
= sgn Tk (csoy —csqﬁo)(ﬁ s“Pr + ) t—
2 4 ak’?
= —sgn Hm(dmbtnsQ@ — dnpons’eg) — sgn HW&S% \/_k t
a 1T
+ dngocsgo — dngresdr + B(go) — B(ér)] - Sgn9\/7_08¢0t e

2. 3
T5d x3
- at+ 2
N / 5 T
x}

_ 4 2( 2 ;9

e /(csgbt — ¢sgp) (ﬁds o + 1)dt—|— 3

4 2 — k2 — 6¢s2opg
{(

VE(@1) = E(go) + dnuesdn — dngocsen)

adk 3k?

2 2 2 \/a 2k/2 2- k2
— W(ns Grdndresgr — ns”podndocsdg) — sgn T ( T 32 + 2

2 5 ) 3
+ ﬁcsgbo(dnqbtns ¢¢ — dngons ¢0)} + 5

where ¢ = %% oo = %@@

ch(bo)t

157

(4.64)

(4.65)

If A\ € Cf, the energy integral E € (—a, a), we introduce the elliptic coordinates (¢, k, )

as follows:

a—F
2

k= € (0,1),

0 , 0
sin h§ = —sgne k'sc(v/ayp), cos h§ = de(vVay),
c=2sgnc k'vanc(v/ap), o€ (— — —)

So we obtain

@1 = —sin hf = —2sgn ¢ k'sc(v/ap)de(vayp),
iy = cos hf = 2k"*sc* (V) + 1.

Combining with the formulas

/nc udu = L (UL ANy

K’ cnou

1
/nc2udu = W[klzu — E(u) 4+ dn u sc ul,

1 k'snu-+dnu
scu dcu— ln(i),

2k12 2k/3

ne u sc?udu =
cnou

/anu sctudu = (1 4+ EHE(u) — E?u + dn u sc u(k*nctu — 1 — k?)],

1
3k/4

1
/SCQUdu = W(dn u scu— E(u)),

(4.66)
(4.67)

(4.68)

(4.71)
(4.72)
(4.73)
(4.74)

(4.75)
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we get
x1 = 2sgn c%(ncd& —neo), (4.76)
2
X9 = \/—a[dnthscht — dnyposcpg — E(y) + E(o)] + t, (4.77)
Yy = /xli'gdt — 1‘12{,62
= 2sgn c\/k—/a /(ncwt — neo) (2K sy + 1)dt — T

= 2sgn C%{Sfﬂ/)tdfﬂ/)t — scyodepy — 2neibo[dnypyscpy — dnaboscipo — E(iy)

L1122

+ E(¢o)] — vancyot} — 5 (4.78)
_ [ i 3
z = / 5 dt + F
2 3
= Ak /(ncht —neo)? (2K scapy + 1)dt + %
4 2 2 2
= :—% [(% - k:_%g - 271021!10) (E(¥i) = E(to) — dniprscipy + dniposcibo)
3
+ (% + n621/10) Vat — 2neo(sepide)y — scpoderbo)| + %, (4.79)

where
Yy =Vap, o=

If \e C;', the energy integral E € («, 4+00), we introduce the elliptic coordinates (¢, k, @)

as follows:
E—-«
k= 0,1 4.80
Fra <Ol (4.80)
- Vo 0 Va
sin h§ = —sgnc sc(7<p), cos h§ = nc(Ftp), (4.81)
P Ja KK KK
c=sgnc ?\/adc(ﬁcp), 0= (—ﬁ,ﬁ). (4.82)
So we obtain
1 = —sinhf = 2sgne sc(%gp)nc(%@), (4.83)
&9 = coshf = 2302(\2—/5(,0) + 1 (4.84)
Using (4.75) and the following formulas:
14+ snu
dc udu = In{ ——— 4.85
/ ¢ udu n( cnou )’ ( )
/d02udu =u— E(u)+dn u scu, (4.86)

1 1 1
/dc u sc?udu = ——IH(M) + —scu nc u, (4.87)
2 cn U 2
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1— 2k 1 1
dc*u scPudu = ———F(u) — —u + —dc u sc u nc u
/ 3k"? () 3 3

2
352 —dcu sn u— gdc u sn u, (4.88)

we get

x1 = 28gn c——— (dcdy — dedy), (4.89)

\/—k’
\/_k’ [dndiscdr — dndgscog — E(0r) + E(dg)] + ¢, (4.90)

Yy = /$1$2dt— 1712$2

T2 =

T1T2

1
= 2sgncWa /(dcdt — dcdg)(25¢25; + 1)dt —

dc5

1
= ZSgnca {snétnc §; — sndonc’dy — 2 [dm?tscét dndgscdy

— E(6:) + E(60) — gdcdot” - %, (4.91)

2
3
$1x2
= dt
z / +6

23
= :/2 /(dcdt dedo)? (2526 4 1)dt + F2
4 —2 4+ k7 2d6250
a%k/ |:( 3k"2 k'2
i (2 — k/Q 4 2d6250
3k"? k"2

2 x5
— gdC(S()SC(SQTLC(SQ} + FQ’ (4.92)

) (B(3) = E(60)) + ( +dc*) %t

)(dn5tsc5t dndoscdp) + gdcétscétncét

where

Vo Vo

A

If A € Cf, the energy integral E = «, we introduce the elliptic coordinates (¢, k, ) as

follows:
k=0, (4.93)
N 0
sin h§ = —sgnec tan(y/ayp), cos h§ = sec(vap), (4.94)
T o
— 9 ; EE—— 4.
c = 2sgnc vasec (Vayp), ¢€ ( 2\/5,2\/5) (4.95)
So we obtain
i1 = —sinf = 2sgnec tan(yv/ap)sec(vayp), (4.96)
iy = cosf = 2tan’® (V) + 1, (4.97)
and then
1
x1 = 2sgn c—(sec1hy — sec1y), (4.98)

Ja
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2
Xg = ﬁ(tan Py — tany) — ¢, (4.99)
Yy = /fligdt — 112
2
1
= 2sgnc—— /(sec Yy — sec o) (2 tan? ¢y + 1)dt — 1172
Va
1
= 2sgn ca[tan ysecthy — tan yosec g — 2sec g (tan vy — o) + sec g/t
_ (4.100)
2
2 3
Tidg x5
= dt + =
- / 2 1%

4 3
= /(secwt — secthp)?(2tan? oy + 1)dt + %

= i{2(tan3 Yy — tan® 4hg) + (1 + 2sec 24 ) (tan 1) — tanbg) — sec 2ahgv/at

az L3
e
— 2sec g (tan Pysec 1y — tan osec wo)} + FQ, (4.101)
where
Ve = Vap, Yo = Vagy.
If A\ € C, the energy integral E = —a, we introduce the elliptic coordinates (p, k,a) as
follows:
k=1, (4.102)
0 0
sin h§ = sgn fcsc h(y/ap), cos h§ = cot h(vayp), (4.103)
¢ = 2sgn O/ acsch(v/ayp), ¢ € (0,400). (4.104)
So we obtain
i1 = —sinf = —2sgn fcsc h(v/ap)cot h(v/ayp), (4.105)
&y = cosf = 2csc h2 (vVay) + 1, (4.106)
and then
1
x = 28gn9\/—a(csc hipy — esc habp), (4.107)
2
o = —ﬁ(cot hipy — cot hapg) + t, (4.108)
Yy = /{El!’tgdt - x12x2

L1122

= 2sgr19L /(csc hpy — esc habg)(2csc hapy + 1)dt —
Va
= sgn 92 [—cot hiprcse hapy + cot hapgese hapg + 2esc hibg (cot hapy — cot habg)
«

+ Vaese gol] - T2,

(4.109)
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2 3
{2 i

= dt + —=
z / ) + 6

x5

4
o /(csc hapy — esc habg)?(2csc hap, 4+ 1)dt + 5

2
=4a"3 {(1 — 2csc h?1g) (cot hapy — cot hapg) — g(cot R34y — cot h34hg)
3
— sgn ev/acse h*1hgt + 2csc habg (cot hapsesc hapy — cot habgese hwo)} + %, (4.110)

where
P = Vap, o = Vap.
If A € Cf, we have
0=c=0.

The expression is the same as the case of A € C5 .

Remark 4.1 System (4.11)—(4.17) has the symmetry
_c
Vel

which transforms the variable ¢ and k as follows:

(G,C,Q,xl,xg,y,z,t)»—)(G, , 1V |, |o<|x2,|oz|y,|oz|%z, |o<|), (4.111)

(k) = (V]alp, k,£1).

So we can also get space-like geodesics of the general case a # 0 from the formulas for the

special case a = +1.
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