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Abstract For an upper triangular matrix ring, an explicit ladder of height 2 of triangle

functors between homotopy categories is constructed. Under certain conditions, the author

obtains a localization sequence of homotopy categories of acyclic complexes of injective

modules.
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1 Introduction

Let R and S be two rings, and RMS be an R-S-bimodule. We consider the upper triangular

matrix ring

Λ =

(
R M
0 S

)
.

A complex of Λ-modules is written as
(
X•

V •

)
with the structure map φ• : M ⊗S V

• −→ X•,

a chain map of complexes of R-modules.
(
X•

V •

)
is called down null-homotopical provided that

the complex V • of S-modules is null-homotopical.

Denote byK(Λ-Mod) the homotopy category of left Λ-modules. We denote byKdnh(Λ-Mod)

the homotopy category of down null-homotopical complexes of Λ-modules, which is a triangu-

lated subcategory of K(Λ-Mod). The homotopy category K(R-Mod) can be embedded into

the triangulated category Kdnh(Λ-Mod) via a natural triangle functor, which is not a triangle

equivalence (see Example 3.1).

Theorem 1.1 Let Λ be the upper triangular matrix ring. Then there exists a ladder of

height 2,

Kdnh(Λ-Mod) i∗ //

i2
//
K(Λ-Mod)

i!oo
j∗ //

i∗oo

j2
//
K(S-Mod).

j∗oo

j!oo

We refer to Theorem 3.1 for its proof. We construct the two triangle functors i!, i∗ :

K(Λ-Mod) −→ Kdnh(Λ-Mod) in Subsections 2.1–2.2. The functor i∗ is the inclusion. The

triangle functors i2 and j2 are constructed in Section 3. The other functors are natural and
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induced from the ones over the module categories. The above ladder induces the ladder of

derived categories for the upper triangular matrix ring; see [9, Example 3.4] and compare [11,

Corollary 15] and [8, 2.1].

We denote by Kac(R-Inj) the homotopy category of acyclic complexes of injective left R-

modules. If R is left noetherian, then the homotopy category Kac(R-Inj) is a compactly gene-

rated triangulated category such that the corresponding full subcategory consisting of compact

objects is triangle equivalent to the singularity category Dsg(R) of R in the sense of [3, 15] (see

[13, Corollary 5.4]).

Proposition 1.1 Let RMS be an R-S-bimodule such that MS is a flat right S-module. Let

Λ be the upper triangular matrix ring. Then there exists a locolization sequence of homotopy

categories

Kac(S-Inj)
//
Kac(Λ-Inj)oo

//
Kac(R-Inj).oo

This is Proposition 4.1. In the case that S is a semi-simple ring, by the above localization

sequence, we have the triangle equivalence

Kac(Λ-Inj) ≃ Kac(R-Inj).

This triangle equivalence extends [5, Proposition 4.1], which proves that the one-point exten-

sions preserve the singularity categories.

This paper is structured as follows. In Section 2, for the upper triangular matrix ring Λ,

we construct the two triangle functors i!, i∗ in Theorem 1.1. In Section 3, we prove the explicit

ladder of homotopy categories. In Section 4, we prove the localization sequence of homotopy

categories of acyclic complexes of injective modules.

2 The Triangular Matrix Ring and Two Triangle Functors

In this section, for an upper triangular matrix ring, we construct two triangle functors

between homotopy categories.

2.1 The triangular matrix ring and a triangle functor

Let R and S be two rings, and RMS be an R-S-bimodule. We denote by Λ the upper

triangular matrix ring
(
R M
0 S

)
.

A left Λ-module is written as
(
X
V

)
, where X and V are left R-module and S-module,

respectively. It has a structure map φ : M ⊗S V −→ X , which is a morphism of R-modules. A

morphism f :
(
X
V

)
−→

(
X′

V ′

)
of Λ-modules is a pair

( α
β

)
, where α : X −→ X ′ is a morphism of

R-modules and β : V −→ V ′ is a morphism of S-modules satisfying

α ◦ φ = φ′ ◦ (IdM ⊗ β).

For a ring R, we denote by R-Mod the category of left R-modules. Denote by K(R-Mod)

its homotopy category. For the upper triangular matrix ring Λ, we define a triangle functor

i! : K(Λ-Mod) → K(Λ-Mod).
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We denote by
(
X•

V •

)
the complex

((
Xn

V n

)
,
( dn

X

dn
V

))
n∈Z

of Λ-modules. The n-th component(
Xn

V n

)
has a structure map φn : M ⊗S V

n −→ Xn. We denote by V •[−1] the shifted complex

given by V •[−1]n = V n−1 and dnV [−1] = −dn−1
V for n ∈ Z. Let C−(V •) = V • ⊕ V •[−1] be the

cone of IdV •[−1], whose n-th differential is

dnC−(V ) =

(
dnV 0
IdV n −dn−1

V

)
: V n

⊕ V n−1
→ V n+1

⊕ V n.

We define

i!
(
X•

V •

)
=

(
X•

V • ⊕ V •[−1]

)

to be the complex whose n-th component is
(

Xn

V n ⊕ V n−1

)

with the structure map (φn 0) :M ⊗S (V n ⊕ V n−1) −→ Xn and n-th differential is
(

dnX
dnC−(V )

)
:

(
Xn

V n ⊕ V n−1

)
−→

(
Xn+1

V n+1 ⊕ V n

)
.

Indeed, we have dnX ◦ (φn 0) = (φn+1 0) ◦ (IdM ⊗ dnC−(V )).

Let
(

Y •

W•

)
be another complex of Λ-modules with a structure map ψ• : M ⊗S W

• −→ Y •.

Denote by (
f•

g•

)
=

(
fn

gn

)

n∈Z

:

(
X•

V •

)
−→

(
Y •

W •

)

a chain map of complexes of Λ-modules. Here,
(
fn

gn

)
:

(
Xn

V n

)
−→

(
Y n

Wn

)

is a morphism of Λ-modules.

Denote

C−(g•) : V •
⊕ V •[−1] →W •

⊕W •[−1]

such that

C−(g•)n =

(
gn 0
0 gn−1

)
: V n

⊕ V n−1
→Wn

⊕Wn−1.

Define

i!
(
f•

g•

)
=

(
f•

C−(g•)

)
:

(
X•

V • ⊕ V •[−1]

)
→

(
Y •

W • ⊕W •[−1]

)
.

Lemma 2.1 We have that i!
( f•

g•

)
is a chain map of complexes of Λ-modules.

Proof Since
( fn

gn

)
is a morphism of Λ-modules, we have

fn
◦
(
φn 0

)
=

(
ψn 0

)
◦ IdM ⊗S

(
gn 0
0 gn−1

)
.

Then (
fn

C−(g•)n

)
:

(
Xn

V n ⊕ V n−1

)
−→

(
Y n

Wn ⊕Wn−1

)

is a morphism of Λ-modules. The statement follows by direct calculation.

We use “ ∼ ” to denote the homotopy equivalence relation.
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Lemma 2.2 If
( f•

g•

)
∼ 0, then i!

( f•

g•

)
∼ 0.

Proof Suppose that there exists a morphism

(
un

νn

)
:

(
Xn

V n

)
−→

(
Y n−1

Wn−1

)

of Λ-modules such that
(
dn−1
Y

dn−1
W

)
◦

(
un

νn

)
+

(
un+1

νn+1

)
◦

(
dnX
dnV

)
=

(
fn

gn

)
(2.1)

for each n ∈ Z. Set λn =
(
νn 0
0 −νn−1

)
: V n ⊕ V n−1 −→Wn−1 ⊕Wn−2.

Since
(
un

νn

)
is a morphism of Λ-modules, we have that

(
un

λn

)
:

(
Xn

V n ⊕ V n−1

)
→

(
Y n−1

Wn−1 ⊕Wn−2

)

is a morphism of Λ-modules. Observe that (2.1) implies the following identity

(
dn−1
Y

dn−1
C−(W )

)
◦

(
un

λn

)
+

(
un+1

λn+1

)
◦

(
dnX

dnC−(V )

)
=

(
fn

C−(g•)n

)

for each n ∈ Z, then i!
( f•

g•

)
∼ 0.

We observe that

i!
(
IdX•

IdV •

)
=

(
IdX•

IdC−(V •)

)
.

Denote by (
h•

l•

)
:

(
Y •

W •

)
−→

(
Z•

U•

)

another chain map of complexes of Λ-modules. We have

i!
((

h•

l•

)
◦

(
f•

g•

))
= i!

(
h•

l•

)
◦ i!

(
f•

g•

)
.

By Lemmas 2.1–2.2, we directly have the following consequence.

Proposition 2.1 Let Λ be the upper triangular matrix ring. Then we have that i! :

K(Λ-Mod) −→ K(Λ-Mod) is a functor.

We will prove that the functor i! : K(Λ-Mod) −→ K(Λ-Mod) is a triangle functor. For the

upper triangular matrix ring Λ, we observe the natural functor j∗ : Λ-Mod −→ S-Mod, which

sends
(
X
V

)
to V . The functor j∗ admits a right adjoint

j∗ : S-Mod → Λ-Mod, V 7→

(
0
V

)
. (2.2)

The corresponding counit j∗j∗
∼
−→ IdS-Mod is an isomorphism. Then the functor j∗ is fully

faithful.

The additive functors j∗, j∗ induce triangle functors between homotopy categories. We still

denote by j∗ : K(Λ-Mod) −→ K(S-Mod) and j∗ : K(S-Mod) −→ K(Λ-Mod). Then (j∗, j∗) is an

adjoint pair between homotopy categories with j∗ a fully faithful triangle functor.
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A complex
(
X•

V •

)
of Λ-modules is called down null-homotopical provided that the complex

V • of S-modules is null-homotopical. We denote by Kdnh(Λ-Mod) the homotopy category of

down null-homotopical complexes of Λ-modules. The homotopy category Kdnh(Λ-Mod) is a

triangulated subcategory of K(Λ-Mod).

For each
(

Y •

W•

)
∈ K(Λ-Mod), we have an exact sequence of complexes

0 →

(
0

W •[−1]

)
→ i!

(
Y •

W •

)
π•

−→

(
Y •

W •

)
→ 0 (2.3)

such that π• is given by the identity of Y • and the projectionW •⊕W •[−1] −→W •. The above

sequence splits in each component.

Lemma 2.3 Let
(
X•

V •

)
∈ Kdnh(Λ-Mod),

(
Y •

W •

)
∈ K(Λ-Mod).

Then the functor HomK(Λ-Mod)

((
X•

V •

)
, π•

)
induces the following isomorphism

HomKdnh(Λ-Mod)

((
X•

V •

)
, i!

(
Y •

W •

))
∼
−→ HomK(Λ-Mod)

((
X•

V •

)
,

(
Y •

W •

))
,

which is natural in two variables.

Proof Apply the cohomological functor HomK(Λ-Mod)

((
X•

V •

)
,−

)
to the sequence (2.3).

Observe the following isomorphism

HomK(S-Mod)

(
j∗

(
X•

V •

)
,W •[−1]

)
≃ HomK(Λ-Mod)

((
X•

V •

)
, j∗(W

•[−1])
)
.

Since V • ∼ 0, the result follows immediately.

By Lemma 2.3, we have the following adjoint pair (inc, i!) :

Kdnh(Λ-Mod)
inc //

K(Λ-Mod)
i!

oo (2.4)

between homotopy categories. Here, the functor inc is the inclusion.

Lemma 2.4 (see [10, Lemma 8.3]) Let F : C −→ D and G : D −→ C be two functors between

triangulated categories. Suppose that (F,G) is an adjoint pair. Then F is a triangle functor if

and only if G is a triangle functor.

By the above lemma, the functor i! : K(Λ-Mod) −→ Kdnh(Λ-Mod) is a triangle functor.

2.2 Another triangle functor

For the upper triangular matrix ring Λ, we will define another triange functor

i∗ : K(Λ-Mod) → K(Λ-Mod).

Recall that we denote by
(
X•

V •

)
the complex

((
Xn

V n

)
,
( dn

X

dn
V

))
n∈Z

of Λ-modules. The n-th

component
(
Xn

V n

)
has the structure map φn : M ⊗S V

n −→ Xn for each n ∈ Z. We denote by

V •[1] the shifted complex given by V •[1]n = V n+1 and dnV [1] = −dn+1
V for n ∈ Z. We denote

dnC+(V ) =

(
dnV IdV n+1

0 −dn+1
V

)
: V n

⊕ V n+1
→ V n+1

⊕ V n+2,
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which is the n-th differential of the cone C+(V •) = V • ⊕ V •[1] of IdV • .

We define

i∗
(
X•

V •

)
=

(
X• ⊕ (M ⊗S V

•[1])
V • ⊕ V •[1]

)

to be the complex whose n-th component is
(Xn

⊕(M⊗SV n+1)

V n
⊕V n+1

)
with the structure map

(
φn 0
0 IdM⊗SV n+1

)
:M ⊗S (V n

⊕ V n+1) → Xn
⊕ (M ⊗S V

n+1),

and n-th differential is

(
pn

dnC+(V )

)
:

(
Xn ⊕ (M ⊗S V

n+1)
V n ⊕ V n+1

)
→

(
Xn+1 ⊕ (M ⊗S V

n+2)
V n+1 ⊕ V n+2

)
,

where

pn =

(
dnX φn+1

0 −IdM ⊗ dn+1
V

)
.

In fact, we have

pn ◦

(
φn 0
0 IdM⊗SV n+1

)
=

(
φn+1 0
0 IdM⊗SV n+2

)
◦ (IdM ⊗ dnC+(V ))

and pn+1 ◦ pn = 0 for each n ∈ Z.

Let
(

Y •

W•

)
be another complex of Λ-modules with a structure map ψ• : M ⊗S W

• −→ Y •.

We write the n-th differential of i∗
(

Y •

W•

)
as

(
qn

dnC+(W )

)
:

(
Y n ⊕ (M ⊗S W

n+1)
Wn ⊕Wn+1

)
→

(
Y n+1 ⊕ (M ⊗S W

n+2)
Wn+1 ⊕Wn+2

)
,

where

qn =

(
dnY ψn+1

0 −IdM ⊗ dn+1
W

)
.

For a chain map (
f•

g•

)
=

(
fn

gn

)

n∈Z

:

(
X•

V •

)
−→

(
Y •

W •

)

of complexes of Λ-modules, we define

i∗
(
f•

g•

)
=

(
f• ∨ g•

C+(g•)

)
:

(
X• ⊕ (M ⊗S V

•[1])
V • ⊕ V •[1]

)
→

(
Y • ⊕ (M ⊗S W

•[1])
W • ⊕W •[1]

)

such that (
(f• ∨ g•)n

C+(g•)n

)
:

(
Xn ⊕ (M ⊗S V

n+1)
V n ⊕ V n+1

)
−→

(
Y n ⊕ (M ⊗S W

n+1)
Wn ⊕Wn+1

)

is given by

(f•
∨ g•)n =

(
fn 0
0 IdM ⊗ gn+1

)
, C+(g•)n =

(
gn 0
0 gn+1

)
.

Lemma 2.5 We have that i∗
( f•

g•

)
is a chain map of complexes of Λ-modules.
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Proof Since
( fn

gn

)
is a morphism of Λ-modules, we observe that

(
fn 0
0 IdM ⊗ gn+1

)(
φn 0
0 IdM⊗SV n+1

)

=

(
ψn 0
0 IdM⊗SWn+1

)(
IdM ⊗ gn 0

0 IdM ⊗ gn+1

)
.

This implies that
( (f•

∨g•)n

C+(g•)n

)
is a morphism of Λ-modules.

It remains to prove

(
qn

dnC+(W )

)
◦

(
(f• ∨ g•)n

C+(g•)n

)
=

(
(f• ∨ g•)n+1

C+(g•)n+1

)
◦

(
pn

dnC+(V )

)

for each n ∈ Z. We have that

qn ◦ (f•
∨ g•)n =

(
dnY ψn+1

0 −IdM ⊗ dn+1
W

)(
fn 0
0 IdM ⊗ gn+1

)

=

(
dnY ◦ fn ψn+1 ◦ (IdM ⊗ gn+1)

0 −IdM ⊗ (dn+1
W ◦ gn+1)

)

=

(
fn+1 ◦ dnX fn+1 ◦ φn+1

0 −IdM ⊗ (gn+2 ◦ dn+1
V )

)

=

(
fn+1 0
0 IdM ⊗ gn+2

)(
dnX φn+1

0 −IdM ⊗ dn+1
V

)

= (f•
∨ g•)n+1

◦ pn.

Since g• : V • −→W • is a chain map, we have dnC+(W ) ◦C
+(g•)n = C+(g•)n+1 ◦dnC+(V ) by direct

calculation.

Lemma 2.6 If
( f•

g•

)
∼ 0, then i∗

( f•

g•

)
∼ 0.

Proof Suppose that there exists a morphism

(
ηn

θn

)
:

(
Xn

V n

)
−→

(
Y n−1

Wn−1

)

of Λ-modules such that
(
dn−1
Y

dn−1
W

)
◦

(
ηn

θn

)
+

(
ηn+1

θn+1

)
◦

(
dnX
dnV

)
=

(
fn

gn

)
(2.5)

for each n ∈ Z. Take

Φn =

(
ηn 0
0 −IdM ⊗ θn+1

)
: Xn

⊕ (M ⊗S V
n+1) → Y n−1

⊕ (M ⊗S W
n)

and

Ψn =

(
θn 0
0 −θn+1

)
: V n

⊕ V n+1
→Wn−1

⊕Wn.

Since
(
ηn

θn

)
is a morphism of Λ-modules, we have that

(
Φn

Ψn

)
:

(
Xn ⊕ (M ⊗S V

n+1)
V n ⊕ V n+1

)
→

(
Y n−1 ⊕ (M ⊗S W

n)
Wn−1 ⊕Wn

)
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is a morphism of Λ-modules.

It remains to prove

(
qn−1

dn−1
C+(W )

)
◦

(
Φn

Ψn

)
+

(
Φn+1

Ψn+1

)
◦

(
pn

dnC+(V )

)
=

(
(f• ∨ g•)n

C+(g•)n

)

for each n ∈ Z. We have

qn−1
◦ Φn +Φn+1

◦ pn

=

(
dn−1
Y ψn

0 −IdM ⊗ dnW

)(
ηn 0
0 −IdM ⊗ θn+1

)

+

(
ηn+1 0
0 −IdM ⊗ θn+2

)(
dnX φn+1

0 −IdM ⊗ dn+1
V

)

=

(
dn−1
Y ◦ ηn + ηn+1 ◦ dnX ηn+1 ◦ φn+1 − ψn ◦ (IdM ⊗ θn+1)

0 IdM ⊗ (dnW ◦ θn+1 + θn+2 ◦ dn+1
V )

)

=

(
fn 0
0 IdM ⊗ gn+1

)

= (f•
∨ g•)n.

Here, the second last equality uses (2.5). Similarly, we have dn−1
C+(W ) ◦ Ψn + Ψn+1 ◦ dnC+(V ) =

C+(g•)n.

We observe that

i∗
(
IdX•

IdV •

)
= Id

i∗
(

X•

V •

)

and that i∗ preserves the composition of morphisms in the category of complexes of Λ-modules.

By Lemmas 2.5–2.6 we directly have the following consequence.

Proposition 2.2 Let Λ be the upper triangular matrix ring. Then we have that i∗ :

K(Λ-Mod) −→ K(Λ-Mod) is a functor.

The functor j∗ : Λ-Mod −→ S-Mod admits a left adjoint

j! : S-Mod → Λ-Mod

which sends V to
(
M⊗SV

V

)
with the structure map the identity of M ⊗S V . Observe that the

corresponding unit IdS-Mod
∼
−→ j∗j! is an isomorphism. Then the functor j! is fully faithful.

The additive functor j! induces a triangle functor K(S-Mod) −→ K(Λ-Mod), still denoted by

j!. We have that (j!, j
∗) is an adjoint pair between homotopy categories with j! a fully faithful

triangle functor.

For each
(
X•

V •

)
∈ K(Λ-Mod), we have an exact sequence of complexes

0 →

(
X•

V •

)
ι•
−→ i∗

(
X•

V •

)
→ j!(V

•[1]) → 0 (2.6)

such that ι• is given by

X•
( 10 )
−−→ X•

⊕ (M ⊗S V
•[1]), V •

( 10 )
−−→ V •

⊕ V •[1].

The above sequence splits in each component.
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Lemma 2.7 Let
(
X•

V •

)
∈ K(Λ-Mod),

(
Y •

W •

)
∈ Kdnh(Λ-Mod).

Then we have the following isomorphism induced by HomK(Λ-Mod)(ι
•,
(

Y •

W•

)
) :

HomKdnh(Λ-Mod)

(
i∗
(
X•

V •

)
,

(
Y •

W •

))
∼
−→ HomK(Λ-Mod)

((
X•

V •

)
,

(
Y •

W •

))
,

which is natural in two variables.

Proof Apply HomK(Λ-Mod)

(
−,

(
Y •

W•

))
to the sequence (2.6). We have the isomorphism

HomK(Λ-Mod)

(
j!(V

•[1]),

(
Y •

W •

))
∼
−→ HomK(S-Mod)

(
V •[1], j∗

(
Y •

W •

))
.

Since W • ∼ 0, the statement follows directly.

By the above lemma, we have the following adjoint pair (i∗, inc)

K(Λ-Mod)
i∗ //

Kdnh(Λ-Mod)
inc

oo (2.7)

of homotopy categories. By Lemma 2.4, i∗ : K(Λ-Mod) −→ Kdnh(Λ-Mod) is a triangle functor.

3 An Explicit Ladder of Homotopy Categories

In this section, we prove the explicit ladder of height 2 in the introduction.

Recall that a diagram of triangle functors between triangulated categories

T ′ i∗ // T

i!
oo j∗ //

i∗oo
T ′′

j∗
oo

j!oo

forms a recollement (see [6, Section 2]), provided that the following conditions are satisfied:

(R1) (i∗, i∗), (i∗, i
!), (j!, j

∗) and (j∗, j∗) are adjoint pairs;

(R2) The three functors i∗, j! and j∗ are fully faithful;

(R3) Im i∗ = Ker j∗.

Here, Im i∗ and Ker j∗ are essential image and kernel of i∗ and j
∗, respectively. The definition

of recollement is equivalent to that given in [2, 1.4].

Remark 3.1 We mention that in the above recollement Im j! = Ker i∗ and Im j∗ = Ker i!.

A ladder (see [9, Section 3]) of height 2 is a diagram of triangle functors between triangulated

categories

T ′ i∗ //

i2
//
T

i!oo
j∗ //

i∗oo

j2
//
T ′′

j∗oo

j!oo

such that any three consecutive rows form a recollement. There are two recollements in a ladder

of height 2.
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Let Λ be the upper triangular matrix ring. Recall that the homotopy categoryKdnh(Λ-Mod)

is a triangulated subcategory of K(Λ-Mod). Set i∗ to be the inclusion Kdnh(Λ-Mod) −→

K(Λ-Mod).

Proposition 3.1 Let Λ be the upper triangular matrix ring. Then there exists a recollement

of homotopy categories

Kdnh(Λ-Mod) i∗ // K(Λ-Mod)

i!
oo j∗ //

i∗oo
K(S-Mod).

j∗
oo

j!oo

Proof By (2.4) and (2.7), (i∗, i
!) and (i∗, i∗) are adjoint pairs. Recall that (j!, j

∗) and

(j∗, j∗) are adjoint pairs between homotopy categories with j!, j∗ : K(S-Mod) −→ K(Λ-Mod)

fully faithful functors. We observe that Ker j∗ = Kdnh(Λ-Mod). The statement follows directly.

Let
(
X
V

)
be a left Λ-module. We use the adjoint isomorphism

HomR(M ⊗S V,X) ∼= HomS(V,HomR(M,X))

to give a description of left Λ-modules. Then the left Λ-module
(
X
V

)
has an adjoint structure

map φ : V −→ HomR(M,X), which is an S-morphism. A Λ-morphism from
(
X
V

)
to

(
X′

V ′

)
is a

pair of morphisms
( α
β

)
with α : X −→ X ′ an R-morphism and β : V −→ V ′ an S-morphism such

that the following diagram commutes:

V
φ //

β

��

HomR(M,X)

HomR(M,α)

��
V ′

φ′

// HomR(M,X ′).

Define a functor

j2 : Λ-Mod −→ S-Mod

such that j2
(
X
V

)
= Kerφ. Recall the functor j∗ : S-Mod −→ Λ-Mod (see (2.2)). Observe that

for any V ∈ S-Mod:
(

Y
W

)
∈ Λ-Mod, we have the following isomorphism:

HomΛ-Mod

(
j∗(V ),

(
Y
W

))
∼= HomS-Mod

(
V, j2

(
Y
W

))
. (3.1)

Then (j∗, j2) is an adjoint pair. Similarly, the functor j2 induces a triangle functorK(Λ-Mod) −→

K(S-Mod), still denoted by j2. The induced functors (j∗, j2) is an adjoint pair of homotopy

categories.

Denote q : K(Λ-Mod) −→ K(Λ-Mod)/Im j∗. We will define a functor λ : K(Λ-Mod) −→

K(Λ-Mod). Let
(
X•

V •

)
be a complex of Λ-modules with a structure map φ• : V • −→ HomR(M,X•).

Define λ
(
X•

V •

)
to be the cone of the canonical chain map

(
0

Kerφ•

)
−→

(
X•

V •

)
. We have the fo-

llowing triangle in the homotopy category K(Λ-Mod) :
(

0
Kerφ•

)
→

(
X•

V •

)
→ λ

(
X•

V •

)
→

(
0

Kerφ•[1]

)
. (3.2)

Let
(

Y •

W•

)
be another complex of Λ-modules with a structure map ψ• :W • −→ HomR(M,Y •).

For a chain map (
f•

g•

)
:

(
X•

V •

)
−→

(
Y •

W •

)
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of complexes of Λ-modules, we define

λ

(
f•

g•

)
:

(
0

Kerφ•[1]

)
⊕

(
X•

V •

)
−→

(
0

Kerψ•[1]

)
⊕

(
Y •

W •

)

to be the chain map given by g•[1] : Kerφ•[1] −→ Kerψ•[1] and
(
f•

g•

)
:

(
X•

V •

)
−→

(
Y •

W •

)
.

Lemma 3.1 Let (
f•

g•

)
:

(
X•

V •

)
−→

(
Y •

W •

)

be a chain map of Λ-modules. If
( f•

g•

)
∼ 0, then λ

( f•

g•

)
∼ 0.

Proof Suppose that for any n ∈ Z, there exists a morphism of Λ-modules
(
un

νn

)
:

(
Xn

V n

)
−→

(
Y n−1

Wn−1

)

such that
(
dn−1
Y

dn−1
W

)
◦

(
un

νn

)
+

(
un+1

νn+1

)
◦

(
dnX
dnV

)
=

(
fn

gn

)
. (3.3)

Let φn : V n −→ HomR(M,Xn) and ψn : Wn −→ HomR(M,Y n) be adjoint structure maps of(
Xn

V n

)
and

(
Y n

Wn

)
, respectively. If x ∈ Kerφn+1, then νn+1(x) ∈ Kerψn. In fact, we have

(ψn ◦ νn+1)(x) = HomR(M,un+1)(φn+1(x)) = 0.

Take

̺n =

(
sn 0
0 tn

)
:

(
0

Kerφn+1

)
⊕

(
Xn

V n

)
−→

(
0

Kerψn

)
⊕

(
Y n−1

Wn−1

)
,

where sn =
(

0
−νn+1

)
and tn =

(
un

νn

)
. Since sn and tn are morphisms of Λ-modules, ̺n is a

morphism of Λ-modules. By (3.3), ̺n gives the null-homotopy λ
( f•

g•

)
∼ 0.

By the above lemma, λ
( f•

g•

)
is well-defined. Observe that λ preserves the identity map

and the composition of morphisms in the category of complexes of Λ-modules. Then λ :

K(Λ-Mod) −→ K(Λ-Mod) is a functor. Observe that (λ ◦ j∗)(V
•) ∼ 0 for any complex V • of

S-modules. Then we have the following functor:

λ : K(Λ-Mod)/Im j∗ → K(Λ-Mod).

Here, K(Λ-Mod)/Im j∗ is the Verdier quotient.

Recall that (j∗, j2) is an adjoint pair. Let U• be a complex of S-modules. Apply the functor

HomK(Λ-Mod)(j∗(U
•),−) to the triangle (3.2). Then we have

HomK(Λ-Mod)

(
j∗(U

•), λ

(
X•

V •

))
= 0.

(q, λ) is an adjoint pair and λ is fully faithful; compare [16, Lemma 1.3]. In fact, there are

isomorphisms

HomK(Λ-Mod)/Imj∗

(
q

(
X•

V •

)
,

(
Y •

W •

))
∼= HomK(Λ-Mod)/Im j∗

((
X•

V •

)
, λ

(
Y •

W •

))

∼= HomK(Λ-Mod)

((
X•

V •

)
, λ

(
Y •

W •

))
.
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Set i2 to be the composition

Kdnh(Λ-Mod)
inc
−→ K(Λ-Mod)

q
−→ K(Λ-Mod)/Imj∗

λ
−→ K(Λ-Mod).

Since q ◦ inc is the quasi-inverse of K(Λ-Mod)/Imj∗
i!

−→ Kdnh(Λ-Mod) and (q, λ) is an adjoint

pair (i!, i2),

K(Λ-Mod)
i! //

Kdnh(Λ-Mod)
i2

oo

is an adjoint pair and the right adjoint functor i2 is fully faithful.

The following is the main result of this paper.

Theorem 3.1 Let Λ be the upper triangular matrix ring. Then there exists an explicit

ladder of height 2 of homotopy categories

Kdnh(Λ-Mod) i∗ //

i2
//
K(Λ-Mod)

i!oo
j∗ //

i∗oo

j2
//
K(S-Mod).

j∗oo

j!oo

Proof By Proposition 3.1 and Remark 3.1, the result follows immediately.

We observe the natural triangle functor

T : K(R-Mod) → Kdnh(Λ-Mod), X•
7→

(
X•

0

)
.

This triangle functor is fully faithful, but is not a triangle equivalence (see Exmaple 3.1).

Recall that the derived category D(R-Mod) is the localization of K(R-Mod) with respect

to the class of quasi-isomorphisms in K(R-Mod).

Observe that
(
1
0

)
:

(
X•

0

)
→

(
X•

V •

)
(3.4)

is a quasi-isomorphism in K(Λ-Mod) whenever
(
X•

V •

)
∈ K(Λ-Mod) and V • is acyclic. We

denote by Σ the class of quasi-isomorphisms in Kdnh(Λ-Mod) and by Kdnh(Λ-Mod)[Σ−1] the

localization of Kdnh(Λ-Mod) with respect to Σ.

Lemma 3.2 The triangle functor T : K(R-Mod) −→ Kdnh(Λ-Mod) induces a triangle equi-

valence

D(R-Mod)
∼
−→ Kdnh(Λ-Mod)[Σ−1].

Proof Let s• :
(
X•

V •

)
−→

(
Y •

0

)
be a quasi-isomorphism in Kdnh(Λ-Mod). Observe that V •

is acyclic. Then by (3.4) there exists a quasi-isomorphism

f• =

(
1
0

)
:

(
X•

0

)
−→

(
X•

V •

)

such that s• ◦ f• is quasi-isomorphism. Then the functor

K(R-Mod)/Kac(R-Mod) −→ Kdnh(Λ-Mod)[Σ−1]
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induced by T is fully faithful. By (3.4) the functor is dense.

We still denote the equivalence D(R-Mod)
∼
−→ Kdnh(Λ-Mod)[Σ−1] by T . We observe the

triangle functor H : Kdnh(Λ-Mod) −→ K(R-Mod) such that H
(
X•

V •

)
= X•. By (3.4), the

induced functor

H : Kdnh(Λ-Mod)[Σ−1] → D(R-Mod)

is the quasi-inverse of T .

It is well known that for an upper triangular matrix ring, there is a recollement of derived

categories; compare [11, Corollary 15] and [8, 2.1]. We prove that the ladder in Theorem 3.1

induces the ladder of derived categories; compare [9, Example 3.4].

We denote by Kp(S-Mod) the full subcategory of homotopically projective complexes of

K(S-Mod). Recall that the quotient functor K(S-Mod) −→ D(S-Mod) induces an equivalence

Kp(S-Mod)
∼
−→ D(S-Mod). We denote by p : D(S-Mod) −→ Kp(S-Mod), which is a left adjoint

to the quotient functor (see [12, Theorem 8.1.2]).

Observe that j∗ and j∗ preserve acyclic complexes. We have the induced functors

D(Λ-Mod)
j∗

−→ D(S-Mod), D(S-Mod)
j∗
−→ D(Λ-Mod).

We denote by Lj! the left derived functor of j!, which is the composition

D(S-Mod)
p

−→ Kp(S-Mod)
j!

−→ K(Λ-Mod) → D(Λ-Mod).

Lemma 3.3 (Lj!, j
∗) and (j∗, j∗) of induced functors are adjoint pairs. Moreover, Lj! and

j∗ are fully faithful.

Proof We have

HomK(Λ-Mod)(j!(P
•), N•) ≃ HomK(S-Mod)(P

•, j∗(N•)) = 0,

whenever P • ∈ Kp(S-Mod) and N• is acyclic. We conclude that j! preserves homotopically

projective complexes. Using this we have

HomD(Λ-Mod)(Lj!(X
•), Y •)

∼
−→ HomK(Λ-Mod)(j!p(X

•), Y •)
∼
−→ HomK(S-Mod)(p(X

•), j∗(Y •))
∼
−→ HomD(S-Mod)(X

•, j∗(Y •)).

Thus (Lj!, j
∗) is an adjoint pair.

The corresponding unit

η : IdD(S-Mod)
∼
−→ j∗ ◦ Lj!

is an isomorphism. In fact, ηX• : X• −→ p(X•) is the right roof

X•
⇐= p(X•)

Id
−→ p(X•)

for each X• ∈ D(S-Mod), which is an isomorphism in D(S-Mod). This implies that Lj! is fully

faithful.

By [15, Lemma 1.2], (j∗, j∗) of induced functors is an adjoint pair. The induced functor j∗

is fully faithful; compare [6, Lemma 2.1].
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We denote by Li∗ the left derived functor of i∗, which is the composition

D(Λ-Mod)
p

−→ Kp(Λ-Mod)
i∗
−→ Kdnh(Λ-Mod)

→ Kdnh(Λ-Mod)[Σ−1]
H
−→ D(R-Mod).

Denote byKi(Λ-Mod) the full subcategory of homotopically injective complexes ofK(Λ-Mod).

We denote i : D(Λ-Mod) −→ Ki(Λ-Mod), which is a right adjoint to the quotient functor (see

[12, Theorem 8.1.2]). Denote by Ri∗ the right derived functor of i∗, which is the composition

D(R-Mod)
T

−→ Kdnh(Λ-Mod)[Σ−1]
i

−→ K(Λ-Mod)

i!

−→ Kdnh(Λ-Mod)
i∗
−→ K(Λ-Mod) → D(Λ-Mod).

Since i∗ and i! preserve acyclic complexes, we have the induced functors

Kdnh(Λ-Mod)[Σ−1]
i∗
−→ D(Λ-Mod)

and

D(Λ-Mod)
i!

−→ Kdnh(Λ-Mod)[Σ−1].

By [15, Lemma 1.2], (i∗, i
!) of induced functors is an adjoint pair such that the left adjoint

functor i∗ is fully faithful; compare [6, Lemma 2.1].

Lemma 3.4 The functor Ri∗ is natural isomorphic to the composition

D(R-Mod)
T

−→ Kdnh(Λ-Mod)[Σ−1]
i∗
−→ D(Λ-Mod).

Proof We observe thatX• ∼= i!(X•) ∼= (i!◦i)(X•) inD(Λ-Mod) for anyX• ∈ Kdnh(Λ-Mod).

Lemma 3.5 (Li∗,Ri∗) of induced functors is an adjoint pair.

We denote by Rj2 the right derived functor of j2, which is the composition

D(R-Mod)
i

−→ K(Λ-Mod)
j2
−→ K(S-Mod) → D(S-Mod).

Denote by Ri2 the right derived functor of i2, which is the following composition:

D(R-Mod)
T

−→ Kdnh(Λ-Mod)[Σ−1]
i

−→ K(Λ-Mod)

i!

−→ Kdnh(Λ-Mod)
i2
−→ K(Λ-Mod) −→ D(Λ-Mod).

We have the ladder of derived categories for the upper triangular matrix ring; compare [9,

Example 3.4].

Corollary 3.1 Let Λ be the upper triangular matrix ring. Then there exists a ladder of

height 2,

D(R-Mod) Ri∗ //

Ri2

//
D(Λ-Mod)

H◦i!oo
j∗ //

Li∗oo

Rj2

//
D(S-Mod)

j∗oo

Lj!oo
.



An Explicit Ladder of Homotopy Categories 223

Proof By Lemma 3.4, (Ri∗, H ◦ i!) is an adjoint pair and Ri∗ is fully faithful.

We have

Ker j∗ =
{(

X•

V •

)
∈ D(Λ-Mod)

∣∣∣ V • ∼= 0 in D(S-Mod)
}

and

ImRi∗ =
{(

X•

0

)
∈ D(Λ-Mod)

}
.

By (3.4), we obtain Ker j∗ = ImRi∗. By Lemmas 3.3–3.5, the first three rows is a recollement.

Observe that for any X• ∈ D(Λ-Mod), we have i!(X•) ∼= (i! ◦p)(X•) in Kdnh(Λ-Mod)[Σ−1].

We can directly check that (H◦i!,Ri2) and (j∗,Rj2) are adjoint pairs. ThenRi2 is fully faithful.

By Remark 3.1, the last three rows is a recollement.

Example 3.1 Let Q be the following quiver with one vertex and one loop.

1· αff

Let k be a field. Denote by A = kQ/J2 the corresponding algebra with radical square zero.

Indeed, its Jacobson radical radA = kQ1 satisfying (radA)2 = 0. Set I = D(AA).

Let Q′ be the following quiver:

2·
β // 1· αff

Then the corresponding algebra A′ = kQ′/J2 with radical square zero is the one-point extension

of A by kα. In fact, we have A′ =
(
A kα
0 k

)
with radA · kα = 0. Denote by I1 = D(e1A

′) and

I2 = D(e2A
′) the corresponding indecomposable injective A′-modules. Then I1 =

(
I

HomA(kα,I)

)

is a left A′-module via the natural evaluation map kα⊗k HomA(kα, I) −→ I, and I2 =
(
0
k

)
.

Recall from [14, Definition 2.4] the injective Leavitt complex of a finite quiver without sinks.

Denote by I•
Q′ the injective Leavitt complex of Q′. By [14, Lemma 2.10], the canonical map

Zn
IQ′

−→ In
Q′ is an injective envelope for each n ∈ Z. Recall from [13, Appendix B] the notion of

homotopically minimal complex. By Lemma B.1 of Appendix B in [13], I•
Q′ is homotopically

minimal.

We observe that I•
Q′ ∈ Kdnh(A

′-Mod). Suppose that I•
Q′

∼=
(
X•

0

)
in the category

Kdnh(A
′-Mod) for some X• ∈ K(A-Mod). Let f• : I•

Q′ −→
(
X•

0

)
and g• :

(
X•

0

)
−→ I•

Q′ be

chain maps such that (g• ◦ f•) ∼ IdI•

Q′
. Since I•

Q′ is homotopically minimal, g• ◦ f• is an

isomorphism of complexes. Then there exists a decomposition
(
X•

0

)
= I•

Q′ ⊕H• of complexes.

We have

I
n
Q′ ⊕Hn =

(
Xn

0

)
(3.5)

for n ∈ Z. However,

I
0
Q′ = I1 ⊕ I1 ⊕ I2 ⊕ I2 =

(
I ⊕ I

HomA(kα, I) ⊕HomA(kα, I)⊕ k ⊕ k

)
.

This is a contradiction to (3.5). This implies that the embedding triangle functor T : K(A-Mod)

−→ Kdnh(A
′-Mod) is not dense, thus it is not a triangle equivalence.
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4 A Localization Sequence of Homotopy Categories

In this section, we prove the localization sequence of functors between homotopy categories

of acyclic complexes of injective modules.

Recall that a diagram of triangle functors between triangulated categories

T ′
i∗ //

T

i!
oo

j∗ //
T ′′

j∗
oo

is a localization sequence (see [13, Definition 3.1]), provided that the following conditions are

satisfied:

(R1) (i∗, i
!) and (j∗, j∗) are adjoint pairs;

(R2) The two functors i∗ and j∗ are fully faithful;

(R3) Im i∗ = Ker j∗.

For the upper triangular matrix ring Λ, the following lemma is well known; compare [4,

Lemma 3.1], [16, Lemma 1.2] and [1, III, Propositions 2.3, 2.5(c)].

Lemma 4.1 Let
(
X
V

)
be a left Λ-module.

(1) If
(
X
V

)
is an injective Λ-module, then X is an injective R-module.

(2) For any left R-module Y , we have a natural isomorphism

HomR-Mod(X,Y ) ≃ HomΛ-Mod

((
X
V

)
,

(
Y

HomR(M,Y )

))
,

where
(

Y
HomR(M,Y )

)
is a left Λ-module via the natural evaluation map M⊗SHomR(M,Y ) −→ Y .

In particular,
(

Y
HomR(M,Y )

)
is an injective Λ-module if and only if Y is an injective R-module.

(3) Let W be an S-module. Then
(

0
W

)
is an injective Λ-module if and only if W is an

injective S-module.

We denote by R-Inj the category of injective left R-modules. By the above lemma, we have

additive functors

F : Λ-Inj → R-Inj,

(
X
V

)
7→ X

and

G : R-Inj → Λ-Inj, Y 7→

(
Y

HomR(M,Y )

)

such that (F,G) is an adjoint pair. We observe that for an injective Λ-module
(
X
V

)
, the

morphism
(
X
V

)
−→ (G ◦ F )

(
X
V

)
given by the corresponding unit is split epic.

We denote by K(R-Inj) the homotopy category of complexes of injective left R-modules,

which is a triangulated subcategory of K(R-Mod). The additive functors F and G induce

triangle functors F̃ : K(Λ-Inj) −→ K(R-Inj) and G̃ : K(R-Inj) −→ K(Λ-Inj). We have that

(F̃ , G̃) is an adjoint pair between homotopy categories

K(Λ-Inj) K(R-Inj).
-

�

F̃

G̃ (4.1)

In what follows, let R,S be two rings and RMS an R-S-bimodule such that MS is a flat

right S-module. We consider the corresponding upper triangular matrix ring Λ.
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Lemma 4.2 Let RMS be an R-S-bimodule. Then M is a flat right S-module if and only if

HomR(M, I) is an injective left S-module for any injective left R-module I.

Denote by Kac(R-Inj) the full subcategory of K(R-Inj) formed by acyclic complexes of

injective left R-modules. For X• ∈ Kac(R-Inj), we have G̃(X•) ∈ K(Λ-Inj). By Lemma 4.2,

Lemma 4.1(3) and the construction of i!,

(i! ◦ G̃)(X•) = i!
(

X•

HomR(M,X•)

)
=

(
X•

HomR(M,X•)⊕HomR(M,X•)[−1]

)

belongs to Kac(Λ-Inj). Let G
′ = i! ◦ G̃. We have the triangle functor

G′ : Kac(R-Inj) → Kac(Λ-Inj).

Since the additive functor F : Λ-Inj −→ R-Inj preserves exact sequences, we have a triangle

functor

F ′ : Kac(Λ-Inj) → Kac(R-Inj).

By the adjoint pairs (F̃ , G̃) and (2.4), we have the following consequence immediately.

Corollary 4.1 Let RMS be an R-S-bimodule such that MS is a flat right S-module. Let Λ

be the upper triangular matrix ring. Then (F ′, G′) is an adjoint pair.

The counit ε : F ′ ◦G′ −→ IdKac(R-Inj) is the identity. In fact, we have the following isomor-

phisms:

HomKac(R-Inj)((F
′
◦G′)(Y •), Y •)

∼
−→ HomK(Λ-Inj)(G

′(Y •), G̃(Y •))
∼
−→ HomKac(Λ-Inj)(G

′(Y •), G′(Y •)).

By Lemma 2.3, IdY • is sent to IdG′(Y •) by the two isomorphisms. This implies that G′ is fully

faithful.

Recall that

KerF ′ =
{(

X•

V •

)
∈ Kac(Λ-Inj)

∣∣∣ F ′

(
X•

V •

)
∼= 0 in Kac(R-Inj)

}

is a triangulated subcategory of Kac(Λ-Inj).

Lemma 4.3 We have

KerF ′ =
{((

0
W •

))
∈ Kac(Λ-Inj)

}
.

Proof Suppose
(
X•

V •

)
∈ KerF ′. Recall that the morphism

(
Xn

V n

)
−→ (G ◦ F )

(
Xn

V n

)
given by

the unit of (F,G) is split epic for each n ∈ Z. Then we have an exact sequence of complexes

0 →

(
0
W •

)
→

(
X•

V •

)
→ (G̃ ◦ F̃ )

(
X•

V •

)
→ 0,

which splits in each component. Since F ′
(
X•

V •

)
∼= 0, we have F̃

(
X•

V •

)
∼= 0. Then we have(

X•

V •

)
∼=

(
0

W•

)
in Kac(Λ-Inj).

By the above lemma, we observe the triangle equivalence Kac(S-Inj)
∼
−→ KerF ′ sending

W • to
(

0
W•

)
. Denote by i the composition of the equivalence and the inclusion KerF ′ −→

Kac(Λ-Inj).
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Proposition 4.1 Let RMS be an R-S-bimodule such that MS is a flat right S-module.

Let Λ be the upper triangular matrix ring. There exists a localization sequence of homotopy

categories

Kac(S-Inj)
i //

Kac(Λ-Inj)
iρ

oo
F ′

//
Kac(R-Inj).

G′

oo

Proof Recall from Corollary 4.1 that (F ′, G′) is an adjoint pair. Then the quotient functor

Kac(Λ-Inj) −→ Kac(Λ-Inj)/KerF ′ is left adjoint to the composition

Kac(Λ-Inj)/KerF ′ ∼
−→ Kac(R-Inj)

G′

−→ Kac(Λ-Inj).

Here, the triangle equivalence in the above composition follows from [7, Proposition 1.3]. By

[13, Lemma 3.2(3)], the result follows immediately.
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