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An Explicit Ladder of Homotopy Categories*
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Abstract For an upper triangular matrix ring, an explicit ladder of height 2 of triangle
functors between homotopy categories is constructed. Under certain conditions, the author
obtains a localization sequence of homotopy categories of acyclic complexes of injective
modules.
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1 Introduction

Let R and S be two rings, and g Mg be an R-S-bimodule. We consider the upper triangular

matrix ring

R M
A (O S) |
A complex of A-modules is written as (X.) with the structure map ¢* : M @5 V* — X*,

Yo
the complex V' of S-modules is null—homot‘(;pical.

Denote by K(A-Mod) the homotopy category of left A-modules. We denote by Kgnn(A-Mod)
the homotopy category of down null-homotopical complexes of A-modules, which is a triangu-
lated subcategory of K(A-Mod). The homotopy category K(R-Mod) can be embedded into

the triangulated category Kgnn(A-Mod) via a natural triangle functor, which is not a triangle

a chain map of complexes of R-modules. ( ) is called down null-homotopical provided that

equivalence (see Example B.]).

Theorem 1.1 Let A be the upper triangular matriz ring. Then there exists a ladder of
height 2,

i* Jt
Kann (A—Mod) i»;—> K(A—Mod) —j K(S’—Mod)
-~— <j.—
2 J2

We refer to Theorem B for its proof. We construct the two triangle functors i',i* :
K(A-Mod) — Kann(A-Mod) in Subsections [ZTHZ2l The functor i, is the inclusion. The
triangle functors i and jo are constructed in Section Bl The other functors are natural and
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induced from the ones over the module categories. The above ladder induces the ladder of
derived categories for the upper triangular matrix ring; see [0 Example 3.4] and compare [IT],
Corollary 15] and [8] 2.1].

We denote by K,.(R-Inj) the homotopy category of acyclic complexes of injective left R-
modules. If R is left noetherian, then the homotopy category K,.(R-Inj) is a compactly gene-
rated triangulated category such that the corresponding full subcategory consisting of compact
objects is triangle equivalent to the singularity category Dgg(R) of R in the sense of |3 [15] (see
[13, Corollary 5.4]).

Proposition 1.1 Let g Mg be an R-S-bimodule such that Mg is a flat right S-module. Let
A be the upper triangular matrixz ring. Then there exists a locolization sequence of homotopy
categories

Koo (S-Inj) T Kac(A-Inj) T Ko (R-Inj).

This is Proposition 1l In the case that S is a semi-simple ring, by the above localization
sequence, we have the triangle equivalence

Kac (A'IHJ) = Kac (R'In.] ) :

This triangle equivalence extends [5l Proposition 4.1], which proves that the one-point exten-
sions preserve the singularity categories.

This paper is structured as follows. In Section [ for the upper triangular matrix ring A,
we construct the two triangle functors i',i* in Theorem [l In Section [ we prove the explicit
ladder of homotopy categories. In Section M, we prove the localization sequence of homotopy
categories of acyclic complexes of injective modules.

2 The Triangular Matrix Ring and Two Triangle Functors

In this section, for an upper triangular matrix ring, we construct two triangle functors
between homotopy categories.

2.1 The triangular matrix ring and a triangle functor

Let R and S be two rings, and pMg be an R-S-bimodule. We denote by A the upper
triangular matrix ring (5 ).

A left A-module is written as ({5), where X and V are left R-module and S-module,
respectively. It has a structure map ¢ : M ®¢ V' — X, which is a morphism of R-modules. A
morphism f: () — (iﬁ:) of A-modules is a pair (), where a : X — X’ is a morphism of
R-modules and §: V — V' is a morphism of S-modules satisfying

aog=¢ o(Ildy ® B).

For a ring R, we denote by R-Mod the category of left R-modules. Denote by K(R-Mod)
its homotopy category. For the upper triangular matrix ring A, we define a triangle functor

i' : K(A-Mod) — K(A-Mod).
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7}Ne denote by () the complex ((n), (Z% )) ez of A-modules. The n-th component
(¥.) has a structure map ¢" : M ®g V™ — X". We denote by V*[—1] the shifted complex
given by V*[—1]" = V"~! and dy_y = —dyt for n € Z. Let C~(V*) = V* @ V*[~1] be the
cone of Idy+(_y}, whose n-th differential is

o ( 0
R

F(5) = (v vern)

to be the complex whose n-th component is

X’n.
vnr o) Vn—l

with the structure map (¢" 0): M ®g (V™ @ V"~1) = X" and n-th differential is

d?( ' X" . Xn-‘rl
dgi(v) Vo Vn—l Vn+1 eV

Indeed, we have d% o (¢" 0) = (¢"* 0) o (Idy ® diy- (1)
Let (}%) be another complex of A-modules with a structure map ¢* : M ®g W*® — Y.

()= () () = (i)

a chain map of complexes of A-modules. Here,

() () ()

) VeVl s vrtlg v,

We define

Denote by

is a morphism of A-modules.

Denote
C (¢g°): VeV -1 =>W* e W [-1]
such that
C(g*)" = <90 g"O—1> Vrevrt s wrewrh
Define

()= () (o) (o i)

Lemma 2.1 We have that Z’(;:) is a chain map of complexes of A-modules.

Proof Since (Z:) is a morphism of A-modules, we have

fro(¢m 0)= (" 0)oldy @ (gg gn0_1> .

() (oo 25 = (e i)

is a morphism of A-modules. The statement follows by direct calculation.

Then

“

We use “ ~ 7 to denote the homotopy equivalence relation.
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Lemma 2.2 If(;:) ~ 0, then z'(g:) ~ 0.

Proof Suppose that there exists a morphism

() () = ()
()= () = () () = () =

for each n € Z. Set \" = ("On )t Vre VTl Wl g W2,

Since (%) is a morphism of A-modules, we have that

u™ . xXn . Yn—l
A ) \yn @ Vn—l Wn—l o) Wn—2

is a morphism of A-modules. Observe that (ZI]) implies the following identity

) G (50) < (o) = (o )
n— © n + n © n = —( 9\
<dcl(W) A A d¢- (v C™(9°)
for each n € Z, then z'!(f.) ~ 0.
./ (Idx.) B ( Idxe )
Idvn Idcf(vo) ’

g.
We observe that
h*\ [Y*° . zZ°
) \we U*

another chain map of complexes of A-modules. We have

() (E)-5)4(2)

By Lemmas 2TH2.2] we directly have the following consequence.

of A-modules such that

Denote by

Proposition 2.1 Let A be the upper triangular matriz ring. Then we have that i* :
K(A-Mod) — K(A-Mod) is a functor.

We will prove that the functor i* : K(A-Mod) — K(A-Mod) is a triangle functor. For the
upper triangular matrix ring A, we observe the natural functor j* : A-Mod — S-Mod, which
sends ({5) to V. The functor j* admits a right adjoint

ju: S-Mod — AMod, Vs (3) . (2.2)

The corresponding counit j*j. — Idg-mod is an isomorphism. Then the functor j, is fully
faithful.

The additive functors j*, j, induce triangle functors between homotopy categories. We still
denote by j* : K(A-Mod) — K(S-Mod) and j, : K(S-Mod) — K(A-Mod). Then (j*, j.) is an
adjoint pair between homotopy categories with j. a fully faithful triangle functor.
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A complex ({f: ) of A-modules is called down null-homotopical provided that the complex
V* of S-modules is null-homotopical. We denote by Kann(A-Mod) the homotopy category of
down null-homotopical complexes of A-modules. The homotopy category Kann(A-Mod) is a
triangulated subcategory of K(A-Mod).

For each ( 1V ) € K(A-Mod), we have an exact sequence of complexes

0 (W'([)—u) g (Vﬂ//) -, (Vﬁ//) 50 (2.3)

such that 7* is given by the identity of Y'* and the projection W* @ W*[—1] — W*. The above
sequence splits in each component.

Lemma 2.3 Let

()Ii:) € Kann(A-Mod), (é;;.) € K(A-Mod).

Then the functor HomK(A_Mod)(()‘g: ),w') induces the following isomorphism

HomKdnh(A'MOd)( (ig:) i (VS[//..) ) — HomK(A—Mod)( ()‘5:) ; (;{;.) ),

which is natural in two variables.

Proof Apply the cohomological functor HomK(A_MOd)((ff: ), —) to the sequence (2.3)).
Observe the following isomorphism

Homg (s-Mod) (j* (g:) 7W°[—1]) ~ HomK(A-Mod)( (5:) ,j*(W°[—1D)-

Since V® ~ 0, the result follows immediately.
By Lemma 3] we have the following adjoint pair (inc,i') :
Kann(A-Mod) —— K(A-Mod) (2.4)
between homotopy categories. Here, the functor inc is the inclusion.

Lemma 2.4 (see [10l Lemma 8.3]) Let F : C — D and G : D — C be two functors between
triangulated categories. Suppose that (F,G) is an adjoint pair. Then F is a triangle functor if
and only if G is a triangle functor.

By the above lemma, the functor ' : K(A-Mod) — Kgun(A-Mod) is a triangle functor.

2.2 Another triangle functor

For the upper triangular matrix ring A, we will define another triange functor
i* : K(A-Mod) — K(A-Mod).

Recall thatnwe denote by (:¢) the complex ((n), (Z:é‘ ))neZ of A-modules. The n-th
component (%, ) has the structure map ¢" : M ®g V" — X" for each n € Z. We denote by

V*[1] the shifted complex given by V*[1]" = V"1 and Ay = —dt for n € Z. We denote

g+ = dV IdV:Ill Vel @ Vn+l N Vn+1 P V'n-i-Z7
w=o —ay
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which is the n-th differential of the cone C*(V*) = V* @ V*[1] of Idye.
We define
(XY (X (Mes Vo)
ve) T\ veeven

X "@(MesV"+l)

to be the complex whose n-th component is ( A

) with the structure map

¢ 0 ‘M ®g (Vn@vn+l)—>Xn@(M®5 Vn+1)’
O IdM®Svn+1

and n-th differential is

Pt (X" e (M es VT . X" e (M es Vi?)
d7é‘+(v) . Vn &) Vn+l Vn+l P Vn+2 9

where
_ d} ¢n+1
PP=lo —ldyedit):

In fact, we have

n n+1

IdM®sV"+1 IdM®SV"+2

and p"*!op™ =0 for each n € Z.

H. H. Lt

Let ( }%) be another complex of A-modules with a structure map ¢* : M ®g W*® — Y.

ve
we

¢" ) (YO (M @s WY (Y @ (M @y W)
dz‘*(W) ’ wWn o Wn+1 W’ﬂ+1 P Wn+2 3
- d;l/ wn-‘,—l
=0 —Hyedit)

()= () () = (i)

of complexes of A-modules, we define
() () (U3 ()

(fovg )™ (Xro(Mes Vi) | (Yro (Mo W)
O+ (go)n . Vn &) Vn+1 Wn P Wn+l

We write the n-th differential of z*( ) as

where

For a chain map

such that

is given by
L] o\ " O o\ " 0
(.f Vg ) = (fo Id ®gn+l> ) O+(g ) = (go gn+1> :

Lemma 2.5 We have that z*(gz) is a chain map of complexes of A-modules.
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Proof Since (th . ) is a morphism of A-modules, we observe that

fr 0 o" 0
0 Idy®g"™ )\ 0 Idyggyn

_ (" 0 Idy ® g™ 0
=0 Idye,wen 0 Tdy®g)

This implies that (glzgg:)): ) is a morphism of A-modules.

It remains to prove

(dgitm) ° ((él\(/gg&z:v N <((f;+\(/99';2;+11) ° <d75p+tw)

for each n € Z. We have that

n_(pey eyn _ (dy Pt I 0
q © (f \/g ) - < _IdM ®d7‘;b‘;i-l 0 IdM ®gn+1

B d@ o fn wn+l ° (IdM ® gn+1)
o 0 —Idy ® (da}“ o gnth)
B fn+1 ° d} fn+1 ° ¢n+1
- 0 —Idy ® (gn+2 o d1‘1/+1)
B fn+1 0 an ¢n+1
T\ 0 Mdyegt?)\ 0 —ldy @ditt

=(f*vg*)tlop™

Since g* : V* — W* is a chain map, we have di,; Ct(g®)" = Ct(g®)"H! odg;+ (v by direct
calculation.

Lemma 2.6 If(’gt:) ~ 0, then z*(’gt:) ~ 0.

Proof Suppose that there exists a morphism
nn ' X" . Yn—l
gn ] -\ yn Wn—l
d$_1 nn nn+1 an B fn
()6 () (3) -6

n __ 77” O . n n+1 n—1 n
P —(O —IdM®9"+l>'X OMs V") =YY" o (MesW")

of A-modules such that
for each n € Z. Take

and
U = (90 _92+1> Vre VvVt s Wt e W
Since ("n ) is a morphism of A-modules, we have that

o
(I)n . Xn@(M ®S Vn+1) . Yn—l EB(M ®S Wn)
\I/n . Vn @ Vn+1 Wn—l @ Wn
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is a morphism of A-modules.
It remains to prove

n—1
q on <I>”+1> ( p" ) ((f' v g')")
n o n |+ n o n = o\n
(dc&W)) (‘I’ ) <‘I’ ) o) Ctlg*)
for each n € Z. We have

¢ lod" 4" Tlo

dn 1 nn 0
—IdM ® dn 0 —Idy ® gnti

0 'y P!
0 “ldy @02 )\ 0 —Idy ®@dpt!

dn 1 ° 77 + 77n-i—l ° dn nn+1 ° ¢n+1 _ ’@[Jn ° (IdM ® 9n+1)
Idy ® (dffy 0 "L + 972 0 dT)
( Idy ® gn+1>

=(f*vgh)".
Here, the second last equality uses (2.0). Similarly, we have dg;%w) oUn 4 gntlo d’é+(v) =
CH(g®)™.
We observe that

_|_

. Iqu
7" =1Id,
(IdV°> ( ve )
and that i* preserves the composition of morphisms in the category of complexes of A-modules.

By Lemmas 2.5H2.6] we directly have the following consequence.

Proposition 2.2 Let A be the upper triangular matriz ring. Then we have that i*
K(A-Mod) — K(A-Mod) is a functor.

The functor j* : A-Mod — S-Mod admits a left adjoint
1 S-Mod — A-Mod

which sends V' to (M %S V) with the structure map the identity of M ®g V. Observe that the
corresponding unit Idg-yod — j* i is an isomorphism. Then the functor j is fully faithful.
The additive functor j induces a triangle functor K(S-Mod) — K(A-Mod), still denoted by
ji. We have that (ji, 7*) is an adjoint pair between homotopy categories with 7 a fully faithful
triangle functor.
For each (¥.) € K(A-Mod), we have an exact sequence of complexes

0— (j‘f) s (if) = A(Ve[1]) =0 (2.6)
such that ¢* is given by
e (0) e . e (). e nire
X ==X (MesV*[]), VE——V*aV*1].

The above sequence splits in each component.
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Lemma 2.7 Let

(i/() € K(A-Mod), (VX[/,) € Kdnn(A-Mod).

~—

Then we have the following isomorphism induced by Homg (s -moa)(t®, (3‘/,..

):

Homy, , (A-Mod) (l* (5:) ; (;[//..) ) - HomK(A—Mod)( Gﬁ:) ; <5;.) )7

which is natural in two variables.

Proof Apply Homg s-mod) (—, (e )) to the sequence (Z.8). We have the isomorphism

Homg (A-Mod) (j!(V'[l]), (V}[//') ) — HomK(S—Mod)(V.[l]vj* (V}[//.') )

Since W* ~ 0, the statement follows directly.

By the above lemma, we have the following adjoint pair (i*,inc)

K (A-Mod) == Kaun(A-Mod) (2.7)

mnc

of homotopy categories. By Lemma 24 i* : K(A-Mod) — Kann(A-Mod) is a triangle functor.

3 An Explicit Ladder of Homotopy Categories

In this section, we prove the explicit ladder of height 2 in the introduction.
Recall that a diagram of triangle functors between triangulated categories

i Ji
T —ii>T ——T"
it I

forms a recollement (see [6 Section 2]), provided that the following conditions are satisfied:
(R1) (i*,i4), (ix,4'), (j1,4%) and (j*, j«) are adjoint pairs;
(R2) The three functors i, j1 and j, are fully faithful;
(R3) Im i, = Ker j*.
Here, Im i, and Ker j* are essential image and kernel of i, and j*, respectively. The definition
of recollement is equivalent to that given in [2] 1.4].

Remark 3.1 We mention that in the above recollement Im j; = Keri* and Im j, = Keri'.

A ladder (see [9] Section 3]) of height 2 is a diagram of triangle functors between triangulated

categories
i Jt
T —iv>T —5—=T"
<l <—Jx
2 J2

such that any three consecutive rows form a recollement. There are two recollements in a ladder
of height 2.
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Let A be the upper triangular matrix ring. Recall that the homotopy category Kann(A-Mod)
is a triangulated subcategory of K(A-Mod). Set i, to be the inclusion Ky, (A-Mod) —
K(A-Mod).

Proposition 3.1 Let A be the upper triangular matriz ring. Then there exists a recollement
of homotopy categories

o i

Kann(A-Mod) —i.— K(A-Mod) —;j*— K(S-Mod).
4! Jx

Proof By @4) and @&1), (i,i') and (i*,i.) are adjoint pairs. Recall that (j,j*) and
(j*,7+) are adjoint pairs between homotopy categories with ji, j. : K(S-Mod) — K(A-Mod)
fully faithful functors. We observe that Ker j* = Kg,n(A-Mod). The statement follows directly.

Let (%) be a left A-module. We use the adjoint isomorphism

HomR(M ®s V,X) = HomS(V, HomR(M, X))

to give a description of left A-modules. Then the left A-module ({5) has an adjoint structure
map ¢ : V — Hompg(M, X), which is an S-morphism. A A-morphism from ({f) to (*‘)f,/) is a
pair of morphisms ( %‘) with a: X — X’ an R-morphism and 3 :V — V' an S-morphism such
that the following diagram commutes:

V — ~ Homp(M, X)

lﬁ lHomR(M.,a)
v/~ Hompg(M, X').

Define a functor
jo : A-Mod — S-Mod

such that j2({¥) = Ker¢. Recall the functor j, : S-Mod — A-Mod (see (Z2)). Observe that
for any V € S-Mod: (I}/,) € A-Mod, we have the following isomorphism:

Hom-Mod (]'*(V)v (Vi[//) ) =~ Homg-Mod (V7 J2 (;;) ) (3.1)

Then (4, j2) is an adjoint pair. Similarly, the functor j induces a triangle functor K(A-Mod) —
K (S-Mod), still denoted by jo. The induced functors (j.,j2) is an adjoint pair of homotopy
categories.

Denote ¢ : K(A-Mod) — K(A-Mod)/Im j,. We will define a functor A : K(A-Mod) —
K(A-Mod). Let ( ff: ) be a complex of A-modules with a structure map ¢® : V* — Homp (M, X*).
Define A(¥2) to be the cone of the canonical chain map (ke 4e) — (e ). We have the fo-
llowing triangle in the homotopy category K(A-Mod) :

<Ke(r)¢-) - ()‘5) —A (é) - (Kergs'u]) : (3.2)

Let ( V"/,'. ) be another complex of A-modules with a structure map ¢® : W* — Hompg (M, Y®).

For a chain map
f. ] X. Y'
() ()= ()
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of complexes of A-modules, we define

M8 (keror) © (52) = (ervey) © (-

to be the chain map given by ¢°[1] : Ker ¢*[1] — Ker¢*[1] and

(o) ()= )
(o) ()~ ()

be a chain map of A-modules. If (5:) ~ 0, then /\( ) ~ 0.

Lemma 3.1 Let

Proof Suppose that for any n € Z, there exists a morphism of A-modules

()69~ G)
E) (@0 e

Let ¢ : V™ — Homp(M,X™) and ¢™ : W" — Hompg(M,Y™) be adjoint structure maps of
(¥2) and (), respectively. If z € Ker¢™™!, then v"*!(z) € Kery™. In fact, we have
(Y™ o v ) (z) = Homp (M, u"+1)(¢" ! (2)) = 0.

Take
W (" 0 0 (XY S0 N (Y
=10 ) \Kergnt! v Ker ™ Wwn-1)

where s" = (_ﬁﬂ) and t" = (g: ) Since s™ and t" are morphisms of A-modules, " is a

such that

morphism of A-modules. By [B3)), o™ gives the null-homotopy )\( g : ) ~ 0.

By the above lemma, /\(g :) is well-defined. Observe that A preserves the identity map
and the composition of morphisms in the category of complexes of A-modules. Then A :
K(A-Mod) — K(A-Mod) is a functor. Observe that (Ao 7.)(V*®) ~ 0 for any complex V* of
S-modules. Then we have the following functor:

A : K(A-Mod)/Im j, — K(A-Mod).

Here, K(A-Mod)/Im j, is the Verdier quotient.
Recall that (j., j2) is an adjoint pair. Let U® be a complex of S-modules. Apply the functor
Homg (a-Mod) (j«(U*®), —) to the triangle (3.2). Then we have

Homg (a-Mod) (j*(U.)a A (é:) ) = 0.

(g, \) is an adjoint pair and X is fully faithful; compare [16, Lemma 1.3]. In fact, there are
isomorphisms

Homg (A-Mod) /Tmj. (q (é:) , (5;.) ) = Homg (A-Mod)/Im j. ( (é:) ;A (V}[//.') )
= HomK(A—Mod)( Gﬁ:) ;A <;[//.-) )
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Set is to be the composition

Kann (A-Mod) 2% K(A-Mod) % K (A-Mod) /Tmj, — K(A-Mod).

Since ¢ o inc is the quasi-inverse of K(A-Mod)/Imj, AN Kanh (A-Mod) and (g, \) is an adjoint
pair (', 4z),

.1

K(A-Mod) == Kaun(A-Mod)

2

is an adjoint pair and the right adjoint functor is is fully faithful.
The following is the main result of this paper.

Theorem 3.1 Let A be the upper triangular matrixz ring. Then there exists an explicit
ladder of height 2 of homotopy categories

i* Ji
Kann(A-Mod) i K(A-Mod) Zf:) K(S-Mod).
2 J2

Proof By Proposition Bl and Remark B the result follows immediately.
We observe the natural triangle functor

T : K(R-Mod) — Kaun(A-Mod), X* s (*’g ) ,

This triangle functor is fully faithful, but is not a triangle equivalence (see Exmaple BT]).
Recall that the derived category D(R-Mod) is the localization of K(R-Mod) with respect
to the class of quasi-isomorphisms in K(R-Mod).

Observe that
(0:(5)-

is a quasi-isomorphism in K(A-Mod) whenever (¥.) € K(A-Mod) and V* is acyclic. We
denote by ¥ the class of quasi-isomorphisms in Kgnn(A-Mod) and by Kgun(A-Mod)[X71] the

localization of Kgnn(A-Mod) with respect to 3.

Lemma 3.2 The triangle functor T : K(R-Mod) — Kgnn(A-Mod) induces a triangle equi-
valence
D(R-Mod) = Kgnn (A-Mod)[Z71].

Proof Let s°: (f/(:) — (56' ) be a quasi-isomorphism in K4y, (A-Mod). Observe that V®

is acyclic. Then by ([B.4]) there exists a quasi-isomorphism

o 1\ [X° . X
—\0) {0 Ve
such that s® o f*® is quasi-isomorphism. Then the functor

K(R-Mod)/K..(R-Mod) — Kgnn(A-Mod)[£7!]
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induced by T is fully faithful. By (34 the functor is dense.

We still denote the equivalence D(R-Mod) — Kgnn(A-Mod)[27!] by 7. We observe the
triangle functor H : Kann(A-Mod) — K(R-Mod) such that H(¥.) = X*. By @B4), the
induced functor

H : Kgnn(A-Mod)[2 7] — D(R-Mod)
is the quasi-inverse of T'.

It is well known that for an upper triangular matrix ring, there is a recollement of derived
categories; compare [I1l, Corollary 15] and [8, 2.1]. We prove that the ladder in Theorem B
induces the ladder of derived categories; compare [9, Example 3.4].

We denote by K,(S-Mod) the full subcategory of homotopically projective complexes of
K(S-Mod). Recall that the quotient functor K(S-Mod) — D(S-Mod) induces an equivalence
K,(5-Mod) = D(S-Mod). We denote by p : D(S-Mod) — K,(S-Mod), which is a left adjoint
to the quotient functor (see [I2, Theorem 8.1.2]).

Observe that j* and j, preserve acyclic complexes. We have the induced functors

D(A-Mod) 25 D(S-Mod), D(S-Mod) =+ D(A-Mod).
We denote by Lj; the left derived functor of j;, which is the composition
D(S-Mod) -2 K, (S-Mod) 2 K(A-Mod) — D(A-Mod).
Lemma 3.3 (Lji, %) and (j*, j«) of induced functors are adjoint pairs. Moreover, Lj and

J« are fully faithful.
Proof We have

Homg (a-mod) (71(P*), N*®) ~ Homg (s-mod)(P*, 57 (N®)) = 0,

whenever P* € K,(S-Mod) and N* is acyclic. We conclude that ji preserves homotopically
projective complexes. Using this we have

Homp (A-mod) (Lt (X®), Y*) — Homk (A-moa) (1P(X®), V)
— Homg (s-moa)(P(X*),5°(Y*))
— Homp(s-moa) (X *, 5 (Y'®)).
Thus (Lji, j*) is an adjoint pair.
The corresponding unit
1 : Idp(s-Mod) — J* o Lij

is an isomorphism. In fact, nxe : X* — p(X*) is the right roof
X* = p(X*) =% p(X*)

for each X* € D(S-Mod), which is an isomorphism in D(S-Mod). This implies that Lj is fully
faithful.

By [15l Lemma 1.2], (5*, j.) of induced functors is an adjoint pair. The induced functor j,
is fully faithful; compare [6, Lemma 2.1].
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We denote by Li* the left derived functor of i*, which is the composition
D(A-Mod) 2> K,(A-Mod) ~— Kgun(A-Mod)
— Kann(A-Mod)[£ 71 -5 D(R-Mod).

Denote by K;(A-Mod) the full subcategory of homotopically injective complexes of K(A-Mod).
We denote i : D(A-Mod) — K;(A-Mod), which is a right adjoint to the quotient functor (see
[12, Theorem 8.1.2]). Denote by Ri, the right derived functor of 4., which is the composition

D(R-Mod) —= Kgnn(A-Mod)[E7] — K(A-Mod)
L K (A-Mod) —=5 K(A-Mod) — D(A-Mod).
Since i, and i' preserve acyclic complexes, we have the induced functors
Kann (A-Mod)[27] =5 D(A-Mod)

and
D(A-Mod) - Kgun(A-Mod)[E 7.

By [15, Lemma 1.2], (is,4') of induced functors is an adjoint pair such that the left adjoint
functor 4, is fully faithful; compare [0, Lemma 2.1].

Lemma 3.4 The functor Ri, is natural isomorphic to the composition
D(R-Mod) — Kann(A-Mod)[£™!] - D(A-Mod).

Proof We observe that X® 2 i'(X*) = (i'04)(X*®) in D(A-Mod) for any X*® € Kqun(A-Mod).
Lemma 3.5 (Li*,Ri.) of induced functors is an adjoint pair.
We denote by Rjs the right derived functor of jo, which is the composition

D(R-Mod) N K(A-Mod) LN K (S-Mod) — D(S-Mod).

Denote by Ris the right derived functor of i, which is the following composition:
D(R-Mod) — Kqun(A-Mod)[2 7] — K(A-Mod)
L Kgun(A-Mod) ~25 K(A-Mod) —s D(A-Mod).

We have the ladder of derived categories for the upper triangular matrix ring; compare [9]
Example 3.4].

Corollary 3.1 Let A be the upper triangular matrixz ring. Then there exists a ladder of
height 2,

Li* Lji
D(R-Mod) —Ri.> D(A-Mod) —j"— D(5-Mod) .
<Hoi'— ~<—J=

Ria Ryj2
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Proof By LemmaBd (Ri., H oi') is an adjoint pair and Ri, is fully faithful.
We have

Ker j* = { <)‘§> € D(A-Mod) ‘ V*~0in D(S-Mod)}

and

ImRi, = { ()g) € D(A-Mod)}.

By B4), we obtain Ker j* = Im Ri,. By Lemmas B3H3H] the first three rows is a recollement.

Observe that for any X* € D(A-Mod), we have i'(X*) = (i' o p)(X*) in Kgun(A-Mod)[X71].
We can directly check that (Hoi', Riy) and (j., Rj2) are adjoint pairs. Then Ri is fully faithful.
By Remark 3] the last three rows is a recollement.

Example 3.1 Let @ be the following quiver with one vertex and one loop.

1. 3
Let k be a field. Denote by A = kQ/J? the corresponding algebra with radical square zero.

Indeed, its Jacobson radical radA = kQ; satisfying (radA4)? = 0. Set I = D(A4).
Let Q' be the following quiver:

2-—6>1-:}

Then the corresponding algebra A’ = kQ’/J? with radical square zero is the one-point extension
of A by ka. In fact, we have A’ = ({1 %) with radA - ka = 0. Denote by I; = D(e;A’) and
I, = D(exA’) the corresponding indecomposable injective A’-modules. Then I; = (HomAI(,mJ))
is a left A’-module via the natural evaluation map ka ®; Homy(ka, I) — I, and I = (2)

Recall from [I4 Definition 2.4] the injective Leavitt complex of a finite quiver without sinks.
Denote by Zp, the injective Leavitt complex of Q. By [I4, Lemma 2.10], the canonical map
Z%Q/ — 17 is an injective envelope for each n € Z. Recall from [13, Appendix B] the notion of
homotopically minimal complex. By Lemma B.1 of Appendix B in [I3], 1% is homotopically
minimal.

We observe that Z8, € Kann(A'-Mod). Suppose that ¢, = (X") in the category
Kann(A'-Mod) for some X* € K(A-Mod). Let f®:Z8, — (X") and ¢* : (") — Z¢ be
chain maps such that (¢° o f®) ~ IdIZy' Since Z¢) is homotopically minimal, ¢® o f* is an
isomorphism of complexes. Then there exists a decomposition ()f; ) =1¢ @ H* of complexes.
We have

mn n Xn
for n € Z. However,
Il
0 _ _
Ig=hohohLol= <HomA(ka,I) @ Homy (ka, I) ® kEBk) ’

This is a contradiction to ([BH). This implies that the embedding triangle functor 7' : K(A-Mod)
— Kann(A’-Mod) is not dense, thus it is not a triangle equivalence.
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4 A Localization Sequence of Homotopy Categories

In this section, we prove the localization sequence of functors between homotopy categories
of acyclic complexes of injective modules.
Recall that a diagram of triangle functors between triangulated categories

T T "

is a localization sequence (see [13] Definition 3.1]), provided that the following conditions are
satisfied:

(R1) (ix,d') and (j*, j.) are adjoint pairs;

(R2) The two functors i, and j, are fully faithful;

(R3) Im i, = Ker j*.

For the upper triangular matrix ring A, the following lemma is well known; compare [4]
Lemma 3.1], [16, Lemma 1.2] and [I} IIT, Propositions 2.3, 2.5(c)].

Lemma 4.1 Let (%) be a left A-module.
(1) If ({f) is an injective A-module, then X is an injective R-module.
(2) For any left R-module Y, we have a natural isomorphism

X Y
Homp-pod(X,Y) ~ HomA'MOd( <V) ' <HomR(M Y)) )’

where (HomR)EMy)) is a left A-module via the natural evaluation map M @sHomp(M,Y) — Y.
In particular, (HomR}EM.,Y)) is an injective A-module if and only if Y is an injective R-module.

(3) Let W be an S-module. Then (V?,) is an injective A-module if and only if W is an
injective S-module.

We denote by R-Inj the category of injective left R-modules. By the above lemma, we have
additive functors
F : A-Inj — R-Inj, (‘é) — X

and
. 3 Y
G : R-Inj — A-Inj, Y — <H0mR(M7 Y))

such that (F,G) is an adjoint pair. We observe that for an injective A-module ({f), the
morphism (f,() — (GoF )({f) given by the corresponding unit is split epic.

We denote by K(R-Inj) the homotopy category of complexes of injective left R-modules,
which is a triangulated subcategory of K(R-Mod). The additive functors F' and G induce
triangle functors F : K(A-Inj) — K(R-Inj) and G : K(R-Inj) — K(A-Inj). We have that
(}7', é) is an adjoint pair between homotopy categories

K (A-Inj) K (R-Inj).

a (4.1)

In what follows, let R, S be two rings and pMg an R-S-bimodule such that Mg is a flat
right S-module. We consider the corresponding upper triangular matrix ring A.
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Lemma 4.2 Let g Mg be an R-S-bimodule. Then M is a flat right S-module if and only if
Homp(M,I) is an injective left S-module for any injective left R-module I.

Denote by K..(R-Inj) the full subcategory of K(R-Inj) formed by acyclic complexes of
injective left R-modules. For X°® € K,.(R-Inj), we have G(X*) € K(A-Inj). By Lemma 2]
Lemma ET)(3) and the construction of 7',

N o\ _ ! X _ X
(7o G)X®) =i <HomR(M,X')) - <HomR(M,X’) @HomR(M,X’)[—1]>

belongs to Kac(A-Inj). Let G/ = i' o G. We have the triangle functor
G’ K. (R-Inj) — K, (A-Inj).

Since the additive functor F' : A-Inj — R-Inj preserves exact sequences, we have a triangle
functor

F' : Koo (A-Tnj) — Ko (R-Inj).
By the adjoint pairs (Fy , é) and (Z4)), we have the following consequence immediately.

Corollary 4.1 Let pMg be an R-S-bimodule such that Mg is a flat right S-module. Let A
be the upper triangular matriz ring. Then (F',G') is an adjoint pair.

The counit € : F' o G’ — Idk, (r-mj) is the identity. In fact, we have the following isomor-
phisms:

Homg, . (p-1mj) (F" 0 G")(Y*),Y*) — Homi(a-1j) (G'(Y*), G(Y'*))
; HomKaC(A-Inj)(G/ (Y.)a G/(Y.))
By Lemma [Z3] Idy. is sent to Idg/(y«) by the two isomorphisms. This implies that G’ is fully

faithful.
Recall that

Ker F' = { (é) € Koe(ATnj) | F' (é) = 0 in Koo (R-Inj)}

is a triangulated subcategory of K,.(A-Inj).

ert” = {( (1) ) € Kt .

Proof Suppose (. ) € Ker F’. Recall that the morphism (%) — (G o F)(X,

the unit of (F,G) is split epic for each n € Z. Then we have an exact sequence of complexes
0 X ~ = (X
0— (W') — (V‘) — (GoF) <V‘> — 0,

which splits in each component. Since F’()‘f:) =~ 0, we have ﬁ(ig:) =~ (0. Then we have

(X0) = (12 in Kac(A-Inj).

By the above lemma, we observe the triangle equivalence K,.(S-Inj) — Ker F’ sending

Lemma 4.3 We have

) given by

W?* to (9 ). Denote by i the composition of the equivalence and the inclusion Ker F' —
Koo (A-Tnj).
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Proposition 4.1 Let R Mg be an R-S-bimodule such that Mg is a flat right S-module.
A be the upper triangular matriz ring. There exists a localization sequence of homotopy

categories

7 F
Koo (S-Inj) T Kac(A-Inj) —— Ko (R-Inj).
ip o’

Proof Recall from Corollary [dIlthat (F’,G’) is an adjoint pair. Then the quotient functor

Kac(A-Inj) — Kac(A-Inj) /Ker F” is left adjoint to the composition

Koo (A-Inj) /Ker F/ 5 Koo (R-Inj) 5 Koo (A-Inj).

Here, the triangle equivalence in the above composition follows from [7, Proposition 1.3]. By
[13] Lemma 3.2(3)], the result follows immediately.

his
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