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New Differential Harnack Inequalities for
Nonlinear Heat Equations™*

Jiayong WU!

Abstract This paper deals with constrained trace, matrix and constrained matrix Harnack
inequalities for the nonlinear heat equation w; = Aw + aw In w on closed manifolds. A new
interpolated Harnack inequality for w; = Aw—w In w+¢eRw on closed surfaces under e-Ricci
flow is also derived. Finally, the author proves a new differential Harnack inequality for
wt = Aw — w In w under Ricci flow without any curvature condition. Among these Harnack
inequalities, the correction terms are all time-exponential functions, which are superior to
time-polynomial functions.
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1 Introduction

Recently, Cao, Fayyazuddin Ljungberg and Liu [4] improved gradient estimates of Ma [26]
and Yang [33]. They proved a new differential Harnack inequality for any positive solution
w(x,t) to the nonlinear heat equation

%w:Aw—i—awlnw, (1.1)

where a is a nonzero real constant, on a complete smooth manifold.

Theorem A (see [4]) Let (M™,g) be an n-dimensional complete manifold without boundary
with nonnegative Ricci curvature. Let w(x,t) be a positive solution to (1.1). Then in any of the
three cases:

(i) a > 0 and M is closed,

(ii) @ < 0 and M is closed,

(iii) @ > 0 and M is complete noncompact,

the following inequality holds for all x € M™, t > 0,

an
Al — > 0. 1.2
nw—|—2(1_e_at)_0 (1.2)
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Since (1.1) is related to the gradient Ricci soliton (see [26]) and the logarithmic Sobolev
constant (see [12]), the Harnack inequality (1.2) is useful in understanding these geometric
invariants, even the singularities of Ricci flow. The essential idea of proving Theorem A is
the parabolic maximum principle, which was ever used by Li and Yau [23] to prove differential
Harnack estimates for the heat equation. One novel feature of Cao-Fayyazuddin Ljungberg-Liu
Harnack inequalities is the correction term, which is an exponential function:

an

m. (1.3)

This term is obviously different from the polynomial correction term which appears in the

n
2t
following classical Li-Yau Harnack inequality.

Theorem B (see [23]) Let (M™,g) be a complete Riemannian manifold with nonnegative
Ricci curvature. Let w(x,t) be a positive solution to the linear heat equation. Then for all
rxeM™ t>0,

n
Al — > 0.
nw -+ 9 =

As we all know, Li-Yau Harnack inequality is sharp for the linear heat equation and the
equality case holds for the fundamental solution
[

1 o (_||x)
(4mt) P 4t

H(z,t) :=

of linear heat equation in Euclidean space. For (1.1), Cao, Fayyazuddin Ljungberg and Liu
showed that (1.2) is sharp in case (iii) of Theorem A. That is, there exists a family of particular
solutions of (1.1) on R™ (see [30]),

a||:z:H2 n _at —at t
—— — —e "Injl—e® Ce®
0 — o) 5¢ n|l—e %+ Ce*,

w(x,t) = —
where C' € R is an arbitrary constant, such that (1.2) becomes an equality. The Harnack
inequality (1.2) with new correction term (1.3) stimulates us to find more superior possible
differential Harnack inequalities of (1.1) and its related equations.

In this paper, inspired by the work of Cao, Fayyazuddin Ljungberg and Liu [4], we can
derive constrained trace Harnack inequalities, matrix Harnack inequalities and constrained

matrix Harnack inequalities for the nonlinear heat equation
wr =Aw+awlnw

on closed manifolds with fixed metric. We also can improve previous interpolated Harnack

inequality in [31] for the nonlinear heat equation
wr=Aw—wlhnw+eRw, >0

on closed surfaces under the e-Ricci flow. Finally we prove a new differential Harnack inequality
for the nonlinear heat equation

wr =Aw —wlnw
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on closed manifolds along the Ricci flow without any curvature assumption. Among our differ-
ential Harnack inequalities, the correction terms are all time-exponential functions, which are
superior to time-polynomial functions.

The study of differential Harnack estimates for the heat equation originated in Li and Yau
[23] (a precursory form appeared in [1]). This method was later brought into the study of the
Ricci flow by Hamilton [18] and played an important role in the singularity analysis of the Ricci
flow. Hamilton [17] also generalized the Li-Yau Harnack inequality to a matrix Harnack form
on a class of manifolds. These results were furthermore extended to constrained, matrixed, and
interpolated Harnack inequalities by Chow and Hamilton [10], Chow [9], Ni [27] and Li [24].
See [28] for excellent discussions on this subject.

Recently, differential Harnack inequalities for heat-type equations coupled with the Ricci
flow have become an important object. This subject was ever explored by Chow and Hamilton
[10], Chow and Knopf [11], etc. In particular, Perelman [29] discovered differential Harnack
inequalities for the fundamental solution to the backward heat equation under the Ricci flow
without any curvature assumption. This spectacular result is a crucial step in proving Poincaré
Conjecture. Perelman’s result was extended to all positive solutions by Cao [3] and indepen-
dently by Kuang and Zhang [21], whereas scalar curvature is required to be nonnegative. For
more work and progress in this direction, for example, see [2, 5-6, 8, 13-16, 20, 22, 25, 31-32,
34].

This paper is organized as follows. In Section 2, we will derive constrained trace, matrix
and constrained matrix differential Harnack inequalities for (1.1). The proof relies on the
parabolic maximum principle. In Section 3, we will prove an interpolated Harnack inequality
for wy = Aw — wlnw + eRw on closed surfaces under the e-Ricci flow. In Section 4, we will
improve a previous Harnack inequality for wy = Aw —w Inw on closed manifolds under the Ricci

flow.

2 Constrained Trace, Matrix and Constrained Matrix
Harnack Inequalities

In this section we will study various Harnack inequalities for the nonlinear heat equation

%szw—l—awlnw (2.1)

for a nonzero real constant a, on a closed n-dimensional Riemannian manifold (M, g). Inspired
by the work of Cao, Fayyazuddin Ljungberg and Liu [4], we can derive some new Harnack
inequalities of this equation, such as constrained trace Harnack inequalities, matrix Harnack
inequalities, constrained matrix Harnack inequalities. We first give constrained trace Harnack
inequalities for (2.1).

Theorem 2.1 Let (M, g) be a closed n-dimensional Riemannian manifold. Let ¢ and v be
two solutions to (2.1). Then in any of the two cases:
(i) a>0,0< ¢ < and Ric(M) > 0,
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(i) a <0, 0 < coth < p <1, where 0 < ¢, < 1 is a free parameter, and Ric(M) > —aK for

Inc, 1

T—cz 2
the following inequality hglds forallx e M, t >0,

n an |Vh|?
= >
Ay + 2(1—e-at) = 1—h2’

some constant K > —

0 9 a
ﬁln’tﬂ— |V1nw| —alnw—i— m

where h =

<6

By integrating the above inequality in space-time we get a classical Harnack inequality.

Corollary 2.1 Suppose that ¢ and 1 satisfy the condition of Theorem 2.1. Let x1,29 € M
and 0 <ty < ty. Then we have

e " ne(x,t1) — e 2 Ine)(ze, ta)

a d(zi,z2)  n 1 —e a2 /t2 —at( VAP
B et Rk VAN T | (7)_ at( )dt,
1 et et 13 "I ) T, ¢ T2

IN

— ¥
where h = 7

Theorem 2.1 can be regarded as a nonlinear version of a constrained trace Harnack inequality
proved by Chow and Hamilton [10]. Due to an additional nonlinear term: wlnw in (2.1), the
computations and estimates in our proof seems to be complicated but straight. In order to
prove Theorem 2.1, we need some useful lemmas.

Let (M,g) be a closed n-dimensional manifold. Suppose that ¢ and ¢ are two positive

solutions to (2.1) satisfying ¢ < v, and let h := %. We set

V,hVh

Then we have the following lemma.

Lemma 2.1 Let L =Inv. Then

0
ol = AP + 2V LV Py + 2Py Py — RyPij — Rj Py
2 SNV hVih 9NV Yk
o (Vi ) (Vv )
VihVih

+ 2Rk 1 Pr + 2Rk +2Ri;;1V LV, L

1—h2
— (Vile + VjRil — VZRZ'J')VIL
aVthJh( 2Inh )
1—h? 1—h2/)"

+ CLPij —
Proof Since L = In1, we have

)
5L = AL +|VL|? +aL.

We directly compute that

0
5;ViViL = AViV, L+ 2R ViViL = RyV;ViL — Ry ViViL
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— (Vile + VjRil — VlRij)VlL
+ 2V, VL - VleL + QVIViVjL -V L + 2RiklekLVlL

Next we calculate the evolution of the term V{ﬁfg b Set h= %. Then

%h =Ah+2(VL,Vh)+ah-Inh
and hence its gradient satisfies
0 0
= (Vh) =V (Eh)

= V(Ah+2(VL,Vh) +ah-Inh)
= AVh +2(VVL,Vh) + 2(VL,VVh) — Ric(Vh) + a(1 + In h)Vh,

which further implies

%(Vihvjh) = A(V;hVh) —2V;V AV ;Vih + 2V,;V,LVhV ;h
+2V; VLV hV;h 4+ 2V, LV (V;hV ;)
— RyVihVih — RNV ihV;h
+2a(1+1nh)(V;hV;h).
We also have
0 9 0
a(l —h%) = —2h§h = —2h(Ah+2(VL,Vh) + ah -1nh)

=A(1 = h?*) +2(VL, V(1 — h?)) +2|Vh|* — 2ah? - In h.

Using the above two evolution equations, we conclude that

0 (VihV;h V.:hVh V.:hVh 2V;hV ;ih
v i — A i J oV, I, i J _ 4 J 2
5 (o) = AT ) H Vi) A=)z M
+ m(—zvivlhvjvlh +2V,; VLV hV jh
+2V,;V, LV hV;h — RV hV jh — R;;VhV k)
4h - Vih 8h*V,;hV ;h 9
2aVz-thh( Inh )
1 — h? 1—-h2/)"
Rearranging terms yields
0 (VihVhy\ VihV;h VihV;h
5o ) = AT ) H e ()
2 2hV,;hV h 2hV;hV h
C1-R? (vlvthr 1—h2 )(vjvthr 1—h? )

1
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— RyVihVjh — R; NV hV;h)

2Vzhvjh 2 2aVithh Inh
_(1—h2)2|Vh| RS (1 1—h2)'
Now we let TN

Combining the above computations, we have

0
5l = AP + 2V LV Py + 2P Py — RyPij — Ry Py,
2 2hV;hV h 2hV;hV h
e (Vi ) (Vv =)
VihVih

+ 2Rik1 Pr + 2Rz + 2Rk Vi LV L

1—h2

— (Vile + VjRil — VlRij)VlL

aVZhVJh 2Inh
1—h? (1 1-— h2)'

Note that we have used the second Bianchi identity in above evolution formula. The lemma

+ab;; —

then follows.

Tracing Lemma 2.1, we immediately get the following lemma.

Lemma 2.2 If we let

Vh?
p:ngij:AL_l_—h27
then

0 VhVh |2

—P=AP+2(VL,VP)+2 L— ——

B +2(VL,VP)+2|VV 72
2 2 2

+ TSBE |2hVAVh + (1 — h*)VVh|

2
+ 2Ric(VL, VL) + r—5Ric(Vh, Vh)

a|Vh|? (1 2Inh )

tabP =75 1- 12

We now prove Theorem 2.1 by Lemma 2.2.

Proof of Theorem 2.1 We first prove the complex case: a < 0. By Lemma 2.2, using the

. . 1 .
curvature assumption Ric(M) > —aK for some constant K > — 1H_CC°2 — %, we obtain
0

a|Vh|?

e (2.3)

2Inh )

9K + 1
( it TTe

2
%P > AP +2(VL,VP)+ =P? +aP —
n

Inc, 1

Here we have used an easy fact: Ric(VL,VL) > 0dueto K > —1—% —5 > 0and a <0 at
0]

this case.
In the following, we claim that the assumptions of theorem

Inc 1
K> — O — >0, 0 h<l1
> 570 0<e<h<
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imply
2Inh
2K +14 —— .
+ 1+ =72 >0
Indeed we only need to check that function f(h) := {25 is increasing on the interval (c,,1).
We compute its derivative
L1 —h? —Inh-(-2h)
fl(h) =& (1 — h2)2
5 —h+2h-Inh
B (1 —h?)?

Let

1
g(h) = 7 —h+2h-Inh.

Then ¢g(0+) = +o0, g(1) = 0 and

1
g'(h) = —ﬁ+1+2lnh< 0
for all ¢, < h < 1. So g(h) > 0 for all ¢, < h < 1. Hence we have f'(h) > 0 for all ¢, < h < 1.
The claim follows.

Therefore (2.3) reduces to

2
9p > AP 4 2(VL,VP) + = P? 4+ aP.
n

at
Let
P=P+gy E”Z_at).
Then
%13 > AP +2(VL,VP) + 3?[13 - L_t] +aP (2.4)
n 2(1 —e—at)

and hence the theorem follows by applying the maximum principle to this equation. Indeed,

for t — 04, since a < 0, we have
an

——— — +00.
21 —eaty T

Hence P — 400 as t — 0+. In the following we will prove P > (0 for all ¢t > 0 in the closed
manifold M.

Assume that there exists some space-time (z’,¢") such that P < 0. Since M is closed, there
must exist a first time tg < ¢’ and zo € M such that P < 0, where P achieves its infimum.

Then at (xo,to), we have

AP >0, VP=0, %ﬁgo.

Therefore, combining the above inequalities with (2.4) at (xg, o), we have
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However, indeed a < 0, ﬁ(xo, to) < 0 and

~ an
P(wo,to) = P(a0,t0) = 57— =amy <0-

Hence (2.5) cannot hold and this is a contradiction. Therefore P>0 everywhere for all time
t>0.

The proof of the case a > 0 is similar to that of the case a < 0. Using Lemma 2.2, a > 0
and Ric > 0, we have

9p > AP +2(VL,VP) + Zp2 g aP,
n

ot
where we used the fact
L LA
1 — h? '
Let
~ an
P=P+———.
+ 2(1 —eat)
Then
O05_0, ane™
oin ol 21—
~ ~ 27~ an 2
>AP+2(VL,VP — P - —
- +2VLV >+n[ 2(1—e—‘”)]
~ an a?ne
P _
* “[ 2(1— e_‘”)} 2(1 — e at)?
= AP 4 2VLVP) + 2P 4 aP(1- ) (2.6)
’ n 1 —e-at)’ '

Similar to the above argument, P > 0 follows by applying the maximum principle to this

equation.

The classical Harnack inequality is obtained by integrating the differential Harnack inequal-

ity. The process is quite standard. We include it here for completeness.

Proof of Corollary 2.1 We pick a space-time path v(x,t) joining (21,?1) and (22, t2) with
to > t1 > 0. Along v, considering the one-parameter function ¢ (t) := ¥(y(t),t), by Theorem

2.1 we have
lnw 1 Y+ Ving - —
2|V1nw|2+a1nw— 2 fz_at)+1|v_h}|;+v1nw-%
> 1d”y‘ ta 11!)_(1%2_”).
Hence L i
G me) _e_at(4 el o fz—at) - 1|— f|L2)
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Integrating this inequality from ¢1 to ¢ yields

an |Vh|? )dt.

e_“tllnw(x t)_e_at21n¢(x t)</t2 _at(l‘d')/ .
1,0 »f2) = 2(1—e—at) -

Notice the fact
2 dy |2 d 2
/ e—at(‘_v‘ )at > o, Yan,z2)*
t dt edt2 — eat1
for any smooth path ~ : [t1,t2] — M such that «(¢1) = x1 and ~y(t2) = z2. Here the equality is
attained when ~ is a minimal geodesic from x; to x5 with the speed

- d(z1,29)
dt - eatz — eats’

Then we finish the proof of Corollary 2.1.

Secondly, we can prove a new version of Chow-Hamilton matrix Harnack inequalities
(see [10, Theorem 3.3]). The matrix Harnack inequalities were first considered by Hamilton
[17-18] and further extended by Chow and Hamilton [10], Chow and Knopf [11], and Ni [27].

We remark that our heat-type equation is nonlinear and the evolution of Harnack quantity is

more complicated.

Theorem 2.2 Let (M, g) be a closed Riemannian manifold with the nonnegative sectional
curvature and VRic = 0. If 1 is a positive solution to (2.1), then for all x € M™, t > 0,

agij

—= >0
2(1 —e—at) —

Remark 2.1 If we trace the above Harnack inequality, Theorem 2.2 recovers the Cao-

V,V;Int +

Fayyazuddin Ljungberg-Liu Harnack inequality (1.2).

Proof of Theorem 2.2 By (2.2) and the assumptions of theorem, we have

0
Evlij > AVZVJL + ZVZViVjL -VL+2V,;V,L - VleL
— RyV;ViL — Ry ViViL + 2R Vi Vi L + aV;V; L. 2.7)
Letting
agij;
Nij = ViV, L+ 95
J it 2(1 — e—at)
we have
0 agi;

Nij > ANU + 2V1LV1N1'J‘ + 2Ny VleL —

ot 2(1 — e—at)

— RyNyj — Rjy Ny + 2Rigji N + alNyj.

Using the tensor maximum principle yields the desired result.

Furthermore, we can prove constrained matrix Harnack inequalities for (2.1).
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Theorem 2.3 Let (M,g) be a closed Riemannian manifold. Let ¢ and v be two solutions
to (2.1). Then in any of the two cases:

(i) a >0, 0 < ¢ <, VRic =0 and the curvature R;ji (M) > 0,

(i) a < 0, 0 < ¢ < @ < Y, where 0 < ¢, < 1 is a free parameter, VRic = 0 and
—-3>0,

lnco2
1—00

Rikji > —aK(9ijgu — 9agsk) for some constant K > —
the following inequality holds for all x € M, t > 0,
agij Vzhvjh
> )
(1—e-at) = 1—h?

ViV, + 3

— ¥
where h = 7

Proof We first discuss the case a < 0. By Lemma 2.1, and using a < 0 and Ryj >
—aK (gijgm — 9igjk), we obtain

0
apij > AP + 2V LV P;; + 2Py Pjj — Ry Py — Rj Py
a|Vh|? 2Inh
Therefore, if
5 agij
Py =P+ 07—,
J it 2(1 — e—at)

then

0 = > 5 > agi; > >

apij > AP;; + 2V, LV P;j + 2Py | Pj — m} — RuPj — Rj1 P

~ ~ a|Vh|? 2Inh
+2&“Jh_2MﬂvM%“+aﬂj_%i%E@K+1+Ijgﬂ%¢
Since ) .
nc
K> — o _—>0 h<l1
- 1 o Cg 2 > ) Co < < 9
we have ol
n
2K+1+—= > 0.
+1+ =72 >

Then using the maximum principle for the above system, we have ﬁij > 0.

Now we prove the case a > 0. By Lemma 2.1, and using a > 0 and R;;;; > 0, we obtain

0
apij > APy +2V LV P;; + 2Py P; — Ry Py — Rju Py

a|Vh|? (1 2Inh )gij'

+ 2Rk j1 Py + aPy — 172 =72

Therefore, if
> agij
Py = Py + 50—,
J it 2(1 — e—at)

then

9 ~ _ _ o _ _
apij > AP;y; + 2V LV, P;; + 2P P;j — Ry Pj — R;1P;
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~ ~ 2 a|Vh|? 2Inh
+ 2Rk 1 P + a Py (1 — 1 e—at) 1= 53 (1 + 11— hQ)gij.
Since ol
n
12"
+ T2 <0,

using the maximum principle for above tensor equation, we conclude that ]31-3- > 0.

The above theorems also hold on complete noncompact Riemannian manifolds as long as
the maximum principle can be used. We expect that our differential Harnack inequalities will
be useful in understanding the Ricci solitons, as the potential function of Ricci solitons links
with (2.1).

3 Interpolated Harnack Inequality

In [7], Cao and Zhang studied differential Harnack inequalities for nonlinear heat-type e-

quation

%szw—wlnw—l—Rw (3.1)

coupled with Ricci flow equation

0
7% = ~2Rij (3.2)
on a closed Riemannian manifold. They proved the following result.

Theorem C (see [7]) Let (M,g(t)), t € [0,T) be a solution to the Ricci flow on a closed
manifold, and suppose that g(0) (and so g(t)) has weakly positive curvature operator. Let f be

a positive solution to the nonlinear heat equation (3.1), u= —1In f and
2
H:=2Au— |Vu|? — 3R — 7" (3.3)
Then for all time t € [0,T),
<
ST

Theorem C generalizes the work of Cao and Hamilton [6] (see [21]) to nonlinear case. The
motivation to study (3.1) under the Ricci flow comes from the study of expanding Ricci solitons,
which has been nicely explained in [7]. Later, on a closed surface, Wu [31] improved their result

as follows.
Theorem D (see [31]) Let (M,g(t)), t € [0,T) be a solution to the e-Ricci flow (e > 0) :

9
atglj

on a closed surface with R > 0. Let f be a positive solution to the nonlinear heat equation

=—cR- 9ij (34)

%w = Aw —wlhw + eRw. (3.5)
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Then for all time t € (0,T),

%1nf—|V1nf|2+lnf+%zAlnf—i—aR—i—%zO.

Remark 3.1 In Theorem D, if ¢ = 1, then

1
Alnf+R+ >0, (3.6)
However (3.3) can be read as
IV £|? 4 n
2A1 3BR+-+-2>0
nf+ g F3R+ 5+ 20,
which can be rewritten as
2 \iE 2 n
z Z+2)>o0.
(2ams+2r+2)+( 7 +R+Z+7)20

Compared this with (3.6), for the 2-dimensional surface, Theorem D is better than Theorem C.

Motivated by Theorem A, we can improve Theorem D by the following interpolated Harnack
inequality.

Theorem 3.1 Let (M,g(t)), t € [0,T) be a solution to the e-Ricci flow (3.4) on a closed
surface with R > 0. Let f be a positive solution to the nonlinear parabolic equation (3.5). Then
for all time t € (0,T),

) 1
Elnf—|V1nf|2+lnf+ =Alnf+eR+

1
= > 0.
et —1 1~

of —
As a consequence of Theorem 3.1, we have a classical Harnack inequality. Since the proof
is standard, we only provide the following result.

Corollary 3.1 Under the conditions of Theorem 3.1, assume that (x1,t1) and (x2,ts),
0 <t <ty <T, are two points in M x [0,T). Let
Pty 2o, t2) = inf [ et dw(t)rdt
= —in e'l—
Z1,01,T2,12 4 v I, dt ’
where 7 is any space-time path joining (x1,t1) and (x2,t3), and the norm |- | is calculated at
time t. Then

1— etz
et1 In f(d?l,tl) — e’52 In f($2,t2) < F(xl,tl,xQ,tQ) +In (ﬁ)

Theorem 3.1 improves Theorem D because the exponential correction term is smaller

1
et—1
than % for all ¢ > 0. If we take ¢ = 0, we can get the differential Harnack inequality of Cao,

Fayyazuddin Ljungberg and Liu [4] on closed surfaces.
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Corollary 3.2 (see [4]) If f: M x [0,T) = R is a positive solution to the nonlinear heat
equation

—w=Aw—-—wlhw

ot
on a closed surface (M, g) with R > 0, then for all time t € (0,T),

1
> 0.
1=

21nf—|V1nf|2+lnf+ ! =Alnf+
ot et —

et —1
If set e =1 in Theorem 3.1, then we have the following result.

Corollary 3.3 Let (M,g(t)), t € [0,T) be a solution to the Ricci flow on a closed surface
with R > 0. If f is a positive solution to (3.1), then for all time t € (0,T),

1
> 0.
1=

B) 1
—Inf—|VInf>+Inf+ =Alnf+R+
ot et —

et —1
Remark 3.2 Theorem 3.1 is a nonlinear version of the Chow’s interpolated Harnack in-

equality (see [9]) which links Corollary 3.2 to Corollary 3.3.

Now we prove Theorem 3.1 via the maximum principle.

Proof of Theorem 3.1 Let (M, g(t)), t € [0,T) be a solution to the e-Ricci flow (3.4) on
a closed surface with R > 0. Let f be a positive solution to (3.5). By the maximum principle,
we conclude that the solution will remain positive along the e-Ricci flow when scalar curvature
is positive. If
u=—Inf,

then wu satisfies

2u = Au — |Vu|> — R — u.
ot

The proof involves a direct computation and the parabolic maximum principle.

Under the e-Ricci flow (3.4) on a closed surface, we have

%—Jf =¢(AR+ R?)
and
d
57 (&) =eRA,

where the Laplacian A is acting on functions. Define the Harnack quantity
H. := Au —¢R. (3.7)
Using the evolution equations above, we first compute
0 0 0 OR
b5+ ()-8
ot * ait) T\ %) T
OR

= A(Au— |Vu|?> —eR — u) + eRAu — € or
2 ap2  _OR
=AH, — AlVu|* = Au+eRH. + ¢*R* —e—

ot
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Since
A|Vul|* = 2|VVul> + 2VAu - Vu + R|Vul?

on a two-dimensional surface, we then have

%Hg = AH. —2|VVu|?> - 2VAu - Vu — R|Vul?
+eRH. +¢*R? — 5%—]: — Au
= AH. —2|VVu?> - 2VH. - Vu — 2¢VR - Vu
— R|Vul? + eRH. + *R* — 5%—]: - Au

2
= AH. — 2|V, Vu— %Rgij — 2:RAu - 2VH. - Vu

—2eVR - Vu — R|Vu|? + eRH. + 2’ R? — s% - Au.

Since Au = H, + €R by (3.7), these equalities become

2
%HE = AH. —2|V;Vu— gRgij — eRH. — 2VH. - Vu

—2eVR-Vu — R|Vul* — 588—]: — Au.

Rearranging terms yields

8 2
S H. = AH. 2| ViV ju - %Rgij — 9VH. - Vu — cRH.
ol R
— R|Vu+eVInR)? - sR( n 5|V1nR|2) ~ Au
i
< AH. — H?—2VH. -Vu— (eR+1)H. + %R _¢R. (3.8)

The reason for this last inequality is that the trace Harnack inequality for the e-Ricci flow on
a closed surface proved in [9] states that

OlnR
ot

1
—elVInRP?=¢(AlmR+R) > -

since ¢(t) has positive scalar curvature. Besides this, we also used (3.7) and the elementary
inequality

2 1
’Vz-vju — gRgij (Au — ER)2 = §H€2

1
2

>

Adding — 1~ to H. in (3.8) yields

2 (.- ) < - ) e ) o

ot -1 — t 1
_(Hs+et1—1)(H€_et1—1)_(6R+1)(Hs_et1—1)
et 1 eR+1 eR
M R P R
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B (H6+et%1)(H€_ etl—l) _(ER+1)(H5_ etl—l)

—sR(et1_1+1—%). (3.9)

Note that we claim ) )
1—--—>0
et —1 + t

for all £ > 0, which can be explained as follows. We first observe

1 +1_1_tet—et+1
et —1 t tlet—1)

Since t(e* — 1) > 0, we only need to prove te’ — e’ + 1 > 0. This is obvious. Since
te! —e' +1];=o=0

and

d
&(tet—et+1):tet >0

for all ¢ > 0, the function te! — ¢! + 1 is increasing for ¢ > 0. Therefore
tet —et4+1>0

for t > 0 and we prove that

1 1
+1-->0

for all ¢ > 0. Thus (3.9) becomes

(- ) 2 a(n - ) av(m - ) e

ot et et

- (H€+ e%l)(H -5 1_ 1) - (aR—i—l)(Hg - e%l) (3.10)

Clearly, for ¢ small enough we have

Since R > 0, applying the maximum principle to the evolution formula (3.9) we conclude

H. — ﬁ < 0 for all positive time ¢, and the proof of this theorem is completed.

Remark 3.3 A question can be naturally posed: Can one improve Theorem C (high dimen-
sional case) by considering the exponential correction term instead of the polynomial correction
term in differential Harnack quantities?

4 New Differential Harnack Inequality Without Curvature Condition

In this section, we will study differential Harnack inequalities for a positive solution f(z,t) <

1 to the nonlinear heat equation

—w=Aw—-whw (4.1)
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with the metric evolved by the Ricci flow (3.2) on an n-dimensional closed manifold. This
equation has been considered by Hsu [19] and Wu [31]. In [31], Wu proved the following result

without any curvature assumption.

Theorem E (see [31]) Let (M,g(t)), t € [0,T) be a solution to the Ricci flow (3.2) on a
closed manifold. Let f <1 be a positive solution to (4.1) anduw = —In f. Then for allt € (0,T),

Va2 - 2 <o.
t
Theorem E can be also regarded as a nonlinear version of Cao and Hamilton’s result (see
[6, Theorem 5.1]). Now we can improve this result as follows.
Theorem 4.1 Let (M, g(t)), t € [0,T) be a solution to the Ricci flow on a closed manifold.

Let f <1 be a positive solution to (4.1) and u = —1In f. Then for all x € M™, t € (0,T),

|Vul? — <0.

el —

We will prove Theorem 4.1 by the standard parabolic maximum principle. Let f(x,t) < 1
be a positive solution to nonlinear heat equation (4.1) under the Ricci flow (3.2) on a closed
manifold M. If u = —1In f, then u > 0 and wu satisfies

9 2
Frie Au — [Vul|* — u.

Note that here 0 < f < 1 is preserved under the Ricci flow by the maximum principle (see
[31]).
Proof of Theorem 4.1 Following the arguments of [31], let

u

H = |Vu|2—et_1.

We first compute that |Vu|? satisfies
0
a|vu|2 = A|Vu? = 2|VVul]? - 2Vu - V(|Vul*) — 2|Vul?

Then we also have

t

2
D) Aty - T

Combining above equations yields

P , 1
S H = AH —2Vu- VH = 2|VVuf* - (2+ - 1)H.

Notice that if ¢ is small enough, then H < 0. Then applying the maximum principle to this
equation, we obtain H < 0 for all £ > 0.
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