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Generalized Ejiri’s Rigidity Theorem for Submanifolds in
Pinched Manifolds*

(In memory of Professor Chaohao Gu on his 90th birthday)

Hongwei XU! Li LEI'! Juanru GU?

Abstract Let M"(n > 4) be an oriented compact submanifold with parallel mean cur-
vature in an (n + p)-dimensional complete simply connected Riemannian manifold N™*7.
Then there exists a constant d(n,p) € (0, 1) such that if the sectional curvature of N satis-
fies Ky € [0(n,p), 1], and if M has a lower bound for Ricci curvature and an upper bound
for scalar curvature, then N is isometric to S™P. Moreover, M is either a totally umbilic

n 1 : m 1 m 1 :
sphere S ( 1+H2)7 a Clifford hypersurface S (72(1+H2)) xS (72(1+H2)) in the totally
s nt1 1 . _ 204 2\) i Q7 1 .
umbilic sphere 5™ ( 1+H2) with n = 2m, or CP?(3(1+ H?)) in S7( 1+H2). This is a

generalization of Ejiri’s rigidity theorem.
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1 Introduction

The investigation of rigidity of submanifolds with parallel mean curvature attracts a lot of
attention of differential geometers. After the pioneering work on compact minimal submani-
folds in a sphere due to Simons [11], Lawson [3] and Chern-do Carmo-Kobayashi [1] obtained a

classification theorem of n-dimensional oriented compact minimal submanifolds in S™*?, whose

squared norm of the second fundamental form satisfies S < (2”1). In 1991, Li-Li [4] im-

proved Simons’ pinching constant for n-dimensional compact minimal submanifolds in S™*? to
n 2

max {E, gn}

This rigidity result was partially extended to submanifolds with parallel mean curvature in a
sphere by Okumura [6-7], Yau [18-19] and others. In 1990s, Xu [12-13] proved the generalized
Simons-Lawson-Chern-do Carmo-Kobayashi theorem for compact submanifolds with parallel
mean curvature in spheres. When NV is a positive pinched Riemannian manifold, Shiohama

and Xu [10, 15] proved an interesting rigidity theorem for compact submanifolds with parallel
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mean curvature in IV, which is an extension of the generalized Simons-Lawson-Chern-do Carmo-
Kobayashi theorem.
In 1979, Ejiri obtained the following rigidity theorem for n(> 4)-dimensional oriented com-

pact simply connected minimal submanifolds with pinched Ricci curvatures in a sphere.

Theorem A (see [2]) Let M be an n(> 4)-dimensional oriented compact simply connected
minimal submanifold in an (n + p)-dimensional unit sphere S"P. If the Ricci curvature of
M satisfies Ricyr > n — 2, then M s either the totally geodesic submanifold S™, the Clifford
torus Sm(\/g) X Sm(\/g) in 8™ with n = 2m, or (CPQ(%) in S”. Here (CP2(%) denotes the
2-dimensional complex projective space minimally immersed into S™ with constant holomorphic

sectional curvature % .

In 1990s, Shen [9] and Li [5] extended Ejiri’s rigidity theorem to the case of 3-dimensional
compact minimal submanifolds in a sphere. In 2011, Xu and Tian [17] obtained a refined version
of the Ejiri rigidity theorem without the assumption that M is simply connected. Recently, Xu
and Gu [16] proved the following rigidity theorem for submanifolds with parallel mean curvature

in space forms.

Theorem B (see [16]) Let M be an n(> 3)-dimensional oriented compact submanifold

with parallel mean curvature in the space form F"*P(c) with ¢+ H? > 0. If
Ricys > (n —2)(c+ H?),

then M is either a totally umbilic sphere S"(ﬁ), a Clifford hypersurface Sm(\/ﬁ) X

Sm(\/ﬁ) in the totally umbilic sphere S"( c-ll-H2) with n = 2m, or CP*(3(c + H?))

mn S“ﬁ). Here CPQ(%(C—F HQ)) denotes the 2-dimensional complex projective space min-

imally tmmersed into 57( ) with constant holomorphic sectional curvature %(c + H?).

1
c+H?2

In this paper, motivated by Shiohama and Xu’s work [10, 15], we will study the rigidity
problem for submanifolds with parallel mean curvature under Ricci curvature pinching condition

in a positive pinched Riemannian manifold, and prove the following theorem.

Main Theorem Let M be an n(> 4)-dimensional oriented compact submanifold with pa-
rallel mean curvature in an (n+p)-dimensional complete simply connected Riemannian manifold
N™P. Then there exists a constant 6(n,p) € (0,1), such that if the sectional curvature of N
satisfies Ky € [0(n,p), 1], and if

Ricas > (n— 2)(1+ H?) + A1 (n, p)(1 — ¢) + As(n, p)[H(1 + H?)]2 (1 — ¢)4,

R < n[(n—1)(1+ H?) = Bi(n,p)(1 = ¢) = Ba(n,p)[H(1 + H*)]2 (1 - ¢) 1],

where ¢ = inf Ky, then N™'P is isometric to S"*P. Moreover, M is either a totally umbil-

: n 1 . m 1 m 1 :
ic sphere S (W)’ a Clifford hypersurface S (\/ﬁ) x S (\/ﬁ) in the totally

2
umbilic sphere S"‘H(\/ﬁ) with n = 2m, or CP*(3(1 + H?)) in 57(\/1_1#?). Here §(n,p),
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As(n,p), As(n,p), Ba(n,p), Bs(n,p) will be given in the proof, which are nonnegative constants

depending on n and p.

Remark 1.1 When ¢ = 1, the condition on the upper bound for scalar curvature in Main
Theorem is automatically satisfied. Therefore, Main Theorem generalizes Theorems A and B.
Since the constant &(n, p) satisfies d(n,p) > 1, Kn € [6(n,p), 1] implies that the ambient
manifold N is diffeomorphic to S™"*P. Furthermore, we see that if NV is not isometric to the
standard sphere S™ 1P, then there exists no submanifold with parallel mean curvature satisfying

the pinching condition in Main Theorem.

2 Notation and Lemmas

Throughout this paper, let M be an n(> 4)-dimensional compact Riemannian manifold
isometrically immersed into an (n+ p)-dimensional complete and simply connected Riemannian

manifold N™*?. The following convention of indices are used throughout:
1§A,B,C,§n—|—p, 1§7’7.]7k.7§n3 n+1§0¢,ﬁ,’y,§n—|—p

Choose a local orthonormal frame field {e4} in N such that, restricted to M, the e;’s are
tangent to M. Let {ws} and {wap} be the dual frame field and the connection 1-forms of

N7™P_respectively. Then we have
wai = Y h&wj, h = hS,
J

1

h = Z}h%wi Dwj®ea, £= Zh;;ea,
;1,7 .t

where h and ¢ are the second fundamental form and the mean curvature field of M, respectively.

Denote by K(-), Rapcp the sectional curvature and the curvature tensor of N. Let a(x), b(z)

for € N be the minimum and maximum of Ky at that point. Then by Berger’s inequality,

we obtain that

— 2

|Rapcp| < §(b —a) (2.1)
for all distinct indices A, B, C, D, and

— 1

|RACBC| < §(b — CL) (2.2)

for all distinct indices A, B, C. The curvature tensor and the normal curvature tensor of M

are denoted by R;;i; and R,gp, respectively. Then we have
Riji = Riji + Y _(hiihs — hihsh), (2.3)
@

Ragri = Ragre + Y (hijhly — hihly). (2.4)
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Denote by Ric(u) the Ricci curvature of M in direction of w € UM. From the Gauss equation,

we get
Ric(e;) ZRW + Z hSihS; — (hS)?). (2.5)
Set Ricmin(z) = uénUlflM Ric(u). The scalar curvature R of M is given by
R=> Ry +n’H* - S. (2.6)
i

For an (n x n)-matrix A = (a;;), we denote by N(A) the square of the norm of 4, i.e.,
N(A) = tr(4AT) = Z a?;.
We define

= |h|25 H = |§|7 H, = (h;lj)nxn

Definition 2.1 M is called a submanifold with parallel mean curvature if £ is parallel in

the normal bundle of M. In particular, M is called minimal if € = 0.

We assume that M admits a parallel mean curvature normal field and H # 0. We choose
en+1 such that e,41 || &, then tr H,41 =nH, and tr Hg =0 for n+2 < 8 <n+p. Set

Sw =2 (T Sr= 30 (k)
.7 i,5,B7#n+1
Denoting the first and second covariant derivatives of hf; by hfy, and hf,,, respectively. We

have

D hijuson = dhfy =D hijeons = 3 higeni =3 hijeopa
k k k B
D hfjuaeor = dhfiy = 3 e = 3 e = 3 i = 3 s
1 1 1 1 8
Hence
ijh = hikj — Raiik hijre — hij = Z i Bkt + Z o Bmikt — Z hijagkl. (2.7)
m m B

Since M™ is a submanifold with parallel mean curvature of N"*?. tr H, is constant, i.e.,
> h$,, = 0. Therefore
i

Ah% == Z(ﬁakikﬂ' + }_%Otijkk) + Z hngmijk + Z h%iRmkjk — Z hgiRaﬂjk- (2.8)
k k,m k,m k,B

The following lemma will be used in the proof of our main results.

Lemma 2.1 (see [18-19]) If M™ is a submanifold with parallel mean curvature, then either
H =0 or H is non-zero constant and HoHp 41 = Hypi1Ho + (Rptiaij)nxn for a #n+ 1.
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We also need the following lemma, which can be found in [8, 10] (also see [14]).

Lemma 2.2 Let ay,--- ,a, and by,--- b, be real numbers satisfying > a; = >.b; = 0,
Ya? =a and Y b7 =b. Then

|2t <

where equality holds if and only if either ab =0, or at least n — 1 pairs of numbers of (a;,b;)’s

1

(n—2)[n(n — 1)]"2a,

are the same.

3 Minimal Submanifolds

Let M™(n > 4) be an oriented compact minimal submanifold in N**t?. We choose a frame
{ea} such that tr(H,Hpg) = 0 for o # 5. Then we get from (2.3), (2.5) and (2.8) that

1 « @
§AS=Z aR)2+ ) hEARY =X1 + Y1 + 7,

i,5,k,a 1,7,

where

Xy:=—Y N(HoHs - HgHy) — > (trH?)?

a,p
Y1 = Z (h% hijmkzk + hmkh”legk Z hz]hsza5]k7
i,5,k,m,a i,5,k,a,8
7y = Z ( %k)Q - Z (h$ Rakirj + hi; Raijrk)-
.5,k i,5,k,a

For fixed , we choose the orthonormal frame fields {e;} such that h$; = A¥d;;, and have the

following lemma.
Lemma 3.1 X; > n[Ricyin — (n — 1)b]S.
Proof (i) If p = 1, then it follows from (2.6) that

X; = —8? > nS[Ricyin — (n — 1)b]. (3.1)

If p > 2, then for fixed e,, let {e;} be a frame diagonalizing the matrix H, such that hg; =
for i # j. So

(n—1)b— (h2)* = > (h)? > Ric(e;) > Ricmin. (3.2)
J,Ba
This implies that
Z (hzﬁj)z < (n - 1)b - (h?z)2 - Ricmin' (33)

J,B#a
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On the other hand,

> N(HoHp — HgHo) = Y (h[)*(h — hs))?. (3.4)

B i,§,B7#
This together with (3.3) and
a a\2 a2 a \2
(h; — h3;)° < 2[(h)” + (hF;)7], (3.5)
implies that
D N(HoHg — HpHy) <4 Y () (h$))?

8 i,J,fFa
< 42{ (n—1)b— (h$})? — Ricmin](h$)*}

swwqw—m%mzwa—%mH@? (36)

Then we have
. 4 2\2
>  N(HoHp — HgHo) < 4[(n — 1)b — Ricmin]S — ~ > (trH2)?. (3.7)
o, «

Therefore, we obtain that

n—4

X, > 4[Ricmin — (n — 1)b] (tr H?)
. n—4 _,
> 4[Ricmin — (n — 1)b]S — - S
> n[Ricmin — (n — 1)b]S. (3.8)

This completes the proof.
The estimates of Y7 and Z; can be found in [15].

Lemma 3.2 (see [15]) (i) Y1 >nbS —[n+ 2(p—1)(n— 1)2](b— a)S;
(i) [y Z1dM > —=pn(n —1)(26n — 25) [,,(b — a)?>dM.

Combing Lemmas 3.1-3.2, we get the following theorem.

Theorem 3.1 Let M™(n > 4) be an oriented closed minimal submanifolds in a Riemannian
manifolds N"TP. Then
/ {nS[Ricmin — (n — 2)b — G(n,p)(b — a)] — D(n,p)(b — a)*}dM < 0.
M
Here

Gl,a) = 1+ (0= 1) (g~ 1),

D(n,q) = %qn(n —1)(26n — 25).
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Furthermore, we obtain the following rigidity theorem for minimal submanifolds.

Theorem 3.2 Let M™(n > 4) be an oriented closed minimal submanifold in a complete
simply connected Riemannian manifold N"TP. Then there exists a constant 01(n,p) € (0,1),
such that if Ky € [01(n,p), 1], and if

Ricpr > n—2+ Bi(n,p)(1 —¢),
R<n(n—1)—y(n,p)n(l —c),

where ¢ = inf K n, then NP is isometric to S"tP. Moreover, M is either a totally geodesic
sphere S™, the Clifford torus S’m(\/g) X Sm(\/g) in 8™ with n = 2m, or (CP2(%) in S7.
Here

Bi(n,p) = G(n,p) + D* (n,p)n"",
1

() =n =1+ D*(n,p)n”",
al(nap) =1- [ﬁl(n7p) +71(7’L,p)]_1.
Proof Since ¢ < a(z) < b(z) <1, it follows from Theorem 3.1 that
/ {nS[Ricmin — (n —2) — G(n,p)(1 — ¢)] — D(n,p)(1 — ¢)*}dM < 0. (3.9)
M

From the assumption, we have

01(n,p) = 1— [Bi(n,p) +71(n,p)] .

Then
1—c<1-06(n,p)
= [B1(n,p) + n(n,p)) . (3.10)
Therefore
Bi(n,p)(1 —¢) <1 —m(n,p)(1—c). (3.11)

It follows from (3.11) that the assumptions of the lower bound for the Ricci curvature and the
upper bound for the scalar curvature are consistent. Then it is seen from (2.6) and the upper
bound of R that

S > nl(np) — (n— D)1 - ). (3.12)
This together with the definitions of §1(n,p), v1(n,p) and the assumption

Ricyr > n—2+ Bi(n,p)(1 —¢),
implies that

nS[Ricmin — (n —2) — G(n,p)(1 — ¢)]
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n’[y1(n,p) — (n — 1)](1 = ¢)[B1(n, p) — G(n,p)](1 —¢)
= D(n,p)(1 —c)*. (3.13)

Hence, we obtain
/M{nS[Ricmin —(n—2) = G(n,p)(1 —¢)] = D(n,p)(1 — ¢)*}dM > 0. (3.14)

It is seen from (3.9) and (3.14) that the left side of (3.14) is equal to zero, which together with
¢ <a<b<1implies that a = ¢ and b = 1. By a similar argument as in [15], we get 1 — ¢ = 0.
Since N is complete and simply connected, we know that N is isometric to S™*P. Moreover,
it follows from Ejiri’s theorem that M is either a totally geodesic sphere S, the Clifford torus
Sm(\/g) X Sm(\/g) in S"*! with n = 2m, or (CPz(g) in S7. This completes the proof.

4 Submanifolds with Parallel Mean Curvature

Let M™(n > 4) be an oriented compact submanifold with parallel mean curvature in N™*?

and H # 0, then it follows the same argument as in [10] that
z]k

1
5 O8m = (i) Z T AR = Xo + Yo,

where

Xo =nHtrHy | — (tr H2 ) = Y [tr(Hpi1Ho)P?

a#n+1
+ Z (h?j-i_lhzjj_'lﬁmkik +h?j+1hzzzlﬁmijk)’
isgkm
Yo o= (hED? = > (W Rugaking + B Rovige)
0,5,k 1,5,k
+ 3 w(HenHo) — > te(H2 HE).
a#n+1 a#n+l

Lemma 4.1 Xy > n(Syg — nH?)[Ricmin — (n —2)(b+ H?) — (b —a)).

Proof We choose the orthonormal frame fields {e;} such that h%‘“ = \/""14;;. Letting

fe=> (T,
pitt=H AL =12,

By =Y (u™k,

1

C N,

we have

B1:O, BQZSH—TLH2,
B3 =3HSy — 2nH? — fs.
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Then

Xp = —S% +nHfs— Y (Z,ﬂ“ha)

a#n+1 i

+ Z /\n+1 zkzk + Z )\n-l-l)\n-i-le”k
i,k

= Syt nHEHSy it - By~ Y (S urtng)’
a#n+1 4

1 _
+ 5 Z(/\;l-kl _ )\Z-H)QRikik
ik
> Balna+ 2nH® — Sy| — nHBs — > (Z;ﬂ“h“) . (4.1)
aF#En+1 i

Since

(n — 1)b+nHNTE — (APFH2 - Z (h$;)* > Ric(e;) > Ricmin, (4.2)
a#n+1,j

we have
S —nH? < n[(n—1)(b+ H?) — Ricmin) (4.3)

and

> (hg)?
MY HY? g Ricmin 7 —
HOr — gy > O & mn b+ H? 4.4
A )z n—2 + n—2 +n—2 —2(+ ) (44)

It follows from (4.1) and (4.3)—(4.4) that
2 n : 2
XQZBQ{TLCL—FzTLH —SH—Fm[RICmm—(TL—l)(b—FH )]}

et 3 [ arer - (L) |

a#n+1

> Bg{na onH? — Sy + L[Ricmin —(n—1)(b+ H2)]}

+nB—%2 . Z (Z“nﬂha)

a#n+1 7
n—3
> Bg{na+nH2 - n_2(S—nH2)+ nﬁz[Ricmin —(n— 1)(b+H2)]}

> = Ba{(n—2)(a+ H?) — (n = 3)[(n — 1)(b+ H?) ~ Ricuin]
+ [Ricmin — (n — 1)(b+ H?)]}
=n(Sy — nH?*)[Ricyin — (n —2)(b+ H?) — (b — a))]. (4.5)

This complete the lemma.

The estimate of Y3 can be found in [10].
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Lemma 4.2 (sce [10]) [,, YodM > —=5n(n —1)(26n + 16p — 41) [,,(b — a)?dM.
Combing Lemmas 4.1-4.2, we get the following theorem.

Theorem 4.1 If M™(n > 4) is an oriented compact submanifold with parallel mean curva-

ture in a Riemannian manifold N" P and H # 0. Then
/ {n(Sy — nH?)[Ricymin — (n —2)(b+ H?) — (b —a)] — E1(n,p)(b—a)?}dM < 0.
M

Here

1
Ei(n,q) := En(n —1)(26n 4+ 16¢q — 41).

If p > 2, we choose a frame {e,} such that tr(H,Hg) =0 for a # 8, o, § >n+1. It

follows from the same argument as in [10] that

1 « « @
SOS = D> ()Pt DD hGARG =Xs+ Y+ Zs,
i, k,a#n+1 i,J,a#n+1
where
Xz:=— Y N(HoHs—HgH,)— Y (trHZ)?
a,B#n+1 a#n+1
+ > wr(HZHpp ) Hopy — Y [tr(HoHng1)]%,
a#n+1 a#n+1
Yao= > (hhS, Ronkik + b b Ronige) — Y, hesh Rapji,
i,7,k,m,a#n+1 i,7,k,a,B#n+1
Zg:= Z (hi5)? — Z (his Rakikj + he; Raijir)
i, k,a#n+1 i, k,a#n+1
— Y [(HZHZ,) — te(HoHosr)?).
a#n+1

Lemma 4.3

X3 >nSy [HQ + Ricmin — (n — 1)(b+ H?) —sgn(p — 2)(3n—H\/SH —nHﬂ

ny/n(n —1)
Proof If p =2, we choose an orthonormal frame fields {e;} such that h"+2 =0 for 7 # j.
Then we have
(n —2)H (R — H) > Ricpin — (n — 1)(b+ H?) 4+ (R — H)? + (h1T2)2.

Hence we obtain

tr(H2+2Hn+1)tr Hyp1 — [tr(Hn+2Hn+l)]2

n

—[tr(Hns1 — HI)Hpio]* + nHtr[(Hyp — HIH?Z o) + nH?S;
2
— nHZ (R — H)(h+2)? — {Z(h?iﬂ — H)h2|” 4 nH2S;

K2
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Ricun — (2= 1)+ HOS1+ 25 (S0 — i)’

K2

+ (tr H3+2)2] - [Z(h;;“ - H)h;;+2] * o nHS,

i

>
—n-—2

n .
2z — Z[Rlcmin —(n—1)(b+ H?)]S;
1 2 2 n—3 2 2
+— 2(‘5an+2) - 2(3H —nH*)Sr +nH?S;. (4.6)

Here I is a unit (n x n)-matrix. This together with (4.3) implies that

X > — . 5 [Ricuin — (n = 1)(b+ H*)]Ss
- ‘;’(trHQ 2)? - o g(SH — nH?)S; + nH?S;
n .
- [Ricmin — (n — 1)(b+ H?)]S;
_nzs (S —nH?)S; +nH?S;
n—2
> nSr[H? + Ricmin — (n — 1)(b + H?)]. (4.7)

If p > 3, then for fixed e,,a # n + 1, we choose an orthonormal frame fields {e;} such that

h; =0 for i # j. Hence we have

(n—1)b+ HZ) + (n— 2)H(hz+1 —H) - (hZ_H _ H)2

- (hg)z - Z (h;é;)Z > Ricmin' (48)
J,B#a,n+1

This implies that

Y. (P <=1+ H) + (n-2)H(RET - H)
J,B#a,n+1
_ (hz+1 _ H)z _ (h?i)Z — Ricupin. (4.9)

Combing (3.4)—(3.5) and (4.9), we get

> N(H.Hp — HgH,)
B#n+1
<4) [(n—1)(b+H?) — (h3)°

+(n—2)H (R — H) — (BT — H)? — Ricpin] (h3)?

<4[(n—1)(b+ H?) = Ricmin] Y _(h$)* +4(n — 2 HZ ATt — H)(h$:)?
w2+ (ot - mng) ] (4.10)

i
At the same time, we have

tr(H2H,, 1)t Hyq — [tr(Ho Hyyr))?



296 H. W. Xu, L. Lei and J. R. Gu

_nHZ hn+1 )2
- [Z(h;@“ “} +nH2Z . (4.11)

Using Lemma 2.2, we have

ST~ H)Y(h$)? < (n—2)[n(n — 1)] 73 (Sy — nH?)*tr HZ. (4.12)

%

From (4.3) and (4.10)—(4.12), we get

> N(HoHp — HgHy) — (tr H2)? + tr(HZ Hy g1 )tr Hyy gy — [tr(HoHppo))?

B#n+1
A[Ricmin — (n — 1)(b+ H?)] Z(ha) (3n — HZ AL H)(hS)?
— ";4 [(trH§)2 + (Z (it — )2} +nH2 ha)
> {nHQ 4 4Ricmin — 4(n — 1)(b+ H?) - 2= 4(8 - nHQ)
(3n - 2
m GBrn=8)n-2y /5, nHﬂtrH
n{H2 + Ricmin — (n — 1)(b+ H?)
(3" - 2
m Brn=8)n=2) /5 nHﬂtrH . (4.13)

Then we obtain
— -2
(3n —8)(n )H

ny/n(n —1)

X5 > nS; [HQ + Ricmin — (n — 1)(b+ H?) — So — nHZ‘]

This proves the lemma.
The estimates of Y5 and Zs can be found in [10].

Lemma 4.4 (see [10]) (i) Ys > naS; — 2(p —2)(n — Dz(b—a)Ss;
(i) [y, ZsdM > —=5(p — L)n(n — 1)(26n — 9) [,,(b — a)?>dM.

From Lemmas 4.3-4.4, we get the following theorem.

Theorem 4.2 If M™(n > 4) is an oriented compact submanifold with parallel mean curva-

ture in a Riemannian manifold N" P and H # 0. Then
/ (nS1[Ricwmin — (n — 2)(b+ H2) — J(n, p)H(Sy — nH2)*
—g(n,p —1)(b—a)] = Ex(n,p)(b— a)*}dM < 0.

Here sgn(-) is the standard sign function,

L (g~ 1)n(n - 1)(26n - 9),

Ealn,q) = =(
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Glsg) = 1+ (= 1) (g - 1),

J(n,q) :=sgn(q—2)(3n —8)(n —2)(n — 1)_%71_%.

Let

1
E(n,q) := in(n —1)(26gn + 7q — 32).

We have the following theorem.

Theorem 4.3 Let M"™(n > 4) be an oriented compact submanifold with parallel mean
curvature in a complete simply connected Riemannian manifold NP, p < 2 and H # 0. Then
there exists a constant Oo(n,p) € (0,1), such that if Ky € [02(n,p), 1], and if

Ricy > (n— 2)(1 4 H?) 4 Ba(n,p)(1 — ¢),
R <n(n—1)(1+H?) = y2(n,p)n(l - o),

where ¢ := inf Ky, then N"*P is isometric to S"TP. Moreover, M is either a totally um-
-1 n 1 - m 1 m 1 -
bilical sphere S (—W)’ or the Clifford hypersurface S (7\/m) x S (7\/m) in

Sn+1(\/141-T)(n =2m) for p=2. Here

BZ(TL?p) = l—l—E%(n,p)n_l,
¥2(n,p) =n — 1+ E*(n,p)n",
92(”,]9) =1- [ﬁ?(n7p) +72(’I’L,p)]_l.

Proof Because ¢ < a(z) < b(z) <1 and p <2, it follows from Theorems 4.1-4.2 that
/ (n(S — nH)[Ricmn — (n— 2)(1 + H?) — (1 — ¢)] — B(n,p)(1 — 0)>}dM < 0. (4.14)
M
From the assumption
92(”,]9) =1- [ﬁ?(n7p) + 72(”;]9)]_17
we have
1-c¢ <1- GQ(nvp) = [BQ(nap) + F)/Q(nap)]_l' (415)
So
Ba(n,p)(1 —¢) <1 —a(n,p)(1 —¢) < 1+ H? —3a(n,p)(1 — o). (4.16)

From (4.16), we see that the assumptions of the lower bound for the Ricci curvature and
the upper bound for the scalar curvature are consistent. Then it follows from (2.6) and the

assumption that
S —nH?* > [ya(n,p) — (n — 1)]n(1 — c). (4.17)
This together with the assumption implies

n(S — nH?)[Ricmin — (n —2)(1 + H?) — (1 — ¢)]
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> n®[ya(n,p) — (n = 1)][Ba(n,p) — 1] (1 = ¢)?
= E(n,p)(1 —¢)>. (4.18)

Therefore
/ ((S = nH2)n[Ricpm — (n— 2)(1+ H2) — (1 — )] — E(n,p)(1 — ¢2}dM > 0. (4.19)
M

From (4.14) and (4.19), we obtain the left side of (4.19) is equal to zero. This together with
Theorems 4.1-4.2 and ¢ < a < b < 1 implies that a = ¢ and b = 1. By the same argument as
in [10] we have 1 — ¢ = 0. Since N is complete and simply connected, we get N is isometric
to S™P. Moreover, it follows from Theorem B that M is totally umbilical sphere S™ (*),

ViEse
— 3 3 m 1 m 1 : n+1 1
or p=2 and M is the Clifford hypersurface S (7\/m) x S (72(1“[12)) in S (—\/w)

with n = 2m. This completes the proof.
For the case p > 3, we need the following lemma.

Lemma 4.5 Let M™(n > 4) be an oriented compact submanifold with parallel mean cur-
vature in a Riemannian manifold NP, H # 0. Let a(z) and b(z) for a point v € N be the

minimum and mazimum of K x at the point x, respectively. If
RiCM > (n - 2)(d + HQ) + ﬁ?’(nap)(d - C)a

then d = ¢ or

/ (Sy —nH?*)AM < n(n,p)/ (b —a)dM.
M M

E1(n,p)

Here c:=inf Ky, d > sup Ky, n(n,p) = A CRIESIE

Proof From ¢ <a <b<d and Theorem 4.1, we have
/M{(SH — nH?*)n[Ricyin — (n —2)(b+ H?) — (d — ¢)] — E1(n,p)(b—a)(d — ¢)}dM < 0.
Then it is seen from the assumption that
/M{(SH —nH?*)n[B3(n,p) —1](d — ¢) — By (n,p)(b— a)(d — ¢)}dM < 0. (4.20)
Hence, we have d = c or

/ (S — nH2)AM < / (b— a)dM.
M M
This completes the proof.

Theorem 4.4 Let M™(n > 4) be an oriented compact submanifold with parallel mean
curvature in a complete simply connected Riemannian manifold N" P, p >3 and H # 0. Then
there exists a constant 03(n,p) € (0,1), such that if Ky € [05(n,p), 1], and if

Ricas > (n—2)(1+ H?) + B3(n,p)(1 — ¢) + Ba(n, p)[H(1 + H?)]3 (1 — o)1,
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R < nf(n—1)(1+ H?) = 53(n.p)(1 ~ ©) = ya(n p)[H (1 + H)]7 (1 - )],

where ¢ == inf K i, then N™P is isometric to S™P. Moreover, M is either a totally umbilical

n 1 ; m 1 m 1 : n+1 1
sphere S (m), the Clifford hypersurface S (72(1+H2)) x S (72(1+H2)) in S (m)

(Tl = 2m)) or CPQ(%(1+H2)) in 57(\/#) Here ﬁ3(nap)7 B4(nap)7 73(n7p)7 ”)/4(7'L,p) will be

given in the proof, and 03(n,p) := 1 — [Bs(n,p) +v3(n,p) + V2B4(n, p)] 2.

Remark 4.1 From the choice of 03(n,p), we see that the pinching condition of M makes

sense.
Proof Assume that ¢ # 1. It follows from Theorem 4.2 that
/ {nS[Ricmin — (n — 2)(1 + H?) — J(n,p)H(Sy — nH?)?
—MG(n,p —1)(1 = ¢)] = Ea(n,p)(1 — ¢)*}dM < 0. (4.21)

From the Gauss equation, the assumption Ricy; > (n—2)(1+H?) and S = Sy +S; > nH?+Sy,

we obtain that
S; < S —nH?<n(l+ H?). (4.22)

Since
Ricys > (n — 2)(1+ H?) + Bs(n,p)(1 —¢),

it is seen from the Schwarz inequality and Lemma 4.5 that
/ HS;(Sy —nH?)2dM
M

< H(max S;)vol? (M) [ /M(SH —pman)’

<% (n,p)nH(1 + H?)(1 — ¢)2vol(M). (4.23)
Combing (4.21) and (4.23), we get

/M{ns, Ricain — (n— 2)(1+ H2) — G(n,p — (1 — ¢)] — Ea(n, p)(1 — ¢)?

—n2n% (n,p)J(n,p)H(1 + H?)(1 — ¢)2 }dM < 0. (4.24)
Let
Ba(n.p) = G(n,p— 1) + EF (n,p)n",
Ba(n,p) =1 (n,p)J 2 (n, p).
Because
Ricar = (n = 2)(1+ H?) + B3(n,p)(1 — ¢) + Ba(n, p)[H(1 + H?)]Z(1 - o),
we obtain

/M SydM < [E2 (n,p)(1 — ¢) + n (n, p)J% (n, p) [H(L + H2)J3 (1 — ) ¥ vol(M).  (4.25)
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This together with Lemma 4.5 implies
| (5 =1 < o)+ B (.51~ )
+ 03 (n, p)nJ 2 (n, p)[H(1 + H2)]2 (1 — ¢)3 bvol(M). (4.26)

Here
n(n,p) = By(n,p)n~[Bs(n,p) — 1] 1.

On the other hand, it follows from the assumption that

S —nH? > [y3(n,p) — (n — Dn(l — ¢) + ya(n, pn[H(1 + H)]> (1 - )% (4.27)
Let
v3(n,p) :=n—14[n(n,p) + E£ (n,p)ln"",
Ya(n,p) == Ba(n,p).
Then we have
S —nH? = (5(n,p) + E2 (n,p))(1 — c)
+nn (n,p)J 2 (n, p)[H(1 + H?)]2 (1 — ¢)5. (4.28)

Therefore, the inequalities above all become equalities and 1 —c=b—a. Since c < a < b < 1,
a = ¢, b= 1. By a similar argument as in [10], we have 1 = ¢, contradicting to the assumption.
Because N is complete and simply connected, we know that NN is isometric to S™"T?. Moreover,
it follows from Theorems 4.1-4.2 that

S =nH? or Ricy = (n—2)(1+ H?).
This together with Theorem B implies the conclusion. This proves Theorem 4.4.

Proof of Main Theorem We define the pinching constants in the Main Theorem as
follows:
01(n,p), if H=0,
d(n,p) = { O2(n,p), if p<2and H #0,

n,p), if p>3and H #0,

Bi(n,p), if H=0,
Ai(n,p) = B2(n,p), if p<2and H #0,

Bs(n,p), if p>3and H #0,
B4(n7p)7 if p23and H#Ov
0, otherwise,

, if p>3and H #0,

Ya(n,p), if p>3and H #0,
0,

v1(n,p), if H =0,
Bi(n,p) = ¢ 72(n,p), if p<2and H #0,
(n,p)
{ otherwise.
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When H = 0, the assertion follows from Theorem 3.2. When H # 0, we get the conclusion
from Theorems 4.3—4.4. This proves the Main Theorem.

Motivated by Theorem B and the Main Theorem, we propose the following interesting

problem.

Problem 4.1 Let M be a 3-dimensional oriented compact submanifold, with parallel mean
curvature in a (3 + p)-dimensional complete simply connected Riemannian manifold N3TP.
Does there exist constant §(3,p) € (0,1), such that if the sectional curvature of N satisfies
Ky €[8(3,p), 1], and if

Ricar > 1+ H? 4+ Ay (3,p)(1 — ¢) + A3, p)[H(1 + H?)]Z (1 — ¢)%
R <3201+ H?) = Bi(3,p)(1 — ) — B3, p)[H(1 + H?)]2(1 - ¢)

PSS

J

where ¢ := inf Ky, then N3*? is isometric to S3P, and M is a totally umbilic sphere

S ()7
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