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Boundedness and Almost Periodicity of Solutions for a
Class of Semilinear Parabolic Equations with
Boundary Degeneracy*
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Abstract In this paper the authors investigate the boundedness and almost periodicity of
solutions of semilinear parabolic equations with boundary degeneracy. The equations may
be weakly degenerate or strongly degenerate on the lateral boundary. The authors prove
the existence, uniqueness and global exponential stability of bounded entire solutions, and
also establish the existence theorem of almost periodic solutions if the data are almost
periodic.
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1 Introduction

Let Q € RY be an open bounded domain with smooth boundary 9€2. We consider semilinear

parabolic equations of the form

e div(p?P (x)Vu) + g(z,t,u) = f(z,t) in Q2 xR, (1.1)

where f € L>(R; L?(f2)) is a measurable function in  x R, p(z) = dist(x, 9Q) is the distance
of & from the boundary 09, 0 < p <2 and p # 1, g is a measurable function in  x R x R and
satisfies some structure conditions.

Equation (1.1) can be used to describe a variety of physical and biological models. For
instance, in [4-5] we can find a motivating example of a Crocco-type equation coming from the
study on the velocity field of a laminar flow on a flat plate. It is noted that (1.1) is degenerate on
the lateral boundary 092 x R. As we know, the well-posed problems for parabolic equations with
boundary degeneracy are different from those of common ones. The 1951 paper of Keldys [10]
played a significant role in the development of the theory of partial differential equations with
boundary degeneracy. Later, Fichera and Oleinik (see [17] and references therein) established

general theory on second order elliptic equations with nonnegative characteristic form.
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However, the problem on almost periodic solutions for parabolic equations with boundary
degeneracy has as yet received little attention. One objective of this paper is to study the
existence of almost periodic solutions for the boundary degenerate parabolic equation (1.1). The
time almost periodic dependence reflects the effects of certain “seasonal” variations which are
roughly but not exactly periodic. Compared with periodic solutions, almost periodic solutions
have more application in physics, and the study is more difficult, since the uniform topology in
time in the whole space should be used.

Almost periodic solutions of parabolic equations have been widely investigated over the past
30 years and there have been a great number of results. For example, in [1, 2, 6, 15-16, 19, 21,
23], the authors studied the existence and the longtime behavior of almost periodic solutions for
semilinear parabolic equations from the different angle of view. As for the quasilinear parabolic
equations, we referrer to [3, 8, 11, 24] and the references therein. It is well known that almost
periodic solutions are closely connected with the bounded entire solutions (see [13, 18]). So we
also study the boundedness of solutions of (1.1) without almost periodicity assumptions. We
will prove the existence, uniqueness and global exponential stability of bounded entire solutions,
and establish the existence theorem of almost periodic solutions if the data are almost periodic.

To prescribe and formulate the boundary value condition for parabolic equations with

boundary degeneracy reasonably, a local integral form was introduced in [25]. Denote

1
Y= {x € 09 : There exists 6 > 0 such that / ——dz < +oo},
onBs(z) PP(T)

——dz = —i—oo},

Yo = {x € df) : For any 6 > 0 it holds that
anBs(z) PP (T)

where Bs(x) is the ball in RY centered at = and with radius . We call ¥; and ¥, the weakly
degenerate part and strongly degenerate part of 9Q respectively. It is clear that ¥; = () and
Yo =001 1 < p <2, whereas X1 = 9Q and Xo = () if 0 < p < 1. We propose the following

boundary condition:
u(z,t) =0, (x,t) € Xy xR (1.2)

This means that the boundary value condition is imposed only when 0 < p < 1, and there is
no prescription when 1 < p < 2. Obviously, it is quite different from the boundary condition of
uniformly parabolic equations.

In (1.1), g is a measurable function in Q x R x R satisfying
lg(x, t,u) — g(x, t,v)| < Colu—wv|, (x,t) €QXR, u,veR (1.3)

with some positive constant Cp, and g(x,t, ) is differentiable at « = 0 uniformly in Q x R, i.e.,

. ., g(a:,t,u)—g(a:,t,()) 89 _
ill% 228 - - %(x, t,0)| = 0. (1.4)
teR

The paper is organized as follows. In Section 2, we give some notation and definitions, as
well as some of our main results. In Section 3, we establish several estimates of weak solutions

defined on the half time axis. The main theorems are proved in Section 4.
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2 Notation and Main Results

2.1 Notation and definitions

Firstly, we introduce two kinds of weighted Sobolev spaces, which play important roles in
our arguments. For —oo < s < t < +o00, denote Q% = Q x (s,1).

Definition 2.1 Define W,*(Q, p) to be the closure of the set C3°(Q) with respect to the

norm L

el 2ca,m) = ( /Q @) () P+ [Tu@)P)de)*, we W9, 0),

Suppose that 1 # A € R, and Q C R” is a bounded domain with C' boundary 9. As for
the weighted Sobolev space WO1 2(Q, p*), the following imbedding inequality holds (see [12, p.
53, p. 67]):

O [ P @lu@Pde < [ P@IVu@)Pde, we W), @2.1)

where C), is a positive constant depending only on N, © and A.

Definition 2.2 We denote by #. the closure of C§°(Q%) with respect to the norm
1
fulla, = ([[ @ uen)l + Vawn)Pyasdr) ., we 2
Q1

Let u € .. By virtue of [25], we know that u|gox sy = 0 in the trace sense if 0 < p < 1,
while there is no trace on 9 x (s,t) if p > 1.

Secondly, we introduce definitions of almost periodic functions.

Definition 2.3 (see [14, p. 1]) Let X be a Banach space. We say that a function u(-,t) €
C(R; X) is X almost periodic, denoted by u(-,t) € AP(X), if for any € > 0, the set

T(e,u) = {T eR: ilel]lg Ju(-t+7) —u(-,t)]|x < 5}

is relatively dense, i.e., there is a number | = l(g) > 0 such that any interval of length | contains

at least one number from T (e, u).

Definition 2.4 (see [14, p. 33]) Let 1 < q < +oo. We say that a function u(-,t) €
L (R; X) is X almost periodic in the sense of Stepanov, denoted by u(-,t) € STAP(X), if for
any € > 0, the set

1 1
T(e,u) = {TER:igﬂg(A Hu(-,t—i-T—l—s)—u(-,t+s)||§(ds)q <E}

1s relatively dense.

Obviously, if u(-,t) € AP(X), then u(-,t) € STAP(X), but not vice versa.
At last, we give several definitions of weak solutions to the problem (1.1)—(1.2), which will
be referred on different occasions.
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Definition 2.5 Let —oo < tg < T < 4+00. We say u a weak solution of the problem (1.1)—
(1.2) on QF, if u € L>((to, T); L*(Q))NAL and for any function ¢ € L>=((to, T); L*(2)) NAL,
with %—f € L*(Q}) and @(-,t0)|g =¢(,T)|a =0, the following integral equality holds:

// . - u + PPYuVe + g(x,t,u)p — fcp)dxdt =0. (2.2)

Definition 2.6 Let ug € L*(Q). We say u a weak solution of the problem (1.1)~(1.2) on
QF, with the initial value u(z,to) = ug(x), if u € L>((to, T); L*(Q))NAL and for any function
¢ € L>((to,T); L*(0)) N BE with aaf € L*(QL) and o(-,T)|a = 0, the following integral
equality holds:

//QT - u— + pPVuVp + g(x,t,u)p — fcp)dxdt /Quo(x)go(x,to)dx. (2.3)

A function u is called a weak solution of the problem (1.1)~(1.2) on Q> with the initial
value u(x, to) = ug(x), if for any T > to, u is a weak solution of the problem (1.1)~(1.2) on Qf,

with the initial value u(x,to) = ug(x).

It is easy to see that if u is a weak solution of the problem (1.1)~(1.2) on Qf, with the initial
value u(z,tg) = ug(x), then it is also a weak solution of the problem (1.1)~(1.2) on Qf, but

not vice versa.

Definition 2.7 A function u is called a weak solution of the problem (1.1)~(1.2) on QT,
provided that for any —oco < s < t < +00, u s a weak solution of the problem (1.1)-(1.2) on
Qs-

Definition 2.8 A function u is called a bounded entire solution of the problem (1.1)—(1.2),
if u is a weak solution of the problem (1.1)~(1.2) on QT satisfying

< +00.

t)[2d P|Vu(z, t)|*d o
Sup/|u:v ) x—i—sup/ [Vu(z, t)]"dz + sup L2(QFY)

teR teR H ds ‘

2.2 Main results

The following notation will be used:

/ PP |Vul*dz
Q

P S —
0$u€W&‘2(Q,pp) |u|2dx (2.4)

Q
= 2 : ONE
S* = ig}g H.fHLz(Qerl) + 21(:_1]1% ||g( s ’O)HL2(Q§+1)'
If 0 < p <2 and p # 1, then it follows from (2.1) that

* —2 vk
X > DP2CE >0,

/ PP Vul2da
D =supp(z), Cf=infsq "t —

’ p
e / pp_2|u|2d:z:
Q

where

cu e Wt (Q,pP), u# O}.
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We denote by A the first eigenvalue of —A in WOI’Z(Q).

Define the function
g(xata U) - g(l’,t, O)

, () et 0AueR,

o(z,t,u) = v (2.5)
99 (4.1,0) (@,8) € QT u=0
au Y ) 3 — 00 :

Write
t —
ot = ossinf I& W —gl@t o) (2.6)
(z,t)eQXR u—v
uFvER

In view of (1.3)—(1.4), we see that —Cy < o* < o < Cj.

Now we state the main results of the paper.

Theorem 2.1 Suppose that g satisfies (1.3)—(1.4), S* < +oo and A, +0* > 0. Then the

problem (1.1)—(1.2) admits uniquely a bounded entire solution u satisfying

2
< 0S*, (2.7)
L2(QiM)

ou
sup (1) 22y + sup 7190, )11y + sup | 5|
teR teR teR 1 0S

where C' is a positive constant depending only on N, p, Q, c* and Cjy.
Moreover, if w(z,t) is the weak solution of problem (1.1)~(1.2) on Q/.* with the initial value
w(z,to) = wo(z) € L?(Q), then

w(,t) —u(-, )|z < [Jwo(-) — ul- tO)HL2(Q)e(’\;+U*)(t°_t), t > to.
That s to say, u is globally, exponentially stable.
Theorem 2.2 In addition to the assumptions of Theorem 2.1, if
F(0), g(1,0) € S2AP(L2(2))
and o(-,t,-) € AP(L>®(2 x R)), then the unique bounded entire solution
u(-,t) € AP(L*(Q)) N S2AP(W, % (9, pP)).

Remark 2.1 Under the assumptions of Theorem 2.1, if f(x,t) and g(z,t,u) are w-periodic
in ¢ additionally, i.e., f(z,t) = f(x,t + w) for a.e. (x,t) € 2 xR, and g(z,t,u) = g(x,t + w, u)

for a.e. (z,t,u) € Q x R x R, then the bounded entire solution u(x,t) also is w-periodic in .

Remark 2.2 The conclusions of Theorems 2.1-2.2 still hold in the case of p = 0 (i.e.,
nondegenerate case). More specially, if p = 0 and g(z,t,u) = —Cyu, then the assumption
condition Aj + ¢* > 0 turns into Ag — Cp > 0. This condition coincides with that employed in

[15] for proving the boundedness of solutions to the linear parabolic equation.

Remark 2.3 Let p = 0 and f(z,¢) = 0. Then the problem (1.1)—(1.2) is a special case of
(5.1) in [20] (more precisely f(u, Vu,z,t) = —g(z,t,u)). According to [20, Theorem 5.4], it has a
unique stable almost periodic solution, provided that o* > 0 and (1.1)—(1.2) admits a bounded
solution on Q:g °°. However, Theorem 2.2 is proved under the assumption o* > —\§ (A is
a positive constant) and ¢ satisfies (1.3)—(1.4). Therefore, Theorem 2.2 here in some sense

generalizes in [20, Theorem 5.4].
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3 Estimates of Solutions Defined on the Half Time Axis

For any f € L*(Q%) and ug € L*(9), there exists uniquely a weak solution to the problem
(1.1)—~(1.2) on QF, with the initial value u(x, to) = ug(z) (see [22, Theorem 3.1]). Wang [22] gave
some estimates on the solution u. However, the estimates all depend on the length of the time
interval (tg,T), and so the upper bounds in the estimates may tend to +oo as T — ¢y — +00.
In order to prove the existence of almost periodic solutions, we need to rebuild some global (in
time) estimates for the weak solutions of (1.1)=(1.2) on Qf >, which are proved by combining

the parabolic regularization method and the technique used in [7].

Lemma 3.1 Suppose S* < +00, Ay + 0" >0, ug € L?(Q), and assume as well that (1.3)-
(1.4) are fulfilled. Then there exists uniquely a weak solution u of problem (1.1)~(1.2) on Q>

with the initial value u(x,tg) = ug(x). Furthermore, the solution u satisfies

sup (e, )23y + 50 PVl 1 g, < ClluollZagay + 57, (3.1)
t>to t>to
sup  (t —to) [0 [Vu(, )Pl + sup [Ip7[Vul, )| L1(q)
to<t<to+1 t>to+1
< C([luolZ 2y + 57, (3.2)
fotl ou(-,s) |2
—t Hi‘ ds H ‘ < O(JJuol? S, (3.3
L |75 s+ s[5l g, < Clloloey + 5 33

If pP|Vuo|? € LY () additionally, then

sup || p”|Vu(-, 1) 1 () + sup
t>to t>to

ou "
ER C(”UOH%%Q) + HPP|VUO|2HL1(Q) +5%). (3.4)

t+1) -
Here and bellow we denote by C a positive constant which only depends on N, p, ), c* and Cy.

Proof We transform (1.1) into the form

0
8—1; —div(pP(z)Vu) + o(z,t,u)u + g(z,t,0) = f(z,t) in Q xR. (3.5)
Since (3.5) is degenerate on the lateral boundary, we first investigate the corresponding regu-
larized equations.
Let n(z,t,u) € C°(RN xR xR) be the standard mollifier (see [9, p. 629]). For k = 1,2, -,
o) QxR xR — R, define its mollification
(x,t,u) // ni(x—a t—t u—u)o(d, ' u)ds'dt’' du’
QOXRxR

k

x’ t/ u’
= n(x',t’,u’)o(x— —t— = u— —)dx’dt’du',
//13(071) k k k

where B(0, 1) is the unit ball in RV 72 centered at the origin. It is easily verified that oy (z,t,u) €
C®QAxRxR), 0, — 0ae in QxR xRask — +oo, and 0* < g4, < Cy if we take k > ko (ko
is a positive constant number). Similarly, we can define ax(z) and ugx(z) € C=(Q), hp(x,t)
and fi,(z,t) € C*(Q x R) by using the above convolution operator, which satisfy

2
RSP0 IPkllz2qry < 1lg(- -5 0)llL2(qt)s

1
pp-f—ESa
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Ifell2@y) < fllz2@ys  Nuokllz2e) < lluollz2(e)
for k > kg, and
he — g(x,t,0)  in L2(Q), fu— f in L*(QY), wor —uo in L*(Q)
as k — oo for any t > s > to; further,

llak|Vuor (| L) < 1107 Vuol?(| L) + o

if pP|Vugl? € LY(2) additionally. Consider the problem

0

% — diV(akvuk) + Uk(l',t, uk)uk + hr = fr in Q;_)OO,

ug(z,t) =0 on 99 x (tg, +00), (3.6)
ug(z,to) = uor(x) in Q.

According to the classical theory on parabolic equations, the problem (3.6) admits a unique
classical solution uy.

(i) Multiply the first equation in (3.6) by uj and integrate over Q by parts, we obtain

1d

33l Ol ey + VO ooy + [ ontotowdudde = [ (fu=howda. (3.7)

Recalling (2.4), we have
la| Vur (-, Ol L) 2 107 [Vur (0P lzae) 2 Mlluw( )12 (q)-

Combine this inequality and (3.7), and then invoke Cauchy’s inequality to find

d
E”uk('vt)HQL?(Q) + Cllu( Ol 20) < CollfeCo )72y + 1)1 72())s > to,

where C7 = X5 4+ 0% > 0, Cy = 2(\; + ¢*)~". Multiply the above inequality by ¢%1™ and then
integrate over [s,t] to obtain
(-, )72y = lun(:, $)1 22 ()€™

t
< Cﬁ/ (U fxCZ20) + k(T2 ()7 dr,  t> s > to. (3-8)
Now let t = s + 1, and consequently
, s+1
k(s + Dll72i) < e Hlur( 8) 1720y + Cé/ (a7 + a7 20 )dT
< e_ci||uk(., S)H%Q(Q) + CLS*, s> to.
We therefore see that for any n € N,

_nct C! S*
l[uk(s +n)[ 72 () < e "Mlur (-, 8) 1720y + 12?,

Szto
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Next let s = tp in (3.8) to get
lun (-, )172 () < lluoll7zq) + C59%, to <t <to+1.

It follows from the above two inequalities that

Sup Jur (- )72y < lluollZ20) + CoS™ +
Zto

45" .
127 < JluolZ2(q) + CS™. (3.9)

Integrating (3.7) over [t,t + 1] (t > to), recalling |ox| < Cp, and using (3.9), we conclude that
||ak|Vuk| ||L1(Qt+1 // fk - hk uk - ok(x S uk)uk)dxds

1
+ §||wc(-, D7) = llunt+ DlZeq)
< C(lluollzz () +57).

Thus

Sup lax | Vuk [l 1 grery < Cllluollz o) +57). (3.10)
Zto

(ii) Multiplying the first equation in (3.6) by %5 a"’“ and then integrating over Q (¢ > (), we
get

2 1d

LR
L2(Q) 2dt

ot

1o}
— | Vur (-, )|2||L1(Q) = / (frx — hi — Uk(di,t,uk)uk)%dz'
Q

By Cauchy inequality, we find

auk(Wt) 2 d
H ‘L2(Q) E”ak|VUk(7t)|2”L1(Q)
< 3||fk(-,t)||%2(§z) + 3||hk(~,t)||%2(g) + 3C§||uk(.7t)||%2m)’ t > to. (3.11)

We continue by multiplying (3.11) by ¢ — s and then integrating over [s, 7] (to < s < 7) to find
[ e

s L2(9)

<3(m = ) (11 220p) + 19C, - 0 E2iqr) + Collurllizgr)) + larlVurPllrr@r.  (3.12)

dt + (T — s)||ak|Vuk(-, T)|2||L1(Q)

Removing the first term on the left-hand side of (3.12) and utilizing (3.9) and (3.10), we can

derive

sup  {(1 — s)[lax|Vur (-, ) L)}
s<7<s+42
<61 F11 2 grvay + 1G0T uay + Collurllaggerey) + lar Vur |l 11 qeray

< C(|luoll7oge) +S5*), Vs> to. (3.13)
Therefore

sup  {[lag|Vur (-, 7)o}

s+1<7<s+2
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< sup {(7 = s)llak|Vur ()P}
s+1<7<542

< sup {(7 = 9)]ar|Vur(, 7)o}
s<1<5+2

< C(||u0||2L2(Q) +5%), Vs>to.
From the arbitrary of s, we thereby see that

sup {[lax|Vur (-, 7)1 @)} < ClluollZz(q) + S*)-

T>to+1

Now let s =t in (3.13) to get that

sup  {(7 = to)l|lar|Vur (-, 7) Pl L1y} < Clluol 720y +5%)-
to<T<to+1

We thereupon conclude from the above two inequalities that
sup (¢ —to)llar|Vur (- )L + sup [lag|Var (- )| L1
to<t<to+1 t>to+1

< C(Jluollz (o) + 57 (3.14)

Similarly, remove the second term on the left-hand side of (3.12) to deduce

to+1 ) . 2 t+1 B . 2
/ (s—to>HM\ ds 4+ Sup/ HM\ ds
t Os L2(Q) t>to+1.J Os L2(Q)
< C([luoll7ziq) +57)- (3.15)

(iii) The goal next is to show that ux — u as k — +oo, and u is a weak solution of the
problem (1.1)—(1.2) on Q> with the initial value u(z, %) = uo(x). So now fix T' > ty. Owing
0 (3.9)—(3.10), there exists a subsequence of {ux}7°,, denoted by itself for convenience, a
function u € L>((to,T); L?(Q)) and a function w € L?(QF), such that

ur — v weakly in LQ(Q;?;), VarVur — w  weakly in LQ(QZ)) (3.16)

as k — +oo0.
We will show that there exists a subsequence of {uy}$2 , denoted by itself for convenience,
such that

up —u  strongly in L' (QF). (3.17)
To see this, fix a positive integer T > 7= satisfying {z € Q : dist(z,0Q) > &} # 0. For any

integer m > m, denote
1 1
_ .1 (m) — il
Qo {xEQ.dlst(x,('?Q)>m}, Q me(to—i—m,T).

It follows from the embedding theorem, the estimates (3.9)—(3.10) and (3.15) that there exists
a subsequence of {uk};C 1, denoted by {ukﬁ(l)}ffl", such that

Up,.1) =  in L2(Q™) as | — +oo.
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Similarly, for m > m + 1, there exists a subsequence of {ukmfl(l)}?:f, denoted by {ukm(l)}l‘i"f,
such that

Uk, ) — U in L2 Q™)) asl — +oc. (3.18)

Applying Holder’s inequality, we have

2
(// g, — u|dxdt) < meas(QX\Q™) // lug, — ul?dzdt
Z"O\Q(m) tTO\Q(m)
< 2meas(Q} \Q™) // (Jug | + |u|?)dzdt
Qf
< C(T = to)(luoll 320y + S*)meas(QL\Q™) =0 (3.19)

as m — +00. Give e > 0. Owing to (3.19), there exists a positive integer my > M+ 1 such that

// lug, — u|dzdt < % k=1,2,. (3.20)
QtTO\Q(mm

Due to (3.18), there exists a positive integer ly such that for the so fixed mgy and any I > I,

€
u —uldxdt < =.
//Q(mo) | kmo(l) | 2

Therefore, for any m > Iy + mg, we get from the above inequality and (3.20) that

//T Wk (m) —UIdxdt=//T . |k, (m) — uldadt
Qr QT \Q(mo

+ // [ug,, (m) — uldzdt < e.
Q(mo)

mE»I-ri-loo /~/QT |Ukm(m) B uldxdt - 07
to

and the assertion (3.17) holds.
Clearly, (3.17) implies that there exists a subsequence of {uy}?°,, denoted by itself for

Hence

convenience, such that
up —u ae. in QF. (3.21)

By (3.10), there exists a subsequence of {uy}52 ,, denoted by itself for convenience, such
that
Vuy, — Vu  weakly in L?(Q,, x (to,T))

for sufficiently large m, and so
VarVug — p2Vu  weakly in L3(Q,, x (to,T)).

Thus w = p%Vu a.e. in Q,, X [to, T]. From the arbitrariness of m we see that w = p%Vu a.e.

in QF . Hence

VarVug — p?Vu  weakly in LQ(QZ;). (3.22)
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For any ¢ € C! (Q_z;) satisfying ¢(x,t) = 0 for x near 9Q or t = T, multiply (3.6) by ¢ and
then integrate by parts over Q;;FO to get

0
// i ( — uka—f + apVupVe + og(z,t, uk)ukcp)dxdt

= //T (fx — hi)pdzdt —|—/ uok (), to)da. (3.23)
tO Q
We claim that
lim // (ok(z,t,up)ug, — o(x, t,u)u)pdedt = 0. (3.24)

In fact, by Holder’s inequality and the continuity of o(z,¢,u) with respect to w,

|ow (@, t, up(, 1) — oz, t, u(z, 1))
! t/ 'u/ 13/ t/ u/ 2
< " S R ot __‘ S
//3(071)77(96,75,11)0(:10 k,t k,uzg k) o(x k’t k’u k) da’ dt’ du

=0 ae inQf.
So we obtain from the dominated convergence theorem that
kli»r—ir-loo ok (z, ¢, up(x, ) — O'k(x,t,u(l',t))HLz(Q%) =0,

which together with (3.9) leads to

lim //;1;) (ox(x, t,up(z,t) — op(z, t,u(z, b)) urededt = 0.

k— o0

Similarly, we deduce

k— o0

lim /w/Qz:) (ok(z,t,u(z, t) — o(x, t,u(z,t)))upededt =0

by Holder’s inequality and the dominated convergence theorem. Recalling that u; — u strongly
in LY(QF), we derive
k—-+oo

lim // oz, t,u(z,t))(ur — u)ededt = 0.

Whence assertion (3.24) follows from the above three limits. Letting & — +o0 in (3.23), and
using (3.16), (3.22) and (3.24), one gets

// ( — ug—f + pP’VuVy + o(z,t, u)ucp) dadt
o,
=[] = swr0ppar+ [ w@pl o

For any function ¢ € L>((to, T); L*(Q) N AL with %2 € L*(QF ) and (-, T)|q = 0, the above
integral equality still holds after an approximate procedure. Therefore from the arbitrary of T,
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u is a weak solution of the problem (1.1)—(1.2) on Q> with the initial value u(z,ty) = ug(x).
Observe that the estimates (3.1)—(3.3) follow easily from (3.9)—(3.10) and (3.14)—(3.15).

The uniqueness can be proved by the Holmgren method, which is similar to the proof of
[22, Theorem 3.1], and we omit the details.

(iv) If p?|Vug|? € L'(Q) additionally, integrating (3.11) over [to, 7] and applying (3.9), we
have

Hﬁuk 2
0s 2@z,
< k| Vuor | @) + 3||fk||2L2(Q;D) + 3Hh/€H%2(Q{0) + 3C§||Uk||2L2(Q;O)

<P |Vuol?ll L1 ey + 3||f||2L2(Q;O) +3lg(, 'a0)||2L2(Q;O)
o1
+C(m —to)(uoll72(q) + 5) + T (3.25)

Hence remove the first term on the left-hand side of the above inequality to find that

: + llar| Vur (-, 7)1 0

L1
sup [|ag | Vur (-, 7)* [ L1@) < Clluoll 7z + 107 [Vuol L) + 5™) + T
to<7T<to+1

which together with (3.14) implies

1
sup lax| Veur (5 )P l[10) < Cllluolza @) + 107 [Vuol*ll i) + %) + 1 (3.26)
—to

Similarly, removing the second term on the left-hand side of (3.25), we get

to+2 Buk(-,t) 2
L1

L2(9)

dt < C(lluollZa(q) + 107 [Vuol*[l @) +5%) +

)

| =

which together with (3.15) leads to

2

su

auk
Pll—5—
t>to

0s

1
2 9 i
L2(QI+Y) = O(HUOHL2(9) + |[pP [V uo| ”Ll(ﬂ) +5")+ o

Consequently (3.4) follows from (3.26) and the above inequality. The proof is complete.

Lemma 3.2 Assume that g satisfies (1.3)~(1.4), S* < 400, A5 +0* > 0, ug € L*(Q2), and
u is the weak solution of the problem (1.1)~(1.2) on Q> with the initial value u(z, ty) = uo(x).
Let T € R, vy € L*(Q), and v(x,t) be the weak solution of the following problem:

w — div(p?(z)Vu(z, b)) + gz, t + 7, 0(x, 1))

REARRE in Q> (3.27)
v(z,t) =0 on 1 % (fo, +0).

vl@;to) = vo() in Q.

Then we have

sup v, ) = u(- DIz < C(llvo = wolFaay +sup £+ 7) = FC )2 ger)
t>to teR t

. . —_ . . 2
+supllgCse+7.0) = 9,0l gy
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+ C(lluoll720y +S*) sup [lo(-,t +7,)
teR
— (st ) F e (axm) - (3.28)

Proof Let ag, ok, hr, fr, uor and uy be as that in Lemma 3.1. Suppose that now vy, is the
classical solution of the problem

% —div(ag Vo) + or(x, t + 7, v8)vk, + h(z, 6 +7)
vg(z,t) =0 on 90 x (tg, +00),
v (z, o) = vor () in €,

where vor, € C*(Q), vor, — vo strongly in L?*(2) and |lvok|2(0) < [Jvollz2(n). From the proof
of Lemma 3.1 we can deduce the estimates (3.1)—(3.3) for the solution vy, and so that there
exists {k;}72; C {k}72,, and a function v € L>((to, +00); L*(2)) N A for any to < T < +0o0,
such that

Vg, =V weakly in L*(Q%,),
Vg, = U strongly in L*(Q%,),
Vg, — U a.e. in Qz;,

Varn Vg, — p? Vo  weakly in L*(QF)

as i — +00. One can easily conclude that v is the weak solution of the problem (3.27) owing
to the above convergence processes. Moreover, in the space L°°((tg,+00); L*(Q2)), the weak
solution of the problem (3.27) is unique.

Combining (3.6) and (3.29), we have

v —

(WTM) — div(arV(vr — ur)) + [ok (2, t + 7, 08 )or — ok (2, up)us]
= hi(x,t) — hp(x, t +7) + fru(z, t +7) — fr(z,t) in Q>
vp(x,t) —u(z,t) =0 on 99  (t, +00).
vk, to) — uk(2, to) = vor (x) — uok() in Q.

Multiplying the first equation by vy — uj and integrating over 2 by parts, we obtain

1d

Falve(st) = uk (5 01720y + llar V(e — w21 @)

+ / (ok(x,t + 7,08 — ok (x, t, uk)ug ) (vg — ug)de
Q

- /Q(hk(a:, B — (st 4+ 7) + fol@ b +7) — fula, ) (os — uwe)dz, £ > to, (3.30)

Recalling the definitions of ok (x,t,u) and o*, we compute as u # v that

op(x, t,v)v — op(x, t,u)u

v—Uu
/

A 9 ) R S 9 [ () P
B(0,1)

/
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x’ t/ u’ x’ t/ u
cr(a:— —,t——,v——) —cr(a:— —t——,u— —)
+// nu' k k k k k k2 4zt du/
B(0,1) k(v —u)
. 2CH
- klo—wu|’
Consequently,

/ (ok(z,t + 7, v8)v — ok (x, t + 7, ug))ug) (v — ug)de
Q

2C
TOHUk('vt) —ug (- )| L1 ()

2CHv meas (2
k

> o [|ve (-5 t) = un(, )72 (0) —
> 0" [|ok () = uk(, )22 ) — [[or (1) — ur (- ) L2 (@)

Invoking (3.9) and applying the Holder inequality, we derive

/(ok(x,t + 7, up) — op(x, t, uk) Juk (v, — ug)da

Q

> —[Juk( )l 2 v (5 1) — uk (5 )| L2 () sup lon(-st+7.) — ok, )|l L axr)
€

> —C(lluollL2) + VS)llor (-, t) — un (- D)l 2 sup lo(,t+7,-) = ot )l L axr)-
€
Then it follows from the above two inequalities that

/ (ok(z,t + 7, 05)vk — ok (2, b, ug)ug) (v — ug)de
Q

2CHvmeas 2

2 U*Hvk('ﬂt) - uk('ﬂt)”QL?(Q) - L

— C([Juollz2(@) + V) [Juk (- 1) — ur (- )| L2(q) iuﬂg lo(t+7,-) = o(t, )l e @xr)-
S

v (- 1) — ur(-, )l L2(0)

Combine (3.30) and the above inequality, and then utilize the same arguments as to the proof

of (3.9) to find

sup ||’U;€(-,t) - uk('vt)H%?(Q)
t>to

—_ 2 .. — .. 2
< (v = wollfaqa) + 5 156+ 7) = £C )G g

1
2
A lg(-+7:0) = g O)I7a gy + ﬁ)

+ C(””DH%%Q) + S*) 2161]1% ||U('a t+, ) - U('vta ')H%“’(QXR)' (331)

Taking k = k; and passing to limits as i — 400 in (3.31), we thereby obtain the estimate (3.28).

The proof is complete.

4 Proofs of Main Results

Based on Lemmas 3.1-3.2, we now prove the main results in this paper.
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Proof of Theorem 2.1 For any [ € NT, one gets from Lemma 3.1 that the problem (1.1)—
(1.2) on QT7° with the initial value u(z, —1) = 0 admits uniquely a weak solution, denoted by
uM (x,t), which satisfies

2

< CS*, (4.1)

ou®
0s ‘

® 2 . vNO) 2
sup |[u*/(-,t + su Vu' (-t + su H
sup, [u'™ (5 D720 sup, 167 CLI I AT sup, .
where C' is a constant independent of [.

Fix to = —1. Due to (4.1), we can derive by using the arguments as in the proof of (3.16)—
(3.17) and (3.21)-(3.22) that there exists a subsequence {u(1()} 10 {4}/ and the limit
function u(yy € L>((—1,+00); L*(2)) NAL for any —1 < s < T < +0o0, such that

uB@) sy, weakly in L*(QT),
uB @) S ) strongly in L*(QT),
MCIO)! — ) a.e. in QT

pzVuth(®) — p3 Vugy weakly in L2(QT)

as ¢ — +oo. It follows from (4.1) that

8u<1) 2
sup |luen (-, )] + su PIVu (-, t)]? + su H < CS*.
sup luy (D220 Sup, 1p7 IV (1) 7l BN [ vl PSSR
By repeating the process above, we see that for tg = —j, j = 2,3, -, there exists a family

of subsequences {uli(M} % ¢ {uli-1N}Ee .. ¢ {1 (where 1;(i) > j for i =
1,2,--+), and a function sequence u(j) € L>((—j, +o0); L*(Q))NAL forany —j < s < T < +o0,
such that

uG O = g weakly in L*(QT),
uli®) — strongly in LY(QT), (4.2)
ut®) U(j) a.e. in QT '
PEAIGIONN p§Vu(j) weakly in L%(QT)
as ¢ — 400, and
sup [l () By + sup (97190 (-l + swp |22 <ost. (43)
t>—j t>—j t>—; 1l Os llzz@ith

Notice that ;) (x,t) = u(j—1)(z,t) in @ x (=(j —1),+00) (j = 2,3,---). That is to say, u(;) is
the extension of u;_qy to Q x (—j,4+00). Define u : @ x R — R as follows:

u(z,t) = ugy(z,t) if (z,t) € Q x (=4, +00),

where j =1,2,---.
Let us show that u is a weak solution of the problem (1.1)-(1.2) on Q2. By (4.3), we have
sup [ 0320+ sup 71V u(- D) irey +sup [ 22 <ost
teR teR ter I10s 1122(Qi™)

This implies that u € L>®(R; L%(Q)) N BT for any —00 < s < T < +00. For any —o0o < s <
T < 400, there exists a jo € NT such that (s,7) C (—jo, +00). From Definition 2.5, we have
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that for any function ¢ € C'(QT) satistying o (x,t) = 0 for z near 99, (-, T)|o = @(-, s)|a = 0,
the following integral equality holds:

/ / wbio P2 L p GG 4 (o, , 00 @) )y lio @)
or ot '
+g(x,t,0) — f)cp] dadt = 0. (4.5)

In virtue of (4.2), we derive from the dominated convergence theorem and the continuity of
o(x,t,u) with respect to u that

//QT (U(x,t,u(lfﬂ(i)))u(lfﬂ(i)) —o(,t, ug,))ug,))pdrdt
= //QT o (a, t, ullio ) (3o ) Ujo) ) pdadt

+ // (o(x,t,u(lfo(i))) —o(x,t,ug,)))ug,) pdrdt
T

— 0 asi— +oo. (4.6)

Letting ¢ — oo with (4.2) and (4.6), one gets from (4.5) that
Iy
//T ( — UGo) 5 + PPV iy Vo + gzt ugy))e — fgo)dxdt =0.

For any function ¢ € L*((s,T); L?(2)) N #7T with %—f € L2(QT) and ¢(,s)|a = ¢(-,T)|a = 0,
the above integral equality still holds after an approximate procedure. Note that u = u;,) on
Q x (—jo, +o0) and QT C Q x (—jo, +00). Therefore

0
// (— ua—f + pPVuVe + g(z, t,u)p — fgo)dxdt = 0.

From the arbitrary of s and T', we see that u is the weak solution of the problem (1.1)—(1.2) on
QE%.

Now we set about proving the uniqueness of bounded entire solutions. Firstly, we claim that
if u is a bounded entire solution of the problem (1.1)—(1.2), then for any —oo < t1 < ty < +00
the following integral equality

0
// (—u—(p —i—pquch—I—g(x,t,u)cp—fcp)dxdt
Q2 ot

= / u(x, t1)p(x, ty)de — / u(x, ta)p(x, ta)da (4.7)
Q Q
holds for any function ¢ € L>((t1,t2); L2(Q)) N %,ff with aa—f € L?( if) To see this, we select
or € CHQP) (k=1,2,---) satisfying ¢y (z,t) = 0 for 2 near 9 such that
Opr  0Op

YR — @ strongly in LQ(Q.’ET) N %}ff, r — n strongly in LQ(QEf),

ok (1) = (-, 1) weakly in L*(Q) for any t € (t1,t2)

(4.8)
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as k — +oo. Choose 0(s) € C3°(R) such that 0(s) > 0 for s € R, 6(s) = 0 for |s] > 1,
Jg 0(s)ds = 1. For h > 0, define 0;,(s) = +6(%) and

t—t1—2h
() = /t On(5)ds.

—to+2h

Then
nh(t) S Cgo(tl,tg), hI%)lJr ’r]h(t) =1 forte (tl,tQ).

Choosing ¢ = g (x, t)n(t ) in (2.2) with to, T being replaced by t;, t2 respectively, we obtain

// t2 — u—nh + upr(On(t —ta + 2h) Op(t —t; — 2h))} dadt

// PPV uVrnpdedt + // g(x, t,u) — flpgnpdedt = 0. (4.9)

Note that

‘ // wrpbn (t — to + 2h)dadt — / u(x,tg)cpk(x,tg)dx‘
t2 Q

- ‘// w(@, t)pr(z,t) — ue, ta)or(w,12))0n (¢ — t2 + 2h)dxdt‘
Qi3 s

< sup / |u(z, t)pr (2, t) — ulz, to)pr(x, ta)|dz
to— 3h<t<t2 h

< sup /|u(x,t)—u(x,t2)||<pk(:z:,t)|dx
to—3h<t<to—h JQ

+ o swp / (e, £2) | r (2, £) — k(2 £2) e
to—3h<t<to—h JQ

It is easily seen that

/|u (2,1) — ulx, t2)||ox (x, 1)]dz
to— 3h<t<t2 h

// Bu
<
to— 3h<t<t2 h t2

< Va2

sllLzQp?)

‘| ok (z, t)|dads

ekl c@xer,ta))

and

sup /|u($7t2)||%0k(1?at)—@k($7t2)|d117S lu(-,t2)|l L2y sup  osc  @p(x,t).
to—3h<t<ta—h JQ zeﬁte[t2—3h,t2]

Hence it follows from the above arguments that for any given k € NT,
// w@ROp (t — to + 2h)dzdt — / u(m, to)pr(z, ta)dr  as h — 0T,
to Q
t1

Likewise we have

// upROp (t — t1 — 2h)dadt — / u(x,t1)op(x,t1)de  as h — 0T,
Qi Q



320 Y. Xie and P. D. Lei

Letting h — 0% and then k — 400 in (4.9) yield (4.7).
Let uy(z,t), us(x,t) be two bounded entire solutions of the problem (1.1)—(1.2). For any
function ¢ € L>((to,t); L2(Q)) N &}, with 2 € L*(Q},), it follows from (4.7) that

0
J[ (=G =58 + 7 — ) Ve + (gl s,m1) (o, 5,u))p ) dods
Qi

= / (ur(z,to) — ua(z, to))e(x, to)dz — / (ur(x,t) — uz(x, t))p(z, t)d.
Q

Q

Letting ¢ = u; — ug in the above equality, we derive from the arbitrariness of ¢y and ¢ that
1d

sl () = ul Ollzzio) + P71V (wa ( 1) = wa ()Pl o)

+ / (9(z,t,ui(z,t)) — gz, t,us(z, b)) (ur(z,t) — us(z,t))de =0 ae. t €R.
Q

Then we employ (2.4) and the definition of o* to derive

d .

EHUI('J) - U'?('ﬂt)”%?(fz) + 2(/\p to )Hul('ﬂt) - u2('7t)||%2(§2) <0 aeteR, (4'10)
which implies that ||uy (-, t) —ua(-, t)||2L2(Q) is decreasing. If the stated conclusion of the unique-
ness is not true, there would exist ¢; € R and positive number ¢ such that

||U1(-,t1) - UZ('atl)Hiz(Q) >6>0.

Integrating (4.10) over [to,t1] (t2 < t1), we have

t1
Jur (- t1) = w2 (- t1)[[ 720y +2(0, + 0*)/ [ur () = w2, 1) [ 72 dt

to
<ua (- t2) — w2l t2)[| 720

It follows from the above two inequalities that
5+ 2Ny + o)lur (-, t1) — ua (-, t1) [ 720y (b1 — t2) < Jlua (- t2) — ua (-, t2)[|72(q);
since |luy(-,t) — ua(, t)||2L2(Q) is decreasing. Consequently
Jur (-, t2) — ua (-, t2) |72y = +o0  as tg — —oo.

However this conclusion is at variance with the definition of bounded entire solution.

It remains to prove the stability of the solution u(x,t). Suppose that w(x,t) is the weak
solution of the problem (1.1)—(1.2) on Q7> with the initial condition w(z, ty) = wo(z) € L*(Q).
Owing to (3.3), we might not expect w(x,t) — u(x,t) to be a test function in QF,. We will try
to get the stability of u(x,t) with the help of v(z,t), which is the weak solution of the problem
(1.1)—(1.2) on Q> with the initial value v(z,to) = vo(z) € Wy 2(2). For any given € > 0, we
can select vg(x) such that

llwo = vollr2(0) <e.
In a way similar to the proof of (4.10), we deduce

d * *
&HU(-,t) - u('ﬂt)”%?(ﬂ) + 2(/\;) to )HU(-,t) - u('ﬂt)”%?(ﬂ) <0 ae. t=>to.
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Consequently
(s 8) = () 22y < M0 = e o)y X5 )00=0 g > ¢y,
which leads to
lw(,t) —ul(- )2

< w(,t) = v( )2 + [[v(5 1) —ul, D) L2 @)
< lw(-, ) = v(, )l L2y + lvo(-) — ul-, o)l p2yer T7 =D ¢ > ¢,
Noting that

sup fw(,#) —o( Dlz2(@) < Cllwo = vollzzq) < O,
—to

according to Lemma 3.2, we derive from the above two inequalities that
lw(-,t) = ul- )l 2(0) < VO + [[vo(-) = ul- to) || 12y ePe 7070
< (VO +1)e + |Jwo(-) — uf-, tO)||L2(Q)e()\;+a*)(to_t)7 t>to.
From the arbitrariness of ¢ we have
lw(,t) —ul )l L2 < llwol-) — U('vto)||L2(Q)6(A;+G*)(t°_t), t > to.
The proof is complete.

Proof of Theorem 2.2 We claim that for any 7 € R,

sup ”u('vt + T) - u('vt)”%ﬁ(fz) < C(S* + 1)(sup ||f(7 -t T) - f(v ')||iz(Qf+1)
teR teR t

. . [— . . 2
+ ilelﬂlg ”g( 9 + T, O) g( ’ ’O)||L2(Qf+1)

+§l€1]g”a'('at+7-a')_U('vta')H%“’(QXR))' (411)

To confirm this, for any I € NT suppose that v()(x,t) is a weak solution of the following

problem:
ov® . .
5 div(p? () Vo) 4 g(z,t + 1,00) = f(z,t +7) in QF,
v®(z,t) =0 on Xy X (=1, 400), (4.12)
v®(z,—1) =0 in Q.

Let u®(z,t), u®)(2,t) be as that in the proof of Theorem 2.1. Without loss of generality,
we can select a family of subsequences {v(!i())1 2 ¢ fylli—1(@)toe o ... fyla(d)ytoe
{v}%F, and a function sequence v;, € L>((—j,+00); L*(Q)) N BT for any —j < s < T <
400, such that

i) — ;) weakly in L2(QT),
vliD) — strongly in LY(QT),
pli@) V() a.e. in QT

pEVoli@®) — pEVey,y weakly in L2(QT)
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as 1 — +o00, and
Iv()

sup |[ve (0|1 + su PIVo (-, t)]2 + su H
tz_pjll ISIIEIRS t2_1f>j||p| @GO @) s || =5

<CS*.

2
S ‘ L2(QI)

Since vy (x,t) = v(j—1)(z,1) in Q@ x (=(j —1),+00) (j =2,3,---), we can define v : Q xR = R
as follows:
v(x,t) = v (@) if (2,t) € Q x (=4, +00),

where j = 1,2,--- . We thereupon conclude from the the proof of Theorem 2.1 that v(x,t) is a
bounded entire solution of the following problem:

%!I;t) _ div(pp(izr)vv(%t)) + g(a:, t+T, v(x,t)) = f(x,t + T) in tgv (4'13)
o(o.t) =0 on X1 x R.

In view of Lemma 3.2 we have
sup [[o (1) = ub D (D32 < O™ + 1) (sup 1 (0 +7) = £ 2 gy
t>—1;(i) teR t
. . — . . 2
+§161H1:£)”g( 9 +7—7 0) g( 9 ’O)HL?(Q:*l)

sup (st 7 ) = 0t ) e ) )
teR

Note that {v)1F and {uGE)}1E% are common subsequences of {v(li-1(0)1F2 and
{ulli-1(0)1 12 respectively. Owing to the above inequality we thereby obtain

sup ||’U(-,t) - u('vt)”%?(ﬂ) < C(S* + 1)(sup ||f(7 T+ T) - f(v ')Hiz(QHl)

teR teR t

. . - M * 2
+5up lg -, +7,0) = g+, 0) 2 ey

=+ sup ||U(7t + 7, ) - U('vta )H%“’(QXR))
teR

Obviously u(z, t+7) also is the bounded entire solution of problem (4.13). This implies v(z,t) =
u(z,t +7) for a.e. (2,t) € QT due to the uniqueness of bounded entire solution of problem
(4.13), whence the assertion (4.11) holds.

Now we are in position to prove the almost periodicity of u(x,t). Since f(-,t), g(-,t,0) €
S2AP(L*(Q)) and o(-,t,-) € AP(L>(QxR)), we conclude from (4.11) that u(-,t) € C(R; L?(2)).
Letting

TeT(e, f)NT(e,9(-,-,0)NT (e, 0), (4.14)
we deduce from (4.11) that

sup [[u(:, £+ 7) = ul, t)l|720) < 3C(S™ + 1), (4.15)

This implies

T(e, f)NT(e, g(-,-0) N T(e,0) C T(/3C(S* + 1)e, u).
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It is well known that the intersection of two relatively dense sets is also relatively dense, hence
u(-,t) € AP(L?(2)). Furthermore, we find that

Sl 7) = Dy + 105 T+ 7) = 0, ) 2o
=— /Q(a(x, tru(z,t 4+ 1)z, t+ 1) — ozt ule, £)ulz, ) (u, t +7) — u(x,t))de
+ /Q(g(:z:, £,0) = g(a,t+7,0) + f(z,t +7) — f(z,8)) (u(x, t + 7) — u(z,t))de.  (4.16)
Recalling the definition of o and (4.14)~(4.15), we compute
/Q(o(x, troule, t+ )l t+ 1) — ola, tule, O)ule, £) (u(e, t +7) — uz, t))de
= /Q(o(x, t 4 7u(m, b+ )l t+ 1) — o, t+ 7 u(z, )z, £) (ule, t +7) — ulz, ¢)dz

+ /Q(a(x, t+71,u(x,t)) — oz, t,u(x, t))u(x, t)(u(z,t + 7) — u(x, t))dx
> —3C|0*|(S* + 1)e2 — V3(S* + 1)Ce>. (4.17)

But it follows from Holder’s inequality and (4.11) that

/Q(g(x,t, 0) — gz, t +7,0)+ flx,t +7) — f(x, ) (u(x, t +7) — u(z, t))de
< 3C(S*+1)E(Hg(x,t+7,0)—g(x,t,O)HLz(Q)—|—Hf(x,t—i-T)—f(x,t)HLz(Q)). (4'18)

Integrating (4.16) over [t,t + 1] and utilizing (4.15) and (4.17)—(4.18), we obtain

t+1
sup [ 105 Vs +7) = e 8) [ apds < O,
teR Jt

where C” is a positive constant which depends only on N, p, Q, ¢*, Cy and S*. Thus u(-,t) €
S2AP(W,*(9, pP)). The proof is compete.
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