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Kloosterman Sums and a Problem of D. H. Lehmer*
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(Dedicated to Professor Wenpeng Zhang on the occasion of his siztieth birthday)

Abstract A classical problem of D. H. Lehmer suggests the study of distributions of
elements of Z/pZ of opposite parity to the multiplicative inverse mod p. Zhang initiated
this problem and found an asymptotic evaluation of the number of such elements. In this
paper, an asymptotic formula for the fourth moment of the error term of Zhang is proved,
from which one may see that Zhang’s error term is optimal up to the logarithm factor.
The method also applies to the case of arbitrary positive integral moments.
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1 Introduction

Let ¢ be an odd positive integer and (c,q) = 1. We are interested in the set
Ly(c) ={(z,y) € [1,4]" : 2y = c(mod q), 2 { = + y}.

The original problem of D. H. Lehmer is concerned with the non-trivial information of £,(1) (see
[3, Section F12] for details). The first attack is due to Zhang [12], who obtained an asymptotic
formula for |£,(1)] as long as ¢ is a prime power or a product of two distinct primes. Shortly

after, he generalized the case to arbitrary odd ¢ and proved in [13] that

1£,(1)] = %s@(q) +0(q%7(q)* log® q), (1.1)

where 7 denotes the divisor function. Various generalizations and extensions can be found in
[1, 5-8, 10-11] for instance.
It is natural to ask whether the error term in (1.1) is the best possible in the exponent of ¢

and a good choice is to examine the moment

Mi(g) = > Agle)t,

cmod q

Manuscript received June 23, 2018. Revised August 30, 2018.
1School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an 710049, China.

E-mail: ping.xi@xjtu.edu.cn  yuanyi@xjtu.edu.cn
*This work was supported by the National Natural Science Foundation of China (No.11601413), the
Fundamental Research Funds for the Central Universities (No.201806078) and the Natural Science
Basic Research Plan in Shaanxi Province of China (No.2017JQ1016).



362 P. Xiand Y. Yi

where

1
Aq(e) = [Lq(c)] = 50(a)- (1.2)
By virtue of the analytic properties of Dirichlet characters and L-functions, Zhang [14] proved
that
3 P2

557 0 (13)

My(p) =

for all large prime p and any € > 0. This was later generalized by Zhang, Xu and Yi [15] to
general odd moduli.
In this paper, we focus on higher moments 9 (¢) with restricting to prime moduli. In

particular, we will prove the following asymptotic formula.

Theorem 1.1 For all large prime p, we have
3 5. 6
M4(p) = cp” + O(p2 log” p)

with

4
_ 27 2336751616 ¢~ 7(n)* | o
16 221531257° <= nf

In fact, our method can be generalized to evaluate Moy (p) for each integer k& > 3. More

precisely, one may prove, there exists some constant ci, depending only on k, that
ka(p) _ Ckpk—H + O(pk-l-%-hs)’

where the implied constant depends polynomially on k. In the case of odd moments, our

argument will also lead to
1
Mok (p) < pFHate

for each integer k > 0, where the implied constant depends polynomially on k. These would
require a generalization of Lemma 2.2 (see [2, Proposition 3.2] or [9, Lemma 4] for instance).

By the method of moments, we are then able to prove the probability distribution of A,(c)
as ¢ runs over (Z/pZ)*. More precisely, there exists some function ¢ € C(R), such that for any
given o, f € R, we have

lim L|{1<c<p—1 ap? <A ()<ﬁp H = /¢

p—+oo p —

As another remark, our method also applies to the correlation

SO IT 2o

cmodp 1<i<k

where v; € PGLo(F)).
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The main tool in this paper is the normalized Kloosterman sum

KI( Z (ax—i—a)

amod q

Lemma 2.1 below relates A,(c) to certain averages of Kloosterman sums. A classical bound
of Weil asserts that |Kl(x,q)| < 7(g), which plays an important role in [13]. To evaluate
the moment 9 (p), it requires to capture more cancellations among the averages of Kloos-
terman sums. This starting point is reasonable due to the celebrated work of Katz [4] that the
Kloosterman sums Kl(z, p) become equidistributed in [—2, 2] with respected to the Sato-Tate
measure, as long as p is large enough. More precisely, we would like to reduce the evaluation
of My (p) to capturing cancellations among Kloosterman sums, and Lemma 2.2 plays a crucial

role while picking up the main term for 9t (p).

2 Lemmas

The first lemma was already obtained by Zhang [13], which relates the error term A,(c) to

averages of Kloosterman sums in a certain way.

Lemma 2.1 For (¢,p) =1, we have

Z Z ){Kl(( 1Y en, p) — 4KI1((—1)72en, p) + 4K1((—1)dcn, p)}

1<]<2 n<p?

+0(log” p),
where T(n,z) := |{(a,b) € [1,x)? : ab=n}| is a truncated divisor function.

Given m = (my, ma, m3,my) € [1,p — 1]%, put

=YY" T[ Kitmz,p).

zmodp 1<i<4
A crucial part of this paper is to evaluate T'(m, p) while m is in different configurations.

Lemma 2.2 Keep the above notation.

(1) For my = mg = m3 = my(modp), we have
T(m,p) = 2p+ O(p?).
(2) For my = mg # m3 = my(modp), we have
T(m,p) =p+ O(p?).
(3) In the remaining cases up to permutations among my, msa, ms, my, we have
T(m,p) = O(p?).

Proof The lemma is a special case of [2, Proposition 3.2] or [9, Lemma 4].



364

Lemma 2.3 For any z with |z| < 1, we have

1
> (k+1)2F = a

k>0
1+2
(k—i—l)zzl~C = —
2. =P
1+4z+ 22
(k—i—l)3zl~C =
1; (1—2)*
and
= (1—2) ’

Proof The above identities can be obtained by differencing

z
IR
1—=z2

k>0
suitably.

Let «, 8,7, 9 be fixed non-negative integers. Put

Y(a) = Z T(n)T(QO‘n)7

nQ
n>1

7(290)7(28n) 7 (27n) T (29N
Zlasfomyd) = 3 LW ()

4
n>1

Particularly, we write Z(0) = Z(0,0,0,0); i.e

Lemma 2.4 For each given integer o > 0, we have

¥(a) = 2" (3—0‘ +1).

C(4) \'5
Proof First, we have
2k+a 2k )
=Yy T
k>0 & n>1
2tn
(k+a+1)(k+1) 7(n)?
- Z 4k Z n2
k>0 n>1

2fn

From Lemma 2.3, it follows that

E+a+1)(k+1 k+1)2 kE+1
! 4D g EED? _

4k 4k 4k
k>0 k>0 k>0

P. Xiand Y. Yi
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and

B 7(p')? B l—l—l 14+p2 27 ¢(2)*
I IS - g s

n>1 p>2

2tn
from which and (2.1) the lemma follows.

Lemma 2.5 For any given non-negative integers ., 3,7, 0, we have

65536

Z(, 5,7,0) = mo mnaae 2 (0) 27

04767/775)7

where

Z*(a, B,7,8) = 37808 + 256800 + 256803 + 25680~ + 256808 + 2040003 + 204000y
+ 2040008 + 2040087 + 2040038 + 204000
+ 18000037 + 18000038 4+ 18000ay8 + 18000873 + 168750875,  (2.2)

Proof First, we have

(28 o) r (28 n) 7 (28 n) 7 (28 0n)

a, B, % Z 16k Z n4

k>0 n)(>1
2tn
_ (k+a+D)(k+B+1)(k+y+1)(k+6+1) 7(n)?
- Z 16% Z nt
E>0 n>1
2fn
From Lemma 2.3, it follows that
k+ta+D)(k+B8+1)(k+y+1D)(k+6+1) 16,
= Z

k>0

where Z*(a, 8,7,0) is given by (2.2). On the other hand,
()t _

> =

n>1 p>21>0 p>21>0 p>2
2tn

H1+11p +11p 16 4 p=64
=

4096 H 1+ 11p~* +11p~ 10+ p=6* 4096 Z 7(n)*
7089 1 (1—p=4)3 - T089 & nt

The lemma then follows by combining all above evaluations.

Lemma 2.6 Let o € {0,1,2}. For sufficiently large q, we have

ZZ T(m7Q)T(n7Q) _ Y(Oé) +O(q—1+€)

mn 2«

m,n<q 2
m=2% n(modq)

for any e > 0.
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Proof Put o = 2% The congruence condition m = on(mod q) is equivalent to m = on +1q
for some [ € Z. Note that m,n < ¢%, we thus assume 0 < |I| < ¢. If | # 0, we may assume
1 <1 <« g without loss of generality. Therefore,

> Yy Hmarng

T(on +1q,q)7(n, q)
Z Z n(on +1q)

1<ikq mn<q 1<l<«gn<q?
m=on+lq
<¢ Y Yo
l<l<<qn<q
< q—1+a'

It then follows that

ZZ 771(]) % Z %)Q(nq) +O(q—1+€)

m,n<qg? n<q?
m=on(mod q)

Furthermore, we find
T(on,q) = 7(on) + O( Z 1),
g<d|on
for which the O-term vanishes unless on > ¢. This observation yields

Z Z Tl Q) % Z T(UZL);—(”) + O(q_1+5),

m,n<qg? n>1

m=on(mod q)
from which and Lemma 2.4, the lemma follows immediately.

Lemma 2.7 Let A be a fized positive integer. For sufficiently large q, we have

I

m,n<qg?
m=—An (mod q)

for any € > 0, where the implied constant depends on € and .

Proof The congruence condition m = —An(mod q) is equivalent to m + An = lq for some
l € Z with 1 <1 < ¢q. We may assume m > An without loss of generality, in which case we find
m > %q. Note that

DD Sy T e

1<I€q m,n<q?
m+An=lq
m>An

Then the lemma follows immediately.

1<I€q m,n<q?
m4An=lq
m>An
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3 Proof of Theorem 1.1

3.1 Initial reductions

First, we write

2
Mi(p) = Z5M;(p) + O(p? (log p)”), (3.1)
where
* * (_1)j7—(n7p) . 4
m4(p) = Z ‘ Z Z f}?(a]vn;p)
cmodp 1<j<2n<p2?
and

F(c,j,m;p) = KI((=1)?4en, p) — 4K1((—1)72¢cn, p) + 4K1((=1)  cn, p).

Opening the power and switching summations, we get

JitJj2+is+ja

* (_1) .
Mip) = DD DD it (mp)T(n2, )0, )T (0 )W (3,0 ),
1<51,52,93,J4 <2 n1,n2,n3,ns <p?

Wherea fOI'j = (j13j27j37j4)7n = (n17n25n37n4)7

W(j,n;p) = Z* 11 Fle dinisp).

cmodp 1<i<4

Note that

1<i<4 1<i<4
We may split W (j,n; p) as the linear combination of 3* = 81 terms, each of which is of the shape
T'(m, p) upon suitable choices for m = (mq,ma, mg, my4). In our applications to W (j,n;p), we

will take m = (my, me, m3, m4) to be one of the following tetrads:
(£coiny, £coong, £cosns, £cosny),  (o1,02,03,04) € {1,2,4} (3.2)

Given m = (mq,ma, m3, m4),n = (ny,n2,n3,n4) € Z*, we say that m and n are equivalent
mod p, if at least one of the following conditions holds:

(1) There exists some § coprime to p, such that m; = dn,;(mod p) for each i = 1,2, 3, 4;

(2) (m1,ma, m3,myg) = (on1,0ns,ons,ony)(mod p) for a certain permutation o.

Due to the symmetry among ji, j2, j3, ja and nq, na, ng, ng, we find that 7'(m, p) and T'(n, p)
give the same contribution to 9t} (p) if m and n are equivalent mod p. With this observation,

we may characterize 0} (p) by

M;(p) = 51351 — 104055 + 1653 + 163254 — 19255 4 9655 — 128057
+ 76855 — 7685 + 2565, (3.3)
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where
— 1)1 +i2+is+ia .
Sf = ZZ ZZ (TflnTWT(nl7p)T(n27p)T(n37p)T(n47p)6(aéa.]an;p)a

1<51,72,78,34<2 n1,n2,n3,n4 <p?

where

Slanjmp) =Y [ KU(-1)"asmic,p)

cmod p 1<i<4
. 4 .
with o = (10, 2.0, 3.0, 4 ¢) € {1,2,4}* given by

o] = (1717171)7 Qo = (2727271)7 a3 = (4747471)7 ay = (2727171)7 a5 = (4747271)7
o =(4,4,1,1), ar=(2,1,1,1), as=(4,2,2,1), ay=(4,2,1,1), ao=(4,1,1,1).

3.2 Evaluations of Sy, ¢ € {1,2,3,7,10}
Note that
6(a1,j,n;p) = T(m7p)7 m = ((_1)_71”17 (_1)j2n27 (_1)j3n37 (_1)j4n4)

From Lemma 2.2, it follows that

20+ 0(p2), (1) = (=1)2ny = (~1)ng = (~1)7na(mod p),
D+ O(pf), (—1){1n1 = (—1){2712 % (—1)3nz = (—1)’*ny(mod p),

S(a1,dmip) = p+0(h),  (~1Pim = (~1Png £ (~1)ny = (~1)Pma(mod p),
p+0(2), (1) = (=1)ny # (=1)"ng = (=1)"*n3(mod p),
O(p?), otherwise,

from which we find

S1 = (2p+ O(p?)) D> D> 11 (_nl_)hT(m,p)

1<51,72,93,74<2 n1,na,n3,n4 <p? 1<i<4
(=1)71n1=(-1)72n2=(-1)73n3=(-1)74n4 (mod p)

+ (3p+ O(p?)) Do DDl II (_nli)hf(ni,p)

1<71,52,98,§4<2 ny,n2,n3,na<p? 1<i<4
(=1)91ni=(—1)72n2Z(—1)73n3=(—1)/4n4(mod p)

= (-p+0(?)) )IEDDED DD [1 S

1<j1,42,43,54<2 n1,n2,n3,n4<p? 1<i<4
(=1)1n1=(—1)72n2=(—1)’8n3=(—1)74n4(mod p)

NORYIE D S DD S D ] e 8}

1<j1,52,48,§4<2 n1,n2,m3,n4<p? 1<i<4
(=1)i1n;=(—1)72n2, (—1)i3nz3=(—1)J4n4(mod p)

By Lemmas 2.6-2.7, we further have

5= (—2p+ 00 Y T 4190 o) (X T(")2)2

n
n>1 n>1

= (12Y(0)2 — 22(070, 0,0))p + O(p?).
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Similarly, we have
1 1
$2 = (6Y(0)Y (1) = $2(0,1,1,1) )p + O3,
1 1
S5 = (3Y(0)Y(2) - 552(0,2.2,2) Jp + O},
32
(

6Y (0)Y (1) — Z(0,0,0,1))p + O(p?),
Sio = (3Y(0)Y(2) - %Z(O, 0,0, 2))p +0(p?).

3.3 Evaluations of Sy, ¢ € {4,5,6,8,9}

Note that
2p + O(p%), (—=1)12n1 = (—1)722ny = (—1)3n3 = (—1)4ny(mod p),
p+ O(p%), (=1)712ny = (—1)722ny # (—1)%2nz = (—1)74ny(mod p),

S(aninip) = p+0(h),  (—112m = (—1)eng £ (—1)2n5 = (—1)i*ny(mod ),
p+ O(p%), (=1)712ny = (—1)2n4 # (—1)22ny = (—1)74nz(mod p),
O(p?), otherwise.

Hence
1 (—1)%
Sy = (2p+ O(p2)) ZZ ZZ H — 7(ni, p)
1<51,42,3,04 <2 n1,n2,ns,m4 <p2 1<i<a

(=1)712n1=(—1)722n5=(—1)73n3=(—1)74n4(mod p)

+ (p+ O(p?)) DYDY 11 (—;)“‘T(m’p)

1<51,92,93,J4a<2 n1,n2,n3,n4<p? 1<i<4
(—1)712n1=(—1)722n2#Z(—1)’3n3=(—1)4ns(mod p)

+(2p+0(p?)) PP IR I1 (_;i)ﬁT(m’p)

1<51,42,93,J4 <2 n1,n2,n3,n4 <p? 1<i<4
(=1)712n1=(-1)72n3#(—1)732n2=(~1)74n4 (mod p)

— (-p+0(})) PIRDDED IS [T = et

1<71,42,78,04 <2 n1,n2,n3,n4 <p? 1<i<4
(=1)712n1=(—1)722n3=(—1)73n3=(—1)%4n4(mod p)

+(p+O0(p?)) DD Dl II (_;)jiT(m,p)

1<51,52,73,J4 <2 n1,n2,n3,ns <p? 1<i<4
(—1)71ny=(~1)72nz, (~1)33nz=(~1)"4n4(mod p)

RS NED DS DD D 3 I S

1<j1,52,73,44<2 n1,n2,n3,n4 <p2 1<i<4
(=1)712n1=(~1)72n3, (—=1)732n2=(—1)4n4(mod p)

From Lemmas 2.6-2.7, we may conclude that

S, = (4Y(0)2 +2Y(1)% — %Z(O, 0,1, 1))p +O(p?).
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Similarly, we have

S5 = (2Y(0)Y(1) +Y(1)Y(2) - 11—62(0, 1,2, 2))p +0(p?),
Sg = (4Y(0)2 + %5/(2)2 — éZ(O, 0,2, 2))p +0(p3),
Ss= (27 + YOy (2) - éZ(O, 1,1,2))p+0(ph),

5o = (V)Y (1) + Y()Y(2) ~ 17(0,0,1,2))p+ O(p?)

3.4 Concluding Theorem 1.1

Inserting all above asymptotic evaluations for S; to (3.3) and in view of Lemmas 2.4-2.5,

we arrive at

27T ¢ 2336751616

Map) = 167 ~ 153105 2O

from which and (3.1) we conclude Theorem 1.1.
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