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Local Strong Solutions for the Compressible Non-
Newtonian Models with Density-Dependent
Viscosity and Vacuum*
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Abstract The one-dimensional compressible non-Newtonian models are considered in this
paper. The extra-stress tensor in our models satisfies a kind of power law structure which
was proposed by O. A. Ladyzhenskaya in 1970s. In particular, the viscosity coefficient
in our models depends on the density. By using energy-estimate, the authors obtain the
existence and uniqueness of local strong solutions for which the density is non-negative.
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1 Introduction

In this paper, we consider the density-dependent compressible non-Newtonian models in

one-dimensional bounded domain

Pt + (Pu)w = 07
(pu)e + (pu*)e — (W(p) (e + [ual?"?us))a + Po = pf,  (,) € (0,1) x (0,T), (1.1)
P=Ap, A>0, v>1

with the initial boundary conditions:
(p,u)|i=0 = (po,w0), x€I=1[0,1; u|peo=1ulzz1 =0, te]0,T], (1.2)

where pu(p) = 1+ p%, and the unknown variables p, u, P stand for the fluid density, velocity
and pressure, respectively. The constants A, p > 2, 0 < a < 1 are given. For simplicity, it is
assumed that A = 1. External force f and initial value pg, wug satisfy the following regularity
conditions:
0<pf € H'(I), wuo€ Hy(I)NH*(I), 13)
2r_ .
feL([0,7]; Lr=T(I) N Ho(I) N L>([0,T]; L*(I)), fr € L>([0,T]; L*(1)).
The research of non-Newtonian fluid dynamics involves chemistry, biology, glaciology, geolo-

gy and other important fields. Its mathematical models have attracted many experts’ attention.
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Through studying for the well-posedness of compressible non-Newtonian fluid models, we de-
scribe the movement theoretically, and analyze the essential characteristic of non-Newtonian
fluid, and also provide theoretical support for the related practical problem.

In 1970s, a new model to study some kinds of non-Newtonian fluid was proposed by La-
dyzhenskaya [1], in which the extra-stress tensor 7(Du) satisfies a kind of power law structure.
Further, Mélek, Necas, Rokyta and Ruzicka summarized and improved power law structure in

[2], two of which had been used widely:

7(Du) = oo Du + po|DulP~2Du, Power law;

T(Du) = proo Du+ po(1 4+ |Du|2)Z72;2Du7 Carreau’s law.
In particular, the non-Newtonian model is called Ellis model for g > 0, pgo > 0, p > 2 in
Power law structure.

For the incompressible non-Newtonian fluid, the earliest results were obtained by Ladyzhen-
skaya [1] and Lions [3]. There have been many remarkable researches concerning the well-
posedness of the weak solutions in [2, 4-6] and many others.

When density is variable, the models are the compressible non-Newtonian models. The
existence of measure-value weak solutions for the models with space dimension n > 2 was
obtained in [7-9]. And Feireisl, Liao, Mélek [10] proved global existence of weak solutions for
the initial and boundary problem with Carreau’s law viscous term. Mamontov [11-12] studied
the global existence and regularity estimates of solutions in one and two-dimensional space.
Recently, for the models with Carreau’s law viscous term, Xu and Yuan [13-14] proved the
existence and uniqueness of local strong solutions in one-dimensional space; Fang and Li [15]
studied the existence of classical solution for compressible non-Newtonian fluids; Yang and Tong
[16] proved the existence and uniqueness of compressible non-Newtonian fluids with Power law
viscous term. For more related results, we refer the reader to [17-20]

For the real fluid models, the viscosity coefficient is dependent on the density, so it will be
more physically meaningful to study the density-dependent model. In the past decades, there
have been a lot of literatures about the mathematical theory of the solutions of compressible
Newton fluids with density-dependent viscosity. However, there is little research on the solutions
of non-Newtonian fluids with density-dependent viscosity. Fang, Guo and Wang [21] researched
the local strong solutions to a compressible non-Newtonian fluid with Carreau’s law viscous
term and po = p%, a € (0,1). When ps = 0 and 0 < p; < po(p) € C?([0,00)), uo(p) <
CpP*1 uh(p) < CpP in Carreau’s law structure, Chen and Xu [22] proved the existence and
uniqueness of the solutions for a class of non-Newtonian fluids.

The aim of this paper is to study density-dependent compressible non-Newtonian fluids with
Power law viscous term, which makes the viscosity term to be with the stronger nonlinearity.
It should be pointed out that the viscosity coefficient p(p) is more general, therefore, it is more
difficult to establish uniform estimates.

The main results of this paper are as follows.

Theorem 1.1 Assume that p > 2, and the initial values (po,ug) satisfy (1.3) and the
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compatibility condition

—[u(po) (woz + |woe P~ *u0z)]z + Pr(po) = Vpog forae xzel (1.4)

with some g € L*(I). Then there exists a time T, € (0,+00) and a unique strong solution (p, )
to the initial boundary problem (1.1)—(1.2) such that

0<p,p* € C(0, T H(I), pe€C([0, T LA (D)), +/pue € L>(0,T; L*(I)),

we C([0,T]; HY (1)) N L>®(0,T; H*(1)), wuy € L*(0,T; HA(I)). (15)

The rest of this paper is organized as follows. In Section 2, we obtain the existence of local
strong solutions to the problem (1.1)—(1.2) with positive density. We complete the proof of

Theorem 1.1 in Section 3.

2 A Local Existence for Positive Density

In this section, we assume that pg is a smooth function and there exists a positive number
0 (0 < § < 1) such that py > §. And we prove the local existence of strong solutions with
positive initial densities to the problem (1.1)—(1.2).

2.1 Uniform estimates of the approximate solutions

To prove the theorem, we first construct a sequence of the approximate solutions inductively
as follows:

(i) First define u® = 0, and assume that «*~! € C([0,T]; Wo*(I)) N L>([0,T); H%(I)) was
defined for & > 1.

(ii) According to the classical existence theorem of first order hyperbolic conservation law
(see [23]) and the parabolic equation (see [24]), we can obtain the unique smooth solution

(p*, u”), satisfying the following approximate system:

pf 4 u ok up Tt =0, (2.1)
prup + pFut Tl — (") (uf + [ubP2ul)e + Po(p*) = o f (2.2)

with the initial and boundary conditions
(pka uk)|t:O = (pﬂauﬂ)v T e [07 1]7 uk|z:0 = uk|z:1 = Oa te [Oa T] (23)

Here pg is a smooth function, and ug € H} N H? satisfies the compatibility condition (1.4).
Let K > 1 be a fixed large integer, and let us introduce an auxiliary function @k (¢) defined
by

Oxc(t) = max_ sup (1+ [[u"(s)llyyan gy + 105 ar ey + 105 ) mr ) + 1V oRug | L2 ery)-
1<k<KO<s<t 0

Firstly, we have the lemma as follows.
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Lemma 2.1 Assume that (p*,u*) is the smooth solution of (2.1)~(2.2). There exists T €
(0, o0), such that

[l |2y < COL(0), (2.4)
pE N z2cry + 11(0")E 2y < CO% (L) (2.5)
for1 <k <K, te[0,T], where C is independent of §, k.
Proof From (2.2), we have
(") (g + [P~ 2up) ] = pMuf + Py + Po(p®) — ot f (2.6)
and

[(p™) (W + Jug P2 u)]e = pa (p) (ug + P~ uf) + u(p®) (i, + (0 = DufP~?ul,),  (2.7)
10" (g + (p = DugP2uly)| > Juli (1 + [uf]P~2). (2.8)

Combining (2.6)—(2.8), we have

1 1 _
lug,| < WV’ up + prul Tl 4+ Po(p”) — Pkf|+m|ﬂz(0k)(ui+|ui|p uf)|
x
< [pMuy + pP T o Po(p®) = p f | I ().

Applying Gagliardo-Nirenberg inequation, we have
||U]§w||L2(1) < ||Pk||%m(1)||\/ﬁuf||m(1) + ||Pk||Loo(1)||uk_l||Loo(1)||u]§||L2(1) + ||Pz(pk)||L2(I)
+ 10" e 1 2y + 11" Tl 2y el poe )
< ||Pk||%m(1)||\/ﬁuf||m(1) + ”pkHL‘X’(I)||uk_1||L°°(I)||u];”L2(I) + ||Pz(pk)||L2(I)
1o Lo £y + NG el AN T b 722,
< ||Pk||%oo IV PFug ey + 1108 oe 16 ooy bl 2y + 1P (09 2
1M el ) + =2 16Tl Ry ikl oy + 2l 2
p+2 2
< OB + 3kl (29)

So we obtain
ub, L2y < CRR ().

Multiplying (2.1) by a(p®)*~!, we get that
[(0*)]e + [(P°) o™ + alp®)*uz ™ = 0. (2.10)
Applying (2.1) and (2.10) we deduce that
TG Nellczry < NP5 @) z2n ™ Ol ry + 1 L llug™ ey < @5 (1),
1) Vellz2 ) < MO D@l z [0 @)l ey + @l () ooyl 2y < D% ().
This completes the proof of Lemma 2.1.

Next, we estimate the first term of @ ().
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Lemma 2.2 Assume that (p¥,u*) is the smooth solution of (2.1)~(2.2). There exists T €
(0, o0), such that

t
[ IV s + by < (14 [ 0207 )a5)
for all t €10,T).

Proof Multiplying (2.2) by u¥ and integrating over [0, 1], we have

1d Lo ) 1d M ew
IV p UHLz tow OM(P )|U|dx+—& w(p")|ug |Pdz

1

1 ) 1 1 ,
<5 [ P+ > [ da

1
- / [P"u* " uruf + Py, — (Pug)y — pF ful]de. (2.11)
0

Integrating (2.11) over [0, ¢], we obtain
t 1 1
[ VT s+ [ lutPas [ jutiras
0
£ k
<C+ [ 1M okl Pl ds + / 1002 e I | 2oy Ikl s
# [Vl s + [ IV s
k\|12 1 ! k2 ! k k—1 k
1P s 5 [ TPt [P oo [ s bl ds
# [ el 1|\Loo ||uk|\Lz<,>ds+ 3 [ IV wlnds (212)
We estimate || P(p* )||L2(I) as follows:
1 t 1
1P e = [ 1Pz 2 [ [ PR (bt~ = phul)daas
t
<C+C [ IPE Nl = 1 Ol ol s

t
gc(1+/ @fg“(s)ds). (2.13)
0
Using Lemma 2.1 and (2.13), we can obtain
t
/H\/ Fub 2 ydls + 8112, gy < (1+/ @O () ds). (2.14)

The lemma is proved.
Then, we will estimate ||p*(¢)[| g2 (1), [|(0%)* ()] 112 (1)
Lemma 2.3 Assume that (p*,u") is the solution of (2.1)-(2.2). We have
! 3
- Ollm o + 16 @l < Cexp{ [ @3t as) (215)
0

for any t € [0,T).
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Proof Multiplying (2.1) by p* and integrating over (0, 1), there exists 7' € (0, 0o) such that

2dt/ 1" ()] dx—|—/ (pFur=1) . p* (t)dx = 0. (2.16)

Then, we can estimate the left-hand side of (2.16) as follows:

[ 0P < [P 0 < O 1 (2.17)

Differentiating (2.1) with respect to z, and multiplying the resultant equation by p¥, and
integrating it over (0,1) on z, we obtain

3 .
th/ ()] dx——/ bug’i Y(0k)? + pFplu ﬁxl}dx

< C(Humm1||L2(I)||p];”%2(1) + HPkHLoo(I)||P§||L2(1)||U§;1||L2(1))~ (2.18)

Combining (2.17)—(2.18), we have

d -
&Hpk(ﬂﬂipu) < Cllp* I sz 2. (2.19)

From Gronwall’s inequality, we get

t t
64Ol ) < ool exv (€ [ bz liands) < Coxp ([ 037as). 220
0 0

Applying (2.10), we can obtain the estimate [|(p*)*(t)||z1 () using the same method for the

estimate of ||p*(£)[| (1) as follows:

16" Ol < Cexcp ( / @) ds). (2.21)

The lemma is proved.

Following that, we will estimate ||\/p*uF(t) %2(1).

Lemma 2.4 Assume that (p*,u”) is the solution of (2.1)~(2.2), and satisfies compatibility
condition (1.4). There exists T' € (0,00), such that

t t 1
IV )220 + / ik 2.y ds + / / ik P2}k, Pdads
t
<c(i+ [ oo ) (2.22)

for1 <k <K, te[0,T], where C is independent of §, k.

Proof Differentiating (2.2) with respect to ¢, multiplying this by u¥ and integrating over
(0,1), we obtain

1d

1 1
Lo [ i [ O+ - 1St P
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! k k k k. k— k k k. k k
== [ o)k + >umdx+/ (PFuF ), () — PNkt — fublde
0 0
1 1 1
—|—/ Pt(pk)u’;tdx—/ prul= 1ufu’;dx—|—/ P frufda
0 0
/|P ||uk||um|dx+w/ P(p ||u’€||um|dx+2/ o = sl
+ / [k ik + / P 1 e+ / P 2
1 i 1 1
k k —1 k k k— k k k— k
R A ey e [P N P [P
/|p Isllian + [ Gl + [ 8= o

= ZI (2.23)

Applying Young’s inequality and Sobolev inequality, we obtain
2y+2
L < ||P1(pk)||L2(I)||uk||Lm(1)||u];t||L2(1) < C.OR () +5||U];t||2L2(1)
k k k 2y+2 k
I < [[P(p") Lo lluzll Lo lluzl 2y < Ce®F ()+E”uzt”%2(1)a

T < 0 ey 0 ey IV Pl o b2y < @) ko
< C.P%(t )+E||th||L2(I)

[\

— 2v+12
Ly < [|p"lpoe (1™ ey el ooy gl oy < Ce@R () + ellugllZegry
— 2v412
Is < [lp" [ poo (™ poenllug s lus ™ Hlzsn I oy < Co@2(t) + ellugl 2
6
Lo < [lp"l Lo w1 o g s lufsll 2y < % O lugell 2y

< Ca@?er( t) + ‘€||umt||L2(1)7
T < 0% ey It ooy Il IV/PRek sy < CREONST o bl e r
< Oy Rk Ol o + gl W3acr) < Oy @) + nllubillZacey + s ey
Is < [|0" ool osllug sl foll 2y < Ce®ic(t) +ellugillzz i,
Iy < [|p% | ool e luky Nl Lo | Fll 2y < COF(B)lubyll ey < Ce®le(t) + elluby 132y
Lio < lp" o I fell 2o lufll acn < C-®%(t) +5||U];t||%2(1)
I < ||[(p")° ]t||L2(1)||uk||Loo ||uzt||L2(1) < C‘I’%(f)H“I;tHL?(I) < Ce®%(t) + el|ub,||3-,
Liz < [100%)*Jell e Ik Iy el ey < @5 Ollubell oy < Co@3 ) (@) + ellubellFa(ry-

Taking £,7 > 0 small enough, substituting these estimates into (2.23), and integrating over
(1,t) C (0,t), we can obtain

t t 1
IVFEO e + [ bl @as+ [ [ bk Paaas
t 1 t
< IVekuf ()32 +C / SV (s)ds + 5 / e 1321y ds. (2.24)
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Applying (2.2) and compatibility condition (1.4), letting 7 — 0, we have

t
IVt O < 0 (1+ [ 230 (5)ds).

T

So we obtain

VR Ol + [ Tl + [ [ 1 panas

< 0(1 +/ 20 (g )ds) (2.25)

T

for 1 < k < K. We complete the proof of lemma.

Applying Lemmas 2.2-2.4, we can deduce that

D (t) < Cexp ( /0 t <I>§f(7+3)(s)ds). (2.26)

Thanks to this integral inequality, we can easily show that there exists a time 7™ € (0,7T)

depending only on initial value and parameters of C' such that

sup P (t) <C. (2.27)
0<t<T™

So, we have the estimate as follows:

sup_ (lo*Ollarcry + 1M @l ry + 15 Ollwr sy + VAR 22

0<t<T

k k r k ” ! k k
POz + 165 2m) + / k|2 s + / / b P2k, 2dads
< C. (2.28)

Remark 2.1 The C in (2.28) is independent of the lower bound of density 4, so it also

have estimate (2.28) for vacuum state.

2.2 Convergence of approximate solutions

In this section, we will show the approximate solution (p*,u*) to be strong convergence.

Set
P T | ko k41 k4l k
P =" =t T =t

Then (p*+!, @* 1) satisfies the following system:

o+ (0" ). + (0M0). = 0, (2.29)
P R Py = Po(ph) = (o) (kTR ),
+ (")l + b P2 uy)]e = —p" g — by — phatul + P f (2:30)

with the initial boundary conditions

(@@ =0 = (po,uo), @ €[0,1); W pmo =T o1 =0, ¢ €[0,T). (2.31)
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Multiplying (2.30) by @**!, and integrating it over (0, 1) with respect to x, we have

d
dt
d ! k+1—k+1|2 ! —k+1\2 ! k+1 k+1

S— | PP+ | (T ) de+ (p—1) [ p(p™T)|0ug
dt Jo 0 0
+ (1= Ouz P72 (@) de

< BE )" 72y + CIV AT |12y, (2.32)

where BX(t) = C(1+ [[uf, 2.,
Multiplying (2.29) by 7**!, and integrating it over (0, 1) with respect to x, we have

1 1
pk+1|ﬂk+1|2d$+ / (ﬂ§+1)2da:
0

d, _ _ _ _
P ey < CIP I el oy + o* e I 22 84 W 22

< Ol 12 llugellzcry + Cull oz () 19°F 2oy + nll @G 12
< DO 2y + nllTz 72y (2.33)

where D (t) = C|lul, |21y + Cyllp* 1y for all t < T* and k& > 1. And duo to the estimate
(2.28), we have

t t
/ B*(s)ds < C(1 4+ 1), / DX (s)ds < C + Cyt.
0 0

Combining (2.32) with (2.33), we deduce that

1
GOVFFT OBy + 17 Oa) + [ 7o
0
EsOIF O30+ CIVFFT )y + et s, (231

where E,(t) depends only on B¥(t) and D} (t), and we have
t
/ Ef(s)ds < C + Cyt
0

for all ¢ < T*, k > 1. Then integrating (2.34) over (0,t) C (0,71) and using Gronwall’s

inequality, we obtain that

1
(VAT @250 + [P O12200)) + / e

< Coxp(Cyt) / (VPR ()21 + 7 (5) 221, )ds.

Using recursive relation and Gronwall’s inequality, we deduce that

K

[ swp (WA 0 gy + 17 (0 F20r) + / [@ L Ol dt] <€ (2.35)

oy DO<t<T*

Considering (2.1), we can obtain that

T
Pr(t) 2 sexp { = [k a9 eiryds) > 0
0
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So we have pF*t1 > §C~1,
Combining (2.35), we deduce that (p*,u"*) converges to (p,u) in the following sense:

{uk —w in L(0,T*; L3(I)) N L(0, T*; H(I)),

P pin L°(0,T% LA(1)) (2.36)

as k — oo.
By virtue of the lower semi-continuity of various norms, we deduce that (p,u) satisfies the

following uniform estimate:

o U@z ) + 1™ Ol @) + lu®llwreamz o

N
GOl + o) + [ Tuae(lnds < €

3 Proof of Theorem 1.1

In Subsection 2.1, we obtain the high order regularity estimations of solution. Next we will
prove the existence of strong solution. We will finish the proof by two steps of k& — oo and
§—0t.

For k — oco. Since (p*,u*) is a smooth solution of (2.1)—(2.2), it satisfies the following

identities:

1 t 1 1
[ toenas— [ [ (Fot dute) e sieds = [ mpwods @)
0 0 0 0

where ¢ € C([0,T*]; H*(I)), ¢ € L*([0,T*]; L*(I)), and

1 t 1
/ o (. ) (2, D)z, t)dar — / / (P e + o (u*) s
0 0 0

1
— p(p") (W + (b P2ub) gy + P(0F)60) (2, 5)dwds = /0 pouod(z,0)dz, (3.2)

where p € C([0, T*]; H'(I)) N L>([0, T*]; H*(I)), ¢: € L*([0,T*]; Hy(I)).
Let
1

doIf= | (0f —p)pde —/ / (0" = p)pr + (p"u" — pu)ps)(z, s)dwds,

i—1 0

iwf /Ol(pu—pu xtdx—// (p*u” — pu)gr + (p* (u*)? = pu®) ¢,

= (") — p(p)ua)dz — ((P") P~ 2ug — pp) lus [P~ *us ) o
+(P(p") = P(p)¢al(z, s)dads.

In a similar way as the method of proof of existence in [25], we prove that, as k — oo,



Local Strong Solutions for the Compressible Non-Newtonian Models 381

So (p,u) satisfies (3.1)—(3.2).
Secondly, for § — 0F. Let pd = po+J > & > 0 and ul € H} N H? satisfies the compatibility

condition (1.4). From the conclusion of Subsection 2.1, we obtain that there exists T > 0 such

that the initial-boundary problem

Pt + (pu)I = 07
(pw)e + (pu?)z — [1(uz)]e + Pp = pf,
(pv u)|t:0 = (pga Ug)7 u|z:0 = u|r:1 = 0,

exist a unique solution (p?,u®) which satisfies the uniform estimate as follows

sup (1o ()l ey + 16°)* @l y + 110’ Ollywao 1y
0<t<T*

o
{1V poug Ol 2y + 10 ()l 2(r)) +/O g (s)lI2(ryds < C,

where C' is a positive constant and is independent of §. So we have the following strong

convergence:

p? = p in L=(0,T%; L*(I)),
u® —u in L(0,T%; L2(I1)) N L2(0, T*; H(I))

as § — 07. (p,u) satisfies the following uniform estimate:

sup (|lp(@) |21y + lo™ Ol oy + 1@ lwrr name
0<t<T*

-
+ IVeue ) L2y + llpe )l L2(r)) +/0 [t (8)1|72(pyds < C.

The existence of solution in Theorem 1.1 is proved. Furthermore, we can obtain the unique-

ness of strong solution using the same method as in the Subsection 2.2.

Theorem 1.1 is proved.
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