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Gradient Estimates for p-Laplacian Lichnerowicz
Equation on Noncompact Metric Measure Space*

Liang ZHAO! Ming SHEN?

Abstract In this paper, the authors obtain the gradient estimates for positive solutions
to the weighted p-Laplacian Lichnerowicz equation

Np su+cu’ =0

on noncompact smooth metric measure space, where ¢ is a nonnegative constant, and
p, 0 (1 <p<2, 0 <p-—1) are real constants. Moreover, by the gradient estimate, they
can get the corresponding Liouville theorem and Harnack inequality.
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1 Introduction

Recently, there has been an active interest in the study of gradient estimates for the par-
tial differential equation on manifolds. Kotschwar and Ni [7] studied p-heat equation from a
variational point and obtained some interesting results about gradient estimates and entropy
formula. Later, combing the usual maximum principle approach with some geometric tech-
niques including the use of a nonlinear Bochner formula and curvature-dimension inequality,
Wang, Yang and Chen [15] got the sharp estimate for weighted p-heat equation. For doubly
nonlinear diffusion equation (DNDE for short) on complete Riemannian manifolds with non-
negative Ricci curvature, Wang and Chen [13] proved the sharp global Li-Yau type gradient
estimates and Chen and Xiong [3] obtained some other types of gradient estimates for this e-
quation. Moreover, for the weighted p-Laplace case, Wang and Li [14] derived the lower bounds
of its first nonzero eigenvalue on compact smooth metric measure spaces.

The aim of this paper is to give some existence results for positive solutions to the Lich-
nerowicz type equations on smooth metric measure space. We know a smooth metric measure
space is a triple (M, g,du), where (M, g) is a complete n-dimensional Riemannian manifold
and dp := e~ /dv with f a fixed smooth real-valued function on M. Denote by V, A and Hes-
s the gradient, Laplace and Hessian operators, and by dv the Riemannian volume measure.
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The smooth metric measure space carries a natural analog of the Ricci curvature, the so-called
m-Bakry-Emery Ricci curvature, which is defined as
\Y \Y
Ric}” := Ric + Hess f — M, n<m < oo.
m—n

In particular, when m = oo, Ricy” := Ricy := Ric + Hessf is the classical Bakry—Emery Ricci
curvature, which is introduced by Bakry and Emery [1] in the study of diffusion processes, and
then it has been extensively investigated in the theory of Ricci flow. The case where m = n is
only defined when f is a constant function. There is also a analog of the p-Laplacian, that is,
the weighted p-Laplacian, which is defined by

Np g = el div(e ™ |VuP~2Vu).

It is also understood in distribution sense.

Here we recall the Lichnerowicz equation on manifolds. Given a smooth symmetric 2-
tensor o, a smooth vector field W, and a triple data (7,7, ) of smooth functions on M. Set
Cn = gloays P = i, and let

Ry =cn(R(Y) = V@), Aywar=cal(lo+DW) + 7%,

B(7,¢) = ¢u (=172 = V(p)), where V : R — R is a given smooth function and R(y) is the
scalar curvature function of 7. Then the Lichnerowicz equation for the Einstein-scalar conformal
data (m, 0,7, 7, ) with the given vector field W is

At — Ry pu+ Ay wau P~ = B(r,p)uP~t =0, u>0.

In this paper, we first consider the local gradient estimate for the positive solutions to the
p-Laplacian Lichnerowicz equation

Dy pu+cu® =0 (1.1)

on noncompact smooth metric measure space. Here c is a nonnegative constant and 1 < p <
2,0 < p — 1 are real constants. This equation can be seen as a simple version of Lichnerowicz
equation which arises from the Hamiltonian constraint equation for the Einstein-scalar field
system in general relativity (see [4, 6, 12] and the references therein). When p = 2, Ma [8-11]
studied the existence and stability of positive solutions to Lichnerowicz equation and the first
author of the paper proved some gradient estimates for this equation which can be referred
to [16-18]. However, if p > 1, the p-Laplacian Lichnerowicz equation is referred to as the
generalized scalar curvature type equation, it is an extension of the equation of prescribed
scalar curvature. The problem of positive solutions to p-Laplacian Lichnerowicz equation was
considered in [5] in case of compact manifold, and then Benalili and Maliki [2] extended the
corresponding results to the complete Riemannian manifolds.

In this paper, we will follow the methods in [7] to establish the local and global gradient
estimates for positive solutions to equation (1.1) on smooth metric measure space.

Theorem 1.1 Let (M, g,du) be a n-dimensional (n > 2) noncompact smooth metric mea-
sure space and dpu = e~dv with |V f| < Cy. Suppose that u is a positive solution to (1.1) on the
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ball B(xo, R), and that on the ball sectional curvature Ky > —Ky, Ric} (M) > —Ka, K1, Ko

are nonnegative constants. Then for any positive constant € < min { (p—%n)% ((p_2)4m+p)2 }, we
have N
|Vu|? 4(m —1) C
-1 < Ky + —
(p—1) u? ~ 4—¢e(p—m)? 2_|—1*227
where
~ 2(m—1) 20
C= 7{10 2—p— P
4—e(p—m)? 2-» O[)_Fs(m—l)

F10p(2 —p) +20(n 4+ p—2)(1 + K1R) +10 + \/1—0013}

anda:min{2,1+% .

From the above Theorem 1.1, let R — oo, and € — 0, we can get the global gradient estimate
for the positive solutions to equation (1.1).

Theorem 1.2 Let (M,g,du) be a noncompact smooth metric measure space and du =
e~Tdv with |V f| < Cy. Suppose that u is a positive solution to (1.1) and that sectional curvature
Ky > —Kl,Ric?(M) > — Ko, K1, Ko are nonnegative constants. Then we have in the region

[Vu| >0,
[Vul?

(p—1)

As an application of the Theorem 1.2, we can obtain the corresponding Liouville theorem

S (m — 1)K2

and Harnack inequality for the positive solutions to equation (1.1).

Theorem 1.3 Let (M,g,du) be a noncompact smooth metric measure space and dp =
e~fdv with |V f| < Cy. Suppose that u is a positive solution to (1.1) and that sectional curvature
Ky > —Kq, Ric?(M) > 0. Then u = constant.

Theorem 1.4 Under the same conditions as in the Theorem 1.2. For any x,y € M, and
let v(s) be a minimal geodesic y(s) : [0,1] — M,~v(0) = z,v(1) = y. The following inequality
holds:

Nl

(m—l)Kﬂ

u(e) < u(g)ert= 5

where p = p(x,y)denotes the geodesic distance x and y.

2 Proof of Theorem 1.1

Assume that w is a positive solution to (1.1), let v = (p — 1) log u, then we can obtain
Ay pu+ cu® = e div(e™/ |Ver 1|P72Ver 1) 4 cer 1
= (p— 1) 7Pe"(|VolP + Ay pv) + co T
=0.

That is to say,
Dy v = —c(p—1)P~teFE Y — |yyp, (2.1)

The linearized operator of the weighted p-Laplacian at points {Vv > 0} is given by

L) = eldiv(e™ |Vo'~2A(VY)),
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where
Vv ® Vv
|Vol?

We can get the following lemma through direct computation.

Aij=gij+(p—2)

Lemma 2.1 Let w = |Vv|?,
Li(w) = 2w (|VV]? + Rics (Vv, Vo)) — pw? = (Vv, Vu)
—2¢(p — 1)”_1(1% — 1)e(P*1 Doy 4 (5 - 1) 2|Vl
Proof
Ly(w) = e/ divle™ (w2 'V + (p — 2)w? 2 (Vv, V) Vv)]
= —wi UV, V) = (p— 2wE Vo, Vu)(Vo, V) + (5 = 1)wi 2| Vu?
+wb T Aw+ (5 - 2) (p — 2w’ =3|(Vo, V) 2 + (p — 2)wb ~2((VVv, Vo)
+ (Vo, VVW)) Vo + (p — 2)w? ~2(Vu, Vw)Av
E-1A;w + (p —2)w%_2<Vv,Vw>Afv—|—(g—l)wg_2|Vw|2+w%_lAw

+ g - 2) (p — 2)wE =3 |(Vv, V)2 + (p — 2)wB2((VV0, V) + (Vu, VVw)) Vo

b
2

= w2 1 (2|VVu|? + 2(VA v, Vv) + 2Rics(Vv, Vv))
+ (p— 2w*~2(Vo, Vu) A po + (5 - 1)w§_2|Vw|2
+ (g — 2) (p— 2w ~3|(Vo, Vw)|?
+ (p— w2 2((VVu, Vw) + (Vo, VVw)) Vo,
where we used the weighted Bochner formula
Ajw = 2|VV|? + 2(VA v, Vo) + 2Rics (Vo, Vo).
Note that in terms of w,
DNp fv = of div(e fw"= V)
w7 Ngv+ ]%2<Vw, Vo).
Therefore, (2.1) has the equivalent form
w'z Ao+ ]%2101%4 (Vw, Vo) = —c(p — 1)PLel7ZT 7Y — %, (2.2)
Taking the gradient of both sides of (2.2) and computing its product with Vv, we have that

(2~ 1)w2we, w>Afv+(——1)(——2)w2 3|(Vo, V) ?

9 2 2
+ (5 - 1)t (VY0 V) + (Vo, V) Vo + LuE =D (90, Vu)
Y o B (ﬁ—l)v
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Combing the above identities, we prove the Lemma 2.1.

Now let n(z) = 0 = (T(Ig)), where 6(t) is a cut-off function such that () =1 for 0 <t < 1
and 0(t) = 0 for t > 1. Furthermore, take the derivatives of 6 to satisfy # < 10 and
0" > —100 > —10. Here r(x) denotes the distance from some fixed zp. Let @ = nw, which
vanishes outside B(zg, R). At the maximum point of @, it is easy to see that

VQ = (Vnw+ (Vw)n =0 (2.3)
and
0> L7(Q)-
At the maximal point,
L5(Q) = el div(e Twi T (nA(Vw) + wA(Vn)))
= nef div(e T w? L A(Vw)) + w? 1V, A(Vw)) + el div(e  w? A(Vn))
=nLy(w) — (2 + l)wg W +w2efdiv(e ™ A(Vn)).

Since we know,

o div(e=! A(V)) = o div (e—f (vn +(p— 2)%%))

= Afn‘f' ( Q)M

o (VY V) (Ve, VVD)
+-2)( Vo T P )V
Vo, Vi) (V|Vv|?, Vv)

[Vol* '

—@—%<

From (2.2),

where h = (p — 1)PLe(7Z1 DY,

Therefore, we get

Vo, V) ?

efdiv(e ™ A(Vn)) = A+ g(p —2) I — ¢(p — 2)hw™ % (Vv, V)

nw

I C Y A/ RPN L1 B
(5-1)= - — = 2)(Ve, Vi),

From Kotschwar and Ni [7], we note that

1+ KR 10
R2  R?’

An+(p—2)% > 20(n+p—2)



402 L. Zhao and M. Shen

since |V f| < C1, so we deduce (Vf, V)| > —C1|Vn| > — \/_Cl . At last, we get

eldiv(e ™ A(Vn)) > —20(n+p — 2)——— — — — Z—= —¢(p — 2)hw™ 2 (Vo, Vn)

I C A A0/ RPN 1 B
(5-1)= 0= — (- 2)(Ve, V)

2
[(Vv, Vi) |?
n o

+35(—2)

[Nl

Now we are at the position to estimate |VVwv|?. We only need to estimate it over the point

where w > 0. Choose a local orthonormal frame {e;} ; near any such a given point so that

Vv = |Voler. Then w = v, w; = 2v;1v; = 20111, and for j > 2, w; = 2v;1v1. Hence 20, = w—é
From (2.2), we immediately deduce that "

n
w1v
Zvjj:—chwl_%—(]—j—l) ! 1—’U11—|—f1’U1—w
j=2 2 v

= —chw'™% — (p— Do1y + fivg —w.

It is easy to see that

Z v” 211114—221)]1 —I—Z’UH

7,j=1

1
> ¥ + 221}?—1 + p— 1(chw1_% +(p— Doy +w — frvg)?
j=2

- 1
> i) + 221)]2-1 + — 1(chw1‘§ +(p— vy +w)? — (f1U1)n
j=2

n
>a) v+
j=1

1 P 2(p—1 P
(chw1_7 + w)2 + 7(]3 )i (chwl_f +w) — (flvl)
-1 m—1 -n

where @ = min {2, 1+ %}, and we applied the inequality (a — b)? > %= — % with §
= = > (. Substituting the identities,

IVwI2

2wvy; = (Vo, V), Zvﬂ

»-lkl)—'

we can obtain

v 2 2 1
IHessvlz’Z%| il + 1(chw‘§+1)2+p (14 chw™%)(Vv, Vuw) — (f”’l)

b
w m — m—1 —n’

which yields

ye v 2 2 p _1 p
Lp(w) > 2wz"1 [%% + mw_ T (1+chw™2)? + %(1 + chw™2)(Vv, Vw)

+ Ric}' (Vo, Vv)} + (g - 1)wg_2|Vw|2 — pw? YV, Vw) — 2Ch(ﬁ — 1)
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Therefore, the following inequalities holds

w2 Ly (w)
2wP » -1 »
> %111”_3|Vw|2 + Ll(l +chw™2)% + 2p—1w”_2(1 + chw™2)(Vv, Vw)
m—

— 2wl K, + (g - 1)u}p_3|Vw|2 pwP~%(Vou, Vw) — 20h(—1 - 1) 3
2 2wP P -1
> gwp—1@+ w (1+chw—§)2_2p—wlﬂ 1(1+chw 2)M
2 n m—1 m—1 n

g ) P
we.
p—1

2
_ 2wp—1K2 + (g _ 1)wp—l |V77| +pwp—1 <V’U, V77> o 2Ch(
n n

Now combing the previous estimates, we have

0> wE 1P~ 1LH(Q)
> w? P Ly(w) — w2 P! (g + 1)w

2 20P P —1 P
@ —1ﬂ + &(1 + chw™ %)% — zp—QP‘l(l + chw™2)(Vv, Vn)
m—1 m—1

, (A(Vn), Vi)
n

+ wP~ P~ tel div(e™! A(Vn))

— PP K + (g 1)Q” 1|V77| + pQP (Vo vn>—2ch(—1—1)npw%

_ (]3 +1)QP—1M +QP—1[_20(n+p_2)w _1o_ V10C,

2 n R? R? R
3 Val® ij Uit
elp = 2w (0, V) = (5= 1) =+ (0= 2T (0= 2)(V0, V)|
—2

+ p(p2 )<Vv, V77>2Qp_2

atp—2_,4|Vy?® [ p-m 2p —z 1
> P _ _ P—
> 5 Q ) {2 — + ( 2—|— )chw }Q (Vv,Vn)

1+ KR

2Q° P
—i—&(l—i—chw_ﬂ —2ch(—1—1)n”w§—{2K2+20(n+p—2) B

o ‘/—Cl}QP 1y P02 g, e,

R2 2

Since

p(p —2) |Vn?

p—1
s,

p(p2— 2) (Vo, vaQp—Q >

let b =212+ (p— 2—}—2” 2)chw 2, then we have

_bQ(m — 1)5 D _ 2 Qp 1 |V77|
8 (m—1)e n

—b<V1}, V77>Qp_l >
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Under the above inequalities, we have

0> (nfcipl (1+ chw=)? — E(mT_l)bQ)QP

B { 102—p—a) 10p(2—p) 20
2R? 2R (m — 1)eR?
1+ KR 10 \/_C1 pe1
— Jte
_ 2 elp—m)? 4 E(p—m)(p+( —2)m)\ .
_{( 1 2(m—1))+( 1 2(m —1) )Chw
2 e(p—2)m+p) AP
+(m—1 8(m—1) )(Chw ) }Q
B { 102—p—«a) 10p(2—p) n 20
2R? 2R? (m — 1)eR2
1+ KR 10 \/_C1 -1
ot @
Since 1 <p <2,m >n > 2,m > p we know

4 e(p—m)(p+ (p—2)m)
m—1 2(m —1) 20

42Ky +20(n+p—2)

42Ky +20(n+p—2)

‘We can choose the constant ¢ < mm{ } to make

4
(r— M)2’ ((p—2)m+p)?

N2
2 elp=m)
m—1 2m-1) —

and
2 ellp=2m+p)?
m—1 8(m —1) -

At last, we arrive at
2 e(p—m)*
02 (m -1 2(m—-1) )Qp
B {10(2—p—a) 10p(2 — p) 20
2R? 2R? (m —1)eR?
1+ KR 10 \/_ 100,
R2 R2

+ 2Ky +20(n+p—2)

jort

That is to say,

4(m—1) C
< 2T Kyt
Q*4—E(p—m)2 2+RQ7

where

~  2(m—1)

20
e(m—1)
+(10p(2 —p)) +20(n+p— 2)(1 + K1 R) + 10 + \/EclR},

which implies B
|Vu|? - 4(m —1) C

Ko+ —.
u? T 4—g(p—m)? 2+R2

(p—1)
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have proved the Theorem 1.1.

Proof of Theorem 1.4 Under the same conditions as in the Theorem 1.2. Let v(s) be a

minimal geodesic joining x1 and 25 in M, y(s) : [0,1] = M,~v(0) = z,v(1) = v.

ds 8

/1 ,y/vu
= L1 ds
o u(v(s))
1
S/ RIRASR
O u
1
Vu
= 4
p(w,y)/o —
m—1 3

= p(z,y) [—KQ} )

p—1

Lul@) _ ft din(u((s))
o= [ a

which implies

m— 1
u(z) < u(y)ep(w)[%] .
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