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Parallel Translation on Kahler Manifolds*
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Abstract In this paper, the author establishs a real-valued function on Kéhler manifolds
by holomorphic sectional curvature under parallel translation. The author proves if such
functions are equal for two simply-connected, complete Kahler manifolds, then they are
holomorphically isometric.
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1 Introduction

A classic theorem in [3] shows that a Riemann manifold is a Riemannian locally symmetric
space if and only if the sectional curvature is invariant under all parallel translations. A Her-
mitian symmetric space is of course a Riemannian symmetric space of even dimension, which
implies the holomorphic sectional curvature of a Hermitian symmetric space is invariant under
all parallel translations. But what will happen for general Kéhler manifolds? The object of
this paper is to characterize complete simply connected Kéahler manifolds by their holomorphic
sectional curvature and its behaviour under parallel translations.

Consider two complete simply connected Kéhler manifolds and fix a point on each. Any
holomorphic isomorphism of the holomorphic tangent space at one of the points onto the holo-
morphic tangent space at the other induces, through parallel translation, a correspondence
between broken geodesics emanating from the one and broken geodesics emanating from the
other. We asserts that if the holomorphic sectional curvature parallel translates in the same
way along corresponding singly broken geodesics, then the two manifolds are holomorphically
isometric.

We now state our main theorem here. Let d be the complex dimension of the Kahler
manifolds we consider. Z will be the space of all triples (a,b, Q) where a € C?,b € C? and Q is
any complex 1-dimensional subspace of C%. For each complete complex d-dimensional Kihler
manifold M, m € M, and unitary frame ey, --- ,e4 at m, we define a real-valued function L on
Z as follows. Let (a,b,Q) € Z with a = (a',--- ,a%),b = (b',---,b?). Let a be the geodesic
segment of length |a| with a(0) = m, a’(0) = a’e;. Let n be the final point of . Let f1,--- , f4
be the unitary frame at n obtained by parallel translating the ey, --- ,e4 along a. Let § be the
geodesic segment of length |b| with 3(0) = n, 3/(0) = b f;. Let Py be the holomorphic section
at m into which @ is carried by the holomorphic isomorphism which carries 9; into e; (where
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§; is the ith unit point in C?). Let P be the parallel translate of Py along Ba. We define
L(a,b,Q) = K(P), where K(P) is the holomorphic sectional curvature of P.

Theorem 1.1 Let M and 'M be complete simply connected complex d-dimensional Kdihler
manifolds, m a point of M, 'm a point of 'M, e1, -+ ,eq a unitary frame at m and ey, -, eq
a unitary frame at 'm. Let L and 'L be the corresponding function defined as above on the
corresponding spaces. If L =" L, then M and’'M are holomorphically isometric under a holo-
morphic isometry which carries m into 'm and whose differential carries each e; into 'e;. This
holomorphic isometry is trivially unique.

2 Connections on the Bundle of Bases

Let M be a complex manifold of complex dimension d. Let {z!,---, 2%} be a set of local
complex coordinates, with 2% = 2 + izdt® so that {z!,--- o9 29! ... 229} are local real
coordinates. Let TrM denote the real tangent bundle of M, it is a real bundle of rank 2d
equipped with a complex structure J. Let T%9M denote the holomorphic tangent bundle of
M. As well known, the bundles TVOM and TprM are isomorphic. For example, we can choose

an explicit isomorphism, the bundle map ° : TV'°M — TrM, given by
v =v+7, YveT"OM.

It is easily known that ° is a real isomorphism preserving J. The inverse , : TRM — T1OM is
given by

1
Uo = §(u—iJu), Yu € Tpr M.

Furthermore, if v = v¢ afa € THOM locally, then setting v® = u® + i+, v° = u® aga'
Conversely, if u = u®52, then uo = (u® 4 iu®*+4) ;2.

Let W be any linear space over C; then we have a natural complex manifold structure on W.
For any such W, we have a natural linear holomorphic isomorphism of W,, onto W (for each
w € W) that we shall denote by a™. Tt is defined as follows. Let eq,--- , e, be any base of W
and z',--- , 2™ be its dual base; then o% (ai 6273 (w)) = a'e;. It is easily checked it is well-defined.
If W and W' are complex linear spaces, f is a linear map of W — W’ and w € W, then it is
obvious that af(*) o df o (o)~ = f, where df is the tangent map of f at w.

Let M be a Kahler manifold of complex d-dimension. For any m € M, M,, will denote

either TLOM or TEM depending on the actual situation. If (ey,--- ,eq) is a unitary base of
M,,, then it is easily checked that (ef,--- ,eg, Jey,--- ,Je3) is an orthogonal base of M,, and
conversely.

Let 7 : TH9M — M denote the holomorphic tangent bundle of M. If {(Uy,2%) : a € I} is
a local coordinate system on M, we write {(Uq, ¥a); o € I} be the locally trivialized structure
of the bundle 7 : T*9M — M, where v, : U, x C* — 7=(U,) are holomorphic isomorphisms.
For 1 < a < d, define

Sa (p) = Ya(p,da), Vp € Ua.

Then S® = (S¢,---,5%) is a local field of bases of T%°M on U,. For each point p € U,,
we use B(p) to denote the set of all bases of complex vector space 7~ 1(p); then there is a 1-1
correspondence between the complex general linear group GL(d; C) and B(p). In fact, for any
A € GL(d;C), the corresponding base is

f) = (fi(p),--- . falp)) = (ST'(p),--- . S (p)) - A= S%(p) - A,
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that is
fa(p) = Agiﬂa(]?, 6b) = wa,P(Agéb)7

where ¥4, = Va(p,-) : C* — 771(p) is a holomorphic isomorphism. Let B(M) = |J B(p)
pEM
and define 7 : B(M) — M such that 7(B(p)) = {p} for any p € M. It is clear that we can

make (B(M),7) a holomorphic principal bundle on M naturally. In fact, for any a € I, define
Yo Uy x GL(d;C) — 7 1(U,) by

va(p,A) = S%p)- A, V(p,A) € Uy x GL(d;C).

Then we can define a complex differential structure on B(M) such that the above ¢, becomes
a holomorphic isomorphism. In particular, ¢t : #=1(U,) — U, x GL(d;C) supplies a local
coordinate system for B(M), which is denoted by (7=!(U,); 2%, A%). Tt is clear that bundles
7 :B(M)— M and 7 : T"°M — M share the same family of transition functions {gags :
Ua NUs — GL(d; C)}, where gag(p) = 15}, 0 Vsp = ©ab© 9pp-

Let F(M) be the real submanifold of B(M) consisting of all (m, ey, - ,eq) which the {e;}
is a unitary base of M,,. Then F(M) is a holomorphic subbundle of B(M).

Both the structure group and the fiber of B(M) are G = GL(d;C), all non-singular d by
d matrices with complex matrix elements. The Lie algebra £ of G is all of the left invariant
vector fields on G, which is isomorphic to gl(d;C), all d x d complex matrices. There is a
natural isomorphism of the Lie algebra £ of G onto a Lie algebra £ of vertical vector fields on
B(M) which will be defined below. In fact, let A € £, we will assign a vertical vector field
W on B(M) to A. For any b € B(M), consider any strip map ¢ : U x G — B(M) such that
be o(UxQG). If o, (f) = bwhere @, = p(m, ), we define W (b) = dp,, A(f). It can be checked
this definition is independent of the strip map ¢; then it is well-defined. The map A — W is
the isomorphism from £ to E, which we denote by A. For a natural base for L, Vi1, - -+ | Vdd such
that V7 (e) = %(e), we define vector fields E! on B(M) by E! = \V/.

Let D be theqr Hermite connection on M. Let p € M be any fixed point, o9 € 7~ !(p); then
00 = (01, ,04) isabaseof 7! (p) = T} OM. Let ~ : [0,b] — M be a smooth curve on M with
~(0) = p. Tt is well known there exists a unique family of vector fields o,(u),0 <u <b,1 <a <
d, parallel along v, with ¢,(0) = o,. Thus o(u) = (o1(u), -+ ,04(u)) is a field of base parallel
along v with 0(0) = 09, o(u) € B(M) for 0 < u < b. o(u) is called the horizontal lift of ~y(u)
on B(M) through oo, and ¢’(0) is called the horizontal lift of 4/(0) € T °M at og € T !(p).
Such vectors are called horizontal vectors. We denote by H,, the set of all horizontal vectors
at 09, which is a subspace of B(M),, and will be called a horizontal subspace at oyg. We also
call the distribution H the induced connection on B(M) by D.

A holomorphic vector t € B(M),, is said to be vertical if dat = 0. The linear space of
vertical vectors at og is called vertical subspace at op and denoted by V;,. It is clear that

B(M)sy = Hyy & Vo, -
Under local coordinates (z¢,, A%) as above, let
wh = (A (dAS + ALTG,d="),

where {T'®,} are the Christoffel symbols of the Hermite connection on M. It can be checked
directly that {w®} are well-defined on the whole B(M). Thus we can call w = (w?), a d x d
matrix of 1-form elements, the 1-form of the connection H.
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The curvature form is defined by Q = dw — w A w, which is a d x d matrix of (1,1)-
form elements. We now define certain (1,0)-vector fields Ey,--- , Eq on B(M) as follows. If
b= (m,e1, - ,eq) € B(M), then E;(b) is the unique element of H;, that projects to e; under
d7x. We also introduce certain (1, 0)-forms w!,--- ,w? on B(M), which is independent on H, by
if t € B(M)y, then w'(t) = the ith coefficient of dit when d7t is expressed linearly in terms of
the base ey, -+, eq. So diit = w'(t)e;. It is obvious that the w’ and w} at b are a dual base of
the E;(b) and EF(b).

Under the above local coordinate system, w? = (A_l)é-dzj, E; = A{(% — Afll"?ja—gg),
E} = AF_9_ Notice that w’ and E/ are holomorphic 1-form and vector fields on B(M)
respectively, while F; and w? fail to be holomorphic.

It is well known or can be checked directly that the Cartan structural equations for Kéhler
manifolds are

i i J_ )k J J
dw' = w Aws,  dw; = w;’ Awy + ;.

In terms of vector fields F; and Ej’-“, the above structural equations can be expressed by the
formula

[E!,Ex) = 6LE;, [Ei,Ejl=-Y Q(Ei,E))E, =0, [BE,E;]=-)Y Q(EFE,E}.

A property of the Qf that will be useful later is
i Lod kol
Q) = §Kikiw ANw (2.1)

for certain C*° functions kai on B(M), which can be checked directly under local coordinate
system.

3 The Complex Exponential Mappings

When M is looked as a Riemann manifold with the induced Riemann metric, the exponential
map exp and Exp have been defined which can be found in [1]. For each m € M, we define
expC : M,, — M by exp$ = exp,,-° as complex exponential map on M. More precisely, if
p € My, o, is the unique geodesic with 0,(0) = m and whose holomorphic tangent vector at m
is p, then expS, p = 0,(1). Foreach b = (m, ey, - ,eq) € F(M), we define Exp : M,, — B(M)
as follows. If g, is the unique horizontal curve (the holomorphic tangent vectors are horizontal)
in B(M) with 5,(0) = b and &, lying over oy, i.e., 70, = 7, then Exp§ p = 7,(1). Obviously,
Eprc carries rays through the origin in M, into the corresponding horizontal curves through
b.

It is clear that 7 o Expj = exp$, and (1) exp$, and Expj§ are holomorphic; (2) exp$, up =
op(u) and Exp§up = &,(u) for all real u; (3) the holomorphic tangent maps d exp$, and d Exp}/
are non-singular at O.

We carry the wi,wf,Q{ back, via Eprc to forms 9i|b,9{|b,®{|b on My, ie., 0, = w'o
dExpS, 07|, = w! o dExpS, 07|, = Q) o dExp§ .

In this section, the point b = (m, ey, -+ ,eq) will be kept fixed, so for the remainder of
the section, we sometimes drop it. We fix the following notation for this section. We let
z', .-+, 2% denote the dual base of e, - ,eq; thus the z* are linear functions on M,, and a

holomorphic coordinate system of M,, considered as a complex manifold. We let z = (22]?).



Parallel Translation on Kdhler Manifolds 455

Then if ExpS'p = (n, f1,--- , f4), we shall sometimes write m(p) for n and e;(p) for fi, i.e.,
Expl?p = (m(p), e1(p), -+ ,ea(p)). So m(0) =m,e;(0) = e;.

If y is any ray from O to p in M,, and o is the corresponding geodesic from m to n = exp& p,
i.e., 0 = expC oy, then we shall call ¢ the natural geodesic from m to exp¢ p. Note that the
ei(p) are the parallel translates of the e; along the natural geodesic from m to expS p for
Exp{ o7 is a horizontal curve lying over o from (m, ey, --- ,eq) to (m(p),e1(p),--- ,ea(p)).

Proposition 3.1 (1) At O € M, dexp$, = a° where a° is the natural map of (My,)o —
M,,.

(2) If t is the holomorphic tangent vector to the ray v : v(\) = Ac'e; at any point on the
ray, then 67(t) = 0 and 0% (t) = ¢'.

(3) If t is a holomorphic tangent vector to M,, at p, then dexpS, t = 0°|y(t)e;(p).

Proof (1) Ift e (My,)o, thent = ci% for some complex numbers ¢!. Then clearly ¢ is the
holomorphic tangent vector of the ray 7 : y(v) = vce;. The mapping expC carries this ray into

the geodesic whose holomorphic tangent vector at m is c’e;. Thus it carries the holomorphic

tangent vector to that ray, which is ¢’ azi into the holomorphic tangent vector to that geodesic,

which is ce;, i.e., dexpl = al.

(2) Since Exp{ carries 7 into a horizontal curve; hence d Exp{'t is horizontal. Then ¢ () =
w! (dExp{t) = 0. Since Expf o is horizontal and lies over a geodesic, we know that w’(d Exp§'t)
is constant when t varies through the various holomorphic tangent vectors to v, i.e., 6(¢) is
constant on these t. So it suffices to prove, for ¢ the holomorphic tangent vector to this ray
at O, that 0'(t) = ¢’. We have known that dexpl t = c'e;. From this and the fact that
7 o Expy = exp$,, it follows that d Exp§'t = ¢/ E;(b). Hence

0'(t) = w'(dExpy't) = W' (I E;) = .
(3) Tt can be deduced from the following:

0'|,(t) = w'(d Exp't)
= ith coefficient of d7 o d Exp$'t with respect to the e;(p)
= ith coefficient of dexpS, t with respect to the e;(p).

The formula in (3) of the above proposition shows that

(dexpS s,dexpS t) = 20 (s)0i(t), (3.1)

ld expy, s|* = 216" (s)[? (3.2)

for any s,t € (My,)p.
The Cartan structural equation, when carried back to M, under Eprc7 becomes

o' =07 AOE,  dol = 0F Ao+ O

Let p be a map of the unit square [0,1] x [0, 1] in R? = C into B(M) which can be extended
to a C'*° map of some neighborhood of the square into B(M). For each v € [0, 1], let p¥ be the
curve p(u) = p(u,v). Let p* = w' odp, pg = w{ odp, Pij = Qz odp. Let U and V be the vector
fields of partial differentiation with respect to the first and second coordinate axes in R2.
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Lemma 3.1 If each p¥ is horizontal and lies over a geodesic, then
(1) Up'(V) = Vp'(U) + p*(U)p},(V);

(2) Upi(V) = PI(U,V);

(3) U5 (V) = pH(U)PL(U, V).

Proof We know [U, V] = 0, because the p? are horizontal we have pg (U) = 0, and because
7o p¥ is a geodesic we have Up'(U) = 0. In each of the following steps we use these facts.
The first structural equation gives

Up'(V) = Vp'(U) = " (U)pi(V),
proving (1). Applying U to (1) gives

U2p'(V) = UV (U) + p"(U)Upi,(V)
= [U,V]p'(U) + p"(U)Upj(V)
= UYLV,

The second structural equation gives
Upl(V) = P/(U,V).
This is (2) and combined with the previous formula gives (3), so the lemma is proved.

Lemma 3.2 Let «y be the ray through O in M,, defined by v(t) = t(cte; +---+ceq), where
the ¢* are any complex numbers with ¥|c'|> = 1, and let W be the field of holomorphic tangent
vectors to . Let A be any constant holomorphic tangent vector field on M,,, i.e., A = ai%,
where the a' are complex numbers. Then

(1) at O, we have 0*(uA) = 0*(uA°) = 0, W°0 (uA) = WO (uA®) = a';

(2) Wo#! (uA°) = ©F (W°,uA°);

(3) (W°)20' (uA°) = kO (W°,ul°).

Proof We apply the previous lemma to the 2-cube p = Eprc o p, where p is the mapping
of the unit square into M,, defined by

p(u,v) = uZ:(cZ +a'v)e;.

Trivial computations show that dpU = W°, dpV = uA°; the definition of Eprc makes each p?
a horizontal curve lying over a geodesic. Hence (2) and (3) of Lemma 3.1 imply (2) and (3) of
this lemma. To prove (1) we note, following through the definition of p, p*(U)(0,v) = ¢’ + a'v,
hence Vp'(U) = a'. Then (1) follows from (1) of Lemma 3.1.

The above lemma shows immediately that a flat K&hler manifold is locally holomorphically
isometric to C¢. In fact, if the curvature is 0 (the vanishing of holomorphic sectional curvature
can imply the vanishing of sectional curvature for the induced Riemann metric), then it shows
along any ray out from the origin in M,, that 6?(zA) is a linear function, hence #*(4) is a
constant and then by (1) it follows that #°(A) = a*. Then by (3.2), ||dexpS, A||?> = £[0°(A)|? =
Y|a|? = ||A||2. So the differential of exp$, is a locally holomorphic isometry. If M is complete
and simply connected, this locally holomorphic isometry will be a holomorphic isometry of M,,
onto M. We will show below the case of arbitrary holomorphic curvature.

The set of conjugate points of m in M, is the set of all p € M, such that d exp$, is singular
at p, i.e., there exists t # 0 in (M,,), with dexp$ t = 0. Using (3.2), one sees that p € M,, is



Parallel Translation on Kdhler Manifolds 457

conjugate to m if and only if there is a t # 0 in (M,,), with all #°(¢) = 0. The conjugate locus,
or set of first conjugate points of m in M, is the set of all those conjugate points p of m in M,,
such that no points between O and p in the ray from O to p is a conjugate point. The set of
conjugate points and the conjugate locus of m in M are the images under exp$, of these sets in
M,,. Since Lemma 3.2 shows that the #%are determined by the @z , we get the conjugate points
are determined by the curvature. If S is the set of non-conjugate points of m in M, and we
put a new Kihler metric on S by [|t[|2 = £|0%(¢)|%, then expl becomes a locally holomorphic
isometry of S onto its image in M.

4 The Significance of @z

Let M and 'M be complete complex d-dimensional Kahler manifolds; m and 'm will be fixed
points of M and 'M respectively; e, -+ ,eq will be a fixed unitary base of M,,, and 'eq, -+ ,' eq
be a fixed unitary base of 'M,,. In general, if @) is any object associated with M, then 'Q
will be the corresponding object associated with ‘M. However, when the corresponding object
associated with M has several pre-primes in its symbol, we usually drop most of them, allowing
one or more pre-primes to indicate that the rest of them are properly there. Again we drop the
subscript b which remains fixed.

From now on, R will be a fixed linear transformation of M,, —' M, carrying e; —' e;; thus
R is a holomorphic isometry of M, onto 'M,,.

/

Theorem 4.1 If @g = @z odR andp € M,/ p € M are not conjugate points of m and 'm
respectively, then

(1) 0 =" 0 0 dR;

(2) R carries the set of conjugate points and the conjugate locus of M,, onto the set of
conjugate points and the conjugate locus of ' My;

(3) there exists a neighborhood P of p and a neighborhood O of expS p such that expS. is a
holomorphic isomorphism of P onto O; there exist similar 'P, O for 'M and 'p. For any such
PO, P/ O for which RP =" P, the mapping ' expS, oR o (expS)~! is a holomorphic isometry
of O onto'O.

Proof (1) It is clear that 6 = w' o d Exp{ is a holomorphic 1-form on M,,. Using Lemma
3.2, we see that 0'(uA) = 0?(uA®) has a second derivative along any ray of a certain expression
involving the ©7. Since the same is true for '6?(uA); then (1) holds.

(2) Tt follows from (1) and the characterization of the conjugate points in terms of the '

(3) Since p is not a conjugate point of m, (2) shows that 'p will not be a conjugate point
of “m and the inverse function theorem implies the existence of such P,O, P/O. Let S be
the set of non-conjugate points of m in M,,, and put on S the Kéahler metric in which, for
t € S, ||t||* = X|0%(¢)|?; it is a Kihler metric since it is a pulling back metric. Then (3.2) shows
that (exp$)~! is a holomorphic isometry of O onto P. Similarly we make 'S, the non-conjugate
points of ‘m in M, into a Kihler manifolds by defining ||t = X|'0%(t)|* for t € S, and have
that " exp$ is a holomorphic isometry of /P onto 'O.

Because we are assuming @g =/ @g odR, (1) implies #° =" §° o dR, thus R is a holomorphic
isometry of S onto 'S. Hence if RP =" P we see that the indicated mapping is a holomorphic
isometry.

For each s € M,, at each n € M, we define a linear map Ts : M,, — M, as follows. If
fi,-++, fa is any base of M,, and § is any (1,0)-vector at ¢ = (n, f1,--+, fq) which lies over s,
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i.e., dns = s, then .
Tsfi = _Qz(gag)fj

Noticing that (2.1), it is easily checked that this definition is independent of the particular
choices of fi,--- , f4, 5 with the above properties. The holomorphic section curvature K (P) of
the holomorphic section spanned by s is

K(P) = (Ts,5)/s]", (4.1)

where ||s||? = (s, s).

We now define a function L,, on the holomorphic sections of M,,, L,,(Q), for @ a holomor-
phic section of M, at ¢ € M,,, will be the holomorphic sectional curvature of a holomorphic
section P of M at exp$ q. P is obtained by first translating @ to a holomorphic section Qg at
O, carrying Qo to a holomorphic section Py at m by dexp$; and then translating Py parallel
to itself along the natural geodesic from m to exp$ q.

For any manifold M, we denote by M? a topological space whose points are all (m, P) where
m € M and P is any holomorphic section at m. We define the topology of M? in terms of
the topology on B(M). We have a natural mapping, that we denote by «, of B(M) — M? :
a(n, f1,+-+, fa) = (n, the complex 1-dimensional subspace of M,, spanned by f1). We define
the topology on M? to be the finest one in which this mapping is continuous, i.e., a set V in
M? is open if and only if a=!(V) is open in B(M). It is easily seen that « is an open mapping.

For M a Kahler manifold, the holomorphic section curvature K is a real valued function on
M? and we want to show that K is continuous. To prove this, it is convenient to introduce the
following function K on B(M): If ¢ = (n, f1,--- , fa) € B(M), then

K (¢) = holomorphic section curvature of the holomorphic section spanned by f;.

We prove K € C*™ as follows. It is clear (Tys,s) = — .Zk wi(g’)mflf(g,gjh@, where /7 =
07,

(fr, f;)- Taking § = E(c), we find K = —QF(E1, Ey)hyz(hy7)~2. Since the O, E;, b7 are all

C functions, this shows K e C>. Continuity of K now follows from the fact that a is open

and K~Y(V) = aK~Y(V) for V any subset of R. Since we have showed K € C*, it would

follow in essentially the same way that K € C'*° if we had introduced the complex structure on

M? and proved « is holomorphic.

We now give again the definition of L,,, but in slightly different terms. We first define a
map that we denote by f from M2, to M2. If Q is the holomorphic section at ¢ € M,,, spanned
by a'+2:(q), then P = f(Q) is the holomorphic section at expS, ¢ spanned by a’e;. Then we
define L,, = K o f.

Thus continuity of L,, will follow from continuity of f. So we briefly indicate a proof that
f is continuous. We define a function F from B(M,,) to B(M) by F(p,hy,--- ,hq) = ExpSp,
where ¢ = (m, aPhy, - ,aPhg). One can prove F' is holomorphic and clearly co F' = f o «; this

and openness of « imply the continuity of f. And once more, if « is holomorphic, so is f.

Theorem 4.2 @g =/ @g odR if and only if Ly, = Ly, o dR.

Proof We first show that L,, =" L,,odR implies ©/ =’ ©/odR. Notice that the holomorphic
section curvature on a Kéhler manifold determines the curvature tensor of the induced Riemann
metric, the expression (4.21) of K7, in [2] shows that

K}, =" KJ,oR. (4.2)
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Next we consider @g (T°,uA®), where A = a’ 6273 , the a’ being any complex numbers, and 7" be-
ing the unit radial holomorphic vector field on M,,. Because %OExpg = exp$ and (3) in Propo-
sition 3.1 shows that dexpC uA = 6" (uA)e;(p), we see that the horizontal part of d Exp§uAd =
0'(uA)E;. Now consider any fixed ray vy emanating from O in M,,, say v(u) = uc'e;, and with
%|¢?|?> = 1. At points on this ray, we have d Expy T = ¢* E;. Hence we have, at such points
@g (T°,uA®) = (d Epr T+ dExp T dEpr uA + dEpr uA)

= QJ (dExpS T, d ExpS uA) + QJ (dExpS T, d Exp§ uA)

= (B, 08 (uA)Eg) + Q) (T E.,, 0° (uA)Eg)

 anB( . ANIT —app J

= c"0P(uA)K], 5 — 07 (uA) Ky,
Using (3) in Lemma 3.2, this shows that

(W°)207 (uA) = ' (c*0P (uA) K, 5 — 0" (uA) Ky,
Notice that K l-jkl ="K l-jkl o R and #” are holomorphic 1-forms, we conclude that
0% (uA) =" 0°(uA) o R. (4.3)

Now let B = b’ 821,

then
0! (uA®, uB®) = Q) ((dFxp{uA)®, (d Expf uB)°)

= 0" (uA)0P (uB) K1, , — 0°(uA)0” (uB) K,

and we have the corresponding formula for ‘©7. This plus (4.2)(4.3) proves the desired con-
clusion ©] =" ©7 0 dR at all points other than O. The desired relation then holds also at O by
continuity.

For the proof of the other half of this theorem, we define f : T'O(M,,) — TVOM by
Fla' 52 (p)) = a’e;(p). It is obvious that if @ is the holomorphic section at p € M,, spanned
by s, then f(Q) is the holomorphic section at exp® p spanned by f(s)

We first consider holomorphic sections at points p which are not conjugate points of m; then
the corresponding points Rp of M, are not conjugate points of ‘m. We shall prove first that
L,, =' L,, o f at such points, then use continuity to obtain this at other points.

We now assume ©7 =" ©7 o dR. We see immediately that ° =’ 6 o dR by Theorem 4.1.

Now consider any fixed p € M,,, not conjugate to m. We define a map 5 of (M,,), onto
itself by B(t) = (dexpS)~'o f(t). Clearly, dexpC of = f and then because 7 o Exp$ = expC,
it follows that (dEprc o fB)(s) lies over (dexpm ofB)(s) = f(s). By Proposition 3.1, we sece
that B(t) = 0'(t )627 (p). Since dR(aZvv) = W and 0" =’ 0' o dR, it follows from this that
dRo 3 ="0odR.

Now let @ be any holomorphic section at p, spanned by s. So L,,(Q) is the holomorphic
curvature of the holomorphic section P at exp p spanned by f(s). Using this and (4.1) and
the fact that (dExpy o 8)(s) lies over f(s), we have

= Zwi((dEXPbC o B)(s))w’ ((dExpy o B)(s))$¥ ((dExpy o B)(s),
(dExp§ o B)(s))/a*(f(s), F(5))
— ZGZ B5)67(Bs)0(Bs, Bs)/ [ 91 (Bs) QZ

i J

7= Y18 B9,
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And the corresponding formula of course holds for 'L(’p). From these two formulas and the
facts: (1) 6" =’ 0% o dR; (2) ©) =’ © 0 dR; (3) dRo 8 =' S o dR, it follows trivially that
L (Q) =" L, (dRQ), i.e., L, =" L, odR. This is for any holomorphic section @ at any p not
conjugate to m. Using the well known facts that along each ray in M, the conjugate points are
isolated, it follows, by continuity, that L,, = L, o dR for holomorphic sections at all points,
completing the theorem.

5 Proof of Theorem 1.1

We again let M and "M be complete, complex d-dimensional Kahler manifolds with m, ey,
e, b= (m,e1, - ,eq), m/ e, - Jeq, b= (m) ey, -/ eq) fixed as before, including that
the e; and ’e; are unitary bases. We continue to use the pre-prime systematically as before and
R will again be the fixed linear map of M,, —' M,, carrying e¢; —' ¢;. However the fixed b
and 'b of this section need not be the same as those previously held fixed. We shall apply the
results of earlier sections, stated there with b and 'b fixed, to points other than the fixed b and
'b of this section. We define that I, where ¢ = (n, f1,- - , fq) is any point of B(M), is the linear
transformation of C% — M,, carrying 6; into f;. Let O be the origin in C% and we define

expg = exp,C,; oly, Expg = Expl? o Iy.

If r is any point in C¢, we define

c

c _
exp,’ = exPgc,

c c
oIExpgT7 Exp, = ExpEngr o IEngT.
Thus the effect of expl is to map C? into M by first mapping it into M,,, then parallel
translating M,, along the geodesic into which exp$ carries the ray from O to I,r, then spraying
onto M via the geodesics at exp$ r. Clearly, m o ExpS = expC. For (r,s) € C? x C?, we define

m(r) = expf O = expgr, m(r,s) =expl s,
b(r) = ExpC O = Exp&r, b(r,s) = ExpZs.

Clearly m(r,0) = m(r),b(r,0) = b(r). If b(r,s) = (n, f1, -+, fa), then clearly n = m(r,s) and
we define e;(r, s) = f;, i.e., b(r,s) = (m(r,s),e1(r,s), - ,eq(r,s)); and we similarly define e;(r)
and have b(r) = (m(r),e1(r), -+ ,eq(r)). Thus e;(r,0) = e;(r).

We let B(p,d) be the open ball of radius § about the point p, for p in any metric space.
We define a function A on C¢, whose values are positive real numbers or oo, by A(r) =
sup{d | exp¢ maps B(O,§) onto B(expS O,6) and "exp’ maps B(O,d) onto B('exp¢ O, 6)
such that both maps are holomorphic isomorphisms}. Thus A is bounded below by a positive
number on any compact subset of CZ. We let F be the subset of C? x C? consisting of those
(r,s) with any point of C? and |s| < A(r). We also define, for m € M,

A(m) = sup{6 | exp® is a holomorphic isomorphism of B(O,§) onto an open subset of M}.

Define an equivalence relation ~, on the points of F by (r1,s1,) ~ (r2,s2) if and only
if all three of the following hold: (1) m(ri,s1) = m(re,s2), (2) 'm(r1,s1) = m(ra, s2), (3)
b(r1,s1)g = b(ra, s2) implies 'b(r1,51)g =" b(re, s2) (bg denotes the transform of b € F(M) by
g, an element of the unitary group, under the action of the group on F(M)). Define X to
be the set of equivalence classes of this equivalence relation. Let I denote the natural map of
F — X : I(r,s) = equivalence class containing (r, s); and let I be the map of B(O,A(r))
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into X defined by I,.(s) = I(r,s). We also define a map e, of X into M, by e(x) = m(r,s), if
(r,5) € . Clearly exp¢ = e o I,; it is obvious that e maps X onto M and ‘e maps X onto 'M
because M and 'M are complete.

The following lemma is due to [1].

Lemma 5.1 Let n and p be points in M, and oy, g, B be paths with ay going from n to p,
B from p to p, and as from p to n. Let ¢ be any point of F(M) lying over n, d be the parallel
translation of ¢ along a1, g be the holonomy element generated by d and B, h be the holonomy
element generated by asay and c. Then the holonomy element generated by csfPay and c is hg.

Our procedure from this point is to make X into a topological space, show e and 'e are
local homeomorphisms, use this to put a Kahler metric on X for which e and ‘e are locally
holomorphic isometries, prove X complete, and deduce that e and ’e are covering mappings.
Then if M and 'M are simply connected, we conclude that e and 'e are homeomorphisms, thus
I is a holomorphic isometry of M onto 'M.

We now define the topology on X by the condition that each I,. shall be an open mapping
of B(O,A(r)) into X, i.e., the topology is generated by all sets of the form I,.V where r is any
point in C? and V is any open subset of B(O, A(r)). Define P, = I, B(O, A(r)).

Since exp¢ maps B(O,A(r)) 1-1 onto B(m(r), A(r)) and exp$ = e o I, we have that e
maps P, 1-1 onto B(m(r),A(r)) and ‘e maps P. 1-1 onto B('m(r),A(r)). Furthermore, I
maps B(O,A(r)) 1-1 onto P,.

"eoe™

Lemma 5.2 e and’e are continuous.

Proof Let e(z) = n, and V be any neighborhood of n. Let (r,s) € x. Then (exp?)~*V N
B(O, A(r)) is open, hence P = I,.((exp?)~'V N B(O, A(r))) is open in X. It suffices to show
that € P and e(P) C V. In fact, we have exp$ s = e(x) = n € V, showing s € (exp?)~1V,
and (r,s) € x implies s € B(O,A(r)). Thus s € (exp?)~1V N B(O,A(r)), hence z = I,.s € P.
We have e(P) C V because y € P implies y = I,.51 for some s; € (exp?)™1V N B(O, A(r)),
thus e(y) = expl s; € V.

Lemma 5.3 If L =" L, then L,y =" Ly 0 dR, for all v € C?, where R, is the linear
map of M,y onto ' M,y which carries e;(r) into 'e;(r).

Proof Let S be any holomorphic section at g € M,,(,), spanned by ai%(q), where the

2" are the linear coordinates on M, (ry dual to the e;(r). Let Iy,yt = q. Then by definition
Ly (S) = K(P), where P is the holomorphic section at m(r, t) spanned by a'e;(r,t). Also by
definition this equals L(r,t,Q), where Q is the complex 1-dimensional subspace of C?% spanned
by (a',---,a?). If L =' L, this means Ly (S) =" Lyyy('S), where 'S is the holomorphic
section of 'M,,(,y spanned by al a,azi ('q), the 'z being the linear coordinates on "My dual
to the ‘e;(r), and "Iyt =' q. Since R.q =" ¢ and dRT(%) = (a,az,i)('q), the statement that
Lm(r)(S) =/ Lm(r) (/S) says that Lm(r)(S) =/ Lm(r) (dR,S), thus Lm(r) =/ Lm(r) odR,.

By the discussion in the previous sections, we can conclude that

0 loery = 0" o) 0 AR 0 lory = 02140y 0 ARy Oy = O]y 0 AR,
For each r € C?, we define a map S, from B(m(r), A(r)) onto B('m(r), A(r)) by
S, =" expy o(exp) " Bm(r).a ()

Lemma 5.4 For eachr € C%, S, is a holomorphic isometry of B(m(r), A(r)) onto B('m(r),
A(r)) and for |s| < A(r), we have S.(m(r,s)) =" m(r,s) and dS,e;(r,s) =" e;(r,s).
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Proof It is obvious that S,m(r,s) ='m(r,s). Since
‘expy’ o(expy )~ =" expl, ) o Ty © Ib_(i) o (expy )~ =" expl,( Ry 0 (exph, )Y,

we can conclude that S, is a holomorphic isometry by Theorem 4.1. For the remainder of
the lemma, we first consider s = 0. Then dS, = d’expﬁm odR, o d(exng(T))_l ='a% o dR, o
(@)~ = R,. For a general s, we apply (3) in Proposition 3.1 with b(r) for b, e;(r) for e; and
ei(r,s) for e;(p). It shows, for t € M,,(, ), that dexpg(r) t = 9i|b(r) (t)ei(r,s). Similarly, for
"t € My (r.s) d’expg(r)('t) :’9i|b(r)('t)'ei(r, s). Taking 't = dR,t, this gives d’expg(r) odR,t =
"0y (AR ) €i(r,8) = 0|y (t) ei(r,s). Thus at m(r,s), dS, carries 0%[y,(t)e;(r,s) into
0%y (t) €i(r, s). Since |s| < A(r), m(r,s) can not be conjugate to m(r) along expS of the
ray from O to s, so this shows that dS, carries e;(r, s) into ‘e;(r, s).
From this point, we shall often write (exp)~! for (exp¢ [50,a())) "

Lemma 5.5 Let (r1,s1) and (r2,s2) be in F. If (ri,s1) ~ (re, s2), then there is a neigh-
borhood O1 of s1 and a neighborhood O of so, with O; C B(0,A(r;)) and such that all the
following hold:

(1) (expg)_1 o expf1 is a holomorphic isomorphism, mapping O1 onto Os;

(2) ('expS) =t o’expC is the same as (expS) ™' o expl on Os;

(3) if p1 € O1 and py € Os, then expS p1 = expf pa implies (r1,p1) ~ (r2,p2).

Proof Let n = expC s; = expf s2, n ='expC s; ='exp’ s5. Choose a positive real number
e such that B(n,e) C expS B(O,A(r)) NexpS, B(O,A(rz)), B('n,e) C'expS B(O, A(r1))N
‘expl, B(O,A(rz)), e < A(n) and ¢ < A('n). Define

01 = (expfl)_lB(n,a), 0y = (expg)_lB(n,a).

Then conclusion (1) above holds trivially.

Next we show S,, = S,, on B(n,¢). Since we know .S, and S,, are holomorphic isometries
and both carry n into ‘n, it suffices to show both (a) B('n,¢) is included in the component of
'n of Sy, (B(m(r1),A(r1))) NSy, (B(m(re), A(re))) and (b) dS,, = dS,, at n. The choice of €
above makes it clear that S,,(B(m(r;), A(r;))) contains B('n,¢), so (a) holds. To prove (b), it
is sufficient to show that dS,, e;(r2, s2) ='e;(ra, s2). By assumption that (r1,s1) ~ (2, $2), we
know b(ra, s5) = b(r1, s1)g implies 'b(ry, s2) ='b(r1,s1)g. Let g = (¢7) and these statements say
j

ei(ra,s9) = glej(r1, 1), 'ei(ra, s2) = gl &j(r1,51),

hence dS;, e;(rz, s2) = g} dSy,e;(r1,51) = g]
that S,, = Sy, on B(n,¢).

Let us write expg1 for the mapping of O into B(n,¢), expg2 for the mapping of Oy into
B(n,¢). Because S,, = S,, on B(n,¢e), we have from the definition of S,

€j(r1,s1) ='ea(rz, s2), proving (b) and thus showing

1 1

’exprcl O(expg)_ :’expf2 O(expg)_ )
Thus (‘exp)) ™! o’expS = (expS,)~! o exp’, proving (2).

Now we prove (3). Fix any p; € O1 and ps € O with exprc1 P = expf2 pa2. By (2), we
know that ‘expl p; ='exp<, ps. It remains to show b(rz, p2) = b(ry,p1)h implies 'b(rz, p2) =
'b(r1,p1)h. We know that b(rq, s2) = b(r1, s1)g implies 'b(ra, s2) =b(r1, $1)g.

Let p; be the geodesic into which expg carries the ray from O to 7;, o; be the geodesic into
which exprci carries the ray from O to s;, let f = agpgpl_lcrl_ L Let as be the unique geodesic
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in B(n,e) from n to m(ri,p1) = m(ra, pa), ag ' = a1. Let @ be the unique horizontal curve
over ai; which ends at b(ry,s1) and let ¢ be its initial point. Since the holonomy element by
agap and c is the identity, it follows from Lemma 5.1 that the holonomy element generated by
asfaq and c is g; similarly, the holonomy element generated by ‘a8’ and ‘¢ is g.

Let 7; be the geodesic into which expg, carries the ray from O to p;, § = 7'2[)2[)1_17'1_ 1,
vi = ago;7; ', and let k; be the holonomy element generated by b(r;, p;) and 7;. Then the
holonomy element generated by b(r1, p1) and 0 is clearly kq k;lg, ie., b(re,p2) = b(ri,p1)k: k;lg.

Since Sy, carries 7, =1, 0; =0, oy =0y and dS,, carries e;(r;,p;) —ei(rj,pj), €i(rj, s;) —
‘ei(rj,s;j), and e;(r;) —'e;(r;), it follows that the holonomy element generated by ’'v; and
'b(r;, p;) is the same as that generated by 7; and b(r;, p;), thus is k;. Then it follows that the
holonomy element generated by 6 is kiky ‘g, i.e., b(ra, p2) = b(r1, p1)kiky 'g. This proves (3).

Lemma 5.6 FEach I, is continuous.

Proof It is sufficient to show, for each such finite intersection, that -1 (I, PiN-- NI, Py) is
open in B(O, A(r)), where all ; € C? and P; C B(O, A(r)) are open. Let x € I, PN --NI,, Py,
v = I,s = I,;s;. By the previous lemma, we can find neighborhoods O1,---,O of s and
neighborhoods Q1, -+, Qy of s1,- -, s;, such that O; € B(O, A(r)),Q; C P, (expl)~! o exp’
is a holomorphic isomorphism of O; onto Q;, and for t; € O; and ¢; € Q;, we have (r,t;) ~ (r,¢;)
if expl t; = expg Q-

Let V.= 0O;Nn---N Oy and we show I,V C I, PiN---N1I, P, Lett €V and we must
show It € I,,Q; for each i. Let ¢; = (expS)~' oexptt. We have (r,t) ~ (r,q;), hence
It = I.q; € I,Q;.

Furthermore, we have the following lemma.

Lemma 5.7 For any ry and ro in C¢, the mappings I., and I,., are holomorphic related,
i.e., (I' P, np,,) © Ir, is holomorphic.

Proof Let z € P, N P,, with x = I, s1 = I,,s2. Choose the neighborhoods O; and Oy of
s1 and sy given by Lemma 5.5. Then on Oy, we have (I.)'|p, np,,) © Ir, = (expS,) ! o exp{.
Since the latter is holomorphic, so is the former. This holds for every such x, so the lemma is
proved.

This lemma shows that the mappings I, induce a complex structure on X and we henceforth
consider X as a complex manifold in this way. Since exp?, exp¢ and I,. are holomorphic maps
on B(O,A(r)), it follows that e and ‘e are holomorphic maps of X into M and 'M. We now
define the Kéahler structure on X by the condition that e and e shall be locally holomorphic
isometries.

Definition 5.1 If u and v € X, we define (u,v) = (deu, dev) = (d'eu, d ev).

The second equality holds because the .S, are holomorphic isometries. It is clear that we now
have made X into a Kéhler manifold, and so that e and ’e are locally holomorphic isometries.

Lemma 5.8 X s complete.

Proof Let zp = IpO. For each ray p emanating from O in C?, we find 1,0 is a geodesic
in X; this follows from the facts that e o 1,0 = expg O = expy op is a geodesic in M and the
local holomorphic isometry of X with M. Since the rays p are infinitely extendable, we see
that these geodesics are infinitely extendable. They are also all the geodesics emanating from
xg, hence X is complete.
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The following theorem is obvious. In fact, it suffices to prove ¢ is 1-1, but it is a direct
result of the corresponding theorem of Riemann manifolds if we look M and N as Riemann
manifolds.

Theorem 5.1 Let N and M be Kdahler manifolds of complex dimension d with N complete
and ¢ be a locally holomorphic isometry of N onto M. If M is simply connected, then ¢ is a
globally holomorphic isometry.

Now we can finish the proof of Theorem 1.1, our main theorem. In fact, by the above
theorem, we see that e and ‘e are homeomorphisms, thus ‘e o e~ ! is a homeomorphism of
M onto 'M. Because e and ’e are locally holomorphic isometries, ‘e o e~ ! is also a locally
holomorphic isometry. It clearly carries m into ‘m and its differential carries e; into ‘e;. Then
the conclusion holds by the above theorem.
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