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LP (p > 1) Solutions of BSDEs with Generators Satisfying
Some Non-uniform Conditions in ¢t and w *
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Abstract This paper is devoted to the LP (p > 1) solutions of one-dimensional backward
stochastic differential equations (BSDEs for short) with general time intervals and genera-
tors satisfying some non-uniform conditions in ¢ and w. An existence and uniqueness result,
a comparison theorem and an existence result for the minimal solutions are respectively
obtained, which considerably improve some known works. Some classical techniques used
to deal with the existence and uniqueness of L? (p > 1) solutions of BSDEs with Lipschitz
or linear-growth generators are also developed in this paper.
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1 Introduction

Let us fix an extended real number 0 < 7" < 400, which can be finite or infinite. Let
(Q, F, P) be a probability space carrying a standard d-dimensional Brownian motion (By);>¢
and (Fi)t>0 be the natural o-algebra generated by (B:)i>0. We assume that Fr = F and
(Ft)t>0 is right-continuous and complete. In this paper, we are concerned with the following
one-dimensional backward stochastic differential equation (BSDE for short in the remaining):

T T
yt:§+/ g(s,ys,zs)ds—/ zs+dBs, t€10,T], (1.1)
t t

where the extended real number T is called the terminal time, £ is an Fr-measurable random
variable called the terminal condition, the random function g(w,¢,,2) : %[0, T] x RxR? — R
is (F)-progressively measurable for each (y, z) called the generator of BSDE (1.1), and the
solution (yy, 2t )1efo,r] is a pair of (F;)-progressively measurable processes. The triple (£,7, g)
is called the parameters of BSDE (1.1), and BSDE with parameters (£, T, g) is usually denoted
by BSDE (¢, T, g).

The nonlinear BSDEs were initially introduced by Pardoux and Peng [23]. In this pio-
neering paper, the authors established an existence and uniqueness result for the L? solutions
of multidimensional BSDEs, where the generator g is Lipschitz continuous in (y, z) uniformly
with respect to (t,w), the terminal time T is finite, and both the terminal condition £ and the
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process {g(t,0,0)}ic(0,7] are square integrable. From then on, BSDEs have been extensively
studied and many applications have been found in mathematical finance, stochastic control,
partial differential equations and so on, see, for example, El Karoui, Peng and Quenez [11] and
Morlais [22] for details.

Many papers have devoted to improving the existence and uniqueness result obtained in [23]
by relaxing the uniform Lipschitz condition with respect to the generator g, changing the finite
terminal time into the infinite case and studying the solutions of BSDE (1.1) under non-square
integrable parameters. For instance, many works [1, 3-7, 9, 12, 16-17, 19-21, 26] (see also the
references therein) weakened the uniform Lipschitz condition with respect to the generator g,
and some of them investigated the LP (p > 1) solution of BSDE (1.1). Chen and Wang [8]
first improved the result of Pardoux and Peng [23] to the infinite time interval case and proved
an existence and uniqueness result for the L? solution of BSDE (1.1), where the generator g is
Lipschitz continuous in (y, z) non-uniformly with respect to ¢. Fan and Jiang [13] and Fan, Jiang
and Tian [15] further relaxed the Lipschitz condition of Chen and Wang [8] and established two
existence and uniqueness results for the L? solutions of BSDE (1.1) with general time intervals,
which also generalized the corresponding results obtained in [21] and [19].

We especially mention that El Karoui and Huang [10] first introduced a stochastic Lipschitz
condition of the generator ¢ in (y, z), where the Lipschitz constant depends also on (¢,w). In
this paper, the authors investigate a general time interval BSDE driven by a general cadlag
martingale, and some stronger integrability conditions on the generator, the terminal condition
and the solutions are required, which make it possible to replace the uniform Lipschitz condition
by a stochastic one. Based on this idea, Bender and Kohlmann [2] and Wang, Ran and Chen
[25] respectively proved an existence and uniqueness result for the L? solution and the LP (p >
1) solution of BSDE (1.1) with a general time horizon. After that, Briand and Confortola
[3] introduced another stochastic Lipschitz condition involving a bounded mean oscillation
martingale and investigated the L? (for some certain p > 1) solution of an infinite dimensional
BSDE, where some new higher order integrability conditions on the generator and the terminal
condition (see their assumptions (A3) and (A4) for details) need to be satisfied.

Motivated by these results, in this paper we first put forward a new stochastic Lipschitz
condition (see (H1) in Section 3) and prove an existence and uniqueness result of the LP (p > 1)
solution of BSDE (1.1) with a general time interval (see Theorem 3.1). We do not impose any
stronger integrability conditions to the parameters (£, g) and the solution (y, z) as made in [2,
10, 25], and the integrability condition (3.1) is the only requirement in (H1). By introducing
an example, we also show that our stochastic Lipschitz condition is strictly weaker than the
Lipschitz condition non-uniform in ¢ used in [8] (see Example 3.1). And by using stopping
times to subdivide the interval [0, T, we successfully overcome a difficulty arisen naturally in
our framework (see the proof of Theorem 3.1). Furthermore, in Section 4, by developing a
method employed in [15, 20] we establish a general comparison theorem for the L? (p > 1)
solutions of BSDEs when one of the generators satisfies a monotonicity condition in y and
a uniform continuity condition in z, which are both non-uniform with respect to (¢,w) (see
Theorem 4.1). Finally, in Section 5, we prove an existence result of the minimal L? (p > 1)
solution for BSDE (1.1) when the generator g is continuous and has a linear growth in (y, 2)
non-uniform with respect to (¢,w) (see Theorem 5.1), by improving the method used in [18] to
prove in a direct way that the sequence of solutions of the BSDEs approximated by Lipschitz
generators is a Cauchy sequence in SP x MP. And, based on Theorem 5.1 together with Theorem
4.1, we also give a new comparison theorem of the minimal LP (p > 1) solutions of BSDEs (see
Theorem 5.2) and a general existence and uniqueness theorem of the LP (p > 1) solution of
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BSDEs (see Theorem 5.3).

We would like to mention that the results of this paper improve some corresponding existing
works including those obtained in [7-8, 15, 19, 23], etc. And, some classical techniques used
to deal with the existence and uniqueness of LP (p > 1) solutions of BSDEs with Lipschitz or
linear-growth generators are also developed in this paper.

2 Notations and Lemmas

In this section, we introduce some basic notations and definitions, which will be used in
this paper. First, we use | - | to denote the norm of Euclidean space R?, and for each subset
A C Qx[0,T],let 14 = 1 in case of (w,t) € A, otherwise, let 14 = 0. Then, for each
real number p > 1, let LP(Q, Fr, P;R) be the set of all R-valued and Fr-measurable random
variables ¢ such that E[|£|P] < +oo, SP(0,T;R) (or SP simply) be the set of R-valued, adapted
and continuous processes (Y;)¢c(o,7) such that

1
IVllsr = (B swp [vi])" < +oc,
t€[0,T]
and MP(0,T;RY) (or MP simply) be the set of (F;)-progressively measurable R%valued pro-
cesses (Zi)ie(o,r) such that

12 e = (E[(/OT|Zt|2dt)%])‘l’ < +00.

Obviously, both SP and MP are Banach spaces for each p > 1.
Finally, let S be the set of all nondecreasing continuous functions ¢(-): R* +— RT with
#(0) = 0 and ¢(z) > 0 for all z € R, here and hereafter R™ := [0, +00).

Definition 2.1 A pair of processes (yi, zt)iejo,1) taking values in R x R? is called an LP
solution of BSDE (1.1) for some p > 1, if (ys, 2)iejo,r) € SP(0,T;R) x MP(0,T;RY) and
dP-a.s., BSDE (1.1) holds true for each t € [0,T].

Let us introduce the following Lemma 2.1, which will be used in Section 3 and Section 5.

Lemma 2.1 Let p > 1, 0 < T < 400, and (g¢)efo,1) be an (F;)-progressively measurable

process such that fOT lg¢|dt < 400, dP-a.s.. If (Yi, Zt)iejo,r) s an LP solution to the following
BSDE:

T T
Yt:YT—i-/ gsds—/ Zs-dBs, tel0,T], (2.1)
t t
then there exists a positive constant C,, depending only on p such that for each t € [0,T],
T
B swp [v.P] < CE[Val + [ (v.p~ladas), (2.2)
s€t,T] t

E[(/tT'ZS'ZdS)g} < Cp{B[ vzl + (/funngswds)g] v s ]} @)

Moreover, there exists a positive constant ﬁp depending only on p such that for each t € [0,T],

E[ sup |ys|p} +IEK/tT|Zs|2ds)g} gUPE[|YT|p+ (/tT |gs|ds)p] (2.4)

s€t,T]
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Proof In the same way as Proposition 2.4 in [18], we can prove (2.2) and (2.3). It remains
to show (2~4) In fact, by the inequality 2ab < a? +b? and Young’s inequality we have, for each
constant Cp, > 0,

. T - T
CoE[ [ (i lauas] < G| sup (v~ [ lailas]

set,T]

E[ sup VP +]%(2(Pfjl)ép)pza[(/f g:lds)’]  (25)

set,T]

<

| —

and

IS

B[( [ (valsaas)] <&[ it ([ o) ]

<gelam ol egEl([ )] o

Thus, (2.4) follows immediately from (2.2)—(2.3) and (2.5)—(2.6).

The following technical Lemma 2.2 comes from [14, Lemma 4], which will be used in Section
4. Tt gives a sequence of upper bounds for functions of linear growth.

Lemma 2.2 Let U(:) : RT — RT be a nondecreasing function of linear growth, which means
that ¥(x) < K(z+ 1) (K > 0) holds true for all z € RY. Then for each n > 1,

2K)

U(z) < (n+2K)x + @(n+2K

holds true for each x € RT.

3 An Existence and Uniqueness Result

In this section, we will use a stopping time technique involved in subdividing the time
interval [0, 7] to prove a general existence and uniqueness result for the LP (p > 1) solution
of BSDE (1.1), and introduce an example to show that our stochastic Lipschitz condition is
strictly weaker than the Lipschitz condition non-uniform in ¢ used in [8]. First, let us introduce
the following assumptions with the generator g, where 0 < 7' < 400 and p > 1.

(H1) g is Lipschtiz continuous in (y, z) non-uniformly with respect to both ¢t and w , i.e., there
exist two (F3)-progressively measurable nonnegative processes {u:(w)}refo,r) and {vs(w) }eejo,1]
satisfying

/T[ut(w) + o2 (w)]dt < M, dP-as. (3.1)
0

for some constant M > 0 such that dP x dt-a.e., for each y1,vy2 € R, 21, 25 € R?,
l9(w, t,y1,21) — g(w, t, Y2, 22)| < we(w)|yr — ya| + ve(w)]z1 — 22l;
(H2) E[( fy 19(w,t,0,0)[dt)"] < +oc.

Remark 3.1 We note that the above (3.1) is equivalent to || fOT ug(w) + v} (w)dt”oo < M.
For the sake of convenience, the w in u;(w) and vi(w) is usually omitted without causing
confusion.
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The following Theorem 3.1 shows an existence and uniqueness result for L” (p > 1) solutions
of BSDEs under assumptions (H1) and (H2), which could be regarded as a generalization of the
results obtained by Pardoux and Peng [23] and Chen and Wang [8], where u; and v; in (H1)
do not depend on w.

Theorem 3.1 Assume that p > 1, 0 <T < +o00 and the generator g satisfies assumptions
(H1)-(H2). Then for each & € LP(Q), Fr, P;R), BSDE (§,T,g) admits a unique LP solution.

Proof Assume that (y:, 2¢)ie(o,r) € S?(0,T;R) x MP(0,T;R?). It follows from (H1) that
l9(s,ys, 25)| < 19(8,0,0)|4+us|ys|+vs|zs|. Then from the inequality (a+b+c)? < 3P(a? +bP+cP),
Holder’s inequality and (H2), we have

([l zias)] < ( [

+ 3pM5E{(/T |zs|2ds)%} < +o0.
0

T

19(5, 0, O)|ds)p} + (3M)p]ELesEépT] Iyslp}

As a result, the process (E[¢ + fOT 9(s, ys, zs)ds‘]-"t])0<t<T is an L? martingale. It then follows
from the martingale representation theorem (see, for example, [24, Theorems 2.42 and 2.48])
that there exists a unique process Z. € MP?(0,T;R%) such that

T T t
E[§+/ g(saysazs)ds‘]_—t} :E[§+/ g(saysazs)ds} +/ Zs'sta OStST
0 0 0

Let V; := E[6 + [ (5,5, 25)ds|Fi], 0 < t < T. Obviously, Y. € SP(0,T;R), and it is not
difficult to verify that (Y, Z¢)¢cjo,7) is just the unique LP solution to the following equation:

T T
Yi— e+ / 95, ys, 22)ds — / Z,-dB,, te0,T). (3.2)
t t

Thus, we have constructed a mapping from SP(0,T;R) x MP(0,T;R?) to itself. Denote this
mapping by I : (yt, 2t)eejo,r) — (Yo, Zt)iejo,1)-

Now, suppose that (y;, z{)ico, 7] € SP(0,T; R) x MP(0,T;R?), and let (Y;', Z{)ic[0,7] be the
mapping of (v, z{)iejo, 1], @ = 1,2, that is, I(y;, z})rejo,r] = (Y, Z})teo,), ¢ = 1,2. We denote

ﬁ::}/tl_}/t27 Z\t::Ztl_ZtQa @\t::yg_yt27 Et:zztl_zgv
/.dt = g(taytlaztl) _g(tvy?72§)7 te [OaT]

Then (XAQ, Zt)te[O,T] is an LP solution of the following BSDE:
Yt:/ §Sds—/ Zs-dBs, tel0,T].
t t

Furthermore, (2.4) of Lemma 2.1 yields the existence of a constant ¢, > 0 depending only on p
such that for each ¢ € [0, 7],

ELSE}’T] Val + (/fwds)g] SCpE[(/tT Gelds) "]
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Thus, by virtue of (H1) and Hélder’s inequality we can deduce that for each ¢ € [0,77],

T D
£ sup |Ys|p+(/ Z.Pas)” ]
t

set,T]

<onl([ wae)+ ([ 20)") (o ([ BPa) )] 09

In the sequel, we choose a sufficiently large number N such that

M 1 1
< A

N7 (e)r (de)r
and subdivide the interval [0, T'] into some small stochastic intervals like [T;_1,T;],i =1, - , N,
by defining the following (F;)-stopping times:

T()ZO;

¢
M
leinf{tEO:/ (us—i—vf)dszﬁ}/\T;
0

i M
Z—} NT;

t
T; = inf {t >Ti g / (us + vg)ds >
O N

t
NM
TN:inf{tZTN_llf(US—F’Ug)dSZ T}/\T:T
0

Thus, for any [T;—1,7;] C [0,T], i =1,---, N, it follows that

(/TT ust)p+ (/TT vzds)g < 2—;. (3.4)

Now, with the help of inequality (3.3) we have

S PN 5 1 r 5
E sup Y|P+ (/ |Zs|2ds) } < —E[ sup  |gs|” + (/ |?S|2ds) },
SE[TNfl,T] TN -1 2 SE[TN717T] TN -1

which means that I is a strict contraction from SP(Ty_1,T;R) x MP(Tx_1,T;R9) into it-
self. Then I admits a unique fixed point in this space. It follows that there exists a unique
(Y, 20)te(rn 1,1 € SP(Tn—1,T;R) x MP(Ty_1,T;R?) satisfying BSDE (¢,T,g) on [Tn—1,T].
That is to say, BSDE (£,7, g) admits a unique L? solution on [Tx_1,T].

Finally, note that (3.4) holds true for i = N —1. By replacing Tn_1, T and { by Tn—2, Tn—1
and yr, , respectively in the above proof, we can obtain the existence and uniqueness for the
L? solution of BSDE (¢, T,g) on [Tx—2,Tn—1]. Furthermore, repeating the above procedure
and making use of (3.4), we deduce the existence and uniqueness for the L? solution of BSDE
(&,T,g) on [Tn—3,TN—-2], - ,]0,T1]. The proof of Theorem 3.1 is then completed.

Remark 3.2 It is easy to see that Theorem 3.1 holds also true for multidimensional BSDEs.

The following example shows that the assumption (H1) is strictly weaker than the corre-
sponding assumption in [8]. For readers’ convenience, we list the assumption of Chen and Wang
[8] as the following (H1'):
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(H1") g is Lipschitz continuous in (y, z) non-uniformly with respect to ¢, i.e., there exist two
functions u(t), v(t) : [0, 7] — RT satisfying

T
/ [@(t) + T2 ()] dt < +oo
0
such that dP x dt-a.e., for each y1,y2 € R, 21,29 € RY,

l9(w; 91, 21) — 9w, L, y2, 22)] ST |y1 — ya| +0(8)[21 — 2.

Example 3.1 Let 0 < T < +00, and for each ¢y € (0,7), define the following two stopping
times:
M
ri(w) = inf {# >t | By, ()|(t —t0) = 5 } AT,
M
2

(W) = i f{t>t0 By, (0)2(t — to) > }/\T.

Consider the generator g(w,t,y, z) := us(w)|y| + v¢(w)|z], where

Uy (w) = [Bio (WL ((t0,m (@)@, 1) Ue(w) = |Bio | L((tg,ma(wy) (W5 1), (£, w) €[0,T] x Q.

It is clear that g satisfies the assumptions (H1) and (H2) with u; = u; and v(t) = ¥;. Then,
by Theorem 3.1 we know that for each p > 1 and & € L?(Q, Fr, P;R), BSDE (¢, T,9) admits a
unique LP solution.

We especially mention that this § does not satisfy the above assumption (H1’). In fact, if
the assumption (H1’) holds true for g, then there exist two deterministic functions u(t), v(t) :
[0,T] — R* such that

U (w) <T(t), (W) <T(E), dP x dt-ae. (3.5)

and
/T[ﬂ(t) + %(t)]dt < 4o0. (3.6)
0

This yields a contradiction which will be shown below. Note first that for each ¢ € (to, 1), we
have

{w:w(w) >at)} ={w:t <7 (w) and | By, (w)| > u(t)}

M _
- {w 1B @) < 5 and [Bu ()] > u(t)},

and note that By, (w ) is a normal random variable with zero-expected value and ty-variance
values. If w(t) < W for some t € (to,T), then P({w : u(w) > w(t)}) > 0. Using this fact
and (3.5) we can conclude that

M
Uy > 5 dt-a.e. in (to,T).

(t —to)’

/ t)dt > — / dt = 400,
0 t, t—to
which contradicts (3.6).

Therefore, our assumption (H1) is strictly weaker than (H1’) used in [8].

Thus,
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4 A General Comparison Theorem

In this section, by developing a method employed in [15, 20] we will prove a general com-
parison theorem for L? (p > 1) solution of BSDE (1.1). Let us first introduce the following
assumptions, where 0 < T' < +00.

(H3) g satisfies a monotonicity condition in y non-uniform with respect to both ¢ and w,
i.e., there exists an (F;)-progressively measurable nonnegative process {u¢(w)}+ejo,7] satisfying

T
/ ug(w)dt < M, dP-as.
0

for some constant M > 0 such that dP x dt-a.e., for each y, 92 € R, 21, 25 € R?,

sgn(yr — y2)(g(w, t, 91, 2) — g(w, t,y2,2)) < ug(w)lyr — yal;

(H4) g satisfies a uniform continuity condition in z non-uniform with respect to both ¢ and
w, i.e., there exists a linear-growth function ¢(-) € S and an (F;)-progressively measurable
nonnegative process {v¢(w)}sepo, ) satisfying

T
/ vZ(w)dt < M, dP-as.
0

such that dP x dt-a.e., for each y1,y2 € R, 21,20 € RY,

|g(wat7ya Zl) - g(watvya 22)| < Ut(W)¢(|Zl - Z2|)

Here and hereafter, we always assume that 0 < ¢(x) < ax + b for all x € RT. Furthermore,
when b # 0, we also assume that fOT ve(w)dt < M, dP-a.s., where M is defined in (H3).

Remark 4.1 Note that in case of us(w) = 0, (H3) means that g is non-increasing in y.

The following Theorem 4.1 establishes a general comparison theorem for BSDEs under the
assumptions (H3)—(H4), which generalizes partly Theorem 2 in [15], where u(w) and v (w) in
(H3)—(H4) do not depend on w and p = 2, and [20, Lemma 1], where u;(w) and v;(w) need to
be bounded processes and T < +o0.

Theorem 4.1 Letp>1,0< T < +o0, £,& € LP(Q, Fr, P;R), g and g' be two generators
of BSDEs, and (yt, 2t)tcjo, 1) and (Y, 2;)rejo,1) be, respectively, an LP solution to BSDE (§,T, g)
and BSDE (¢',T,¢'). If dP-a.s., £ < &', g (respectively, g') satisfies (H3) and (H4) and dP x
dt-a.e., g(t, v, z1) < g'(t,y;, 2;) (respectively, g(t,ye, zt) < g'(t,yt, 2¢)), then for each t € [0,T],
we have

dP-a.s., y <vy;.

Proof Assume that dP-as., { < ¢, g satisfies (H3)-(H4) and dP x dt-a.e., g(t,y;,2) <
9'(typ,2). Setting yp = ye — yp, 2o = 20 — 2, £ = £ = &, since g(s,y,,25) — (5,5, 2,) s
non-positive, we have

9(8,ys:2s) — ' (5,54 20) = (8, s, 25) — 9(8, 9%, 26) + 9(5, 95, 25) — 9'(s, 94, 24)
9(s, s, 25) = 9(8, Y4, 25)
9(8,ys: 25) = 9(8,Yer 25) + 9(8, 95 25) — 9(5, 94, 24),

IN
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and we deduce, using (H3)—(H4), that
Lg,>0l9(s. ys, 2s) = 9'(5,Ys, 20)] < usly + Lgsovsd(|Zs]), s €[0,T]. (4.1)
Then Tanaka’s formula with (4.1) leads to the following inequality, with A; := fot ugds,
R T
At:/y\g_ < eAT€+ +/ As {]]-ys>0[ (Saysa Zs) - g/(s, y;7 Z;)] - us?f;}ds - / eAS ]-§5>0/Z\s st
t t
T T
< / Ay v (|Zs])ds — / Ay o3, dBs, e [0,T). (4.2)
t t

Furthermore, note that Lemma 2.2 with ¥(-) = ¢(-) and K = ¢ := a + b yields that

2c
> + < .
Vn>1, x e R", ¢(x) _(n+26)x+1b¢0¢(n+26), (4.3)

where 140 = 1if b # 0 and 149 = 0 if b = 0. By (4.1)-(4.3) we get that for each n > 1 and
t € 0,17,
T

T
eA‘;’g\;F < ay, +/ [e °]lA _so0(n + 2¢)vs|Z5]ds — / eAS]lgS>025 -dB,
t t

T ~
N n—+ 2¢)vszs
= an — ‘/t eAS ]]'@\s>OZS : |: - ( |25|) ]]“Es|¢0ds + st}a (44)

where, by (H4),

2
Gy = 1#0(;5 - 20 H/ vsdsHoo < 1b¢0¢(n +C2C)MeM —0 asn— oo. (4.5)

Let P, be the probability on (€2, F) which is equivalent to P and defined by

dp, T vz, 1 g
= exp{(n+2c)/0 %1'25‘¢0'd35_5(n+20)2/0 ]l|gs‘¢0v§ds}.

It is worth noting that dP" has moments of all orders since fOT v?3(s)ds < M, dP-a.s.. By
Girsanov’s theorem, under P the process

+ ~
n+ 2¢)vs2s
Bn(t) =By —/0 %lﬁd;ﬂ)ds, t e [O,T]

is Brownian motion. Moreover, the process (fot eftely 0%y - dB"(S))te[o 7] is a (Ft, Py)-

martingale. Indeed, let E,[X|F;] represent the conditional expectation of random variable
X with respect to F; under P, and let E,,[X]=E, [X|Fo], it then follows from the Burkholder-
Davis-Gundy (BDG for short) inequality and Holder’s inequality that

n sup ‘/ 15,502 - dBn(s)H §4eME \// |zs|2ds}
0<t<T

< s e[ ()] 7 B[ [ 1) ] < v
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Thus, by taking the conditional expectation with respect to F; under P, in (4.4), we obtain
that for each n > 1 and t € [0, 77,

eyt <a,, dP-as. (4.6)
And in view of (4.5), it follows that for each t € [0,T], dP-a.s., y; < y;.
Now, let us assume that dP-a.s., £ < ¢, ¢’ satisfies (H3)—(H4) and dP x dt-a.e., g(t, yt, 2¢t) <
9’ (t,y#, 2t). Then, since g(s,ys, zs) — g'(8, ys, 2s) is non-positive, we have

9(8,Ys, 25) — g/(svy./sa Z;) = 9(5,Ys, 2s) — g/(svysa 2s) + g/(Sa Yss Zs) — g/(svy./sa Z;)
<9 (s,ys 25) — 9' (s, 9%, 22)
= g/(svysv ZS) - g/(Sv y;7 ZS) + g/(svy./ga ZS) - g/(Sa y;7 Z./g)a

and using (H3)—(H4), we know that inequality (4.1) still holds. Therefore, the same proof as
above yields that for each t € [0,T], dP-a.s., y: < y;. Theorem 4.1 is proved.

From Theorem 4.1, the following corollary is immediate.

Corollary 4.1 Letp > 1, 0 < T < 400, £,& € LP(Q, Fr, P;R), one of the generators
g and g’ satisfy assumptions (H3)~(H4), and (yi, z¢)iejo,r) and (yi, 2¢)ecjo,r) e, respectively,
an LP solution to BSDE (¢,T,g) and BSDE (¢',T,¢'). If dP-a.s., £ < &', and dP x dt-a.e.,
g(t,y,2) < g'(t,y,2) for any (y,z) € R x RY, then for each t € [0,T], dP-a.s., y: < y,.

5 An Existence Result of the Minimal Solutions

In this section, we will put forward and prove an existence result of the minimal LP (p > 1)
solution for BSDE (1.1) (see Theorem 5.1) by improving the method used in [18] to prove in a
direct way that the sequence of solutions of the BSDEs approximated by the Lipschitz generators
is a Cauchy sequence in SP x MP. And, based on Theorem 5.1 together with Theorem 4.1, we
will also give a new comparison theorem of the minimal LP (p > 1) solutions of BSDEs (see
Theorem 5.2) and a general existence and uniqueness theorem of the LP (p > 1) solution of
BSDEs (see Theorem 5.3). First, we introduce the following assumptions with respect to the
generator g, where 0 < T' < +00.

(H5) ¢ has a linear growth in (y, z) non-uniform with respect to both ¢ and w, i.e., there
exist three (F;)-progressively measurable nonnegative processes {us(w)}ieo, 1), {v¢(w)}refo,7]

and { fi(w)}+ejo,7) satisfying
Bl( [ )] < o,

and
T
/ [ug(w) 4+ v (w)]dt < M, dP-as.,
0

for some constant A/ > 0 such that dP x dt-a.e., for each y € R, z € R,

|g(w7t7y72)| < ft(w) + ut(w)|y| + 'Ut(w)"Z';

(H6) dP x dt-a.e., g(w,t,-,-) : R x R? = R is a continuous function.
The following Proposition 5.1 will play an important role in the proof of Theorem 5.1. Its
proof is analogous to [19, Lemma 1], so we omit it here.
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Proposition 5.1 Assume that the generator g satisfies (H5)—(H6). Let g, be the function

defined as follows:
gn(w,t,y,2) = inf  {g(w,t,7,%Z) + nu(w)|y — 7| + nve(w)|z — Z[}.
(g,zZ)e R td

Then the sequence of function g, is well defined. For each n > 1, g,(w,t,y,z) is (Fi)-
progressively measurable for each (y,z) € R x R%, and it satisfies, dP x dt-a.e.,

(i) Stochastic linear growth: ¥ y,z, |gn(w,t,v,2)] < fi(w) + ue(w)|y| + ve(w)]z];

(il) Monotonicity in n: ¥V y, z, gn(w,t,y, z) increases in n;

(iii) Stochastic Lipschitz condition: ¥ yi,ys, 21, 22, we have

|gn (W, t, 91, 21) — gn(w, t, Y2, 22)| < nug(W)|yr — y2| + nve(w)]z1 — 22[;

(iv) Convergence: If (yn,zn) — (y, 2), then gn(w,t,yn, 2n) — g(w,t,y,2), as n — oo.

Now we state the main result of this section—Theorem 5.1. It improves [15, Theorem 1],
where uy(w) and vy (w) in (H5) do not depend on w and p = 2, and [18, Theorem 3.3], where
ut(w) and v (w) need to be bounded processes and T < +o0.

Theorem 5.1 Assume that p > 1, 0 < T < 400 and the generator g satisfies (H5)—(HG6).
Then for each & € LP(Q, Fr, P;R), BSDE (§,T, g) admits a minimal LP solution (ys, zt)re(o0,1],
which means that if (G, Z¢)ueo,1) s any LP solution to BSDE (§,T, g), then for each t € [0,T],
dP-a.s., y+ <7,.

Proof Let g, be defined as in Proposition 5.1. In view of Proposition 5.1(i), for each n > 1
we have

E[(/OT |gn(s,0,0)|ds)p] SE[(/OT fsds)p} < +oo.

In view of Proposition 5.1(iii) and (H5), it follows from Theorem 3.1 that for each n > 1,
BSDE (¢, T, gn) and BSDE (£, T, h) admit unique L? solutions (yi, 2{")tefo,r) and (Y, Zt)efo,1]
respectively, where h(w,t,y,z) := fi(w) + ue(w)|y| + ve(w)|z| for each (w,t,y,z). And in view
of Proposition 5.1(ii), Corollary 4.1 yields that for each n > 1 and t € [0,7], yi(w) < yP(w) <
Yy (w) < Yi(w), dP-a.s.. Thus, there must exist an (F;)-progressively measurable process
(Yt)refo,) satisfying that for each ¢ € [0, T,

lim y'(w) = ye(w), dP-as.,

n——+oo

and for each n > 1,

i ()] < lyi ()| +[Ye(w)|, dP-as.. (5.1)
Now, let G(w) = sup (|y}(w)] + |Yi(w)]). We have
te[0,7)
IE{ sup |yt|p} < E[G?] < +o0. (5.2)
te[0,T]

Furthermore, it follows form (2.3) of Lemma 2.1 together with (5.1)—(5.2) that there exists
a constant C}, > 0 depending only on p such that for each n > 1,

p

B[( [ 2pas) ] < omer+ ([ Qutllantosi00as) ] + B 63
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On the other hand, in view of Proposition 5.1(i) and by inequalities (a4b4¢)P < 3P(aP4bP+cP),
2
ab < ea® + b— and Holder’s inequality we can deduce that for each n > 1 and € > 0,

([ (lontonoz0as) ]
<t ([ Qurtrons)” + ([ rruons)” + ([ lizioas) ]
< 35{11*3[5:[%%] Iyﬁlp] + %E[(/OT fst)p} + %M’HL (1)5M2]EL:[%PT] Iy?|p]}

+ (35)§]EK/OT |zg|2ds)g] (5.4)

Now, by choosing ¢ >0 such that C,(3¢)% = 1, it follows from (5.3)~(5.4) together with (5.1)-
(5.2) that

T D
sup || 2" = supE[(/ |z§|2ds) 2} < +o00. (5.5)
n>1 n>1 0

Next, we will show that (yf'):c(o,7] is a Cauchy sequence in space SP(0,T;R). Note that for

each m,n > 1, (y™ —y™ z™) satisfies the following equation:

m
YR T

T T
vt —ut =/ [9m (s, 4" 257) = gn(s,055 2 s)]ds—/ (25" = 2¢)-dBs, 1 €[0,T].
¢ ¢
In view of (H5) and (2.2) of Lemma 2.1, we obtain the existence of a constant ¢, such that
T
I = 7 < 2eB[ [ (12" = 2P 0ds] + e / (2" = 2P~ s (2] + 2 Dlds|
0

T
o] [ =P o+ 2 s (5.6)

We can prove that the three terms of right-hand side of the previous inequality tend to zero as
m,n — oo respectively. Indeed, by (H5), Holder’s inequality and (5.2), note that

e[ o] =slo [ ] < wonnF (6[( [ aon)']) < o
]E:(/()T(Gp_luS)ds)pﬂ} - E[Gp(/oT “sds) } E[GP|M 77 < +o,
([ e i) ™) <wle( [ i) ] <m@E < oo

Since for each m,n > 1 and s € [0,T], dP-as., |[y™(w) — y*(w)|P~! < 2P71GP~}(w), and
dP x dt-a.e., y" — y. as n — 400, by Lebesgue’s dominated convergence theorem we deduce
that as m,n — oo,

- T
B [ — il fds] o
-J0

T p—1
| = uptads) ] o, (57)
0
T 7
| = predias) 77 o
0




LP Solutions of BSDEs with Non-uniform Conditions 491

Thus, in view of (5.1)—(5.2), (5.5) and (5.7), it follows from Hoélder’s inequality that as m,n —
w’

T
B [ = w2 o+ D]
0
_P_ p—1

<26 (=[( | o = tuas) )T 0 (5.8)

and
- T
B[ [ 0o = 2P o=+ 22Dl

<E[( [ Qo - ueprnias) ([ i+ eztas) ]

I T m n|2p—2, 2 ez T m nN2 515
gE_(/O (7" — v r=>2)ds) ™ 7| E[(/O (=01 +1250%as) )" =00 (5.9)

Consequently, combining (5.6)—(5.9) yields that
Jim |y —y.[ls» = 0. (5.10)
Furthermore, we prove that (z{'):e[0,7 is a Cauchy sequence in space MP?(0, T’ R%). In fact,

by (2.3) of Lemma 2.1 we get the existence of a constant C}, depending only on p such that for
each m,n > 1,

(SIS

T
I = 2 < CB[( [ 07 = 2llgm s, 22) = g2 2
0

+ Cplly™ =y [0 (5.11)

On the other hand, it follows from (H5), inequality (a +b+ ¢)? < 3P(a? +bP + ¢P) and Holder’s
inequality that

T P
m n mo . m n o _n 2
E (/ [|ys _ys”gm(svys ) Rs ) —gn(S,yS,Zs)”dS) :|
0

(SIS

<E

|
|

<3¥ |y — g1, - {ﬁE[(/OT fsds)pf +28E[GP)* - M%)

T

(] 2 = szl2f o+ 2D + 02+ 12210)ds)
, , T 2 NET

35y =yl E[( [ (=4 pas) ]t (512)

Thus, combining (5.5) and (5.10)—(5.12) yields the existence of a process z. € MP(0,T;R?) such
that

nlgrolo [[z" = z.||pe = 0. (5.13)

Now, we can choose a subsequence of {2"}, still denoted by itself, such that ||z —z.||ar < 5=
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for each n > 1. Then

+oo
[suplenl|| < ||supler =z A| o < || D120 = 21| + = llae
n Y n My n=1
“+o0
<M1 = 2l + ezl < 1+ 2]l < +oo. (5.14)
n=1

Denote Hi(w) := fi(w) + ut(w)G(w) 4+ ve(w) sup |27 (w)]. By (H5), (5.1)—(5.2) and Proposition
5.1(i) we know that for each n > 1, dP x dt-a.e.,

lgn(t, 43", 2¢") — 9(t,y, 2)| < 2H,. (5.15)

And, by Hélder’s inequality together with (5.2) and (5.14) we have

IE[(/OT|HS|ds)p} < 3P]EK/OT fsds)p} + 3PE[GP]M?

T 2

—|—3”EK/ sup|z§|2ds)2]Mg < 400. (5.16)
0 n>1

On the other hand, in view of (5.10), (5.13) and Proposition 5.1(iv), we can assume that,

choosing a subsequence if necessary, as n — oo,

gn(t,ys, 20) = g(t,ye, 2z¢), dP x dt-a.e. (5.17)

Thus, by (5.15)—(5.17), it follows from Lesbesgue’s dominated convergence theorem that

T P
lim E[(/ |gn (5, Y5 25) —g(s,ys,zs)ldS) ] =0.
n—oo 0

Finally, taking limits in BSDE (§, T, g,) yields that (y:,2¢):eo,7) is an LP solution of BSDE
(&T,9).

It remains to prove that (y., z.) is the minimal L? solution of BSDE (£, T, g). Let (Ut, 2t )¢cjo,1)
be any LP solution of BSDE (£,T, g). In view of Proposition 5.1(ii)-(iii), by Corollary 4.1 we
obtain that dP-a.s., y* < y; for each t € [0,T] and n > 1, from which and by letting n — oo
we get that for each ¢ € [0,T], dP-a.s., y: < 7;. The proof of Theorem 5.1 is then complete.

Remark 5.1 In the same way as the proof of Theorem 5.1, we can prove the existence of
the maximal L (p > 1) solution of BSDE (1.1) under the assumptions (H5) and (H6).

By Theorem 4.1 and the proof of Theorem 5.1, we can easily get the following comparison
theorem on the minimal (respectively, maximal) LP solutions of BSDEs.

Theorem 5.2 Assume that p > 1, 0 < T < 400, & & € LP(Q, Fr, P;R), and both gen-
erators g and ¢’ satisfy (H5)—(H6). Let (y.,z.) and (y/,2!) be, respectively, the minimal (re-
spectively, mazimal) LP solution of BSDE (£,T,g) and BSDE (§',T,q’) (recalling Theorem
5.1 and Remark 5.1). If dP-a.s.,&§ < & and dP x dt-a.e.,g(w,t,y,2) < ¢'(w,t,y,z) for each
(y,2) € R x RY, then for each t € [0,T],

dP-a.s., y <.

By Theorem 5.1 and Theorem 4.1, the following Theorem 5.3 follows immediately, which
generalizes Theorem 3.1 in Section 3.
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Theorem 5.3 Assume that p > 1, 0 <T < +00, and the generator g satisfies the assump-
tion (H2) and the following assumption (HT):

(HT7) g is Lipschitz continuous in y and uniformly continuous in z non-uniformly with respect
to both t and w, i.e., there exists a linear-growth function ¢(-) € S and two (F;)-progressively
measurable nonnegative processes {ui(w)}iepo,r and {vi(w)}iepo,m) satisfying

/ T[ut(w) +vf(w)]dt < M, dP-a.s.
0

for some constant M > 0 such that AP x dt-a.e., for each yi,y2 € R, 21, 25 € RY,

lg(w,t,y1,21) — g(w, t, Y2, 22)| < uew)|yr — ya| + vi(w)d(|21 — 22|).

Then for each & € LP(Q, Fr, P;R), BSDE (£,T,g) admits a unique L? solution.
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