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Abstract A new class of backward particle systems with sequential interaction is proposed
to approximate the mean-field backward stochastic differential equations. It is proven
that the weighted empirical measure of this particle system converges to the law of the
McKean-Vlasov system as the number of particles grows. Based on the Wasserstein met-
ric, quantitative propagation of chaos results are obtained for both linear and quadratic
growth conditions. Finally, numerical experiments are conducted to validate our theoretical
results.
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1 Introduction

The McKean-Vlasov stochastic differential equations (MV-SDEs for short), also known as
mean-field or distribution dependent SDEs, originated from the work of [1] which provided a
probabilistic interpretation for nonlinear Vlasov equations. Since then, MV-SDEs have found
a wide range of applications in various fields such as finance, control theory and statistical
physics (see [2-6] and references therein). The theory of propagation of chaos (PoC for short)
was initially introduced by [7] to investigate particle system approximations of non-local partial
differential equations (PDEs for short) that arise in thermodynamics. PoC for large interacting
particle systems has become a crucial theory in many areas of applied mathematics (see [8—
9]). Recent developments and applications of PoC can be found in works such as [6, 10-11].
Furthermore, the numerical simulation of MV-SDE is an important issue, and the PoC property
is widely applied in computational problems (see [2, 12-13], etc.).

Since the work of [14], backward stochastic differential equations (BSDEs for short) have
been used widely in a variety of areas (see [15-17]). Mean-field backward stochastic differential
equations (MF-BSDEs for short), also called McKean-Vlasov BSDEs (MV-BSDEs for short),
were introduced by [18-19]. Similar to the forward SDE, we also have backward PoC property
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for McKean-Vlasov BSDEs (see [20]). Since most BSDEs cannot be solved analytically, nu-
merical methods must be applied to approximate their solutions. Various numerical methods
have been proposed over the past few decades (see [21-27]). As for numerical methods for MV-
BSDES, a variety of methods can be found in the literature for mean-field games (see [28-31]).
Since [32-33] proposed the Deep BSDE method, deep learning based methods have also been
used to solve McKean-Vlasov BSDEs (see [34-38]).

Recently, [39] propose a new class of particle systems with sequential interaction to approx-
imate the McKean—Vlasov SDEs. They use a recursive form to compute McKean-Vlasov SDEs
particle-by-particle (or batch-by-batch), resulting in a great reduction of the computational
burden. Specifically, they derive estimates for recursive inequalities, and get a new estimate for
the convergence rate of weighted empirical measures of an i.i.d. sequence in the Wasserstein
distance. The results for classical empirical measures can be founded in [40-42] and references
therein. More significantly, as more and more particles are added (without affecting existing
particles), the approximation accuracy continuously improves until it reaches the desired level.
In other words, there is no need to specify the required number of particles in advance.

In this paper, we adopt the approach of [39] to approximate McKean-Vlasov BSDE by a
recursive form. We model backward particles as solutions of backward stochastic differential
equations with sequential interaction and investigate the asymptotic behavior of the BSDE
system. The major feature of the system is that each particle is influenced solely by the
particles with smaller ordinal numbers. Specifically, the n-th particle process Y™ (n > 1) is

recursively determined by

T T
n"=§"+/ fsmn,us—l,zs)ds—/ ZrAwr, te 0.7
t t (1.1)

pi =y an Oy — Y,

where p = §y. Here, the update rate sequence {a, },,>1 is decreasing and positive, with a; = 1.
The multidimensional Brownian motions W" are independent and the terminal data Y7 are
i.i.d. R-valued random variables independent of {W"},>1. It is evident that ;' is a weighted
empirical measure of Y,!,--- Y™ If we set a,, = %, 1y becomes classical empirical measure.
As the interaction is asymmetric and heterogeneous, the model (1.1) stands in sharp contrast

to the corresponding mean-field interacting system {Y"™~ :n =1,--. N} given by

T N T

Y=gt / PN 20N ds = Y / ZPN AW, te 0, 1],
t _ t

=1 (1.2)

1 N
N _ E
/,Lt = anl 6Ytn,N.

It is known from the theory of backward propagation of chaos (see [20, 43]) that, as N grows,
the empirical measure of the system (1.2) may converge to the law of a McKean—Vlasov BSDE
described by

T T
Vit [ 1@ Zods— [ Zoaw., tep.,
t t

e = L(Y;) := Law(Y}).

(1.3)
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This paper establishes a similar property for the system (1.1): As n tends to infinity, both
the weighted empirical measure pp and the law of Y, converge in a very general setting to
defined in (1.3).

The main results of this paper give quantitative PoC estimates for the system (1.1) using
the Wasserstein distance. The proofs rely on synchronous coupling and the biggest challenge
arises from the special interaction mechanism of our model. To overcome this challenge, we
utilize new estimates for recursive inequalities introduced in [39].

Finally, we also consider the sequential propagation of chaos in one-dimensional mean-field
BSDEs with quadratic growth (QBSDEs for short). In 2000, [44] proved the existence and
uniqueness of one-dimensional BSDEs when the generator has a quadratic growth in Z and the
terminal value is bounded. The case of one-dimensional BSDEs with an unbounded terminal
value was obtained by [45-47]. The multi-dimensional case was investigated by [48-50] and the
mean-field case was considered by [43, 51].

The remainder of this paper is organized as follows. Section 2 presents some preliminary
notations and main results. Section 3 is devoted to the proofs of the BSDE and decoupled
FBSDE cases. The proofs of the QBSDE case are postponed to Section 4. Numerical examples
are provided in Section 5. Auxiliary lemmas are proven in Appendix A.

2 Main Results

Let (Q,.#,F,P) be a complete filtered probability space on which a d-dimensional standard
Brownian motion W; is defined, where F = {.%;}$° is the natural filtration of W augmented
by all the P-null sets in .%. Denote by |- | and (-, -) the Euclidean norm and the inner product,
respectively, in the Euclidean spaces, and by || - || the Frobenius norm of a matrix. Let Z(E)
be the space of all Borel probability measures on a normed space (E, || - || g). The p-Wasserstein
distance between pu, v € Z(E) is defined as

Wh(,v) == if{(E[l|¢ —nl|%])7 : L(€) = p, L(n) = v}

Denote by &, the metric space of all probability measures p € &2 := Z(R?) with ||ul|, =
Nl |x|pu(d:z:)]% < 00, equipped with the p-Wasserstein distance.
Throughout this paper, we fix a decreasing positive sequence {c, }n>1 with o = 1. «,, is

the update rate of our weighted empirical measures. We denote

. . . Oy — Op41 — . Op — Optq
Qo = lim «a,,, «:=liminf —, = lim sup —_—
n—oo n—oo Oén n—oo an

In the following, we will frequently encounter the weighted sum s,, recursively given by
Sn = Sp—1+ an(xn - Sn—1)~

This gives



14 X. C. Li and K. Du

n
where w; = 1 and w,, = a,, [](1 — a;)~! for n > 2. For simplicity, we denote such a weighted
i=2
sum s, by K,(z), i.e.,

2.1 BSDE

In this subsection, we investigate the asymptotic behavior of a backward particle system with
sequential interaction. Specifically, we will provide the convergence of the backward particle
systems and their rate of convergence.

Let {€";n > 1} denote independent copies of &, and {W™;n > 1} denote independent
d-dimensional Brownian motions. A key feature of this system is that each particle is only
influenced by particles with smaller ordinal numbers. Specifically, the particle process of the
sequential BSDE system {Y;",n € Z*} is recursively determined by

T T
Yt"=£"+/ fs<n”,u:—1,zs>ds—/ Zrdwr, te 0,7,
t t

b

T e S (R
where Y0 = 0 and pf = dyo.

To apply the synchronous coupling method, we introduce a sequence of i.i.d. McKean—Vlasov
BSDEs defined by

T T
Vi [ RN ZNds - [ Zlawr, e, 22)
t t

Assumption 2.1 There exist constants L; € R and Lo, Ly > 0 such that for all ¢ € [0, 7],
Y, y1,y2 € RY, 2,21, 20 € R*™ and p, v € P5(R?), we have

(1) <y1 - y27f(tvylhu“7z) - f(tvy%:uvz» < L1|y1 - y2|27
(2) [f(t sy 21) = F(t,y, v, 22)] < La[Wa(p, v) + |21 — 22];
(3) 1,0, w)[> < Lo[L + [[ull3]-

Theorem 2.1 Letp > 1, pr = L(§) € P, with r > 2p+ (p — 1)d, and v := m.

Let (Y™, 2™, ") and (Y, Z") be the solutions of (2.1) and (2.2), respectively. We denote
oY =Y =Y, 621 == Z — Z; and py = L(Y}) is given by McKean-Viasov BSDE (1.3).
Suppose Assumption 2.1 holds, then

(1) if a < (2 — axo), we have

sup EIW3” (u', ie) + WP (L"), )] < Ce“Tag?;
0<t<T

IEK/OT 62717 at)"] < 0O ayr.
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(2) If @ > 2, for any 6 <1 A~ya A2y, we have

_p‘siai
sup BV () + W (L), )] < CeCTe "

T » s n o
IEK/ 6272 at)"] < 0eTe " 2
0
where the constant C' > 0 depends only on d, p, Lo, L1, L2, o) and |||,

Remark 2.1 The case 2 — a < @ < 2 never appears because @ = 0 as long as a, > 0.
S0 2 — s <@ means s = 0 and @ > 2. A typical choice of step size is a,, ~ n~" with some
r € (0,1]. Then we have

p

EWS” (g, p)] S m 2007,
Remark 2.2 Combining the two cases, we know that for § < 1 A ya A 27, we have

sup BV (i )] S aff e

0<t<T
This estimate provides an insightful analysis of the impact of step size on the asymptotic
behavior of the system. The empirical measure puj' converges to pu; as long as as = 0 and
> ay, = oco. However, if as > 0 or > oy, < 00, the convergence of i may fail. Even so, we
still give an upper bound for the quantities concerned. Intuitively, a > 0 (or >, < 00)
means that the particles with large (or small) ordinals get too many weights in pj’. The
following example may demonstrate this point: Define a sequence of measures p,, recursively
as fbn = fn—1 + @n (0, — pin—1) and po = g, where w, ~ N(0,1) are i.i.d. The expected limit

of fi, is the standard Gaussian measure (e.g., taking a = 1). However, for &, = [ @ p,(dz),

by a simple computation one can see that E&, = 0 but lim iélf E|¢,|? > 0 whenever as, > 0 or
n—r

>y, < 0o. In other words, &, never converges (in L?) to zero, thus u,, does not converge to

the standard Gaussian measure.

[52] proposed a probabilistic representation of parabolic PDEs on the Wasserstein space,
which establishes a connection between decoupled McKean Vlasov FBSDEs and parabolic
PDEs. Next, let’s consider the following PDE:

OV (t,z,pn) =—f(@,V(t,z,p0), 0" (z, 1)V (tz, 1), p,v)

—b(x, )0, V(t, o, ) — %tr(BMV(t, x, p)a(x, 1))
— [ b 0,V (e ) ) 2.3)

_ %/Rd tr(ayau‘/(t, x, ‘u)(y)a(x’ ‘u)) d‘u(y)7
V(T @, 1) = h(z, ),

where a = o0, (t,z,p) € [0,T] x R? x 2(R%), and v is the law of V (¢, &, ) with £(£) = p.
Under some appropriate regularity conditions, we can know from [20, 52] that the PDE (2.3)
is well-posed and that its solution V' satisfies

V(ta Yta E(Yt)) = ?ta
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where (X;,Y ) solves the decoupled FBSDE

X, =x0+ /t b(Xs, L(X,))ds + /t o(Xs, L(X,))dW,, te[0,T],
0 0 (2.4)

T T
Tt:h(YT,L(YT))+/ f(YS,VS,ZS,E(YS),E(YS))ds—/ Z.dW,.
t t

We aim to demonstrate that the solution V' to the PDE (2.3), defined on the infinite dimen-
sional space [0, 7] x R? x #2(R%) can be approximated by a sequential FBSDE system. In fact,
we consider the particles in the sequential FBSDE system {Y;*,n € Z*} which are recursively
determined by

t t
X7 :J:O—I—/ b(X2,pul) ds—l—/ o(XI,p2)dw?, tel0,T],
0 0

T T
Ve =n(Xpg) + [ SOz as- [ zraws. )
t t

i =y o (Oxp — pp ),

v =+ an Gy — ).

Correspondingly, we consider a sequence of i.i.d. McKean—Vlasov FBSDE Y defined by

t t
X =0t [WELLED)ds+ [ oKL LED) AW, e p.T)
0 0

T T (2.6)
V)= n(Xp LX) + [ SLTLZL L), D) as - [ Zraw.
t t
Then, we have the following estimate.
Corollary 2.1 Let p > 2, ur € P, withr > 2p+ (p — 1)d, and v := ——+—. Let

2+(1-1)d-
(X, Y™, Zzn v and (X,Y ", Z") be the solutions of (2.5) and (2.6), respectively. ju; =
L(X;) and vy = L(Y ;) are given by McKean—Viasov FBSDE (2.4). Suppose Assumption 2.1
holds and b, o are Lipschitz continuous, then for any 6 < 1 A ypa, we have
—6§:a7

sup ]E[WQQ:D(V?, I/t)] < CeCT (Q;YLZD +e i=t );
0<t<T

where the constant C' > 0 depends only on d, p, Lo, L1, L2, o) and ||ur]|,.

Remark 2.3 If a,, = %, then as = 0, @ = a@ = 1. According to Corollary 2.1, we have

sup EWIP (1, 1,)] < n~? for some § < 1. While in Theorem 2.1, we have sup E[W3P (12", pis)] <
0<t<T 0<t<T

P
-——P
n 2+(1—;)d.

2.2 Quadratic BSDE

In this section, we study the sequential particle systems for the mean-field BSDE (2.1) with
quadratic growth. The convergence of the particle systems and the rate of convergence will be

given.
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Let M be a continuous local martingale, denote £(M)§ = eM=3(M)e for 0 < t < co. In

addition, for any p > 1, ¢t € [0,T) and Euclidean space H, we introduce the following spaces:

ET[/T |ZS|2ds} HOO < oo},

S (¢, T, H) = {cp €O x[t,T] — H| ¢ is F — adapted, continous,

Z3(t,T3H) = {Z € L3 TH) | 1Z) 22,7 2 sup |

IPllssqerm 2 esssup (e, s)| < oo}
(w,s)EQX[t, T

We denote by EF the expectation operator with respect to the probability measure P. Moreover,
let M = (M;, ;) be a uniformly integrable martingale with My = 0, and we set

1
M| 5aro, @) = sup B, [(M)oo — (M)2]7]| .

The class {M : || M||garo, @) < oo} is denoted by BMO,(P). Note that BMO,(PP) is a Banach
space under the norm | - || paso, (p) and

ol

1Z - Wllsmo.@) = 12 z2(0,1)-
For the QBSDE case, we consider the following assumption instead of Assumption 2.1.
Assumption 2.2 Foralln > 1,t € [0,T], y,y1,y2 € R, 2,21,20 € R? and p,v € P5(R),
the terminal value & : Q — R and the generator f : [0,7] x R x Z(R) x R? — R satisfy the

following conditions:
(1) There exists a constant K such that

n
< .
rggfllf o <K

(2) There exist constants Lo,y such that
~
F(ty, 1 2) < Lo(L+ [yl + [lull2) + 5 |

(3) There exists a constant L; and a non-decreasing continuous function ¢ : [0, 00) — [0, c0)
such that

Tt oy, p, 21) — f(ty2, w2, 22) < Li(lyr — yo| + W (pa, p2))
+ oyl V lya| V l[pall2 V ([p2ll2) (1 + |21 + |22])]21 — 22l

Theorem 2.2 Let Assumption 2.2 holds and we use the same notation as in Theorem 2.1.
Then for p > 1, there exists a positive constant ¢ > 1 and a positive constant C' depending on
T,K, Ly, Li,p such that

(1) if @ < (2 — aco), we have

sup BV (uy', pe) + W5 (L"), 1e)] < C e aje?;
0<t<T

(2) if @ > 2, we have, for any § < 1A avyy A 27,

CTe_p6i§1ai

sup EWVIP(up', o) + WP (L(Y;"), )] < Ce
0<t<T

1
where v, ' = =———1—.
q 2+(1— . )d
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Remark 2.4 Comparing the convergence rate of Theorems 2.1-2.2, we find that there is
an additional ¢ > 1 in QBSDE case. This is because we use the reverse Holder inequality (see
Proposition 4.1) when estimating BMO martingale.

Remark 2.5 If o, = %, then as = 0, @ = a = 1. According to Theorem 2.2, we have

__p
sup EWP(up, )] S o Sm P 7a .
0<t<T

3 Proofs for BSDEs and FBSDEs

Proposition 3.1 Let (Y™, Z" u™) and (Y, Z") be the solutions of (2.1) and (2.2), re-
spectively. We denote 8" :=Y;* =Y, , 62 := Z" — Z, and py, = L(Y ) is given by McKean—
Vlasov BSDE (1.3). Suppose p > 1 and Assumption 2.1 holds. Let € such that 0 < e < 1 and
2\ > L; + 2Ly. Then there exists a constant C(p,e) which depends only on p,e, Ly such that

€

T P
IE{ sup e oY + (/ e2kt||(5ZfH2dt) }
te[0,7) 0

< Cy B[ |y + / AWy (™ ) dt) . (3.1)
0
Moreover, if Cy = 2\ — L?g — 2Ly > 0, we have

E[(/OTewléYt"Ith)p} < OCL;E[e2APT|5Y;|2p+ (ATeAtWQ(H?—17#t)dt)2p}' 52)

3.1 Proof of Proposition 3.1
Proof of Proposition 3.1 We use [td’s formula to get
T T
e2At|5y*tn|2+/ e2>\SH(5Z;I||2dS:€2AT|5YQZ}|2—2)\/ 62)\8|6Y'Sn|2d8
t t

T —n —=n

bz [ (L 2) - LT e ) ds
t

T

-2 / Y. 52 AW

t

By Assumption 2.1, we know that

T

25st : (fS(staug_la Zg) - fs(?:7usa7s))
<200 [8Y] P + 2L |0 | [Wa(ul ™, ps) + 1622 ]
L2
< (200 + Z2) 8P + 622 + 2Lal oY o (1 ).

Thus

T L2 T
PP+ (1= 2) [ oz s+ (220 - 22) [ vy s
t t

T T
<P T|5v P2 — 2/ A Y 52T AW + 2L2/ SV Wa (™t pas) ds. (3.3)
t

t
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We take the condition expectation with respect to F; to obtain
T
D5y 2 < E[eQ’\T|6Y7’f|2 + 2L2/ 2 SY P Wy (Y 1) ds | ft]
t
After taking the p-th power, we know from Doob’s inequality that

T p
E[ sup 5] < G B[ lovg e+ / NSV W ) ds) |
te[0,7) 0

T 2
< G B[y ([ AWl ds) |
0

1
—l——E[ sup eQ)‘pt|5Y;”|2p]
2 Lo,

So far, we have proved the first part of (3.1). Then we consider the ||0Z7| term. We again use
the estimation (3.3) to obtain

T T
(1) [ @627 ds < PTIOYRP +2La [ IS Wy ) ds
t t

T
-2 / Y 52 AW,
t
By BDG’s inequality, we have

E[(/tT e2As||5Zg||2d5)p} < cp,LQ,EE[eQApTwYW“ (/OT 62A5|5nn|w2(ug_l’us)ds)p

p
2

([ errpiozas)]

= Op’L2’5E[e2ApT|5Y1?|2p+ sup e*P|§Y)"|*P
+E[0,T]

+ (/OT e)‘SW2(M?_1aNs)ds)2p + %(/OT e”SII(SZ?II?ds)p]

Combining the estimates of E[ sup e**?!|§Y;"[*?], we have
te[0,T]

T P T P
B[( [ oz as)”] < G B[ vy ([ et waur ) as)].
t 0
Finally, we use once again the estimate from (3.3) to obtain

2

L T T
(2/\ 9L, — ?Q)E/ ePs|5Y 2 ds < E[eMW;F + 2L2/ e2’\s|5YS”|W2(u?_1,us)ds}.

t t

This completes the proof of the estimate in (3.2) and thus the proof of the theorem.

3.2 Proof of Theorem 2.1

Proof of Theorem 2.1 Since (3.2) and triangle inequality in W, space, we can conclude
that

EK/OT v at)'] < %ﬁsE[(/OT MW (™ ) + Wap T o) dt)zp}, (3.4)
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where i == a7~ + o (Ogn — A7), We can use the inequality (z + y)?" < 222~ (2P + y?)
and the Holder inequality to obtain

E|( /OT M i)+ Wl )] dt) |
<o (o[ w4 ]( [ owma)”])

< 22p—1(TpEK/OT e”tW%(uf_l,ﬁ?_l)dt)p}

T
+T2p—111<:{ / e2p’\tW22p(ﬁ?_l,ut)dtD. (3.5)
0
We choose A to be large enough such that (1 — &)PC} = 22P~1T?C,, .. Recall Lemma A.3 that
f) wide,
for i.i.d. random variables &, and m,, := =% , we have
5w

with .
2
0 — ;iw oy = —— 2
n n ’ P 1 .
(Zwi)Q 2r+2(1—2)d

So it follows from Lemma A.3 that E[Wa (i}, u)??] < 077 where v =
back to (3.4), we have

m . Now, going

IEK/T ez’\t|(5Yt”|2dt)p} < (1—E)PE[(/T&MWZQ(M;-%ﬁy-l)dt)p] Lo0r, (3.6)
0 0

where we use the notation C' to represent a constant that depends only on p, T, e, and whose
value may change from line to line. It follows from the property of the Wasserstein distance
that

> wil 0V [?
W2 i) < Koy (J0Y32) = 52—
> Wi
=1
Thus

(] it o) | <f( [ e

(s i)
< (eon[(2( | i a)) )

where the third equality is due to Minkovski’s inequality.
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1
If we denote y,, := [E( fOT 632 dt)"]” and s, = K, (y), then we have

1

v =e[( [ eivera)] < 0 ep (e [(B( [ imka)) )+ onr

=(1—¢)Psh_,+COP.
Thus

yn < (1= e)Psh_ + COYP)
< (1-¢€)sp—1+C0].

According to the definition of s,,, we can write out the recursive formula
Sp 1= Sp—1+ an(yn - Sn—1)~
Combining the above inequality, we obtain

Sn < Sp—1+ap[(1 —€)sp—1+COY] — apsn—1
< (1—cap)sp—1+ a,CO).
—=1 — and Remark A.3, for all 6; < a A 2, one has

Since 6,, =

—&’Yiai o
g <cle i=1 ifa > 2,

o) if 2 —ax > @.
In the case of @ > 2, we have
n+1 n
—01y > i IR
e i=1 —e i=1
lim |:— o :| = 51’}/
nreo —01v >
€ i=1
By Corollary A.1, we have
(1) if £ < 617, we have
Sn < Ce_€i§1ai
(2) If £ = 01y, we have, for any ¢ < 17,
53
sn<Ce =
(3) If € > 61, we have
—51’Y§:0ti

sp, < Ce i=1

Recall that 0; < a A 2, we simplify the above inequality to

—5%0@,
sp<Ce =t | Vo<1AayA2y.

21
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In the case of 2 — o > @, we have

o L —a) al . —a)
lim sup [— L,Y"} =~a&, liminf [— L’Yn = a.
n—o00 QpOn n—0o0 [e77x 7%
By Corollary A.1,
(1) if € < vy, we have
—Eiaqj
s, < Ce i=1
(2) If yva < e < y@, we have, for any 6 < vya,
—6%0@
s, < Ce i=1
(3) If £ > ~va, we have
sn < Caj.

Combining the first two cases, we have

—6520”
s, <cle =, Vo < 1Avya, ifya>1,

o, if yao < 1.
Summarizing the above discussion, we know that

—6%0{1
e =1 YVi<1IAvyaA2y, ifa>2,

Sn S C —6%0(1

e =1 Vi<1Ana, ify I <a<2—as,
o), ifa<y ' A(2— aw).
Since v = =——1—+— < 1, we can deduce that the case 2 — as > @ >y~ ! > 2 cannot happen.

2+(1-2)d = 2
Therefore, we can simplify the above equation to

—52”:0171 .
s, <Cle =, Vo<IAyan2y, i

f
a), if

Together with (3.6), this implies that
T P
]E[(/ e2”|6Yt"|2dt) } <Cs?
0

E[(/T e’\tWQ(,uf_l,ut)dt)Zp} < CsP.
0

By plugging the above estimates into (3.1), we can conclude the proof of Theorem 2.1.

and

Remark 3.1 In SDE case (see [39]), they denote z,, := fOT E|AZ|?P dt and use the estima-

tion

T T
/ E|AT2P dt < (1 —5)/ E[Co1 (|A]?)] + 007,
0 0
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Then they obtain
T, < (1—e)sp_1 + CL0.".

1
While in BSDE case, we denote y,, := [E( fOT |A7[2dt)"]? and use the estimation

T ppl T oL
E / |AT2dt) |" < (1—e)Kn1|(E / |A2dt) )" | + oy
(), 1t ar)] (B, 1o ar))’]
And we have
yn < (1—e)s?_, + Cp0).
3.3 Proof of Theorem 2.1
Proof of Theorem 2.1 We denote 07 := |X — X, | and 7} := W, (1, p1¢). Then by

Proposition 3.1, we have

22pt| 517 (2 ’ 27t 2 e\’
E[ sup P75y, |p+(/ AR (3.7)
te[0,7) 0

2p

T
< Co B[ (0 + ) + ([ AWl ) )
0

T R 2
+ (/ (107 + ) at) - (3.8)
0
Therefore, there is a constant C' depending only on p,e and T such that

]E{ sup e2)\pt|5}/tn|2p:|
te[0,T

T 2%
< CE[eT (sup 0P+ sup (m )+ ([ W) )
te[0,T) te[0,T) 0
Moreover, by the theory of (forward) sequential propagation of chaos, see e.g. [39], for any
0 < 1A avypA 2yp, it holds that
-0 i (e 7}

E[ sup |07* + sup |7r,’§‘|2p] <CeT(@Q)P +e =1 ).
t€[0,7] t€[0,T

Similar to the proof of Theorem 2.1, we can get the conclusion.

4 Proofs for Quadratic BSDEs

First, we recall two propositions of BMO martingales in [53].

1
Define ¢(s) := [1 + 25 log 22(5:})] > — 1 for > 1. It is clearly continuous and decreasing,

satisfying 1(14) = 400 and 1 (400) = 0.

Proposition 4.1 Letp € (1,00) and M be a one-dimensional continuous BM O martingale.

If IM| Baroy < (p), then E(M) satisfies the reverse Holder inequality:
E (6P <

T =

for any stopping time T, with a positive constant c, depending only on p.
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Proposition 4.2 For K > 0, there are constants ¢c; > 0 and ca > 0 depending on K
such that for any BMO martingale M and any one-dimensional BMO martingale N such that
Nl prmow) < K, we have

allMlsrow) < IMllgpo@ < c2llMlsroe),

where M 2 M — (M, N) and dP £ &(N)g°dP.

Proposition 4.3 Under Assumption 2.2, there exists a positive constant C' depending on
T, K, Lo, L1, such that the solution (Y™, Z™) of BSDE (2.1) admits the following estimate:

1Y"lsze0r) <C, 12" z2¢0,m) < C.

Proof Since Assumption 2.2 holds, we can estimate BSDE (2.1) as follows:
T T
ve—ew [ nare s [ zzaws

t t
T T

=& [ Z) = 100,80, 2) + 100,60, 20 ds - [ 22wy
t t
T T .

¢ [~ 06 20 ds - [z,
t t

where th =W - fot I's ds is a Brownian motion under P" with

dp»

= _ . n\T
dP g(r‘ W)Ov

and f(0,80, Z7) = I'sZ" with Ty < ¢(0)(1 + |Z2|). Then we apply Ito’s formula to e2*|Y,"|2
to get

T
82,\t|ytn|2+Ef"{/ est|ZS|2d8:|
t

T
=B M)+ BT [ [ 20 YR 0 22~ 100,60, 23] 4
t

T
—2)\/ e [5Y 2 ds.
t
Using Assumption 2.2 again, we can get
n n T
YR < B NP BT [ 2L v+ ) ds
t
T
—2A / e”5|(51/s"|2ds]
t

T 2 n—1
. L
< MK L E] [/ (= (21 =200 = )P 2 4 ——= > 2|y as).
¢ € n—1 —

We denote y™ := sup e?*|Y,?|2. By definition, it is not difficult to know y° = 0,y' < e**T K2
t€[0,T]
To use mathematical induction, we assume y" < 2e2M 2 We choose € such that T < % and
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choose \ such that 2\ — 2L, — L; > (0. Thus
n—1

T
ez,\t|Ytn|2 < MR € ZE};”{/ e2,\S|YSk|2dS
n—1 = ¢

< 2AtK2 € kT_
<e +—n_1;y(

S e2>\tK2 4 1 . 262>\TK2 S 262)\TK2.

Hence, there exists a positive constant C' depending on T', K, L1, such that

Y™ || s 0,7y < C-

To prove Z™ - W™ is a BMO martingale, we denote

B(r) = $<ev'w'—v|x| ).

We apply Ito’s formula to ®(Y;") to get
T
B(7) = BV + [ @O 2D s
t

T 1 T
- [ eomzzawy -5 [ eanizipas
t

t

T
B¢ + [ Lale I+ ) ds

t

T T
1
—/ @'(K”)Z?dWs”ﬂLg/ (V@' (Y1) = (Y1) Z7 [ ds.
t t

Taking conditional expectation, we get

1 T T
B(7)+ 5B [ 1207 ds <O+ B [ L@ a)I0v + )
t

T
S@(KHLlI‘P’(C)IEt/ (Y + e~ ds
t

< ®(K) + 2CTL1|®'(C)).

Thus we know that Z" - W™ is a BMO martingale.
Finally, we give the proof to Theorem 2.2.
Proof of Theorem 2.2 We use notations similar to Section 2.1 that §Y;”
Z, . From BSDE (1.1) and (2.2), we have

0L = Z]" —
{ =Y = (LY w20 — (VY e, Zy)] At = 627 AW

SY = 0.

25

:.3/;”

N
_Yt7

(4.1)

Similar to Proposition 4.3, we use Girsonov transform to deal with the quadratic term of Z}*

To be specific, we write

L)
= [ 20 = B s Z7)
+ (Y tv,uta ) = fi(Y thutv_ )-

PV 20 = foY Y, Z
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For the first two term, we know by Assumption 2.2 that there exists a process I'}' such that
ft(}/;fnvug_la ZZZ) - ft(Y;nvug_lﬂ7t ) =TIyézy,
where
ITEI < o(1Y ¢ [V IV lle) X+ 1281+ (12 1])-

Thanks to [48, Theorem 2.3], |Z"|| belongs to 22[0,T]. Hence, we know by Proposition 4.3
that |I'?| belongs to Z2[0,T]. We define W;* := W — fot I'sds and W} is a Brownian motion
under P" with

P n n\T
= e W

Thus, we have

T T
ve = [ 2 = LT 20 s [ 22 di
t t
By Proposition 3.1, there exists a constant C(p,e) which depends only on p, e, L1 such that

T T p
EIP [ sup eQ)‘pt|5Y;n|2p + (/ eQAt ”62;1"2 dt) :|
te[0,7) 0

<0 [( [ it ar)"]

Moreover, if Cy := 2\ — Li _ 2L, > 0, we have

€

B K/OT oy ) < CchEP” K/OT Wy (!, ) ) QP] (4.2)

Since (4.2) has the same form as (3.4), we can use the same method to get similar estimates.
The only difference is that when we estimate (4.2) in a similar way, we need to estimate
EFn [Wa (117, 114)?P] instead of EWa (2, pe)?P] < 0)P (see (3.5)).

Notice that |[I™ - W"||pyo and [T - W"||pao, are equivalent for ¢ > 2. So there exists a
constant g; > 1 such that

E[(&( - WD) < C,.

So we have

2 [([ oo ar)”]

= E[@@(Pn W (/T eAtW?(ﬁ?_laﬂt)dt) QP}
0

—
t.];
w

S~—"

< (B W) {E( /OT AWy ) dt) 2pp1} "

where p% + qil = 1. If we denote v; = then

1
pEN RS
(1) if @ < (2 — (o), We have

sup EX [Wa (i, 1) + Wa(L(Y,"), 1)) < C e s
0<t<T
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(2) if @ > 2, we have, for any § < 1 Ay A 271,

’ —péf: @
Jup B [Wa (1l 16)2P + Wa (LY, j1)P] < CeCTe =1
<t<

On the other side, since d‘gl = &(-I - W) we can know that there exists g» > 1 such that

E7[(&(-T" - W")5)%=] < Cgy.
Similarly, we have
EW5” (17!, )] < Coo [BF" (W57 (i, ) )71 7 . (4.4)

Combining (4.3) and (4.4), we have

1

E[(AT 62>\t|5Y;n|2 dt)p} < %%5 [E(/OTGMWQ(M?_laﬂt) dt)Q;Dmm}m'

1
then
T
2+(1- PP1P2 )d’

(1) if @ < (2 — o), we have

We denote 5 =

sup EWa(uf', 11)*” + Wa(L(Y["), o) ] < CeCTa??;
0<t<T

(2) if @ > 2, we have, for any § < 1 A yaax A 274,

—péfai
sup EDVa (i ) + Wa(L(0), )] < C e i,

5 Numerical Experiments

In this section, we provide numerical examples to show the behavior of our SPoC algorithm.
For simplicity, we uniformly divide the time interval [0, 7] into M parts with time step At = %
We define a sequential update scheme Y which takes the (n — 1)-th SPoC iterate and produces

the n-th SPoC result, i.e.,

The update scheme is defined as follows:
(1) Given the n — 1 iterate distribution u' !, we solve the following SDE to obtain Y and
",
AV} = = (Y], 27 ) dt 4 20 AW, e (0,7,
S (5.1)
Yp = ¢
(2) We then update the distribution term by

n—1

= pg Tt an(Byp —up Y,
which gives us uf.

By iterating this update scheme, we obtain a sequence of iterates {u?}~N_, that converges
to the true solution p; as N — oo. The behavior of the algorithm depends on the choice of the

step size ay,, which we will demonstrate with numerical examples in the following.
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Algorithm 1 Framework of SPoC algorithm of McKean-Vlasov BSDE systems

Require: The terminal condition £, the update rate {a, };
1: Initialize n =1, u}m = 6o, Y4 =&Y and ZL = 0;
2: repeat
3: n=n+1;
Y =& and Z7 = 0;
= i 4 Sy — s
Use backward Euler schemes to generate a path of Y™ by
for m=M —1to 1do

}/t::m = ]ED/tZL+1 |£Zt7:n] + f(t’ }/t:twrl ) Z&L+1’#?nj+11)At; 1
Zr =E(AWR )TN f Y2 g A=Y )L
10: Update the empirical measure by
1L R e e ) C R ARk
12: m=m — 1;
13: end for

14: until the end condition.

Remark 5.1 In the first step of the SPoC algorithm, since "~ ! is fixed, the numerical
solution of (5.1) can be obtained by classical methods, for example, tree algorithm (see [28]),
Least-Squares Monte Carlo method (see [54-55]), § method, multi-step schemes (see [24, 56—
57]) or Deep BSDE method (see [32-33]). We give the pseudo-code in Algorithm 1. Since
there are different methods for solving BSDEs numerically, we chose the simplest tree method
(Algorithm 2) to clearly demonstrate the effectiveness of SPoC algorithm. It’s worth noting
that more complex and accurate numerical methods can be used in practice to solve the BSDE

in the first step.

Remark 5.2 Since mean-field BSDE has PoC properties, we can also approximate it di-
rectly by solving a high-dimensional BSDE; i.e.,

N
AV = —f, YN, Zpt N pydt + >0 Zp N awi N e (0,1,
j=1

vl =gV, (5.2)
1 N
N
/’l’t = N Zl 5Ytj,N.
p

This is a system of equations for N coupled d-dimensional BSDE, which can be seen as a BSDE
in (R?)". While the SPoC method only needs to solve a d-dimensional BSDE (5.1) at a time.
To achieve the same accuracy as the PoC method (5.2), the SPoC method requires about N

updates. In summary, solving mean field BSDE based on the PoC method requires solving
BSDE in (R%)Y once, while the SPoC method requires solving a d-dimensional BSDE N times.
Moreover, the SPoC method provides a sustainable iterative way to continuously approach the
mean-field limit, whereas the PoC method needs to determines the total number of particles
before calculation. As more and more particles are added (without affecting existing particles),
the approximation accuracy is continuously improved until a desired level is reached. That is

to say, the required number of particles no longer needs to be specified in advance.
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Algorithm 2 A tree-based approach of SPoC algorithm

Require: The terminal condition £, the update rate {a, };

1: Initialize n =1, u}m = 6o, Y4 =&Y and ZL = 0;

2: repeat

3: n=n+1;

4: Use tree-based approach to solve classical BSDE
5: Ay = —f(t, Y, ZP, pt =Y dt + Z7 AW,
6: form=M —1to1do

7 Update the empirical measure by

8: pi, = pe o an @y = pe s

9: end for

until the end condition.

—_
=

In the following we show the performance of the SPoC algorithm with some examples.

Example 5.1 Consider the mean-field BSDE

1
ay; = —(§Yt 7, +EY, - e—%tsint) dt + Z,dW,, te0,T),
Yo = sin(Wr +T),

which has an analytical solution of (Y, Z;) = (sin(W; + t), cos(W; + t)).

Comparison of convergence rates Sample mean
s?
08 sio
5100

500
St

- sio00

— eifsint

Loss
Mean field term

10 10 10° 10° 10° 0 1 2 3 4 5 6
Number of iterations

Figure 1 Comparison of convergence rates in Example 5.1.

In our numerical experiments, we set 7' = 27 and divide the interval [0,7] into M = 100
uniform parts. For a fixed empirical distribution, we use the tree method to solve a standard
BSDE and update the empirical distribution with the results of the solution. In this example,
the empirical distribution interacts in the form of EY’, so we can solve (5.3) by replacing EY;
with s}'~!, and then update s} = s~ + o, (V" — 57~ 1). We iterate 10° times and generate 10
particle orbits each time. We record the sample mean of the empirical measures.

In Figure 1, we compare the convergence rates of different update steps «, (left) as well as
the sample mean s (right) with the analytical solution EY; = Esin(W; + t) = e~ 2'sint. In
the left figure, we let the loss function be Loss = =+ [ |s)' — EY;|dt. With steps size a, = n™!
or o, = n~ "8 the empirical distribution gradually converges to the true distribution. When

the step size ou, = n~ 5, the error between the empirical distribution and the true distribution
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converges to a fixed constant because Y. n715 < co. When the update step is a constant, i.e.,
an, = 0.1 or a,, = 0.01, then the Loss function oscillates at a fixed error. In the right figure, we
draw the image of s} to see the process of the SPoC system approaching the mean-field system
intuitively At the beginning, s initializes to 0. At the 50th iteration, the difference between

0 and the true value is large. By the 500th iteration, 57 is close to e~ 2%sint. To sum up, as
the number of particles increases, si' gradually converges to EY;.

In Figure 2, we take T' = 7 and sample 5 Brownian motions and show the corresponding
paths of Y; and Z;. From the two graphs below, we observe that both Y; and Z; are contained
n [—1,1]. In the upper right figure, we further calculate the value of Y;2 + Z? in each path,
which is consistent with the analytical solution sin?(W; + t) + cos?(W; +t) = 1.

Path of Brownian motion 10 Path of Y? + 2
) .
le. === Path;
'-'\‘ /M 1.075 === Path,
1 J N\N —== Paths
K, «% "W
h ——- Path
Wl .tw. s
0 % v A MM r" W .
vA,\ m,»., r\, ‘
-1 ,‘\\ "\ W SIS TRT 7= S yeem e,
E f"’%\\ i? S. Ao /,' /S 1,000 VR RIS S BTETR
yy i)
Py WY » .,"v,'° 0975
——-- Path of W! \,"n\
3 —-- Pathof W2 0.950
=~ Pathof W3 L.
-=- Pathof W* i 0.925
~4 ==~ Path of W* A
0.0 05 1.0 15 20 25 30 0800400 05 10 15 20 25 30
t t
Path of Y;
1.00 0 ,\mﬁv ‘\,W .,‘ ,,' 1.00 }
JH ! My
0.75 { # g?: | |' v{" 0.75 ‘ ﬁ”' ,‘
M f"“ U ,a.%; j
| g | 1 \
025 " H 'h' J' \ 0.25 1.1,“-' ?‘-‘
: e \ '\M' ' ‘: ) \Y e
> 0.00 Hl! ' [,1 ) ! N 0.00 !
: "1”“ ' 4 | '.' . H
0.25 ! "’", if 0.25 i i
L 1y 1 Il {l o
I ——- Pathof ¥! \ # ' ——- Pathof 2! i t \ I H
- 1 -0.50 : f
0.50 wwﬂ 4 . Pathofy? ?" 'ﬂ*’ ——- Pathof 22 \AI H [ R f"' \ Hll
ors ——- Pathof Y? L, 075 —=- PathofZ? f‘d. Ty .f.‘ s,
' --- Pathof v* 'l,i’n' ! ——- Pathof 2* \ (17 A L
100 -=- Pathof Y W ~100 === PathofZ5 \ LV Y
0.0 05 10 15 20 25 30 0.0 05 10 15 20 25 30

t t

Figure 2 Path sampling for SPoC system.

Example 5.2 Consider the mean-field BSDE,

1
dy, = —<Yt —Zy —\/EY2 + §e2t — cos(4t)> dt + Zy dWy, t€10,T], (5.4)

Yy = e"7sin Wr,

which has an analytical solution of (Y, Z;) = (e"tsin Wy, e"V* (sin Wy 4 cos W5)).
In this numerical experiment, we take T" = 7, with all other settings the same as before. It

is worth noting that for a normal distribution & ~ N (u, 0?), we have

E(e"*cos(b6)) = cos(b(u + ac?)) et (a? %)
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Q212
In particular, for Brownian motion W; we have E(e*"tcos(bW;)) = cos(abt) e Tt

In Figure 3, we compare the convergence rates of different update steps «, (left) as well as
the sample mean s7 (right) compared with the analytical solution EY; = Ee"tsin W, = sint.
As in Example 5.1, the comparison of convergence rates is displayed in the left figure. In the
right figure, we plot the image of si' to show that as the number of particles increases, s}

gradually converges to EY;.

Comparison of convergence rates

Sample mean

3.04 7 %t
sgo
10° 25 sioo
_____ 5200
g 2,04 _.. o0
- — 1le? - cosat]

Mean field term
bR
o 5]

=
n

0.0
10° 10' 10° 10° 10 00 01 02 03 04 05 06 07 08
Number of iterations t

Figure 3 Comparison of convergence rates in Example 5.2.

Example 5.3 Consider the mean-field BSDE

ay; = [(% —Yt)ZH—EYt _ %} dt + Z,dW,, te0,T),

- 1
C 14eWr?

(5.5)
Yr

which has the analytical solution (Y3, Z;) = (5 +017wt e f;,w;;t)z)

In this numerical experiment, we take T" = 1, with all other settings the same as before.

Noting that f(z) := is symmetric with respect to (0, 3), i.e.,

f@) + f(=z) = 1.

In particular, for Brownian motion W; we have Ef(W;) = 1. In Figure 4, we compare the
convergence rates of different update steps a,, (left) as well as the sample mean s} (right)

1
14+e—=

compared with the analytical solution EY; = 1.

Comparison of convergence rates

Sample mean

Number of iterations t

Figure 4 Comparison of convergence rates in Example 5.3.
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A Auxiliary Lemma

In this section we apply the ODE method to prove several estimates for sequences that

satisfy certain recursive relations.

Lemma A.1 Let af-),3(-) : C1([1,00) — (0,00)) be decreasing, and

_ﬁ/(t) = limsu _Bl(t)
B Smen T B0 (A1)

Let € > 0. Then, the function y(-) : [1,00) — (0,00) satisfying
y'(t) = —ealt)y(t) + a(t)B(t)

enjoys the estimate
(1) if e < ¢, we have
y(t) < Ce el o) ds v > 1.

(2) If ¢ < e < T, we have, for any 6 < ¢,
y(t) < Ce 0fial)ds g s,

(3) If e > ¢ we have
y(t) < CB(t), Vt>1.

Comprehensively, we can combine the above three estimates as
y(t) < Cle i@ ds g4y vt > 1, (A.2)
as long as 6 < e and § ¢ [c,¢], where C = C(a, B,68). Moreover, if y(1) > e~ 13(1), then
y(t) 27 1B(1), Vi1,

and consequently, y(-) is decreasing on [1,00).

Remark A.1 The number § cannot always be taken to equal . For example, if ¢ = 1
and a(t) = B(t) = t~!, then one can derive that y(t) = Ct~! + ¢t 'Int ~ O(t~!Int), which is
greater than O(t1).

If § < ¢, without loss of generality, we may assume that § < %lﬁ(zt)), vVt > 1. Then
we have —da(t) > [InB(t)]" and B(t) < e 9/i ®(®)ds  On the other hand, if § > ¢, we have
=0 J1 als) dss B(2).

Proof Let us prove the second part first. We take y(1) > e~!3(1). Suppose to = inf{t >
1:y(t) < e 18(t)} < oco. Then y(ty) = e 1B(to) and there is a number 7 > 0 such that
y(t)—e71B8(t) < 0 for all t € (tg,to+n]. From the mean value theorem, there is a t; € (to,to+n)
such that

(y— < 1B) (1) = %[(y )t 4 ) — (g — e 2B (to)] <O,
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so y'(t1) < e ''(t1) < 0; meanwhile, the equation tells

Y (t1) = —ea(ty)(y(tr) — 7' B(t1)) > 0,

which leads to a contradiction.

33

Now let w(t) = e/t =) ds_ Gince § < ¢, it follows from comparison (a similar argument as

above) that y(t) < z(¢) for all ¢ > 1, where z(-) satisfies
(1) = —dalt)=(t) + a(®BE), (1) = y(1),

which has the explicit solution

We compute

In the case €1 := ¢ — § > 0, there is t; > 1 such that for all s > ¢,

—580) 2 5 (= 2 )a)8s) = (5 - 5)a(9)B(s) +als)5(s),

which along with (A.4) implies

(2_25 - %) /1 a(s)w(s)? B(s)ds < éﬁg) _ %w(t)‘;ﬁ(t) < %5(1)7

and from (A.3) we have
2(t) < [y(tl) + CT255(751)]M(L‘)_5, t>ty.

In the case g5 := § — ¢ > 0, there is t5 > 1 such that for all s > o,

1 1 [&

~580) < 5 (24 2)al)5() = (5 — 55)a()5(s) + a(s)8().

Then one can similarly obtain

1 ¢ 1
(5-5) [ ol s)ds < 5o 50
which yields the estimate
2(t) < y(ta)w(t) ™0 + B(t), t>to.

0—c

So the estimate (A.2) is proved. The proof is complete.

(A.4)
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Corollary A.1 Under the setting of Lemma A.1, we define o, = a(n) and B, = B(n), and
assume that

a
Kaop: supniﬁn<oo.

n>1 Ont1Bni1

Then, if Xy, s, > 0 (set sop = 0) satisfy

Ty < (1 - 5)511—1 + ﬁnu

Sn = Sp—1 + O[n(xn - 5n—1)7 n = 1a

one has that
(1) if e < ¢, we have

n
—e > a;
s, < Ce =t |

(2) If ¢ < e <E, we have, for any 6 < ¢,

—0 i (e 77
sp<Ce i=1
(3) If e > ¢, we have
sn < CPBp
In short, we have
—5§: Qg

as long as 6 < e and § ¢ [c, 7.
Proof From the recursive relation one has that
Sn < (1 —ean)Sn—1+ anfn, n>1.
Let y(-) be the function satisfying y(1) = max{s;,e~1(1)} and
y'(t) = —ea(t + 1)y(t) + Ko pa(t + 1)B(t + 1).
By assuming s, < y(n) for an n > 1, one computes

Snt1 < (1 = eani1)8n + ang1Bnt1
< (I —ceant1)y(n) + ant1Bnt1
=y(n) —ea(n+ Dyn)+an+1)B(n+1)
<y(n) - (n + Dy(n) + Ko pa(n +2)B(n +2)

/ —ea(t+ Dy(t) + Kegalt + DB(t + 1)] dt
=y(n+1).
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By induction and Lemma A.1, one has

sn < y(n) < Ce s ot 00 4 1)

The proof is complete.

Corollary A.2 Let a,, be the sequence defined at the beginning of Section 2. Define

w =1; w, = n Zwi, n > 2. (A.5)

Then it holds that
(1) if @ > 2, we have, for any 6 < a A2,

— T
zzl - Ce i=1
(3 wi)
i=1
(2) If 2 — o > @, we have
> w}
=1 S < Cay,.

Remark A.2 For the first case, we should have considered the case 2 — as, < @, and then
taken & < a A (2 — o). But the case 2 — ase < @ < 2 never appears because @ = 0 as long as
Qoo > 0. S0 2 — e <@ means as = 0 and @ > 2.

n
Proof Notice that w, = a,, > w;. Letting
i=1

Sp = n 9’
(3 wi)
i=1
one has that

n—1 5 n—1 5
wW; w;

- (1:1 2 = + w,%

Sn = n—1

n
wi)2
=1

i=1 i=1 i

Wy \2
= (1 - ) Spo1 a2 =(1-2a, +0a2)s,_1 +a?

n
> W
1=1

=[1—-(2— an)an|s$n-1+ ozi.
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Then from Corollary A.1, it follows that for § < 2 — a,

sn <C [e_g'i;mﬂLan}

as long as 0 ¢ [a, @].

The convergence of (unweighted) empirical measures in the Wasserstein distance has been
extensively investigated in the literature (see [40-42] and references therein). Here we prove an
estimate for weighted empirical measures, based on the following density coupling lemma that

can be proved analogously as [40, Lemma 2.2].

Lemma A.2 Let f and g be probability density functions on R? such that
L@ +a@lde <o, v =1,
and define p(dz) = f(z)dz and v(dz) = g(z)dz. Then one has
Wi, v) < C, / el 1S () = g(o)]

Then we have the following convergence result.

Lemma A.3 Let r € [I,00) and p € [2,00) and &, be i.i.d. R%-valued random variables
and m = L(&) € Py with ¢ > rp+ (p— 1)d, and let

S

’wiégi
i

My, 1= with w, >0, n=1,2,---.

wj

i=1

Then there is a constant C depending only on r,p,d and ||&1||Le, such that

EW/P(m,,,m) < CO)r»

with .
2
0. — i;wz o = rp
n — n 9 p — ~N
(Zwi)2 27‘+2(1—%)d
1=1

Remark A.3 If «,, is the sequence defined at the beginning of Section 2 and w,, is defined
by (A.5), then the estimate in Lemma A.3 further implies that
(1) if @ > 2, we have, for any § < a A 2,

—0r, iai
EW/?(my,,m) < Ce R

(2) If 2 — o > @, we have
EW/P(my,m) < Calre.

This form will be used often in what follows.
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Proof Let ¢, be the p.d.f. of the normal distribution ®, = N(0,02%1,), and define
=9, xm,, m’:=d,xm.

o
m’I’L

Denote 77 (-) the p.d.f of m?. The p.d.f. 72(-) of m? is given by
; wi(ba(x - 51) )
m(x) = = = Ka(¢o(z — £")).

From Lemma A.2 and Holder’s inequality, it follows that
WP (m?, m° /|x| |78 (x) — 7 (x )|dx)
< Copa [(1+ fal) 73 (0) — 77 (@)

Define n; = & —E&;. Since ' is i.i.d with zero mean, we apply the discrete-time BDG inequality

and Jenen’s inequality to compute

<

E[ICn (n:) " = #E‘ > wini !
S T b 22“}2'”%' F

=G %Z)%E[ o7 il

= CLO5ElmlP.

B 3wl il K

hS]

So we have

E|ng(z) — 7 (2)|? = E|Co(¢o (x — €))) — B¢ (x — )P
< CLORE (x — €).

d

We observe that ¢ (z) = (27r)‘p7da_pde_§ai§ =p 3 (277)%(1_”)0‘1(1_”)(;5%(@. Thus
Béf(o—¢) = [ (e~ pm(dy)
—p 0000 [ oo - ym(ay
= Cp,ac™'P) /¢%(x —y)m(dy).
To sum up, one has that
EW;P(m7,m?) < Cr,p,q,d/(l + [2]) Elmy (x) — 77 (z)|P dw

< Crpgao™ P08 [ [(14 Jal)16 5 (o — ) micy) da

< Crpgac® PSR + €))7
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On the other hand, it is easily seen that

The lemma is then proved by taking o = 9; [

WP (my,my) + W P(m?,m) < Co™

1
2r4+2(1—p~—1)d]
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