fsh(?; 2/352 s e o Chinese Annals of
DOT: 10.1007/s11401-024-0003-y Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2024

Time-Periodic Solutions to Quasilinear Hyperbolic
Systems on General Networks*

Peng QU!

Abstract For quasilinear hyperbolic systems on general networks with time-periodic
boundary-interface conditions with a dissipative structure, the existence and stability of
the time-periodic classical solutions are discussed.

Keywords Time-periodic solution, Quasilinear hyperbolic system, General net-
work, Classical solution, Asymptotic stability
2000 MR Subject Classification 35L50, 35L60, 35B10, 35B40, 35A09

1 Introduction

In this paper, we consider a general network {Vz, &y }a=1,....5 and study the first order
B=1,--.P
quasilinear hyperbolic systems on it. Here on each edge &,, we can artificially assign two

different real numbers dyo < do1 € R to its two ends respectively, and we can then write down

the corresponding hyperbolic PDEs as

dru'® + A (NG ul® =0, (t,x) €R X [dao,dar], a=1,---, N, (1.1)
where u(® = (u{¥,... ,uff{iﬁT € U (o = 1,---,N) is the unknown vector function of

(t,z), U™ C R is a small neighborhood of 0 for each «, the coefficient matrices A(® (u(®))
satisfy several structure conditions of hyperbolicity, which would be listed in details later. In
what follows, we would focus on the time-periodic solutions of the system. Time-periodicity
is a common phenomenon in industrial applications and in the nature, and the study of time-
periodic solutions to ODEs can date back to the work of Newton. For many types of important
PDE systems, time-periodic and quasi-periodic solutions get comprehensive studies, such as [3,
15, 19] for wave equations, [4-5] for the Schrodinger equation, [2; 6] for incompressible Euler
equations, [1, 8] for water wave equations, [7, 9, 17] for compressible Navier-Stokes equations.
While for the first order quasilinear hyperbolic PDE systems, many progresses have been made
recently. For Euler equations, a series of works of Temple and Young, such as [16], discuss the
existence of time-periodic solutions with periodic boundary conditions for full Euler system,
while [13] provides a family of time-periodic solutions to its approximate system, [21] constructs
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the time-periodic solutions in the supersonic case, and [18] shows the existence of time-periodic
solutions with time-periodic outer force, [20] discusses the time-periodic solutions with source
terms around supersonic Fanno flow. For general hyperbolic systems, [10-11] discuss the time-
periodic and almost periodic solutions by the method of operator analysis. And [14] shows the
well-posedness of the time-periodic solutions for general hyperbolic systems with dissipative
time-periodic boundary conditions. In this paper, we would like to focus on the time-periodic
solutions on a general network, which is a widely used model for transportation, irrigation, as
well as gas and liquid supplies in the industry.

For hyperbolicity, we assume that A() (u(o‘)) are smooth n(® x n(® matrices, with n(®) real
eigenvalues )\,(ca) (W) (k=1,--- ,n®;a=1,---, N) satisfying

A () < 0 < XD (@),

Vul® et vr=1,--- m™ Vs=m®@r1,... 2 va=1,-- N, (1.2)
and a complete set of left and right eigenvectors I (u(®) = (1I{% (u(®), - ,liz(a)(u(o‘))) and
r,(f)(u(a)) — (rii)(u(a)), ... ,(ffc)%(u(“)))T (k=1,--- ,n®;a=1,--- N), namely,

I (@) A (@) = X (@) (),
Vul® ey vig=1,--- n va=1,---,N, (1.3)
A (@0 (,(0)) = 3@ (@) (),
Vul® e, vik=1,--- 2 VYa=1,--- N (1.4)
with
et (W@l #0, Vu@ eu®, va=1,--- N. (1.5)

Without loss of generality, after a linear transformation (7" = 1{*)(0)u(®) of the unknown

variables if needed, we can assume
A(0) = diag{A(0),-- AL, (0)), Ya=1,-- N (L6)
and we can normalize our eigenvectors to satisfy

l,(ca)(u(o‘))rg»a)(u(o‘)) = 0kj, vVl e L{(o‘), Vk,j=1,--- ,n(o‘), Ya=1,---,N, (1.7)
W) =1, Vu® eU® Vik=1,--- n® Va=1,-- N, (1.8)

from which, we also get

120) =r(0) = 05, Yhj=1,---,n(®, Ya=1,--- N. (1.9)
We further set
W@y = A @) k=1, 0 a=1,--- N (1.10)
and
fmax = max max sup |l (u(®)). (1.11)

= N k=1, ,n(®) () cyy(e)
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After a rescaling of the temporal variable if needed, we can assume
Hmax < 1. (1.12)
For this hyperbolic system on the network, we may set the initial condition
t=0: u,(ga)((),:z:) = tp,(ga)(x), 2 € ldao,dor]; K=1,--- n@a=1,--- N (1.13)
with
» € C'duo,da1], Yk=1,---,n® VYa=1,-- N. (1.14)

We may also present suitable boundary-interface conditions according to the structure of the
network as follows. In our general network {Vgs,&,}, for each edge & = [dao,da1] (@ =
1,---,N), it has two ends assigned by d,o and d,1, and it is natural to denote them as V,o and
Va1, respectively. Then we can denote the index sets for the edges sharing at least one node
with &, as

jaOO = {04* = 17 e 7N | Va*O = VaOaa* 7& a}7 (115)
ja()l = {Oé* = 1) e 7N | Va*l = VO(O}? (116)
Jaro ={a* =1,--- ,N [ Voo =V}, (1.17)
Jar1 ={a" =1,--- [N [ Vo1 = Vo1,0" # a}. (1.18)
Then we can denote our boundary-interface conditions as
u(a)(t,dal) =G 0z)(h(a (t), 7(3()(1)“(157%1)7 .. n(a)(t dot),u (t daro),
o 1
e (8, davo) (0 € Jal()),u;(jm(t,dam, : m)(t dos1) (0 € Tann)),
r=1,---,m® a=1,--- N (1.19)
and
wl™ (¢, dao) = GL (W (1), us™ (1, dao) -+ iy (£, dao)s wy™ ) (8 davo) -

o™ * ot
’U’fn(oc)*) (ta da*O) (a S \7&00)7 um<3u)+l(t7 daﬁl)a e ’uv(z(ai) (ta daﬁl) (O‘ﬁ S \70401))7
s=m41,... @ a=1,-.. N (1.20)

For simplicity, we would shorthand these conditions as

T =dy : Uga) _ Gga)(hga)7uga) u({alo) (Jau))

I Su
and
z=dyo uga) _ Gga) (hga)7u£a) (Ja00) (Jam))

9 r* 9 Sﬁ

We assume that

G\(0,0,0,00=0, VYk=1,---,n( VYa=1,--- N. (1.21)
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And without loss of generality, redenote h,(ca) (t) if needed, we may assume

o
max max | —k— +(0,0,0,0) < 1. (1.22)
a=1,--,N k=1,... n(e) Bh(

In this paper, we want to analyze the properties of time-periodic solutions when all the given
functions h,(ca) in the boundary-interface conditions share one constant time period T, > 0,

namely,
WYt +T) =hl(), VteR Vk=1,--- 0, Va=1,--- N. (1.23)

As the example given in [14], we need a dissipative structure on the boundary-interface
conditions to prevent the potential blowup of the classical solutions. Denote

N
=3 a@
a=1

the n* x n* matrix

i, oG
0= (9204)17,11:1 = (ﬁ(ov Oa e 30)) k=1, ,n(®); (124)
Ouy. N CI
a* a=1 N
and its minimal characterizing number 6 as
0 = inf 1.25
m#op max Z ¥pOpaVq at ( )
The dissipative structure we need is
0 <1. (1.26)

We note that after a linear transformation of u(®), (1.25)~(1.26) imply that

n(®) oG m@®)
3 ‘W(o,o,o 0‘ 3 Z ‘a (a* (0,0,0,0)
s=m(a) 41 s a*€Ja10 7*=1
@ BG( )
+ X }u(an)(ooom‘g9<1,
ateTa11 st=m(af) 41 st
Vr=1,---,m® Ya=1,---,N, (1.27)
el oG
SRILCRTRTRTEND S SL Y 00,00
s=m(a) 41 T a*€Tq00 T¥=1
ntH 8G( @)
DYDY ‘ (an)(ooom‘gea,
ateTno1 st=mlaf) 41 st
Vs=m@+ 1, n® va=1,--- N. (1.28)

Now we want to know, under the condition (1.23), whether or not we have a stable time-

periodic classical solution. In fact, we have positive answers as follows.
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Theorem 1.1 (Existence of time-periodic solutions) Under the hypothesis (1.26), there
exists a small constant 1 > 0, such that for any given € € (0,e1), any given T, € Ry and any
given functions h,(ca) t)(k=1,---,n®;a=1,---,N) satisfying (1.23) and

max maX(MHh](ga)”Cl([O,T]) <eg, (1.29)

a=1, ,Nk=1,---,n

there exists a constant My > 0 and a family of C' functions

o @) =@ @), k=1,--- 0 a=1,--. N

satisfying

(a,P) <
a:q{%ka:l,n}_%fMIIwk cr < Mae, (1.30)
such that the system (1.1), (1.13), (1.19)~(1.20) admits a C' classical solution u,(f’P) (t,z) for
teRk=1,---,n;a=1,.-- N, satisfying

WP+ T 2) =P (tx), Vi € [daoyden], YE=1,--- 0¥, Ya=1,--- ,N. (131)

Theorem 1.2 (Stability around the time-periodic solution) Under the hypothesis (1.26),
there exists a small constant eo € (0,e1) and a constant Ms > 0, such that for any given
e € (0,e2), any given T, € Ry, any given h,(f) (t) satisfying (1.23) and (1.29) and any given

go,(f) (x) satisfying

max = max )||<p,(€a)||c1 <eg, (1.32)

a=1, ,Nk=1,-,

the classical solution u,(ca)(t,:z:) to the system (1.1), (1.13), (1.19)—(1.20) satisfies

lim  max  max [Jul® (&) —ul®"(t, )] =0, (1.33)

t—+oo a=1,-- ,Nk=1,... ,;n(e)

and especially

max max ||u,(ca)(t, )= u,(ca’P) t,)lco < MgaLTloJ g, (1.34)

a=1,--- 7Nk;:1)... 7n(0‘>

where u(®T) is the time-periodic solution given in Theorem 1.1, and
1+46
o= % € (0,1), (1.35)
To = Lpimax, (1.36)
L= a:nﬁg.).(wwao, dal- (1.37)

Remark 1.1 Compared with the result of [14], for the stability result, we need only C*
regularity of h,(ca) to get the stability not only in C° topology, but also in C' topology.
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Remark 1.2 By taking t — 400, Theorem 1.2 directly implies the uniqueness near 0 of the
time-periodic solution. In fact, suppose for given functions h,(ca) (t), we have two time-periodic
solutions u{*") and w{?") with Huga’P)Hcl < ey and ||u5§f7p)|\cl < &g, then by Theorem 1.2,
we have lim [l P, ) —ulS P ¢, )]|er = 0, but we know that [|ul*7 ¢, ) — ulS D¢, )| cn

is a periodic function, thus the only possibility is that Huga’P)(t, )= qui"P)(t, Ilcr = 0, namely,

Wl = o (P),

Remark 1.3 Theorem 1.2 also shows the global existence for small C' classical solutions

on the general networks under the dissipative boundary structure (1.26).

2 Existence of the Time-Periodic Solutions

In this section, we will apply the iteration scheme as in [12] (see also [14]) to show the
existence of the time-periodic solutions.

Since we need the estimates on the modulus of continuity for the time-periodic solutions
later in Section 3, in this section we would prove the following result, which is a little bit

stronger than Theorem 1.1.

Proposition 2.1 The result of Theorem 1.1 holds. Moreover, there exists a continuous

function Qp(n) on n € [0,1] with
Qp(0) =0, (2.1)
such that

max - max Aw(n | G +wln | 9.0} < Qp(n), (2.2)

a=1,--- 7Nk;:1)... 7n(0‘

where w(n | ) is the modulus of continuity

wn | f)=sup [f(ti,21) = f(tz, 22)]. (2.3)
b

In order to show this result, we first linearize the system as follows. By multiplying the left

eigenvectors l,(ca)(u(o‘)) to (1.1), we have

)
O + N (N = 37 B ()@ + N )0y,
j=1
k=1,---,n®; a=1,--- N, (2.4)
where
I ()
o «@ TN ] k7 Oé:].,"',N,
B () = @ (@) 7 7 (2.5)
0, ] = k, o = 17 7N7

and by (1.9), this also leads to

Bl(c(;)(o)zo, Vk,j:1,"'7n(a)7 \V/Oézl,"',N- (26)
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Now we can set our linearized system as

n(e@)
O™ + X (w0 = ZB”““M@W“+$MW“WW*%

kzl,---,n(o‘);azl,---,N;£€Z+, (2.7)
@ = dag + ul™D = GO () (1), w0 Tt 7Y e D),
r:1,~-~,m(o‘);azl,-~-,N;€€Z+, (28)
T = dao : ugaj) _ Gga) (hga)(t)’ugaj—l)’ui{aoo,f—l)’ i{aohé 1))’
S:m(a)+1,7n(a),a:1,7N7£€Z+, (2.9)

and start the iteration from
WOt 2)=0, k=1, ,n®; a=1--- N. (2.10)

The a priori estimates we need are in the following.

Proposition 2.2 For the above iteration scheme, under the hypotheses of Theorem 1.1, the

sequence of C1 approzimate solutions {u,(ca’g)(t, x) | L€y} satisfy

(ae)(t—l—T*,a:) —u,(cae)(t,a:), Vt,o, Vk=1,--- ,n% Va=1,--- N, VleZ,, (2.11)

@ def. [e% «
luf™ er < mas{|luf™? | co, [8eui™ [l oo, [|05ul™ oo} < Mie,
Vk=1,---,n® VYa=1,--- N, VleZ,, (2.12)
||u(a€) u(aé 2 Hco < Med’, Yk=1,--,n® Va=1,---,N, VleZ,, (2.13)

and there exists the function Qp(n) as in Proposition 2.1 independent of ¢, such that

w(nn | ™) +w(n | B,u™Y) < Qp(n),
Vk=1,---,n Ya=1,--- ,N, VleZ,. (2.14)

As long as we show Proposition 2.2, it is easy to check Proposition 2.1 and thus Theorem
1.1. In fact, (2.13) shows the convergence in C° space for the sequence u(®*) — u(®P) while
(2.12) and (2.14) show a subsequence convergence in C!, which provides the C'' smoothness
to ul®P). Meanwhile the iteration scheme guarantees u(®") to be the solution to our original
system (1.1), and (2.11) shows its periodicity.

Now, we should prove (2.11)—(2.14) inductively, namely, for each ¢ € Z, we should show

(2.11)—(2.14) and one more assistant estimate
a, 1
w(n | Bl (-, z)) < g2 (), V2 € [dav, da], VE=1,-- o Va=1--- N, (2.15)
under the assumptions

(ae)(t—l—T*,x) —u(ae)(t x),
Vt,z, Vk=1,--- 0¥ VYa=1,--- N, Vl=0,---,£—1, (2.16)
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[u®Der < Mye, Yk=1,--,n@®, Ya=1,--- N, ¥i=0,-- (-1, (2.17)
ul®D — D)o < Myedl, Vk=1,-- 0 Ya=1,--- N, ¥i=1,-- (-1, (2.18)

N4 (a,l

w(n | 0au®") + win | zul ’) Qp(n),
Vk=1,--,n Va=1,--- ,N,¥l=0,--- -1, (2.19)
W 1

w(n | Opu™ (- 2)) < 2Qp(n),

Vo, Vk=1,---, 0% Va=1,--- N, Vi=0,--- 0 —1, (2.20)

where w(n | f(-,x)) denotes the modulus of continuity with respect to the temporal variable as

wn [ f(,2)) = sup  [f(tr,2) = f(t2, )] (2.21)

[t1—t2[<n

In order to illustrate the proof in a clearer manner, we introduce a series of positive constants
between 0 and a as

0<fl<ap<a <az<az<a<l. (2.22)

Then choosing €1 small enough, by (1.27)-(1.28), we have

(@ 6G
oo {5 (I 0l )
|h$) |<eq wl@) €U ule®) eyy(e™) s—m (™) 1 8us
e )
I Z Z ‘ ga) u(gam) ui{au))‘

(a
a*€Ja10 T*=1 du
n(ah)

8G(a)
T () , () (JTa10)  (Ta11)
+ Z Z }8 (at) (hT s Ug " Upex " ’usﬂ " )}} < @o,

at€Tuir stmmat) 11 Ust

Vr=1,---,m® VYa=1,--- N, (2.23)
) hale
sup sup sup { ’—S (h{™), $a>,u§:?a°°>, (‘7"‘01))
(| <eq W@ U@ weHeule™ & T dul™ +
e o
« Ta T
X3 [ )
a*€TJq00 TF=1
n(a ) 8G
D DD D w )l ), uf")|} < ap,
at €001 st=mlaf) 11 du
Vs=m®+1,--- n® Va=1,--- N, (2.24)

And to simplify the analysis, we would formally exchange the role of the variable ¢ and x on
cach edge &, of the network, namely, by multiplying (™ (u(®4=1)) = m to (2.7), we
can rewrite our system into *

(@
azugoz,f) + 'ug‘a) (u(a,é—l))atuga,f) _ Z Bi?)(u(a,l—l))(azu§a,€—l) + ‘uga)(u(a,é—l))atugal—l))’
j=1
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'f':].,"',m(a);a217"'7N;£€Z+7 (225)
xTr = dal : ug‘aae) = Gga) (hga), uga’e_l), U&g&m!—l)y i{alhé 1))a
r:17...,m(a);O[:l,---7N;£€Z+ (226)

and

awugal) +Mga)(u(a7€—l))atuga7€)
n(e)
_ ZB ICRESY (&Cu;al—l) _|_lu(oz)(u(oz,e—l))8tu§6¥>f—1))7

S

s=m< 41, 0™ a=1,--. N; LeZ,, (2.27)
€ =dyp: uga,f) _ Gga)(hga)’uga,e—l)’uggaoo,é—l) (Ta01,4— 1))’

7511

s=m @41, 0 a=1-. N; LeZ,. (2.28)

As long as we know u(®f~1_ the system is transformed into a system of decoupled linear

transport equations. Meanwhile, for = € [dng, da1], we can denote the characteristic curve

t:t,(ca’e)(x;t*,x*), k=1,---,n*; a=1,---,N; leZy

by the ODEs
dr™? () ¢
o) = ) (glent=1) et by Ty
dx (CL‘, ) L ) Mk (u (k (CL‘, y L ),CL')), (2'29)
t,(ca’é)(x*;t*,x*) = ty.

First, we would like to get the C¥ estimate. On the boundary, by Hadamard’s theorem, from
(1.21) and (2.26), we can derive

Tr = dal :
(r,0) () ! 8G£a) (@) (a,6—1) (Ja10,£-1) (Ja11,£-1)
ul®t = hlo(t) o) (Yhy (L), yuy™ YU YU )dy
0o Ohy
n(®) 8G(a
+ Z uga,f 1) / o ( h(oz) (t)’,Yu‘(sa,f—l)’,yuggaml—l)’,yuifau,f—l))d,y
smm (@) 41 0 Oug

m@™)

(a5e=1) 1 8G$a) (@) (o, 0—1) (Ta10,L—1) (Ta11,0—1)
b3S e [ DO e ot
a*€Jq10 T=1 0 ’U,T*

(a)

()
(aﬁé 1) 8G (a) (a,—1) (Ja10,6-1) (Jallae 9]
+ ) > 8u(?u)(whr (), yus YUy ;YU ),

ate€Ta11 sﬁ—m(au)+1
r=1,---,m*; a=1,--- N; teZy.

Thus, using (1.22), (1.29), (2.17) and (2.23), we have

|u$‘a,£)(tadal)| < 2e + lea() < MlSCLl, Vte Ra Vr = 17 T 7m(a)7 Va= 17 e ’N' (230)



50 P. Qu

Similarly, by (2.28), we have

[ul®O(t, doo)| < Myear, VteR, Vs=m@+1,--- nl® Va=1,---,N. (2.31)

Then on each edge &,, by integrating (2.25) along the corresponding characteristic curve ¢ =
£“"Z>(a:; te,T.), we can get

ulet) (ts, )

- Uga’e) (t(a,l) (dal; t*7 x*)a dal)
n(@)

g « a,b— a,f— « aL,b— N «
+A 37 B () (0, Y 4l (w9 (00 (35 8 2, y)dy,
al j:l

Vi, €R, V&, € [dao,dar], Vr=1,---,m® Ya=1,--- N. (2.32)
Thus, by (2.30) and (2.6), (2.17), we have

|ul®D || co < Myear + Ce? < Myeaz, Vr=1,---,m® Ya=1,--- N. (2.33)

)

Similarly, by (2.27), we have
w9 co < Micag, VYVs=m®+1,--- nl® VYa=1,--- N. (2.34)

Then, for the estimates on derivatives of u(®), we first take the temporal derivative on (2.26)

and (2.28) to get the boundary value for

(a,0)

2y, 3uaé> k=1, n® a=1,--- ,N; L€ Zy, (2.35)

which leads to

()
T =dyy: 20 = pl (t )80 (h(o‘) ulet=1) 4 (Ja10,6=1) u(‘%”’e_l))
« r T 8h () r 2 Ys » Hr ) gt
n(@)
+ Z (a[ 1)8G ha) wlent=1) u({al[hé_l) (Tar11,4— 1))

a)( s Ys ’ ’ Sﬁ
s=m(e) 41 8“5

me™)

- Z Sese aGy" ( PO yet=1) (Farost=1) | (Tass 1))

a*) s ) Wp* ) sﬁ
a*€Ja10 TF=1 du

(af)
n (@)
ate—1) 0Gr 0y (ai=1) . (Tar00-1)  (Tar1,b—1
+ Z Z Ziﬂ )8u(aﬁ) (h,(~ )7ug N 1),u£* 10 )7 iﬁ 11 ))’

afeTa11 st=m(af) 11 st
r=1,-,m* a=1,--- N (2.36)
and
oG _ _
T =duo Zgoz,f) — jle (t) 6h (h(a (a,é—l)’ u’(r{aool 1)7u§.u7a01>f 1))

oG\ _ _
(a,0=1)Ys (a) (a 0— 1) (Ja007é 1) | (Ja01,4—1)
+ Z 8U7«a) (h » Uz )
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m©@™)

n Z Z T**e 1) aGs (h(a) (ae_l),ugfzagg,e—l)7 i{am,e 1))

a*)
a*€Ja00 TF=1 r
n(a‘u) 8G(a)
Otﬁ — T « a,b— @00,¢— a0l
+ Z Z Zin B (af) (hg )7U£ . 1)7U£{ 0o+ 1)7 i.g ot 1))
At € Ta01 stmm(af) 41 Ou g
s=m 41, ™ a=1,--. N (2.37)

Thus, by (1.22), (1.29), (2.17) and (2.24), we have
|20 (t,do1)| < 26 + Mieag < Miare, Yr=1,--,m!®, Ya=1,-+ N (2.38)
and
|28t  doo)| < Myare, Vs=m 41, nl® Va=1,--- N. (2.39)
Then we can take the temporal derivatives to (2.25), (2.27) to get

8w27(«a7é) + Mga) (u(a7€—1))at27(4a7€)

(a)
K 3Mra) a.l— al—1 o
=Dy ) 0
k=1 Ouy,
= aB(O‘) (o, 0—1) (o, 0—1) (o, 0—1)
2y (TR @ T P @ )5 )
jk=1 k

(@)
+ Z B (a Z—l))auz‘ ) (u(a7€—1))Zl(cot,f—l)zj(_a,é—l)
G k=1 5“ka

)
o o, t— a,t—1 « o, l— a,l—1
+ 0B )@, 4 )9, )

(@) o ) a)

8N£) o, al—1 o, aB o, al—1 a,l—1

:_Z (a)((el))( )Z(e+z ((el))l(c )5wu§-’ )
1 Ouy, G k=1 a“k

(@
o o™ ant=1) _(at—
4 Z B( ae—l)) N( (u(a,f—l))zé N 1)ZJ( L=1)

@)
jk=1 8uk

(@
+ 300+ ) D)) (BL (D))
j=1

n(@)

-2

7,k=1 k

(af 1) aB

><<“ Nopuf™ Y, r=1 m@a=1 N (240)

and

8 Z(a,f) +Msa)(u(a7€—1))at2£a7€)
(@) (@)

__Zaus (ayb— 1)) (o,0—1) (ae+z

8u,(€a ) 8u,(€a
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n(@)

+ZB(OZ (e, b— 1)8,US

(ae,0— al—1 al—1
j,k=1 éuk

J
(@
« o, l— [e% o l— a,l—
+ 37 (0 + ) (D)) (B (ul 1) )
j=1

n(@)
- (a {—1) aB
7,k=1 ka)

( (a,b— 1))8 u;gohé_l)’ s :m(a)+ 1,--- 7n(a); a=1,---,N. (241)

Integrating (2.40) along the corresponding characteristic curve ¢ = (@) (x;ts, 2) and using

(2.6) we can get

|20 (2.,
< 2Ot (dars e, 24), dar )|

dal
s [T ) u e Der [ O gty

wle) eyf (@) Ty
nle

aB « « « aMT «a o, b—
+dar — dao| sup Z(? (aw 0|+ 1B (i) |+\ 5 @) ) fu 24
u@eul® =) ou,,

n(®) aB(O‘)
412 sup rj (u(a))}“u(a,f—l)”%l’ Vr=1,---,m® Ya=1,--- N.
ey 5= ouf®

y (2.17) and (2.38), we can apply Gronwall’s inequality to get
2899 | co < €M (Myea, + CM?2e?) < Myeas, Yr=1,---,m®, Va=1,--- | N. (2.42)
Similarly, by integrating (2.41) along t = t&“’” (x;ts, zs), we have
1269l co < Mygag, Vs=m@+1,--- ,n® Ya=1,--- N. (2.43)
Then using (2.25), (2.27) and (1.12), (2.6), (2.17), we have
||8wu,(ca’£)||co < Miyeas + CM?e® < Myeaz, YVk=1,---,n* VYa=1,--- N. (2.44)

Combining (2.33)—(2.34) and (2.42)—(2.44), we have (2.12).
In order to show (2.13), for £ = 1, we can get it directly from (2.12). While for ¢ > 2, we
first use the boundary-interface conditions (2.26), (2.28) and apply Hadamard’s theorem to get

T =da : u,(ﬂo"e) — u,(ﬂo"g_l)

n(®) o s 1 8G$‘a) - s
= Z (ugm -1 _ ug‘% - )) _a)(hga),,yugm -y (1 —'y)ugo“ - )7
s=m(a) 41 0 aus
,yug;zam,é 1) + (1 _ ,y)uffzam,l—Q),,yui{au,f—l) i (1 ’y)u({au,g 2))d’y

me™)

% . RlelS
LD DD DN e 2)/ P (Rl 4 (1= a2,
0

o (o)
a*€Ja10 TF=1 au
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,yu’s‘{(xlo»e_l) _|_( (Ta10,4—2) (JTa11,£-1) + (1

L=y, YU
nle®)

ake— ol 8G a) a, e
P ) [ IR0 e+ e
Sﬁ

ate€Tun11 sﬁ:m("‘n)—'rl

—ulf ) dy

Ta10,f—1 Ta10,—2 Ta11,4—1 Ta11,4—2
’yufﬂ* o )+(1—7)u£* 1o Huin = )+(1—7)u§n = ))d'y,

r=1,---,m®; a=1,--- \N; L€ Z,\ {1}, (2.45)

& =dao : ul®d -yt

(@) o
_ Z (a,b—1) u(a,f—Z)) ! 8Gg :
" 0 dul

Ja00,£—2 Tao1,£—1
1- ’y)ug* 0 ),'yuim ot (1

(h(a),,yu(a L—1) + (1 _ 7)”7(«(17@_2)7

7u£{a00,€ 1)+( ) ijam,f—?))d,y

— ) Uy
(a*)
. . (a)
n Z Z (ae 1) 5 atl— 2) L oGy (h a)’,yu(a 4_1)+(1_,y)u£a7e—2)7

(a*)
0t € Tn00 Tl 0 Ou,-

,yufﬂtzaooae 1) +(1- 7)u£gaoo,£—2),,yui{am,f—l) +(1

Ay

(af)
n (c)
(abe—1)  (att—2), [~ OGS
+ § E (usﬁ - usﬁ ) o du (af) (
af€Ta01 st=ma) 41 Ut

Ja00,f—1 Ta00,4—2 Tao01,£—1 Ja01,£—2
,yu& 00 )+(1_,y)u£* 00 ),,yuiu 01 )+(1_,y)uiu 01 ))d,}/7

s=m@+1,... 0 a=1... N; LezZ, \{1}. (2.46)

)7,7,“(04 £—1) + ( )ugoz,f—2),

Then by (2.18) and (2.23)—(2.24), we can get

max max  sup [ul®O(t,do1) — ul D (t, dpr)| < Mia*Lage (2.47)
a=1, ,Nr=1,--- m(®) tcR

and

max max sup |ul®O (¢, doo) — ul®* D (t, duo)| < Mia*tage. (2.48)
a=1, ,Ng=m(al1 ... n(@)cR

While, on each edge &,, we can use (2.25) to get

8m(u£oz,f) _ ugoz,f—l)) + ;Lf_a) (u(a,é—l))at (ugoz,f) _ ugoz,f—l))

= (i (D) — D (D)) gpuf Y
(e
« al— « al— al—
+ (B @) = B (u))a,uf
j=1
)
« al— al—1 al—2
+ZB§j>(u< DY (@ul ™Y — 9l )
(@
[e4 o, l— [e% o, l— @ o, l— [e% o, l— a,l—
+ (B D) (D) = B )l (D)) gy

7
=1
(@
+ Z Bi?) (u(a,é—l))‘uga) (u(a,E—l))(atuga,f—l) . 8tu§a,€—2))

j=1
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e

19 ()
o l— al— a,l— 3,ur ad— .
= 0l S (Y 2>)/ LD (1 )ul )y
k=1 0 Ouy,
) ot (i) (i) 1 53(9!)
+ Z (%uj% - (uka, - ukOt> - )/ %(,}/u(al—l) +(1 _’Y)U(O“é_z))d’y
j.k=1 0 Ouy,
n) 1 o (@) (@)
- - - (B, ")
a,l a,l a,l T al— al—
+ Z atug. 2)(ul(~C 1) _ul(c 2))/ #(WU( £ 1)+(1—7)u( N 2))d7
4 k=1 0 8uk
)

+ Z(am + Mga) (u(a,f—l))at)(Bﬁ?) (u(a,f—l))(ug_a,l—l) o u;a,6—2)))
j=1

n(®) aB(O‘)
_ Z (a,t—1) (af 2)) (Ti) (u(a,e—l))(amul(ca»f—l) + ‘ugoz)(u(a,e—1))8tul(€0¢74—1))7
jk=1 a’U’k:

r=1,---,m®; a=1,---  N; teZy \{1}.

Then we can integrate this equation along the corresponding characteristic curve
t =t (it )
to get
|u1(ﬂa>€)(t*, x*) - u£a7é_1)(t*v x*)'

< |u$a,€)( (e f) (dal; te,x *) dal) - ugal—l)(t?(fx,é) (dal; ty, x*), d/al)'

(a,0—1) (e, 0—2)
— Ug

+  ma ||u
k=1,--- n(

s

lcoldar — daol

n(e@)

(s [THOE) Do+ Y sup (VB @)D
w(e) ey (@) o ueeu

e

+ 3 sup [V(BLY ()l (@) [ul D e
j,k:l“(a)eu(a)

e

+ 32 swp VB @) u V)
e wl@) eyy(a)

e

+2 max 3™~ oo sup VB @) Dlco,
a=1,-,N = (@) ey (@)

Vr=1,---,m® Ya=1,---,N.
Then, by (2.17)—(2.18) and (2.47), we can get
[l — w0 < Mya*tage + Mia*~te - CMie < Mya'e,
Vr=1,---,m® Ya=1,--- N, (2.49)
and similarly, from (2.27),

[ul® — (=D 0o < Myale, Vs=m 4 1,-- nl® Ya=1,..- N, (2.50)
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which leads to (2.13).
Next, we show the validity of (2.15). In fact, we can specifically choose Qp(n) as

N n(®
Qp(n) =16(ay — ag)~ Z Z w(n | h(a ) + 16m, (2.51)
a=1 k=1

We shall note that, by the concavity, for any given v, € (0,1), we have
Qp(v0) = Qp(y0 + (1 = 7)0) = ¥Q2p(8) + (1 = )2p(0) = 2P (0), (2.52)
and thus,
Qp(6) < %QP(W(S), Vr,5 € (0,1). (2.53)
By the assumption h ) e C*(R), we know Qp(n) is continuous on [0, +00) with
Qp(0) =0.
Now by (2.36), we have

20090ty dgr) — 2899 (ta, dar)

- , oG - N _
— (hgo‘) (tl) — hq(ﬂa) (tg)) 5h( 5 (h(a)( ) uga,é 1)(1517 da1)7u§;7a1o,f 1)(t1, da1)7u£;7a11,5 1)(t1, dal))
oG _ _ _
0 02) (S ey (8 (), D 1, ), w0 0, ) T 11, )

Gy
anl

n(e)

+ Z (a[ 1) tl d ) Zga’e_l)(tg,dal))

s= m("‘)+l

T () (), (2, do )l (1, do ) w0 (12, o))

if(f (R (1), w1 (b, dan ), w1, don ), w7V (k1 dan))
n(@)
4 Z (ae 1) tz,d )
s=m(a) 41
(Zf;; (R (1), ul™ D (b, dan ), ull™ Y (11, dga ), w7 (1, dan )
aGE“’

O (RS (1), wl D by, dar ), ul?* 7 (1, dan ), U(Jau’e 1)(t25d041)))
Us
@™

+ Z Z aé 1 tla al) Z’E‘?té_l)(tQadal))

a*€Jq10 TF=1
9G

o m)(h(a (t1), ul™ D (11, dan ), ul =1~ (tladal)a“ifall’g_l)(thdal))
'LL
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me™

+ 3 A, dan)

a*e€Jq10 =1
oG\
- (3u(g*)

oG _ _ _
_ W(hga)(tz), ugoué 1)(t2, dal), ui{alﬂae 1)(t2, dal), ui{a11>e 1)(1527 dal)))
Uy

(R4 (t1), ul™ =D (1, dar) u(jaw’e_l)(tlad/al)aui{au)e_l)(tladal))

) r*

e

ate— ale—
+ Z Z (Zin ! 1)(t17dal) _Ziu a 1)(t27dal))

af€Ta11 st=m(af) 11

aG _ - _

’ P (af) (h’a(ﬂa) (tl)v uga,é 1)(t17 dozl)v ui{alof 1)(t1; dal); uifauye 1)(t17 dozl))
Usu

nle®

+ Y I, da)

at€Tar1 st=m(a?) 11

: (%(h@ (t1), ul D (1, dan ), T (11, d ), ul D (81, dan))
- 23;)) (B (£2), ul D (b, dr ), uld D (b, dan ), ulT> 7V (1o, dal)))
= (Al (t1) — h{™ (tz))Zif:)) (B (t1), ul D (b1, dr ), T D (11, don ), w0 (11, d o))
+ A (t2) - { / ' A (r)dr 0 y?—fﬁ(wh@(h) + (1= 7)hiM (ts),
ta 1 9h!

Yl Dty dar) + (1= )l D (b, dan ), yul = (1 dan) + (1= 1) uld 0 (tg, da),
yuld Y (4 dar) + (1= y)ulf T (1, dar))dy

(o) o
" g_m%ﬂ / A don)dr [ 1 %m@(m (1= A (t),
Yl D (1, da) + (1= Pul™ Dty dar ), yug 7t dan) + (1= )ul 7V (1, dan),
yuld Y (4 day) + (1= 9)ulf T (1, dar))dy

m(® t1 (&1 1 82G1(ﬂa)
DI / 0 (7 dan ) / @ MY )+ (L= DA 1),
aceTq10 =1 t2 Uy T

™D (b1, dar) + (1= 7)ul® D (2 don), yul? D (b don) + (1= 7)ulZ D (b, don),
a1 dan) + (L= T (b2, don))dy

(@

t1 1 2 (O‘)
St elen . .
+ >3 /t 2 1>(T,da1)dT/O — (v () + (1 — )R (L),

(&) 57 (@)
a€Ja11 g=m() 41" 2 au§ ohy’

Yl D (b, dar) + (1= N)ul™ 7D (b2, dan), yuld™ D (b1, dan) + (1= 9)uld™ Y (12, day),
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a8 dgr) + (1= a0 (s, dal))d’y}

n(e)

+ Y Gt dar) - 2D (b, dan))

s=mla) 41
oG\ B B
e (), D (b don), T T dn) T 1 da)
Us
(@)
+ Z (OLZ 1) thd 1)
s=m(a) 41
t 0 32G1(ﬂa)
: { hga)(T)dT/l W(vhi“)(tl) + (1= 7)) (ta),
ta r Usg

(a,f—l)(tl dal) + (1 — ’Y)Ugo“é_l)(tg, dal) ’yu(Jam,l 1)(t da ) (1 — V)u(jalo,f—l)(t% da1)7
’yu(f‘*“’l D(tr,dar) + (1= 1)ulf™ D (ts, dar))dy

n(e)

1 «
. D1, don)dr / _oGr
Z / 1) 0 8uéa)3u(a)

§=m(a) 41

82G( )

r*

(YRS (1) + (1 = )R (t2),

Yul Dty dar) + (1= 7)ul D (b, dar ), yuld 0D (81, dar) + (1= 7)uld* D (1, dar),
’yu(J"‘u’g_l)(tl, dal) + (1 — fy)u(‘%‘lhé_l)(tz, dal))d’y

o

a€Ja10 7=1

aZGﬁa)

r*

(YR (1) + (1 = )AL (1),

yul® Dty dor) + (1= 7)ul™ 7 (t2, do )w”‘““’e Yt don) + (1=t don),
et 1’(t da1)+(1— Pl D (b, dan )y

xS [ Yrduryir [

AETa11 g=m(a) 41 2

PG
ou oul)

(YR (1) + (1= )R (2),

Yul D (b1, dar) + (1= Pul D (b2, dar), 7l (b, dan) + (1= 9w Dk, daa),
’yu(f‘*“’l D(tr, dan) + (1= )ulf= V1, dal))d’y}

me™)

+ Z Z e tl, da1) — Zﬁim_l)

a*€Jq10 T =1
oG
Pcel

) Y

me™)

" Z Z aé 1) t2, al)

a*€Ja10 TF=1

O 9u

2

a11,0—
yugd

(R (1), w0 (b1, doy ) 0

o 0 27(@)
. { hga)(T)dT/ L*)(tha)
' 1

(t1) + (1 -

(t2, dal))

N(t1, dor), w0V (11, don)

YR (t2),

Yl D (b, dar) + (1= 1)ul™ 7 (b2, dan), yuld™ D (b1, dan) + (1= 9)uld™ Y (12, da),
d

a1) + (1= Nul D (b, day ) )dy
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n(e) t1 (at—1) 1 82G7(~a)
+ o> / 2 (7 den)dr / — e (PR () + (1= PR (8),
g=m(@) 4172 0 OQug 'Ou,.

Yl D (b, dar) + (1= N)ul™ 7 (ta, dan), yuld™ D (b1, dan) + (1= 9)uld™ Y (12, da),

S

AT (4 don) + (1= )a T (b, dan ) )dy

m(® t1 (&1 1 82G£a)
Y Y [ A e daar / o M)+ (L= 1)
GETa10 =1 to Uy Uy

Vuga’e_l)(tl ) dal) + (1 - ’Y)u(a’e_l) (t27 dal)7 Vuf“zaloyg_l)(tla dal) + (1 - 7)u£{a107é_1)(t2’ dal)7

S

AT (4 don) + (1= )aS T (b, dan ) )dy

n(®) t1 (@01 1 82G1(ﬂa)
£ XX A [ (RO ) + (=),
, - t 0 ouPoule)
&€Ja11 g=m() 41" 2 3 r
Yl D (b, dar) + (1= V)ul™ 7 (b2, dan), yuld™ D (b1, dan) + (1= 9)uld™ Y (12, da),

’yui{au’g_l)(tla dal) + (1 - fy)ui‘g"‘u’é_l)(tz, dal))d’Y}

e

afl— ate—
+ 3 Y EEI (Mt dar) - 25 (1, dan))

ateJar1 st=mlat) L1

oG
"o, (0)

Ou gy

(B (t1), ul D (b1, d ), T D (81, don), Ui{au’e_l) (t1,da1))

e

+ Y I da)

af€Ja11 st=m(af) 11

t1 | 0 82G$a)
[ @ [ G ) + (1 ) 0)
1

t2 5h£0‘)8u$u)
D (b, dor) + (1= V)ul D (g, dar ), 7l D (1, don ) + (1= 1) uld 0 D 1y, dyn),
oD (1 d ) + (1= )l (b, dan ) ) dy
n(a) t1 1 2 (O‘)
ol 0°Gy o o
+ > 2 (mda)dr | (A (1) + (1 — )R (22),
(@) 5, (aF)
F=m(e) 1712 0 Ouy Ou,
Yl D (b, dar) + (1= N)ul™ 7 (ta, dan), yuld™ D (b1, dan) + (1= 9)uld™ Y (12, da),
oD (4 dan) + (1= )l (b, dan ) )dy
m® 1 a2q4(a)
S, l— 0°G» o o
b [T daar [ ST HO0) + (- 0)
t2 0 Juy dug,

acJqa10 7=1
Yl (1, dar) + (1 = Nl (b, dar ), yul 7 D (1, dar) + (1 = 1ald 0 (b, dar),

YT (4 don) + (1= a1 (b, dan ) )dy
(@

" e Lo (a) (@)
DY Z (7, do )dT @ e (Y () + (1= )k (t2),
A€Ta11 g=m(o) t2 0 OQug 'Ou #

all g=m(e) 41 S s
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Yl dgr) + (1 — ) ul® 7V (b, dyr), ,yu(Jodo,f 1)(151, do1) + (1 — 7)u£{a107é—1)(t2, da1),
’yui‘fa“’l D(tr, dan) + (1= )ulf= V1, dal))d’y}’

Thus, by (2.51) and (1.29), (2.17), (2.20), we can get

. 1
w1 | 20, dan)) < 20(n | B®) + Ot —ta] sup VG ()] + SQp(w)ao
w(e) (@)

ay —a a
< S Qe + Q) + Cey
< %Qp(n), Vr=1,--,m® Ya=1,.-- N. (2.54)
Similarly, by (2.37), we have
w(n | zgo"e)(-,dao)) < %Qp(n), Vs=m®+1,--- 0 Va=1,.-. N. (2.55)

While, on each edge &,, we could use (2.29) to get

|t & e)(x' t1,Ts) — t(a’e) (x;t2, x.)]

<t ““(x*,tl,m — 19 (2, b0, 2.))|

+‘/ w0 (s, 2.), ) — (@D (0 (s 1o, 3.),y dy‘

< |t1—t2|+\/ 10 (st 22) — 170 (s 12,2)

n( >
/ 1 8u — <a7f-l>>z§-“’f‘”) (it w) + (1= (s ta, 2., y)drdly |
kzl,... 0 Va=1,.--,N.
Thus, by Gronwall’s inequality,
19D (s ty, ) — £ (219, 2.)| < |t1 — t2]e® < |ty — to|(1 + Ce),
V€ [dao,dan], VE=1,---,n(* Ya=1,--- N. (2.56)
(@.0)

Now we can integrate (2.40) along t = ¢, (x;t1,z.) and ¢t = tga’e)(x;tg,x*), respectively, to

get

2090ty 2,) — 20 (tg, )
= Zﬁa)a (tga)E) (dal ; tlu (E*), dal) - 27(‘04,2) (tg‘a’e) (dal; t27 x*)u dal)
()
T o™ 0— 1)y (a,b—1) (9 (yst1,@),9)
+ - ( w1y ) PSR
/d 2 8u§f>( = @O itne)w) T ita,0).0)

ol p=1

(D (ystr,m)

)
gy (B it @), 9)dy

()
o 5 aug‘a) aL,b— oL, b—
[ e

al k=1
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(@)

Ty (0‘)
+/ Z (8BTj (u(a,E—l)) (o, l— 1)3 aé 1)
do1 j =1 5“1(ca)

(a)
(@) 1, (=) O~ (age=1)y (a=1) (a,t=1)
+Brj (’U, )a’uka) (u )Zk Zj
OB, a1y, 2-b) (10 (yits,0).9)
8Uk0t) J (t&a’e)(yﬁz,w*)xy)

n(e@) n(e)

(t1,2.) (D (darsty,ze),dar)

(@) (a,b—1)y  (a,f—1) (a wlent= 1 (a,f—l) T
—I—E B, (u ))zj E B, Z; ) (ot iy
j:]_ r alj 2;1*); al)

YV, € [dao, dar], V7 =1,---,m®), Va:l,"' _N.

dy

(t2,x)

Thus, applying Gronwall’s inequality and noting (2.54), (2.56) and (2.17), (2.19), we have that
for any given [t; — to| < n and x, € [dno, da1],

a
12800 (b1, ) — 2890 (tg, x,)| < eca(gﬂp((l + Ce)n) + Ce(ea+ Qp((1 + Cs)n))),
Vr=1,-,m® VYa=1,---,N. (2.57)

By (2.53), we have
Qp((1+Ce)n) < (1+ Ce)Qp(n),
and therefore,
w(n | 29, 2,)) < %Qp(n), Vi, € ldao,dar], Vi =1,--- ,m®, Va=1,--- |N. (2.58)

Similarly, by integrating (2.41), it holds

w(n | 20 (2.)) < ZQp(n),

YV, € [dagsdar], Vs =m @+ 1,--- 0 Va=1,... N. (2.59)

At last, we should check (2.14) as follows. For the special case that (t2,x2) locates on the

r-th characteristic curve passing through (¢, z1), namely,

tﬁ“’z) (xost1, 1) =t

(0‘7@) (

with |x1 — 22| < 1), we can integrate (2.40) along t = ¢, (x;t1,21) to get

200 (1, 1) — 200 () (a1, 1)), w2)

(a)
x n ()
_ 2 (_ Z 8/14« ( (a,g_l))z(a,l—l)z(a,e)
- ou ( ) k T
k=1 9Uy
“ 9B

( (a,b— 1)) (0‘5_1)(8 (o= 1)_|_‘u(oz)( (o, 0— 1)) (or,l— 1))
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n(@)
« o a,uT al— al—1 a,l—1
Z B( ( L— 1)) (u( N 1))2,1(C )Z§ )

Jk=1 au]@
n(e) (a)
0B,
al—1 (a,0—1 a a, ozE—l
jk=1 3uk (tr (y5t1,24),y)

e

« al— al—1
+ (B )
j=1

(t1,21)

(t2,03)
Thus, by (2.6), (2.12), (2.17) and (2.19), we have

200 (1, 1) — 2O (HD (@31, 21), 22)| < O+ CeQp(n),
Vr=1,---,m® Va=1,---,N. (2.60)

Then for the general two given points (t1,z1) and (t2,22) with |[t; — t2] < 7, |z1 — 22| < 1, we
want to estimate |z£°"e> (t1,21) — 2 )(tg, x2)|. Without loss of generality, we assume 1 < 2,

then we can set t3 = tra’g)(xg; t1,x1), noting our assumption (1.12), it holds
[ts — t1| < pimax|T2 — 21| < |w2 — 21| < 1)

and thus
[ts — ta] < |tz — t1] + [t1 — t2]| < 27.

Now, by our estimates (2.58) and (2.60), it is direct to get

|20 (1, 1) — 220 (b2, 22)|
<20 (ty, 1) — 20 (ts, ma)| + |20 (t3, w2) — 2L (ta, 22))|
= [zl (ty, 1) — 2O (st 1), w2)| + 2890 (B2, m2) — {0 (ta, 32)|
<O’ + CeQp(n) + =Qp(n)
1
S?Qp(n), Vr=1,---,m® Ya=1,---,N. (2.61)

Similarly, we can get
1
12090 (t1, 21) — 200 (tg, 22)| < ?Qp(n), Vs=m®+1,--- 2 Va=1,---,N. (2.62)
Then by (2.25) and (2.27), we have that

3zu,(€a’e) (tl,ZIJl) — 8 u,(ca’e)(tg, 2132)
«, x (a,l @ al— a,l T
< (= NG O 1, )+ (= (WD (b, ) 5O [0

n(®) n(®)
+ ZB ozf) (t1, ml)a (o, b— 1) tl 1 + Z B (a[ t :Ez)) amu(_a,é—l) (t1,21)

tz 2) zl J ! (t2:2)
n(@)
Z B(a (aé (a)(u(a,é—l)))|(t17w1)z(a7é—1)(tl 1)

(t2,22)77
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n(e)
« « al— al—1 T
Z (B (™ (12, m2) )™ (w1 (1, 9))) - 247|100

k’:L"' n@: a=1,.-. N.
y (2.6), (2.17) and (2.19), this directly leads to

(a, o 1 1
Deui™ (1) = 0™ (2, 22)| < =Qp () + C®a+ CeQp(n) < ZQp(n),
Vk=1,---,n% Va=1,---,N. (2.63)

Combining (2.61)—(2.63), we can get (2.14) and complete our proof of Proposition 2.2 and thus
of Theorem 1.1 and Proposition 2.1.

3 Stability of the Time-Periodic Solution

In order to prove Theorem 1.2, as (2.4)—(2.6), we can multiply the left eigenvector l,(f)(u(o‘))
o (1.1) to get

n(@)

8mu](€o¢) 4 ,U( ( () 815’& Z B (a) 4 ‘u(o‘)( (04))8tu§0‘))7
k:lj...7n(a);a:1,---7N (31)
and
n(e)
O™+ i (Wl = 37 B ) @™+ )0 ),
j=1
k:lj...7n(a);a:17---,N (32)
with
BIE:(;)(O)ZO; Vka.jzla"'vn(a)v VOézl,"',N- (33)

While, on the boundary, we have (1.19)—(1.20) as

T =du1 : G(Ot (h(a ,uf_JalO), i{au))’
7‘:1,._,7m(0t); O[:1,'-'7N7 (34)
2 =dao : ul® =G (W, (@ ulT00) Ty,
and
x=dgy : uga,P) _ Gga) (hga)’ uga7P)7u£ga1o,P)’ ui{au,P))’
7’:1,-..7m(0‘); 0[::[’...71\/'7 (36)
2z =duo: uga,P) — Gga) (hga), ura)a u&*%LomP)7 ui‘nywhp)),
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s=m 41, ™ a=1,--. N, (3.7)

Different from the stability result of [14], besides the exponential convergence in the C°

topology, we should also show the convergence in C' topology. Denote

0= gy, a0, U7 60) — w0 ) 9
and
B(t) = max max sup |z,(€a) (t,x) — z,ga’P) (t,x)], (3.9)
a=1, Nk=1,- 0® 1 [duo den]
where

z,(ca)(t, x) = Btu,(f)(t, x), z,(ca’P) (t,x) = atufj"P) (t,x).

Using the bootstrap argument, we need to show that for any given p € Z, and any given
to € [pTo, (p + 1)Tp], we have

C(t) < MaaPe, V't e [pTo,to] (3.10)
and
B(t) < Qp(MsaPe) + MzaPe, V't € [pTo,tol, (3.11)
under the assumption
Ct) < Mgap_lz—(l)s, Vit € [(p— 1)To, to] (3.12)
and
B(t) < Qp (Mgz—?ap_lé') + Mgz—?ap—lg, vt e [(p—1)To,to] (3.13)

for some positive constants My and Ms3.
In fact, on the boundary, by (3.4) and (3.6), we have that at the boundary = = d,1,

S (t, dpy) — ulP) (t, dgr)

@

L oG
= Z (Uga) (tv dozl) - uga,P) (t7 dozl)) : / a) (h’g‘a) (t)v ,yuga) + (1 - W)U.(SQ)P)v
smm (@) 11 0 Oug

yuld 4 (1= )uld 0Pyl 4 (1= al] ) g andy
me)

+ Z Z (uq(f:*)(tu dal) - ugrf*,P) (tu dal))

a*€Ja10 TF=1

yuld=0) 4 (1= )l ulfe) b (1= Pl D) g, dy

oG

o oule)

() (0 7l + (1= 7)),

(at)
" o o ! 5G$a)
+ > > (g (t dar) — w5 (t, doa) W(hga)(f)a’wga) + (1= y)ul?),
afeTa11 st=m(af) 11 0 ausﬁ
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yul?2®) (1= y)uld0 ") a1 -l ) g dy,
Vr=1,---,m® Va=1,.-- N.

By our a priori assumption (3.12) and our choice of constants (2.23), it holds that

max max [l (t,dor) — w4, dor)| < MaaP Yare, Vte[(p—1)To,to]. (3.14)

a=1, ,Np=1,... m(«)

Similarly, by (3.5) and (3.7), we can get

(@) (¢ d — Pt a
o maXNs m(g)l-ll—lx n(a)|us ( l OtO) Ug ( ) a0)|
< MsaP~ 1&15, Vte [(p — 1)T0, t()]. (315)
To get the a priori estimates on each edge &, we introduce the characteristic curves t,(ca) (5 ts, T4)
and t,(ca’P) (x;ts, x,) as before

d (a) (@) (@)
—t, (st xe) = w(@ (¢ Tite,Ty),T)),
d(Ek ( ) k ( (k ( ) )) k:l,---,n(o‘);azl,---,N, (316)

t,(ca)(x*;t*,x*) =1,

d (a,p) (@), (a,P)(4(a.P)
—t T (xyt, ) = wl@P) (1 Tits, T4),T)),
dil?k ( ) k ( (k ( ) )) k:1,~-~,n(o‘);o<:1,~-~,N.
t;cmp)(x*;t*,x*) = t4,
(3.17)
By (3.1)—(3.2), we have
O (uf®) = ™) 4 ) (w0, (uf®) — )
n(@)
= () (D) = ) @B + 37 (B ) @ + () 0,)
j=1
= B @) @0+l (w0 )
(@
= () (D) = ) @D + 37 (B () @ + il () s)
j=1

= B @) (@0, 4 ) (u) 9™ ))

T

n(e)

« (e (¢ a a,P
+Z B( )) B(J)(u( 7P)))81u§. )

]

+wﬁw>mut%3@w“m@wwwmﬁ%
e

1 gl
a e a, a,ur a a
= —0puf ’P)( (uf® — uj /P))/ @ () + (1 = 7)ul ’P))d’Y)
k=1 0 Juy

(@

(00 + ) @) (30 B @)l —uf™ "))

j=1
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n(@)

aB(a)
— Z ) (u(o‘)) (3zu,(€a) + ugo‘)(u(o‘))ﬁtu,ia))

0z)
jk=1 Oy,

n(® R R 1 9p(@)

+ 3 0™ ) ) / — (@) 4 (1 = )uP)dy
; ul®

jik=1 0 k

e

Py (@ () [POB ™)
+ 3 0Pl — ) [F S 4 (1= )y,

jk=1 8“1(ca)

r=1,--,m®; a=1 N.

S,

Integrating along the corresponding characteristic curve t = t&a)(x; ti, Z), we have

|u£a) (t*v CL'*) - u£a7P) (t*v x*)l

<l () (dg s te, 24), dar ) — wl D) (H (doys e, 24), don )|
(@

+ 3 B @)@l —ul™)
j=1

(tw, )
() (darstu,s) dat)

+C(Ju Do + 1) sup {|VulD]+ VB + V(B ul)[}

ul@) eyf(@)

‘ / )P)Ht(ra)(y;t*m)dy ’
al

By (3.3), (3.12)—(3.14) and our a priori assumptions, we can get

_ 1
max max  |ul®(t,2) — ul®P)(t, 2)| < MaaP " are + CeMyaP™ ' —& < MyaPe,
a=1,,Np=1,...m(e) ag

Vt e [pTo, to], V& € [dao, dar], Vr=1,--- ,m®, Va=1,--- | N. (3.18)

Similarly, one can get

max max  [ul®(t,z) — ul*P)(t,2)| < MyaPe,
Q=L ,Np=1,--- ;m(®)

Vit e [pTy, to], Va € [dao,dai], Vs =m@+1,--- 0l Va=1,.-- N, (3.19)

which yields (3.10) and completes the proof of the exponential convergence in the C° space.

In order to get the estimate for the convergence in the C'! space, on the boundary, we can
take temporal derivative to (3.4) and (3.6) to get

()
T dar s 2 = )3G (@) (@) (Tor0) 4 (Farn)y
o T r o (@) r ) U gy
n) oG
4 Z Hlo) 27T (h(a) CY u({alo) (Jau))
s 8u(a) r ) Ys ) Ur ) Dot
s=mla) 41 s
me7) oG
a” @ Ta T
+ Z Z zﬁ ) (a*)(h( ) ule ),u,(ﬂ* 10)7”211 11))
ot €m0 Tl O,
el 9GL®
o a) , (Ja T
+ Z Z Zsﬁ )8 (aﬁ)( T )7ug )7u£* 10)7”211 11))7

af€Tan1 sh—m(ef) 41 U g
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oz), a=1,---,N (3'20)
and

oGy
g =da: 2P = hO (1) (R, (o) gy Te10:P) 1 (TarniP)y

ah(a s y Up= st
n(@) 8G(a)
+ Z ngp) (Ta) (hga)7uga,P),u’(rsZalmp)’ui{au,P))
s=m() +1 dus
me™)
+ Z Z (a P) (h(a (oz,P)7 ug{mmp)’ ui{auyp))
a*€Ja10 T*=1 r*
nle®)

()
oiP aGT « «, Ja ) Ja11,P
D IID VR ’aum 0 ) o)
st

ateTa11 st=mlat) 41
r=1,---,m® a=1,--- N. (3.21)
Thus, at © = da1,

Zﬁa) (t, dal) — Zﬁa’P) (t, dal)

: (@) e ey [PPG () (a,P)
=h," (t)( (ug” —ug™ )/ — g (W (1), yul™ + (1= y)ul™?,
g_mz(;ﬂ o ulonl™
) 4 (1) ) 10T
m(® P 1 82G(0¢)
+ ) Z @ _ ul ))/ 7@ ! = R (1), yul® + (1 — y)ul>D),
ac€Jqy10 T=1 0 8 8h7~
qulder) 41— W)ui‘f‘““ ) yu (‘7"‘“)+(1—v)uif"‘“’P))l(udm)dW
n® 1 g2a(@
+ Z Z ap))/ ———— (R (), 7l + (1 = yulP),
S€Tar1 S=m(®) +1 0 guloni™
yuld 4 (1 = y)uld=o P qulf) (1 - ’V)uga”’P))l(t,dm)dW)
n(@ PYei)
() _ (o, P) r () , (a,P) , (Ta10,P) (Jau,P)
+ Z (Zs Zs )8u(a) (hr ) Ug y Uy ) Uy )
s=m(e) 41 s
n(e) n(@) 1 2 ~(c)
(@) @) (a,P) 0°Gy (@) (@) (@, P)
Y (Y @ ) /0 e 0, 4 (1=,
s=m(e) 41 g§=mla) 41 5 T
0 4 (1= ) quf ) 4 (1= ) dy
m® L g2a(@
£ Y T ) [T 0, ) (1,
a€Ja10 T=1 0 8U;~a)8h£«a)
quldero) (1 - v)uifalmp),wif““) + (1=l ) g dy
n(®) 1 aZG(Q)
FY T ) [l + (-l
AE€ETa11 5=m(® +1 0 8U§a)8h7(«a)
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Aulder) 41— 'y)ug"m’P),’yui{a”) +(1- ’Y)Ugau’P)”(t,dal)d’Y)

me™)

PR

a*€Ja10 TF=1

me™) n(@) 1 (@)

(™) (@) (a,P) 82GT h(a) ¢ (@) 1— (a, P)

+ E E B E (ug Us ) 0 8 (a)ah(a)( 2 (1), yug™ + ( Y)ug )
u Ohy'

(04 P)) 86; S (h(a) (a,P), u’E‘xZal();P)’u'(StuYall)P))
ou,*

r*

a*€Ja10 T*=1 s=m(a) 41
7?4 (1= ) qu ) (=) g dy
m®) ( (P) 1 82G(a)
+ > Z 3 3 )/ m(h(a)(t) yul™ + (1= y)ul™?,
acJqa10 T=1 0 Jux’Ohy
e+ (1 - w)uifaw’”,wgfﬂl“ + (1= )u™ ) dy
n(® I 1 82G(a)
+ > Z & ))/ ———— (W (1), yul® + (1 = y)ul™?),
0 (a) g7 (o)
acJa11 5= m("‘)—i-l 8Ufs\ Ohy.
ud=) 4 (1=l a0 (1= ) ,00d7)
e 8G
(o) _ (aiP) a) . (a,P)  (Ja10,P)  (Ta11,P)
+ Z Z ( sﬁ )8u(0‘n)( s Ug sy Uy 10 ’usﬁ 11 )
ateTa11 st=mat) 41 st
(a®) (@) 1
Y Y (Y @) [ St @)l
t€Ta11 st—m(ah) 3= (@) 0 Oug’Ohy
« a1l st=m(aF) 41 s=ml) 41 s

+ (1= )ul@P) o) (1 = pyuldero?) o) 1 = yulJ ) g dy

= @) _ 6P R () (a,P)
[e% [e% _ T ha t, [e% 1— «, ,
LY Y | o O 1=

aceJq10 T=1
,Yu(JodO) +(1- 7)u£sza107 )77 (Ja11) (1 ry)ui.gau,P))k 7 al)d'}/
nl®) 1 a24(0)
a 8 Gr
T S S R e T
S€Tar1 S=m(® +1 0 gul®on\™

’yu&?ﬁw) (1 _ 7)u£ga10’P)77 (Ja11) + (1 _ V)U§;7Q11’P))|(t,da1)d'7>

r=1,,m® a=1,---,N.
Thus, by the dissipative structure (2.23), the C° convergence (3.10) and the a priori assumption

(3.13), we have

max max |Z£O‘)(b‘, do1) — Zﬁa’P) (t,da1)]
a=1, ,Np=1,... ;m(e)

< CaPe? + apQlp (Mg,%ap_lg) + M3
aj

2092 p=1e, Vit e [pTo, tol. (3.22)

)

Similarly, from (3.5) and (3.7), we can get

max max 120 (t, dao) — 2P (L, dao)|

a=1, ,Ns=m(a}1 ... nle)
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<Ca”5 +GQQP( 3—2ap 1 )+M foaz p—1€7 Vite [pTo,to]. (323)
ay ay

On each edge &, similar as (2.40)—(2.41), we can take the temporal derivative to (3.1)—(3.2) to

get
Do + ™ ()2
(@) )
= Z B + i ()0 (B (u @)y + 3 réj%(da))zf)z;?“’,
J.g=1
kzl,---,n(o‘);azl,---,N, (3.24)
azzl(ga7p) _'_#Iga)(u(a,P))atzlga,P)
n(®) n(@
@ @ o @ a,P ey @ a,P) (a,P
- Z(aﬁu,ﬁ N P)a,) (B (@) () 4 Z P (@ P)) (0P ),
Jy=1
k=1, ,n® a=1,--- N, (3.25)
where
(a) (a)
(@) (@) — B () Otk @)y _ i (5
ijg( ) Bkj (u )Buﬁa)( ) au(a)( )5].;]
3 J
(@) (a) (@)
) 9B'2 n oBLY
ki (@) (@) (@) kj (. (@)y.(@) (a)
+Z 3u£a)( ) i (u'*) Z 3u(-a)( )Uﬁ (u'),
Jj=1 J Jj=1 J
kajuj:]w"' ,n(a), (326)
and cr,(c S (u () is the kj-th element of the matrix A~ (u(®)). Integrating along the corresponding
characteristic curves t = tg )(x, te, i) and t = tg )(x, t., 24), respectively for r = 1,---  m(®),
we have
)
Z(a)(t* CL'*) _ Z(a)(t(a)(dal t, {E* al + Z oz) u(a ) (tw, )
nr roT o () (darte,ms),dat)
(@)
e ) (a)) dy,
/al (3;1 Tjk K () (yita,a),y) Y

r=1,---.m® a=1,--- N

and

n(e)
0PVt 2,) = 2P (40P (doysty, 20), dat) +Z a) (u(P)) J( P))

(t* 11*)

P (darite @) dar)

n(@)

/ ST ()P e ))

7,k=1

dy,
) (ysta,a) ) Y

).

r:1,~-~,m( s a=1,--- N.



Time-Periodic Solutions to Hyperbolic Systems on Networks

Thus,

Zﬁa) (t*v x*) - Zﬁa,P) (t*v CL'*)
= Z',(va) (t's‘a) (dal; t*u ZC*), dal) - Z’,(‘OZ,P) (t's‘a) (dal; t*u ZC*), dal)
+ Zﬁa’P) (tga) (dozl; t*7 ZII*), dozl) - Zﬁa’P) (tg‘a’P) (dal; t*; :E*); dal)

e

« a « a,P
+ (30 B @) - 21
=1

K wny @ ey [COBY (a.P)
+ > A —u") (7ul® + (1 = y)uP)dy )

= 0 au,(f‘)

(tas)

e

« o « a,P
— (3 B )4 - 2"
j=1

& wn @ e [POBS (@.P)
+ 30 AP = u ) [ )+ (1= )y |

= 0 Ou! (t (datite,zs),dar)

(@
-2 B W)
j=1

@

" . « o, P
_ ZBﬁj)(u( PU(H (das try 4, dan))) - 2007
j=1

(ts‘a)(da1§t*7$*)7da1) o
Z( ’P)((t£a7p) (dozl; t*7 ZE*), dal))

(tE“"‘P) (datite,ze),dar) *

(t.(,'a)(dal;t*az*),dal)

#) (darste, @) dar)

e Lor)

/ Zza “’(Z(“ wl ) / Sy () + (1= 7)ul*D)y)

J k=1 j=1

dzx

« o « a,P « « a, O¢7P « a,P
TG = 2 )+ TR @)D (5 - 2 ))) (#) (@3t 22),2)

n(@)
(@) (-
/ ( Z F k (tr (zits,z4),2) Z<a’P)
dor 2y <t<ﬂ”’><z;t*,z*>,z> !

. (t(a)(x t*,l'*) $)Z£Q’P)(t£a)(da1;t*,l'*),dal)

() (@ita,22),2)

+ TGP (D (@58, ), 2) - 2 A (st w), @)

(7 (it @), @)

(#) (@3tu,m4),2)
@ « « e « a,P "
PN @iy .), )2 P (0 it ), a) 00| Y,

r=1,--,m®, a=1,---,N,

where

B(Ot) (u(Ot,P))|(tsfx)(docl;t*yw*)ydal)

T3 (#P (darste,ma)ydat)
= (t{ (doy; e, ) — 4 (dyrs b, )
)

8B7(‘a) a,P
Z/ ( (ojz) (u( )z ))’ (o) (a.P) dv,
—1 0 8uk ('Yt'r (dal;t*,w*)+(1_’7)tr (dod?t*yw*)ydal)

r=1,,m*; j=1,-- n®; a=1,--- N
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and
(4 (@5t 20) )
e P)(w t*7w*)>w)

(tr
) =t (23t 2.)

NG

r]k: (o, P) (a,P))}
Z/ oul <a )zﬂ" (Yt (@it )+ (1= (it 20 2)

m(a) k,j=1,-

1-\(04) (u(a P))l

(t(o‘ (x5 by, s
dv,

P=1,-, oon®qa=1,--- N.

And one may estimate the distance of these two characteristics, when they pass through one
same point (t.,z.). In fact,

Tty ) — ) (23t 1)

tle)(
=t (@, by, 1) — 7 (2,5t 2,)

4 / 1O (W (1) (y; 1, ), ) — (@@ P (1) (g1, 2.), ) dy
- / 8 (@ (#) (st 24), ) — O (WP (ED (ys Ly, 22), ) dy

+/ 1189 (P () (ys b, i), ) — ) (WP () (ys by, 2, y))dy

t(a y,t*,x*) y) _u(a7P)( (a)(y7t*7x*) y))

k=1 w*
L op” P
o (us (E (ys e, wa), y) + (L= u @D D (st 2., y))dydy
0 Ouy,
4 [ Wt — 80P st )
()
dvydy.

1 ()
8:““7“ @ a, P
/ ( (o) (u' 1P>)atu§€ ))‘ (@) (. (@.P),
0 8uk (vt (yits, ) (=)t (Ysta, @), y)
Noting our assumption (1.12) and the definition (1.36)—(1.37), for (., z.) € [pTo, to] X [dao, da1],

we have
[(p_ 1)T03t0]7 Vy € [daovdal]a Vr= 17" ! 7m(a)v Va= 17' o 7N7

Vy € [dao,dai], Vr=1,--- .m® Ya=1,--- N.

) (ys e, x4) €
P (y; te, ) € [(p — 1)To, o),

Then by (3.10), using Gronwall’s inequality, we have
169 (23 by, 20) — P (2t 1) < M4ap_1Z—a ceMas < (14 Ca)M4%ap_1s,

0 0
Vt, € [pTo, to], Vs € [dao,dai], Vr=1,--- ,m® Va=1,--- N, (3.27)

where
Vi ().

My = L(Ms+ My) sup

wl@) epf(e)
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Similarly, we can get
6 (st ) = 0P (3, 2] < (14 Co)My—a" e,
0
Vi, € [pTo,to], Y2y € [dao,dar], Vs =m@+1,--- 0l Va=1,.-- N. (3.28)

By (2.53), (3.3), (3.13) and (3.22), we have
|28 (8, 2) — 2P (t, )]

< a()Qp (Mg—ap 2 ) + M3 doaz al~ 15 + C’a”EQ + QP ((1 + Cs)Mgap_lgs)
a1 aq aj

+ O (e (M 22072 ) + My "2V e ) 4 Cae?
ay aj
<(1+ Ca)aoﬂp((l + Cs)Mga—ap_Qa) + (1 +Ce)M; azag aP~lte
1

< (14 Ce)? Z—O%Q (Msa?~'e) + (1 + Ce) ga—ofavg
1 1

< QP(Mgap_lf) + Mgapé‘, Vo e [da07dal], Vt e [pTO,tO], Vr= 1, ce ,m(a), Va= 1, cee ,N.

Similarly, we can get

12 (t, ) — 2P (t, 2)] < Qp(MsaP~te) + MsaPe,

V€ [doo,da1], Vit € [pTo,to], Vs = m®@+1,- n® va=1,--- N, (3.29)
which leads to (3.11).

At last, by the original equations (1.1), we have

&Cuéa) (t,z) — 3zu,(€a’P) (t,x)
)
— Z 0.(0‘ u(a (0‘) _ Ul(c?) (u(a,P))ZJ(_Of)P)

n(a)

= > @) - 577
j=1

n) 1 80(a
+ 30 A — ) / — () (1 = y)u@P)dy.
s J J 0 BU~
Jy=1
Now using (3.10)—(3.11), we can get
lim  max max sup |8$u,(€a)(t,x) Ozt (a F) (t,x)| =0,

t=tooa=l,- ,Nk;:]_7~» )n(a) we[da[};dal]

which completes the proof of Theorem 1.2.
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